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Preface

Background. Lattice theory extends into virtually every branch of mathemat-
ics, ranging from measure theory and convex geometry to probability theory
and topology. A more recent development has been the rapid escalation of
employing lattice theory for various applications outside the domain of pure
mathematics. These applications range from electronic communication the-
ory and gate array devices that implement Boolean logic, to artificial intel-
ligence and computer science in general. An excellent summary of lattice
theory in practice can be found in Vassilis G. Kaburlasos’s book Towards a
Unified Modeling and Knowledge-Representation based on Lattice Theory:
Computational Intelligence and Soft Computing Applications [131].

The early development of a generalized lattice algebra came about when
H. Heijmans and J. Davidson completed the mathematical foundation for
mathematical morphology by, respectively, formulating its embedding into
lattice theory [112] and an algebra known as mini-max algebra [65, 66, 63].
At that time it was known that mathematical morphology, as formulated by
Matheron and Serra [184, 246], grew out of the early work of Minkowski
and Hadwiger [191, 107]. The definitions of Minkowski addition, also known
as Minkowski sum or dilation, and Minkowski subtraction, also known as
the Minkowski difference, are directly related to the notions of dilation and
erosion which form the foundation of mathematical morphology. Further de-
tails of this relationship can be found in Chapter 7 of [220]. Mathematical
morphology became a useful member in the toolbox for image processing
and image analysis. As such, it caught the attention of researchers involved
in the development of image algebra. The main goal of the image algebra
project was the establishment of a comprehensive and unifying theory of im-
age transformations, image analysis, and image understanding in the discrete
as well as the continuous domain [220]. It became clear that for some image
transforms there was a need for lattice-based techniques that mimicked linear
transformations and other techniques from the linear algebra domain. The de-
velopment of these techniques resulted in the expansion of lattice theory into
a larger algebraic theory referred to as lattice algebra. The lattice algebra de-
fined in this treatise refers to the mathematical structure derived by merging

xi
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basic concepts from lattice theory, abstract algebra, and linear algebra. A con-
sequence of this amalgamation has resulted in a branch of mathematics that
deals with concepts such as lattice-based vector spaces, lattice independence,
and lattice products of matrices. These concepts are based on the theory of
lattice semirings and lattice semifields discussed in this book. Although G.
Birkhoff also used the term lattice vector space in his classic book on lattice
theory [30], the lattice vector spaces introduced in Chapter 4 are drastically
different. The same holds true for concepts such as lattice products of matri-
ces and lattice independence.

The emphasis of this book is on two subjects, the first being lattice al-
gebra and the second the practical applications of that algebra. As the title
indicates, this is an introduction and not a definitive all-encompassing text of
the two subjects. The immense breadth of lattice algebra and its applications
limits the choice of topics. The book’s epilogue lists several additional topics
for future consideration.

The Audience. This book is intended for use as a textbook for a special
topics course in artificial intelligence with focus on pattern recognition, mul-
tispectral image analysis, and biomimetic artificial neural networks. Since a
large part of this book deals with applications in artificial intelligence, pat-
tern recognition, and artificial neural networks, we assume that the reader has
some familiarity with these subjects.

The book is self-contained and—depending on the student’s major—can
be used as a senior undergraduate-level or a first-year graduate-level course.
Since lattice theory is not a required course for computer scientists, the book
is an ideal self-study guide for researchers and professionals in the above
mentioned disciplines.

Organization. The book consists of nine chapters. Most chapter sections
contain exercises for the student and interested reader. The first two chap-
ters are introductory chapters that can be skipped by graduate mathematics
students. The focus of the first chapter is on abstract algebra, a subject gen-
erally not taught to engineering students. Since comprehension of abstract
algebra is necessary for understanding lattice algebra, we found it necessary
to include it. Chapter 2 introduces the reader to the basic topological prop-
erties of n-dimensional Euclidean space. These properties are used in later
chapters and also help in the understanding of proofs of theorems that deal
with the capabilities of biomimetic neural networks. Chapter 3 provides a
brief review of pertinent concepts of lattice theory and its relationships with
other branches of mathematics. Chapter 4 is dedicated to the edifice of lattice
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algebra. The remaining chapters deal with practical applications of lattice
algebra. Chapter 5 presents applications of minimax matrix products in the
area of associative memories. The chapter is interesting from a historic per-
spective. As far as we know, it was the first associative memory completely
specified in lattice algebra [216, 217, 218, 219]. Its success in outperforming
such well-known matrix-based associative memories as the Hopfield mem-
ory gave impetus for further research in lattice algebra and artificial neural
networks. Chapter 6 takes a sidestep into convex set theory with a focus on
lattice polytopes and the computation of extreme points of lattice polytopes.
The results obtained in Chapter 6 are relevant for Chapter 7 which discusses
applications in hyperspectral image unmixing and color image segmentation.
Chapter 8 explains the rationale for biomimetic neural networks and presents
a model of such a network. Chapter 9 provides various learning methods for
biomimetic neural networks and compares the performance of biomimetic
neural networks versus several current artificial neural networks on a variety
of different data sets.

Acknowledgments. We are deeply indebted to the many people who have
contributed in different ways to the process of writing this book. We offer
our sincere appreciation to Professors Ralph Selfridge, David Wilson, Pana-
giotis E. Nastou, Anand Rangarajian, and Alireza Entezari. Gonzalo Urcid,
my co-author, thanks the Mexican National System of Researchers (SNI-
CONACYT) for partial funding (grant no. 22036) during the realization of
the book project.

Special thanks go to Joseph Sadeq for proofreading the entire manuscript,
correcting typographical and other errors, and creating the Index. A very spe-
cial thanks goes to our editors, Callum Fraser and Mansi Kabra, at CRC
Press/Taylor & Francis Group. Callum, for believing in our project from the
beginning, and Mansi and Callum for their patience, support, and guidance
in all matters.

Gerhard X. Ritter
Gainesville, Florida, December 2020
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CHAPTER 1

Elements of Algebra

o gain a thorough understanding of the subject of this book, the reader
will have to learn the language used in it. We will try to keep the number
of technical terms as small as possible, but there is a certain minimum vocab-
ulary that is essential. Much of the language used is taken from the theory of
abstract algebra, geometry, and topology, subjects which are pertinent but not
the focus of this book. These subjects are, indeed, independent branches of
mathematics. The aim of this chapter is to present the mathematical notation
as well as pertinent facts from algebra that are used throughout this study of
lattice algebra and its applications in various areas of artificial intelligence.
The initial focus is on the foundation of abstract algebra, namely oper-
ations on sets and the concepts of groups, rings, and fields. These concepts
play a major role in lattice algebra. The chapter concludes with a brief dis-
course of linear algebra with emphasis on vector spaces. Although the reader
of this manuscript is most likely very familiar with linear algebra, the addi-
tion of vector spaces will provide for a quick comparison with the concept of
vector spaces based on lattice algebra (Chapter 4).

1.1 SETS, FUNCTIONS, AND NOTATION

Throughout this book we try to use common mathematical notation and ter-
minology. We adopt the convention of denoting sets by capital letters and the
elements of the set by lower case letters. Intuitively, we think of a set as a
collection of objects that satisfy some given condition or property such as the
set of integers, the pages in this book, or the set of objects named in a list.
These objects are called the elements of the set. Given a set A, then x € A
means that x is an element of A and the symbol € reads “is an element of” or
“is a member of,” while the symbol ¢ corresponds to “is not a member of” or
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“is not an element of.” There is exactly one set with no elements. This set is
called the empty set and is denoted by @.

All through this text we will use certain notation from symbolic logic in
order to shorten statements. For example, if p and g represent mathematical
propositions, then the statement p = ¢ means that “p implies ¢” or, equiva-
lently, “if p is true, then g is true.” The statement p < g reads “p if and only
if ¢” and means that p and g are logically equivalent, i.e., p = g and g = p.

An expression p(x) that becomes a proposition whenever values from a
specified domain of discourse are substituted for x is called a propositional
function or, equivalently, a condition on x, and p is called a property or pred-
icate. The assertion “x has property p” means that p(x) is true. For instant, if
p(x) is the propositional function “x is an integer,” then p denotes the prop-
erty “is an integer,” and p(2) is true, whereas p(%) is false.

A set may be described by giving a characterizing property or by listing
its elements. It is common practice to enclose either description in braces.
When using a characterizing property, then the set assumes the form {x :
p(x)}, which translates into the “set of all elements x such that p(x) is true.”.
For example, the set of positive integers 1 through 5 could be expressed as {x :
x is a positive integer less than 6}. Here p(x) is the proposition “x is a positive
integer less than 6” and p denotes the property “is a positive integer less than
6.” This set can also be specified by listing the elements: {1,2,3,4,5}. For our
purposes, we shall assume that the construct X = {x : p(x)} is a set if and only
if given an object x, the proposition p(x) is either true or false, but not both
(i.e., true and false). This enables us to decide whether or not an object under
discussion is an element of X.

The existential quantifier “there exists” is denoted by 4 while the symbol
A means “there does not exist.” The existential quantifier “there exists one
and only one” or, equivalently, “there exists a unique” is denoted by 3!. The
universal quantifier “for all” or “for every” is denoted by V. The common
symbol for the connective “such that” is 5. Thus, the assertion Vx dy > Vz:
p(x,y,z) reads: “for every x there exists a y such that for all z, p(x,y,z) is
true.”

If X and Y are sets, then X = Y means that they have the same elements;
thatis, Vx: xe€ X © xe€ Y. The notation X C Y reads “X is a subset of Y,” and
signifies that each element of X is an element of Y. More precisely, Vx: x €
X = x € Y. Equality is not excluded. Thus, whenever necessary, we shall say
that X is a proper subset of Y if X C Y and X # Y. The set whose elements
are all the subset of a given set X is called the power set of X and is denoted
by 2%. The following subset relationships are a direct consequence from the
aforementioned definitions:
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S1. X c X for every set X;

S, ifXCcYandYCZ thenX CZ;

S3. X=Yifandonlyif XCY and Y C X;
S4. @ c X for every set X;

Ss5. @e2Xandxe X & {x} e 2X.

Although these subset relations are self-evident, they are of fundamental im-
portance as we will discuss many other types of relationships that are analo-
gous to those stated in S| through S 4.

In addition to the subset relations, there are also three elementary oper-
ations on sets that provide for an algebra of a collection of sets. For such
an algebra, it is customary to view the sets under consideration as subsets of
some larger set U, called a universal set or the universe of discourse. For ex-
ample, in plane geometry the universal set consists of all points in the plane.

Definition 1.1 Let X and Y be two sets. The union of X and Y, denoted by
X UY, is defined as the set whose elements are either in X or in Y, or in both
X and Y. Thus,

XUY={z:zeXorzeY}.

The intersection of X and Y, denoted by X NY, is defined as the set of all
elements that are in both X and Y. Thus,

XNY={z:zeXandzeY}.

If X c U then the complement of X (with respect to U) is denoted by X’ and
is defined by X’ ={x : xe U and x ¢ X}.

Notwithstanding that the notation X° is also commonly used to denote the
complement of X, the notation X’ will be used throughout this book to denote
the complement.

The complement X’ should not be confused with the difference of X and
Y, also known as the subtraction of Y from X as well as the complement of X
with respect to Y. The difference of X and Y, is denoted by X \ Y and defined
by X\ Y ={x : x€ Xandx ¢ Y}. Consequently, X" = U\ X. The relationship
between U, N, and C are given by the following theorem:

Theorem 1.1 The following statements are all equivalent:

()XY, () X=XNY, (i)Y =XUY, )Y cX,and v) XNY = @.



4 W |Introduction to Lattice Algebra

The laws covering the basic operations of union, intersection, and sub-
traction of sets are as follows:

XuU=U XNU=X
56 Yoo=-x ™ XYno-o

S7. XUuX=X and XnNX=X (idempotent laws);

(identity laws);

(XI)/:X g,:U,U’:Q '
3. XUX =U and YAX = (complement laws);
So. XUY)UZ=XU(YUZ) and XNY)NZ=XN(YNZ) (associative
laws);

S10. XUY=YUX and XNY=YNX (commutative [aws);

Sii. XU(¥nzZ)=XuY)n(XuzZ) and XNYUZ)=XNY)UXNZ)
(distributive laws);

Sp. XuY)Y=X'nY and XNY)Y =X UY (DeMorgan’s laws);
S13. 2=A\A and ANB=A\(A\B) (equivalency laws).

In addition to the set operations of union and intersection, the Cartesian
product of sets is one of the most important construction of combining two
sets as it enables us to express many concepts in terms of sets.

Definition 1.2 Suppose X and Y are sets. The Cartesian product of X and Y,
denoted by X X Y, is the set of all ordered pairs {(x,y) : x€ Xandy € Y}.

The Cartesian product is also known as the cross product. The element
(x,y) of the set X X Y indicates the order in that the first component x of
the pair must be an element of X while the second component y must be an
element of Y. Additionally, these ordered pairs are subject to the condition:
(a,b) =(c,d) © a=cand b =d. The components of the ordered pair are also
known as coordinates.

The notion of Cartesian product extends the set of elementary set-
theoretic operations. However, in comparison to U and N, the Cartesian prod-
uct is neither commutative nor associative. When X # Y, then X XY # Y X X.
It follows from the definition of the product that (X X Y)XZ # X X (Y X Z).
For instance, the first component of the element ((x,y),z) of (X X Y) X Z may
correspond to a location (x,y) and the second component z to the temperature
at that location. In such a case, (x,(y,z)) € X X (Y X Z) has a totally different
meaning and in addition an equality ((x,y),z) = (x,(y,z)) would mean that
x=(x,y)and z=(y,2). Also, XXY =@ © X =@ or Y =@ (or both). The
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relation between the Cartesian product and the operation of union and inter-
section can be summarized as follows:

Theorem 1.2
XXYUZ)=XXY)UXXZ) and XXX NZ)=XXY)N(XXZ).

Exercises 1.1

1. Suppose A ={a, b, c}, B=1{b, d}, and C ={a, c, e}, Determine AUBUC,
ANBNC,AXxBxC ,and (AXB)N(BXA).

2. Prove Theorem 1.1.
3. Prove the laws S ¢ through S ;3.

4. Prove Theorem 1.2.

1.1.1 Special Sets and Families of Sets

Certain sets of numbers occur naturally in this treatise and we reserve the
notation R to denote the set of real numbers, R* for the set of positive real
numbers, R~ for the set of negative real numbers, and R|o,) for the set {r €
R : r > 0} of non-negative real numbers. The symbol Z denotes the set of inte-
gers {...,—-3,-2,-1,0, 1,2, 3, ...}, N the set {1,2,3,...} of natural numbers,
Njpwy =NU{0} ={0,1,2,...}, N, ={1,2,3,...,n},and Z, = {0, 1,2,...,n—1}.
Whenever a and b are real numbers, then the relations a < b, a < b, b > a, and
b > a mean, respectively, that a is strictly less than b, a is less than or equal to
b, b is strictly greater than a, and b is greater than or equal to a. The relation
< (or >) is an order relation on R called the natural order for the set of real
numbers. This order relation has the additional property that for any two real
numbers a and b, either a < b or b < a. This type of order is called a total
order since any two elements are related. A precise definition of order rela-
tions on sets is given in Chapter 3. There are some similarities between laws
of subsets and that of the order for integers. For instance, when considering
the set Njo ), we see that the statements

51. x < xVx€Njg,c0),
sp. ifx<yandy<gz then x <z,
s3. x=yifand onlyif x<yandy < x, and

s4. 0<xVxe N[()’oo).
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with the exception of the use of different symbols, these laws are a mirror
image of S| through S4. These similarities do not stop here. Considering
the identity laws, the associative laws, and the distributive laws for unions
and intersections of sets, it becomes obvious that they resemble the laws of
addition and multiplication for elements of Njg ):

identity: x+0=x and xx0=0;

associativity . (x+y)+z=x+((y+z) and (xXy)Xz=xX(yX2);
commutativity : x+y=y+x and xXy=yXux;

distributivity : xX(y+2) = (xXy)+(xX2).

These types of similarities will occur throughout this book.

The set of real numbers can be extended by employing the concepts of
largest element and smallest element. The symbols co and —oo, called positive
infinity and negative infinity, respectively, can be used to extend R in three
ways by setting Roo = RU {00}, R_oo = RU{-00}, Rico = Rew UR_o =R U
{00, —00}, and R co] = R[0,c0) U {o0}. By declaring oo to be larger than any real
number and —co smaller than any real number, these sets become ordered
sets. The subset Njg.co] 0f Ro,c0] 18 defined by setting Njg co) = Njg,00) U {00}
Finally, the sets of rational numbers and complex numbers will be denoted
by Q and C, respectively.

If for each element A of some non-empty set A there corresponds a set X,
then the collection {X,; : A € A} is called a family of sets, and A is called an
indexing set for the family. Such indexed family is also commonly denoted
by {X1}1ea- If the indexing set A =N, then the indexed family {X;};ciy is called
a sequence (of sets) and may also be denoted by {X;}72,.

The notion of union and intersection can be generalized to any arbitrary
indexed family of subsets of some universal set U.

Definition 1.3 Let {X,},cA be a family of subsets of a universal set U. The
union of this family is denoted by | e X and is the set

{xe U : xe X, for at least one A1 € A}.
The intersection is denoted by () ea X1 and is the set

{xeU : xe X, forevery 1€ A}.
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(o)

For finite and infinite sequences {Xi};?zl and {X;}2, of sets we will also

use notations such as
n (o) [o'e)
UXi =X, U...UX,, UX,- =X, UX,U...,and [ \X;=X;nXaN....
i=1 i=1 i=1

Example 1.1 Let A={1: 1€Rand0<A<1}.ForeachdeA,let X, ={r:
reR, 0 <r<aAa}. Then

JXi=tr:reR, 0<r<1}=A, and [)X)={0).
AEA Aeh

This example can be generalized as follows: let X be any set and for each
x € X, let X, be a subset of X such that x € X, C X. Then X = |, cx Xx.

Suppose {A,}1ea is a family of sets and X is any set. Then the union and
intersection obey the following respective equivalency law:

S1a. X\ (UaeaA2) = MaeaX\AD)  and X\ (MaeaAn) = Uaea X\ AY).

These laws play a key role in our discourse on measure theory.

The n-fold Cartesian product of a family {X;} , of sets can be defined
inductively, yielding the form

n
]_[X,- =Xy X Xo X X Xy = {(X1,%2, ., %0) : ;i € X forieN,), (1.1

i=1

where x; is called the ith coordinate. If X = X; fori =1,...,n, then we define
X" = l’.‘zl Xi. In particular, if R = X; for i = 1,...,n, then n-dimensional Eu-
clidean space is given by the n-fold Cartesian product R"” = []"_, R. Similarly,
RY =TT Reo, R2, = [T Roco, and R}, = [T Rico-

Exercises 1.1.1

1. Suppose A ={(x,y) : x,ye R and3x+y =4}, and B={(x,y): x,y €
R and x —2y = 2}. Determine the graphs of A, B, AN B, and A X B.

2. Prove the equivalency law S 14.
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1.1.2 Functions

The notion of a function or map is basic in all mathematics. Intuitively, a
function f from a set X to a set Y, expressed as f: X — Y, is a rule which
assigns to each x € X some element y of Y, where the assignment of x to y
by the rule f is denoted by f(x) = y. However, we shall define the notion of a
function formally in terms of a set.

Definition 1.4 Let X and Y be two sets. A function f from X to Y, denoted
by f: X — Y, is a subset f C X XY with the property: foreach xe X 3!y e
Y > (x,y) € f. The set of all functions from X to Y will be denoted by YX.
Thus, YX = {f : fis a function from X to Y}. Functions will also be referred
to as mappings.

We write f(x) =y for (x,y) € f and say that y is the value f assumes at
x, or that y is the evaluation of f at x. For example, defining X = Y =N, then
the set f C X XY defined by

f={(x,y):y=2x+1,xeX} orby f={(x2x+1):xeX}

represents a function f : X — Y. This function is completely specified by the
rule f(x) =2x+ 1 or, equivalently, by y = 2x+ 1.

We will periodically refer to certain special properties and types of func-
tions. In particular, it will be important to distinguish between the following
types of functions:

f1. afunction f: X — Y is said to be injective or one-to-one if and only if
x#2z = f(x)# f(2) or, equivalently, f(x) = f(z) = x=2z;

fr. afunction f: X — Y is said to be surjective or onto if and only if Vy €
Y,AxeX > f(x)=y;

f3. a function f: X — Y is said to be a bijection if and only if it is both
injective and surjective;

f4. a function f: X — X with the property f(x) = x Vx € X is called the
identity function;

fs. a function f: X — Y is said to be a constant function if and only if for
someyeY, f(x)=yVxeX;

fe. given a function f: X — Y and W C X, then the function fly : W — Y
defined by flw = fN(WXY)={(x, f(x)) : x € W}is called the restric-
tion of fto W;
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f7. given sets X1, ..., X, the function p; : H?:l X; — Xj, where 1 < j<n,
defined by p;(x1, ..., xj, ..., x,) = xj, is called the projection into the
Jjth coordinate;

fg. for X C U, the function y, : U — {0, 1}, defined by

(x) = 1 ifxeX
X =1 0 ifxeXx,

18 called the characteristic function of X.

The identity function defined in f4. will generally be denoted by 1x.

Recall that the composite of two functions f: X — Yandg: Y — Zisa
function go f: X — Z defined by (go f)(x) = g[f(x)] ¥V x € X. The following
theorem indicates a simple method for establishing that a given function f
(respectively g) is one-to-one (respectively onto).

Theorem 1.3 Let f: X - Y, g: Y > X, andh: Y — Z.
1. If go f =1y, then f is injective and g is surjective.
2. If f and h are surjective, then ho f : X — Z is surjective.

3. If f and h are injective, then ho f : X — Z is injective.

Proof. We only prove part 1 of the theorem and leave the remaining parts
as exercises.
Since f(x) = f(2) = x=(g0 f)(x) =g(f(x) =g(f(2)) = (g0 f)2) =z, we

have that f is injective. The function g is surjective since forany xe X dye Y,
namely y = f(x), such that x = (g o f)(x) = g(f(x)) = g(y). O

Following the last sentence in the proof of Theorem 1.3 is the Halmos
symbol O. This symbol stands for “Q.E.D.,” the abbreviation of the Latin
phrase quod erat demonstrandum (which was to be proven) and will be used
throughout this text at the end of proofs of theorems.

As a simple illustration of Theorem 1.3 we show that for any function
h: X — Z, the function f: X — Y, where ¥ = X XZ and f(x) = (x,h(x))
is injective. Let p; : X XY — X be the projection onto the first coordinate.
Then p;o f: X — X is 1x. Hence, by Theorem 1.3, f is injective (and p; is
surjective).
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Definition 1.5 Suppose f: X — Y,Ac X, and BC Y. Then
the range of f is the set R(f) = {f(x) : x € X};
the image of A is the set f(A) ={y : y = f(x) for some x € A};
the pre-image of B is the set f~1(B) = {x : f(x) € B).

The domain of f: X — Y is the set X. The pre-image is also known as the
inverse image. A direct consequence of these definitions is that f “IR(f)) =
X,R(f)cY,and R(f)=Y & f is onto. In addition, f~!(B) may be empty
even when B # @.

The concept of the pre-image induces a function £~ : 2V — 2% defined
by f~1(B) € 2X VB € 2Y. Similarly, the function f induces a function 2X —
2Y¥, again denoted by f, and defined by f(A) € 2¥ VA € 2X, where f(@) = .
These two induced functions are called set functions since they map sets
to sets. We conclude this section by listing some essential properties of set

functions. Many of the properties listed will occur periodically in similar
form in latter chapters.

Theorem 1.4 Let f: X — Y, AC BCX, and {A } e be a family of subsets
of X. Then

1. f(A)cC f(B)
2. f(UreaA2) = Ujen f(AD
3. f(MaeaAr) € Naea f(AD

IfAC BCY, and {B}ien be a family of subsets of Y. Then
4. 1A c B

5. fNB)C(fTB)Y

6. 7 (Urea B = Unea S (BY)

7. 7' (Maea BY) = Naen S~ (B

Proof. We only prove property 7 as the proofs of / through 6 are just as
simple. Observe that

xef(ﬂB,l) @f(x)EmB,l & f(x)eBVAeA

AeN AeN
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o xefiBYYIeA & xe ﬂf‘l(BA). O
AeEA

The following important relationship between the two set functions is
also easy to verify:

Theorem 1.5 Let f: X - Y, AC X, and BCY. Then
1. Ac 1o f(A) and
2. fof"Y(B)cB.

The following example shows that the inclusion (3) of Theorem 1.4 and
the inclusions of Theorem 1.5 cannot, in general, be replaced by equalities.

Example 1.2 LetA={(x,y) : 1 <x<2,1<y<2},B={(x,y): 1 <x<2,3<
y<4,},and p; : RXR — R be the projection into the first coordinate (i.e.,
the x-axis). Since ANB=2, pij(ANB) =2 #{x: 1 <x<2}=pi(A)Np1(B).
Also,

A#p (1 A) = pildx s 1<x<2)={(xy) 1 1 Sx<2,—00 <y <o,

If f: X — Yisabijection, then for all y € Y, the set f‘l({y}) consists of a
single element x € X so that {x} = f -1 ({y}). Thus, the set function f ~I defines a
bijection from Y to X, again denoted by f~!, and defined by f~1(y) = f~1({y}).
In this case, we have (f~!)~! = f and equality holds for both properties (/)
and (2) of Theorem 1.5. Furthermore, if g : ¥ — Z is also a bijection, then
both fogand (go f)~! are bijections. This follows from Theorem 1.3 and the
fact that (go f)™' = f~log™!.

Exercises 1.1.2
1. Prove part 2 and part 3 of Theorem 1.3.
2. Prove parts /, 2, and 3 of Theorem 1.4.
3. Prove parts 4, 5, and 6 of Theorem 1.4.

4. Prove Theorem 1.5.
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1.1.3 Finite, Countable, and Uncountable Sets

Two sets are said to be equivalent if there exists a bijection f: X — Y. Hence
the idea that two sets X and Y are equivalent means that they are identical ex-
cept for the names of the elements. That is, we can view Y as being obtained
from X by renaming an element x in X with the name of a certain unique
element y in Y, namely y = f(x). If the two sets are finite, then they are equiv-
alent if and only if they contain the same number of elements. Indeed, the
idea of a finite set X is the same as saying that X is equivalent to a subset
N, ¢ N for some integer n € N. To make this and related ideas more precise,
we list the following definitions involving a set X and the set N.

Definition 1.6 A set X is called

finite if and only if either X = @ or dn € N such that X is equivalent to N,,;
infinite if it is not finite;

denumerable if and only if it is equivalent to N;

countable if and only if it is finite or denumerable;

uncountable 1if it is not countable.

Some properties of countable sets are given in the next example.
Example 1.3

1. XcN = X is countable.
X is countable & J a set Y C N such that X is equivalent to Y.
If X is equivalent to Y and Y is countable, then X is countable.

If X C Y and Y is countable, then X is countable.

A o

If f: X — Y is onto (surjective) and X is countable, then Y is count-
able.

6. If f: X — Y is one-to-one (injective) and Y is countable, then X is
countable.

7. If A is countable and {X, : A € A}is a collection of countable sets, then
(U1ea X2 1s countable. In other words, the countable union of countable
sets is countable.
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Assuming Example 1.3 as a fact, it is not difficult to show that the set
Z? and the set Q of rational numbers are countable sets. First note that the
function f: N — Z, defined by f(2n) =nand f(2n—1) = —n+1 is a bijection.
Thus, Z is equivalent to N and therefore countable. For each i € Z the set
X; ={(i,n) : n € Z} is countable. But then since Z is countable and {X; : i € Z}
is a countable collection of countable sets, it follows from Example 1.3(7)
that Z? = | J,z X; is countable.

To show that Q is countable, define f : 72 > Q by

Loifj#0

J 12
0 ifj=0 12)

f@. )= {
Then f is obviously onto. It now follows from Example 1.3(5) that Q is count-
able.

We attach a label card(X) to each set X, called the cardinality of X, which
provides a measure of the size of X. In particular, the label should distin-
guish in some way if one of two given sets has more members than the other.
We shall say that two sets X and Y have the same cardinality if and only
if they are equivalent. By assigning card(X) = n whenever X is equivalent
to N, and using the convention that card(X) = 0 if and only if X = @, sat-
isfies this requirement for finite sets. Thus, if X and Y are finite sets, then
card(X) < card(Y) if and only if X has fewer elements than Y. In particu-
lar, if X is a strict subset of Y, then card(X) < card(Y). However, for infinite
countable sets this no longer holds true since we have the sequence of strict
subsets N ¢ Z ¢ Q while card(N) = card(Z) = card(Q). Although these three
sets contain different elements, their sizes are all the same in the sense that
for each element of Q there exists a unique integer n € N, which means that
each rational number can be labeled with a unique integer. This demonstrates
that there are just as many integers as there are rational numbers. Thus, they
are all of the same size. What about sets that are not countable? Are there sets
of different infinite sizes? The answer to this question is indeed yes and the
labeling of different sizes is accomplished via transfinite numbers called car-
dinal numbers. The cardinal number of a set X is commonly denoted by &(X)
and is really a set defined in terms of ordinal numbers. Since the subject of
ordinal and cardinal numbers are outside the scope of our discussion, we will
only list two pertinent properties of cardinal numbers and their relationship
to the definition of the label card.

C. card(X) < card(Y) © N(X) < X(Y).

Cs. card(X) = card(Y) © N(X) =NX(Y).
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Georg Cantor proved that there does not exist a bijection f: N — R
[37, 38]. Since N C R is a strict subset and in view of Cantor’s result, we must
have card(N) < card(R). The cardinal number of N is commonly denoted by
N(N) = 8o while the cardinality of R is denoted by &(R) = ¢, where ¢ is called
the cardinality of the continuum. We note that any set X with R(X) < Ny is
countable, while any set X with 8(X) > & is uncountable.

The reader needs to remember that cardinal numbers are sets, even in the
finite case, but are closely related to the concept of card due to the properties
C and C,. For this reason we can associate unique integers to finite sets, but
need transfinite numbers for labeling infinite sets. For example, defining the
symbols 0 = @, 1 = {@}, 2 = {2, {2}}, 3 = {2,{2},{@,{2}}, and so on, then
N(N,,) = i is a set, while card(N,,) = n. It also follows that N(R(N,,)) = K@) =
1.

Another consequence of Cantor’s work is that card(X) < card(2X) for any
set X. If X(X) = Ny, then the cardinal number of 2% is denoted by 8(2%) = N;.
Thus, 8o < N and 8g < ¢. The question as to whether or not N1 = ¢ is known as
the continuum hypothesis. Kurt Godel proved that it is impossible to disprove
the continuum hypothesis based on the Zermelo-Fraenckel axioms, with or
without the axiom of choice, while Paul J. Cohen proved that it is impossi-
ble to prove the continuum hypothesis based on the Zermelo-Fraenckel ax-
1oms, with or without the axiom of choice [97, 56]. For our purposes we shall
simply identify any set X with 8(X) > 8 with the infinity symbol co. This
simplifies the problem of measuring the size of sets.

Definition 1.7 If U denotes the universal set of discourse, then the counting
function |-|: 2V — Njg ) is defined by
A| = card(A) if A is finite
B if N(A) > N,

Consequently 0 < |A| < oo VA €2V, and |A| =0 & A = @, and all infinite
sets map to the same symbol co representing infinity.

If a set X is denumerable, then there exists a bijection f: N — X. Such
a bijection provides a convenient tool for counting the elements of X by
identifying each element of X with a unique numerical label determined by
f. Specifically, for x € X we set x = x; & f(i) = x. Since f is one-to-one,
x; =x; © i=j. Since f is also onto, the set X can now be expressed as a
sequence X = {x1, x2, X3, ... }.
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Example 1.4 Let g: N> — N be defined by

1
gl )= S+ j=D(i+j=2)+] Y (i, j) € N

By the definition of g we have that g(1,1)=1, g(2,1) =2, g(1,2)=3,2(3,1) =
4, and so on. When j =1 or i = 1 the function assumes the respective simple
expression g(i, 1) = %(i— 1)+ 1 and g(1, j) = 5(j— 1) + j. These observations
also make it an easy exercise to show that g is one-to-one and onto. Thus, g
has an inverse g~ : N — N?. This means that we have two equivalent ways
of labeling the points x = (i, j) of N2. More specifically, we define x; = x €
N2 o g7 l(0)=x, or equivalently x, = x & g(x) = £. Figure 1.1 illustrates this
particular labeling of the elements of N2

J
Jt ° °
).(k+(i—1) ?(1
51 o
X5
41 °
X, X
3 )
X X
21 °
X, X
1 ® ® ® ® () ()
X, X, X, X; X X i
1 2 3 4 5 I

Figure 1.1 The sequential labeling of elements of N?. The ordering of ele-
ments of N? is along the diagonals of slope —1 passing through the points of
N? as indicated by the arrow. Here k = g(i,1), k+ (i— 1) = g(1, j) with i = j,
and ¢ = g(i, j).

Exercises 1.1.3

1. The solutions of equations of form x? + bx + ¢ = 0, where b, ¢ € Z, are
called quadratic integers. Prove that the set of quadratic integers is
countable.
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2. Assuming Example 1.3 as fact, show that the interval (0,1) ={xeR:
0 < x < 1} is uncountable.

1.2 ALGEBRAIC STRUCTURES

If one surveys the subjects of arithmetic, elementary algebra, or matrix the-
ory, certain features stand out. One notes that these subjects deal with some
given or derived set of objects, usually numbers or symbolic expressions, and
with rules for combining these objects. Examples of these are the set of real
numbers, the set of real valued functions on a set X, and the set of complex
valued n X n square matrices with the usual rules of addition, subtraction,
and multiplication. Moreover, one finds that there are some properties which
these combining operations have in common: e.g. adding zero to any real
number, adding the zero function to a function, or adding the zero matrix to
a matrix does not change the value of the real number, the function, or the
matrix, respectively. Other properties such as commutativity, do not always
hold. Multiplication of square matrices is, in general, not a commutative op-
eration.

The field of algebra aims at providing a fuller understanding of these sub-
jects through a systematic study of typical algebraic structures. Such a study
has the advantage of economy in that many superficially distinct structures
are found to be basically the same, and hence open to a unified treatment. We
begin our survey of algebraic structures by considering rules for combining
elements of sets.

1.2.1 Operations on Sets

A binary operation on a set X can be thought of as a rule for combining any
two elements of the set in order to produce another element of the set. More
precisely, a binary operation on X is simply a function o : X XX — X. The
evaluation o(x,y) is commonly denoted by x oy and is called the resultant of
the operation. Accordingly, if (x,y) € X X X, then xoy € X.

If o is a binary operation on X and Y C X, then o is a binary operation on
Y if and only if for every pair x,y € Y, xoy € Y. Thus, if o is also a binary
operation on Y C X, then we say that Y is closed under the operation o. For
instance, the operation o = + is a binary operation on Q C R. However the
operation xoy = x” is a binary operation on R but not on Q. Therefore Q is
not closed under the operation of exponentiation.

Some binary operations may satisfy special properties. Commutativity
and associativity are the most important of these special properties. A binary
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operation o on X is called commutative whenever xoy =yox Vx,y € X, and
associative whenever (xoy)oz = xo(yoz) Yx,y e X. For example, addition
and multiplication are commutative and associative binary operations on R as
well as on R*. However, the binary operation of division is not commutative
on R*.

A set X is said to have an identity element with respect to a binary
operation o on X if there exists an element e € X with the property that
xoe=x=eoxVxeX.

The identity element for R with respect to addition is O since 0+ x =
x+0 = x Yx € R. Note that addition has no identity in the set R*. However,
the identity with respect to the binary operation of multiplication on R* is 1
since 1-x = x-1=xVYxeR". The next theorem shows that identity elements
are unique.

Theorem 1.6 An identity element, if it exists, of a set X with respect to a
binary operation o on X is unique.

The proof of this theorem is given in most introductory level books on
modern algebra (e.g., [124, 293]).

If a set X has an identity element e with respect to a binary opera-
tion o, then an element y € X is called an inverse of x € X provided that
xoy=yox=e. Note that the set of all real-valued n X n matrices under matrix
multiplication has a multiplicative identity, namely the n X n identity matrix.
Nonetheless, not every n X n matrix has a multiplicative inverse.

The proof of the next theorem is similar to the proof of Theorem 1.6 and
can also be found in [124, 293].

Theorem 1.7 Let o be a binary operation on a set X. The inverse with respect
to the operation o of x € X, if it exists, is unique.

Although not every binary operation on a set X provides for inverse el-
ements, many operations provide for elements that behave almost like in-
verses. Obviously, if y is the inverse of x € X with respect to the operation o,
then xoyox = xand yoxoy=y. Any element y satisfying the two conditions

xoyox=x and yoxoy=y (1.3)
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is called a pseudoinverse of x € X. Thus, every inverse is a pseudoinverse, but
the converse does not necessarily hold.

Suppose that X is a set with two binary operations ¢ and o. The operation
o is said to be left distributive with respect to o if

xo(yoz)=(xoy)o(xoz)Vux,y,z€X (1.4)
and right distributive if
(yoz)ox=(yox)o(zox)Vx,y,zeX. (1.5)

When both equations 1.4 and 1.5 hold, we simply say that o is distributive
with respect to ¢. Note that the right members of equations 1.4 and 1.5 are
equal whenever o is commutative. Obviously, on R, multiplication is distribu-
tive with respect to addition. However, division on R is not left distributive
over addition; (y+2z)/x = (y/x) + (z/x) but x/(y +z) # (x/y) + (x/2).

The remainder of this chapter consists of a brief survey of algebraic struc-
tures in terms of listing features of special abstract algebraic systems that are
relevant in the study of lattice structures employed in constructing lattice-
based neural networks.

Exercises 1.2.1
1. Prove Theorem 1.6 without using the listed references.
2. Prove Theorem 1.7 without using the listed references.

3. For each binary operation o on Q, decide whether the operation is
commutative, associative, or both. Suppose (a) xoy = (x-y)/2, (b)
xoy=x-y+1,(c) xoy=x—y.

1.2.2 Semigroups and Groups
We begin our discussion with the simplest algebraic structure, namely that of

a groupoid.

Definition 1.8 A groupoid is a set X together with a binary operation o on X.
If the operation o is also associative, then the groupoid is called a semigroup.

To be completely precise in denoting a semigroup, we should use some
symbolism such as (X, o, =), which specifies the set of elements, the binary
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relation, and the equality relation used to specify the equality of elements;
i.e.,, xo(yoz) = (xoy)oz. However, it is customary to use either the pair
(X, o) or simply the letter designation of the set of elements, in this case X,
as a designation of the groupoid or semigroup, provided there is no danger of
confusion as to the notation being used for binary composition. Furthermore,
algebraists, as a rule, do not use a special symbol such as o to denote a binary
operation different from the usual addition or multiplication. They stick with
the conventional additive or multiplicative notation and even call these oper-
ations addition and multiplication. We follow this convention to some extent
by using the notation x+y when viewing xoy as an additive operation and x-y
or x Xy, or even xy, when viewing x oy as a multiplicative operation. There
is a sort of gentlemen’s agreement that the zero symbol 0 is used to denote
an additive identity and the symbol 1 to denote a multiplicative identity, even
though they may not actually be denoting the integers O and 1. Of course, if
a person is also talking about numbers at the same time, other symbols are
used to denote these identities in order to avoid confusion.

To the uninitiated, semigroups may seem too poor in properties to be of
much interest. However, the set of n X n square matrices under matrix mul-
tiplication forms a semigroup. Anyone who has had experience with matrix
theory is well-aware that this system, far from being too poor in properties to
be of interest, is, indeed, extremely rich in properties. Research into the fas-
cinating ramifications of matrix theory has provided the stimulus to a great
deal of mathematical development and remains an active and growing branch
of mathematics.

The set of n X n square matrices under matrix multiplication has the ad-
ditional property of having a multiplicative identity. This leads to the next
definition:

Definition 1.9 A monoid is a semigroup with identity.

Example 1.5 The set of positive integers, N, together with the operation of
addition is not a monoid. However, (N, +) is a semigroup. The system (N, -)
is a monoid with identity the integer 1.

Of the various possible algebraic systems having a single associative op-
eration, the system known as a group has been by far the most extensively
studied. Also, the theory of groups is one of the oldest parts of abstract alge-
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bra, as well as one rich in applications.

Definition 1.10 A group is a monoid with the property that each element has
an inverse.

It is customary to denote the inverse of an element x in a group G by x~!
if multiplicative notation is used, and by —x if additive notation is used.

Recalling the definition of a monoid, one can define a group alternatively
as a set G together with a binary operation, say (G, o), such that:

G1. the operation o is associative, i.e., Vx,y,z€ G, xo(yoz) = (xoy)ogz,

G,. There exists an identity 1 € G such that Vxe G, xol =lox=x, and

1 1

G3. Y x € G, dan inverse element xleG,suchthat xox ' =xlox=1.
If (G,o0) is a group and H C G, then H is called a subgroup of G if and
only if (H,0) is a group. Also, in addition to the above listed three properties

the operation is commutative, then the group G is called an abelian group.

Example 1.6 The set Ny with the operation of addition is not a group. There
is an identity element O, but no integers greater than 0 have inverses in Ny.
However, (Z,+) is a group and this group is abelian.

A common activity among scientists and engineers is to solve problems.
Often these problems lead to equations involving some unknown number or
quantity x which is to be determined. The simplest equations are the linear
ones of the forms a + x = b for the operation of addition, and a - x = b for
multiplication. Equations of the form a - x = b are in general not solvable in
the monoid (N, -). For instance, 2 - x = 3 has a solution x = 3/2, which is not
an integer. However, the equations of form a-x = b are always solvable in
the structure (R*,-). The reason for this is that (R*,-) is a group. As the next
theorem shows, the properties necessary to solve linear equations within a
system are precisely the properties of a group.

Theorem 1.8 If (G, o) is a group and a, b € G, then the linear equations
aox=bandyoa= b have unique solutions in G.
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Proofs of this theorem can be found in most textbooks on abstract al-
gebra; e.g., [293, 124]. It is important to note that the solutions x = a0 b
and y = boa™! need not be the same unless the group is abelian. However,
the equation a o xo b = ¢ has a unique solution in any group (G, o), namely
x=a"'ocob™!. The equation ao xob = c is called a group translation of x.
The terminology stems from the following definition:

Definition 1.11 If (G, o) is a group, then a function ¢ : G — G is called a
group translation if Y(x) =aoxob ¥ x € G, where a, b € G are constants. If
(G, o) is only a semigroup, then ¢ is called a semigroup translation.

Exercises 1.2.2

1. Give examples other than those in the text of semigroups and monoids
that are not groups.

2. Prove the following Proposition: If G is a semigroup, then G is a group
< the following two conditions are satisfied, (1) there exists an ele-
mentieGaiox=xVxeGand Q)VxeGIx'eGaxox=i

3. Prove Theorem 1.8.

4. Suppose G is a group and @ # H C G. Prove that H is a subgroup of G
ifand only if Vx,ye H, x 'oye H.

5. Prove that (R”,+) is an abelian group.

1.2.3 Rings and Fields

The structures we have considered thus far have been concerned with sets
with a single binary operation. Our earliest experience with arithmetic, how-
ever, has taught us the use of two distinct binary operations on sets of num-
bers, namely addition and multiplication. This early and important experi-
ence should indicate that a study of sets on which two binary operations have
been defined is of great importance. Modeling our definition on properties
common to these number systems, as well as such structures as the set of all
n X n matrices with elements in one of the number systems, or the set of all
polynomials with coefficients in, say, the set of all integers, we now define a
type of algebraic structure known as a ring.
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Definition 1.12 A ring (R, ¢, o) is a set R together with two binary operations
¢ and o of addition and multiplication, respectively, defined on R such that
the following three conditions are satisfied:

Ri. (R, o) is an abelian group.
Ry. (R, o) is a semigroup.

R3. Ya,b,ceR,ao(boc)=(aob)o(aoc)and (aob)oc=(aoc)o(boc).

If condition R; of this definition is weakened to (R, ¢) is a commutative
semigroup, then R is called a semiring.

Of the many examples of rings which come readily to mind from expe-
rience with common systems of elementary mathematics, the most natural
is, perhaps, the ring Z of integers with the usual addition and multiplication.
However, if we examine the properties of the ring (Z, +, X) of integers, where
+ and X correspond to ¢ and o, we note that it has properties not enjoyed by
rings in general. Among these properties are:

R4. The existence of an identity element for the operation o, called the unit
element and usually denoted by 1 or 1.

Rs. The commutativity of the operation o.

Rs. The nonexistence of an element a # 0 such that for some positive inte-
gern,na:=aoa---oa=>0.
———

n

On the other hand, the integers themselves fail to possess a most useful
property, namely that:

R;. For every nonzero a € R there is an element in R, denoted by a!, such
thataoa ' =a loa=1;ie., (R\{0},0)isa group.
In fact, (Z, +, x) also fails to have the slightly weaker property:

Rg. For every nonzero a € R there is an element in R, denoted by @, such
that aoaoa =a and aoaoda =a; i.e., every nonzero element has a
pseudoinverse.

These properties lead to some further definitions.
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Definition 1.13 If a ring satisfies property Ry, then it is called a ring with
unity. If a ring satisfies property Rs, it is called commutative or abelian. If a
ring satisfies property Ry, it is said to have characteristic zero. If it satisfies
R7, itis called a division ring or a quasi-field. A field is a commutative divi-
sion ring. A ring which satisfies property Ry is called a von Neumann ring. A
ring R is called a Boolean ring if for all a € R, a* = a.

As we noted, (Z, +, X) is a commutative ring but not a division ring. On
the other hand, (R, +, X) is an example of a commutative division ring and,
hence, a field. It is also an example of a ring with unity and characteristic
zero as well as a totally ordered field. This means that not only is the set R
totally ordered by the natural order of <, but also that the field operations +
and X are compatible with the order in that

1. Vx,y,z€R,if x <y, then x+z < y+z (preservation of order under +)

2. Yx,yeR,if0<xand 0 <y, then 0 < x XYy (preservation of order under
X)

Other well-known examples of fields are (Q, +, X) and (C, +, X). Not all
rings are necessarily rings of different sets of numbers.

Example 1.7 Consider the set R¥ of real valued functions on a set X. Addi-
tion and multiplication of two functions f, g € RX are defined by

1. (f+2): X > Rby (f+2)(x) = f(x)+g(x) Yxe X, and

2. (fxg): X > Rby (fxgx)=f(x)xgx)VxeX.

The zero function ¢ € RX is defined by ¢(x) = 0 V x € X, and the unit function
I eRX by I(x) =1 Vx € X. For each f € R¥, define its inverse —f € RX by

(=f)(x) = =f(x). Then
(f + (=) = )+ (=) = f(0) = f(x) =0=p(x) Vx € X,
and, hence, (f +(—f)) = ¢. Also,

(f+e)x) =f()+gx) =g+ f(x)=(g+Hx)VxeX
Therefore, addition on RX is commutative. It is just as easy to show that
fxXg=gxf and that

(f+@+h=f+g+h), (fxgxh=fx(gxh),
[x@+h)=(fxg)+(fxh), and (f+g)xh=(fxh)+(gxh).
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Thus, (R¥, +) is an abelian group, (R¥, X) is a commutative semigroup with
unity, and axiom Rj is also satisfied. Therefore, (RX, +, x) is an abelian ring
with unity. However, (RX, +, X) is not a field, since not every f € RX with
f # ¢ has a multiplicative inverse. We cannot define f~!(x) = 1/f(x) since it
may be possible that f(x) = 0 for some x € X but not all x € X. Nevertheless,
if f # ¢, then the function f defined by f(x) = 1/f(x) whenever f(x)# 0
and f(x) = f(x) when f(x) =0, is a pseudoinverse since f X f X f=f and
fx fX f: ]7 Therefore, (RX, +, X) is a von Neumann ring.

All the rings considered thus far were commutative rings. However, non-
commutative rings play an important role in a wide variety of applications.
We present the most pertinent example of such a ring.

Example 1.8 Let F be any field, say Q, R, or C, and consider the set Moy (F)
of all 2 x 2 matrices of form

(@) = apl an

1 - 9

! ar ax

where the g;;’s are all in IF. The set Mx>(F) of all n x n matrices over F is

similarly defined.
Matrix addition on Moy (F) is defined by

an a | by b\ [ an+bi apn+bp2
a1 axn by b ar1+by an+bn

that is, by the corresponding entries using addition in F. Obviously,
(M>1x>(F), +) is an abelian group with additive identity

0 0
0o 0/
and with additive inverse

_( ayl  ap ):( —air —an )
a; an —ay1 —axn |’
Matrix multiplication on Mjy»(F) is defined by

an ap |, bi1 bio \ [ an-bii+aia-by ap-bip+apn-bn
a1 axn by b axy by +ax by az-bip+ax-bxp

If F equals R or C, then this multiplication corresponds, of course, to the
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common matrix products over these fields and can best be remembered by
(aij)(bij) = (cij), where ¢;; = Zl%:l ajkby . Of course, the analogous definition
holds for matrix multiplication in which the sum goes from k = 1 to n. In
short, everything we said about the system (Msx>(F), +, X) is also valid for
the system (M,,x,(F), +, X).

To show that (M, (F), +, X) is a ring, the associative and distributive
laws remain to be proven. Using the field properties of IF and the definition of
matrix multiplication in the structure (M,x,(F), +, X), then if d,; denotes the
entry in the rth row and sth column of (a;;)[(b;;)(c;;)], we have

n n n n
drs = Zark(zbkjcjs) = Z (Zarkbkj)cjs = €rs,
1 = P

k=

where e, denotes the entry in the rth row and sth column of [(a;;)(b;;)](c;}).
The distributive property is proved in a similar fashion.

This example proves the following theorem:

Theorem 1.9 If F is a field, then the set M,x,(F) of all n X n matrices with
entries from F forms a ring under matrix addition and matrix multiplication.

The rings of matrices over a field F are an important tool in the theory and
practice of various scientific and engineering endeavors. On the downside, we
need to point out that the ring (M,x,(F), +, X) lacks some important algebraic
properties. Since matrix multiplication is not commutative, M, (F) is not a
commutative ring. Additionally, one of the most important properties of the
real number system is that the product of two numbers can only be zero if
at least one of the factors is zero. The working engineer or scientist uses this
fact constantly, perhaps without realizing it. Suppose for example that one
needs to solve the equation 2x +9x—5 = 0. The first thing one usually does
is to factor the left side: 2x2+9x—5 = (2x— 1)(x+5). One then concludes that
the only possible values for x are 1/2 and —5 because the resulting product is
zero if and only if one of the factors 2x—1 or x+ 5 is zero. The property that
if a product equals zero, then at least one of the factors must also equal zero
does not hold for rings in general. For instance, the definition of the matrix
product in My, (F) shows that

[0 V5 0)=(0 o)
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Exercises 1.2.3
1. Prove whether or not X = {2x : x € Z} is aring.
2. Prove whether or not X = {2x+1: x € Z} is a ring.
3. Prove that (Q, +, X) is a ring. Is it a division ring?

4. Suppose X = {(w,x,y,2) : w, x,y,z € Q} is endowed with a binary oper-
ation of addition and a binary operation of multiplication defined by

w,x,y,2) +(s,t,u,v) =(w+s,x+t,y+u,z+v) and
w,x,v,2)-(s,t,u,v)=(w-s + x-uw-t + x-v,y-8 + z2-u,y-t + z7:v)

Y (w, x,y,2),(s,t,u,v) € X. Prove that X is a ring.

Prove that the set X = {x + y-3!/3 + z.9'/3 : x,y,7€ Q} is a ring.
Determine if the set X of Exercise 5 is a field.

Prove that (R, +,X) is a field.

Prove that (—-1)-(-1) = 1.

A A

Show that every Boolean ring is commutative.

10. Let 2% denote the set of all subset of a set X. Define two binary
operations + and - on 2X by A+B=(AUB)\(ANB) and A-B =
ANB for A, B € 2X. Prove that (2%, +,-) is a Boolean ring.

1.2.4 Vector Spaces

The theory of solutions of systems of linear equations is part of a more inclu-
sive theory of an algebraic structure known as a vector space. As we assume
the reader’s acquaintance with this topic, our treatment of vector spaces will
be very brief indeed, designed only as a recall of a few basic concepts and
theorems. These basic concepts and theorems have their counterpart in the
algebraic structure of lattice vector spaces.

Although vector space theory, as covered in elementary linear algebra
courses, is usually concerned with the Euclidean vector spaces R”, the oper-
ations of vector addition and scalar multiplication are used in many diverse
contexts in mathematics and engineering. Regardless of the context, however,
these operations obey the same set of arithmetic rules. In the general case, the
scalars are elements of some field, which may be different than the real num-
bers.
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Definition 1.14 A vector space Y over a field (F, ¢, o), denoted by V(F),
is an “additive” abelian group V together with an operation called scalar
multiplication of each element of V by each element of F on the left, such
that Va, 8 € F and v, w € V the following five conditions are satisfied:

Vi. aoveV

Va. @o(Bov)=(aopf)ov

Vs. (@oB)ov=(aov)o(BovV)
Vi. @o(Vvow)=(aov)o(@ow)
V5. lov=v

The elements of V are called vectors and the elements of FF are called scalars.

If the field F of scalars is clear from the context of discussion, then it is
customary to use the symbol V instead of V(F). We also note that in com-
parison to the algebraic systems discussed thus far, scalar multiplication for
a vector space is not a binary operation on a set, but a rule which associates
an element « from F and an element v from V with an element @ ov of V.

Example 1.9 It follows from Example 1.8 that for any field F, M,x,(F) is
an additive abelian group. It is also easy to see that if one defines scalar
multiplication by

ao(a;j)=(aoa;j)) Yae€F and V(a;j) € Myx,(F).

Obviously, scalar multiplication is well-defined since both « and g;; are ele-
ments of F and, hence, @ o q;; € F. Thus, axioms V; through Vs of Definition
1.14 will hold, proving that M, (F) is a vector space over F.

One of the most important concepts in the theory of vector spaces is the
notion of linear independence. To be in accord with the standard notation
used in vector space theory, we shall let + = ¢ and X = o for the remainder of
this chapter

Definition 1.15 Let V(F) be a vector space and let S = {vy, vo,...,Vi} be a
subset of V. If for every combination of scalars a, az, ..., @

CX]'V1+(¥2-V2+~--+CK]<'V]<:0 = (}’,'20 for i=1,2,...,k, (16)



28 W Introduction to Lattice Algebra

then the vectors in S are said to be linearly independent over F. In this defi-
nition, 0 denotes the zero in V and 0 denotes the zero in F. If the vectors are
not linearly independent over F, then they are linearly dependent over F.

Note that if the vectors are linearly dependent over F, then for some com-
bination of scalars ay, a3, ..., ar, A a; # 0 for at least one i € {1, 2, ..., k}
such that

a1 Vit az-vo+ o+ ap- v =0. (1.7)

In this case we can solve for v;:

vi:Zijj, where ﬂj:—ﬁ. (1.8)

— @;
J#l

That is, v; can be expressed as a linear combination of the remaining vectors;
i.e., V; depends on the remaining v;’s.

If V is a vector space, then certain subsets of V themselves form vec-
tor spaces under the vector addition and scalar multiplication defined on
V. These vector spaces are called subspaces of V. For example, the set
W ={(x,y) € RZ: y =2x} is a subspace of R2. Obviously, if (x,y) € W, then
defining u = @x and v = ay, we see that v = ay = a(2x) = 2(ax) = 2u for any
real number a. Thus, a(x,y) = (ax,ay) = (u,2u) € W and axiom V; of Def-
inition 1.20 is satisfied. The remaining four vector space axioms are just as
easily verified. However, in order to show that a subset W is a subspace of a
vector space V, it is not necessary to verify axioms V> through V5. The fol-
lowing theorem, which we state without proof, shows that in addition axiom
Vq, all we need to show is that W is closed under vector addition.

Theorem 1.10 If'W is a non-empty subset of a vector space V over F, then
W is a subspace of V & the following conditions hold:

1. ifv,we W, thenv + we W, and

2. ifacFandwe W, thenaw e W.

Let W = {vy, vp,..., v¢} be a subset of a vector space V and let S (W)
denote the set of all linear combinations of the vectors vy, va, ..., Vx. That is,

S(W)y={v:v (1.9

I
8
=
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Thus, if v, we S (W), with v = Zle a;v; and w = Zé‘:]ﬁivi, thenVa €F, av =
Zle viv;, where y; = aa;, and v+ w = Zf.‘zl 0;vi, where 0; = a; + ;. Therefore,
av and v+ w are in S (W) and by Theorem 1.10, S (W) is a subspace of V.
The subspace S (W) is a of V is said to be spanned by W and the vectors of W
are called the generators of the vector space S (W). If S (W) =V, then we say
that W is a span for V. In particular, if W is a span for V, then every vector
v € V is a linear combination of the vectors in W.

Closely related to the notion of a span are the concepts of basis and di-
mension. To students of science, the concept of dimension is a natural one.
They usually think of a line as one-dimensional, a plane as two-dimensional,
and the space around them as three-dimensional. The following definition
makes these concepts more precise.

Definition 1.16 A basis for a vector space V is a linearly independent set of
vectors of V which spans V.

We remind the reader that a basis for a vector space is merely one of
many kinds of bases encountered in the study of various mathematical sys-
tems. A basis for a vector space portrays the algebraic properties of the vec-
tor space and is intimately connected to the linear algebraic properties of
the space while a basis for a topological space provides for the basic geo-
metric properties of the space. Once a basis for a mathematical system has
been established, we may proceed to describe the properties of the system
under investigation relative to that basis. The most important facts about a
vector space basis can be summarized as follows. Let V be a vector space
and B={vy,vp,..., v} CV.

1. If Bis a basis for V, then every vector of V can be uniquely expressed
as a linear combination of the elements of B.

2. If every vector of V can be uniquely expressed as a linear combination
of the elements of B, then B is a basis for V.

3. If Bis abasis for V and C c V with card(C) > card(B), then C is not
linearly independent.

Statement 2 follows immediately from the observation that the zero vec-
tor has a unique representation in terms of the v;’s. Thus, the v;’s must be lin-
early independent. Statement 3 implies that the number of elements in a basis
of a vector space must be unique; that is, every basis of a given vector space
has the same number of elements. Thus, if B is a basis and card(C) > card(B),
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then C will also span V but C cannot be a basis for V. With this in mind, we
define the dimension of a vector space V as the cardinality of any basis for V
and use the notation dim(V) to denote the dimension of V.

We conclude this section with the following pertinent examples of vector
spaces.

Example 1.10

I Fori=1,2,....n, let e = (¢},e},....e}) € R" be defined by ¢/, = 1 if
j=1i, andez.:Oifj;&i. Then €={e': i=1,2,...,n}is a basis for R”
since any vector X = (X, X2,...,X,) € R" can be uniquely expressed as
x = xje! + xpe% + .-+ + x,€". The set € is called the standard basis for
R"™. The dimension of R” is n.

2. Let

(10 (01 _(0 0y, (00
V1—00,V2— 00,V3— lo,anV4—01.

Then B = {v, vy, V3, v4} is a basis for Mrx2(R). Any vector v =

b . .
d can be uniquely written as v = avy + bvy + cv3 +dvy. Thus,
dim(Myx>(R)) = 4.

Exercises 1.2.4

1. Show that if B ={vy,v,,...,v,} is a basis of the vector space V over the
field F and C = {wy,w»,..., W} is a linearly independent set of vectors
of V, then k < n.

2. Show thatif B = {vy,V»,...,V,} is a basis of the vector space V over the
field F, then any other basis for V has the same number of vectors as
B.

3. Suppose dim(V) =n and U = {w,W3,..., Wi} is a basis of W C V,
where k < n. Prove that if ve V and v ¢ W, then U U {v} is a linearly
independent set.

1.2.5 Homomorphisms and Linear Transforms

Throughout this book we deal with various kind of mathematical systems.
The names “abstract mathematical system” or “algebraic system” are used to
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describe any well-defined collection of mathematical objects consisting, for
example, of a set together with relations and operations on the set, and a col-
lection of postulates, definitions, and theorems describing various properties
of the structure.

It is a fundamentally important fact that even when these systems have
very little structure, such as semigroups or groups, it is often possible to clas-
sify them according to whether or not they are mathematically similar or
equivalent. These notions are made mathematically precise by the morphism
relationship between abstract systems.

Definition 1.17 Let G = (G, %) and G = (G, o) denote two algebraic systems
with binary operations x and o, respectively. A homomorphism from G to G
is a function ¥ : G — G such that for each g, i € G,

Y(g * h) = y(g) oy(h). (1.10)

Thus, a homomorphism is required to preserve the operations of the sys-
tems; i.e., performing the operation g % / in G and then applying the function
¥ to the result is the same as first applying ¢ to each g and A and then per-
forming the operation y/(g) oy(h) in G. If such a function exists, then the two
systems are said to be homomorphic.

By definition, a homomorphism need not be a one-to-one correspondence
(injection) between the elements of G and G. Onto functions (surjections) that
are also one-to-one are called bijections and lead to the extremely important
concept of an isomorphism.

Definition 1.18 Let G = (G, %) and G = (G, o) denote two systems. An iso-
morphism from G to G is a homomorphism ¢ : G — G that is a bijection.

If such a homomorphism exists, then we say that the two systems are iso-
morphic and denote this by G = G. Hence the idea that the two systems G
and G are isomorphic means that they are identical except for the names of
the elements and operations. That is, we can obtain G from G by renaming an
element g in G with a certain element g in G, namely g = ¥/(g), and by renam-
ing the operation x as o. Then the counterpart of g x & will be g o}. The next
theorem, proved in [293], is very obvious if we consider an isomorphism to
be a renaming of one system so that it is just like another.
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Theorem 1.11 Let G and G be two groups and suppose that e is the identity
of G. If ¥ : G — G is an isomorphism, then y(e) is the identity of G. Moreover,

W H =yl ' Vgea. (1.11)

The essence of the theorem is that isomorphisms map identities onto iden-
tities and inverses onto inverses.

It is immediate from our discussion that every system is isomorphic to it-
self; we simply let ¢ be the identity function. To show whether two different
systems are isomorphic can be a difficult task. Proceeding from the definition,
the following algorithm can be used to show that two systems G = (G, %) and
G = (G, o) are isomorphic:

Step 1. Define the function ¢ from G to G which is proposed as a candidate
for the isomorphism.

Step 2. Show that i is a one-to-one function.
Step 3. Show that y is an onto function.
Step 4. Show that (g % h) = y(g) oy (h).

Step 4 is usually just a question of computation. One computes both sides
of the equation and checks out whether or not they are the same. We illustrate
this procedure with an example.

Example 1.11 We want to show that (R, +) is isomorphic to (R*,-).
Step 1. Define the function ¢ : R — R* by ¥(x) = ¢* Yx e R*.

Step 2. If ¥(x) = ¥(y), then e* = ¢’ and by taking the natural log we obtain
x =y. Thus, ¢ is one-to-one.

Step 3. If x e R*, then ¢(Inx) = ¢™* = x. Thus, for every x e R*, Ay e R,
namely y = Inx, such that ¥(y) = x. Therefore, i is onto.

Step 4. For x, y € R, we have

Ylx+y)=e™ =" =y () -Y©).
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In algebra, the concept of being identical is always called isomorphic. To
show that two systems are not isomorphic means to show that there cannot
exist a one-to-one correspondence which preserves the algebraic structure
of the systems. This is a trivial problem whenever the two system have a
different number of elements. For example, since card(Z) = Ng < ¢ = card(R),
they can never be isomorphic as algebraic structures.

Thus far, we have restricted our discussion to systems with one operation.
However, the concept of isomorphism easily extends to systems with more
than one operation.

Definition 1.19 Two rings R and R are said to be isomorphic, denoted by

R ~ ‘R, if and only if there exists a one-to-one and onto function ¢ : R —» R
such that

Y(r+s5)=y(r) + Y(s), (1.12)

Y(r-s) =y (r)-y(s). (1.13)

If such a function ¢ exists, then  is called a ring isomorphism.

Example 1.12 Consider the ring (R", +, -), where addition corresponds to
vector addition and multiplication is defined by multiplying the correspond-
ing vector components; i.e.,

(X1, %2, .. s X0) F V1,255 V) = (X1 + Y1, X2+ V2, s Xn + V) (1.14)

and Hadamard multiplication

(X1, X2, 0005 X0) *(V15Y25 -5 Yn) = (X1 Y1, X2 Y2, 005 X * Y)- (1.15)

We leave it up to the reader to convince herself that (R”, +, -) is a commu-
tative ring with unity. Suppose that X is a finite set with n elements, say
X ={x1, x2, ..., x,) and let  : RX — R” be defined by

Y(f) = (f(x1), f(x2), ..., f(xn)).

If (y1,Y2,...,yn) € R" and g € RX is the function defined by g(x;) = y; for
i=1,2,...,n,then ¥(g) = (¥1,y2,...,yn) Therefore,  is onto. To show that v
is one-to-one is just as easy. Furthermore,
Y(f + 1) = ((f + DxD), (f + D(x2),....(f + W)(xn)
= (f(x1) + h(x1), f(x2) + h(x2),..., f(xn) + h(xy)) (1.16)
= (f(x1), f(x2)s-., f(xn)) + (h(x1), A(x2),..., h(xn))
=y(f) + ¥(h).
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An analogous argument show that ¥ (f - h) = ¥(f) - (k). This shows that the
rings (R”, +, -) and (RX, +, ) are isomorphic. Of course, by arguing in an
analogous fashion, we can prove that for any field F, the corresponding rings
(F", +, -) and (FX, +, -) are isomorphic.

The final class of functions considered in this section are linear transfor-
mations. These are the most important functions in the study of vector spaces.

Definition 1.20 A linear transformation or linear operator of a vector space
V(F) into a vector space W(F) is a function L : V(IF) —» W(F) which satisfies
the equation

La-u+ B-v)=a-L) + B-L(v) (1.17)

for all u, v € V(F) and for all scalars «, 8 € F.

If in addition L is both one-to-one and onto, then L is called a vector space
isomorphism and the vector spaces V and W are called isomorphic vector
spaces. As before, the notation V ~ W means that V and W are isomorphic.

An equivalent definition of a linear transformation which can be found
in many text books is given by the following theorem (see also references
[10, 85, 163]).

Theorem 1.12 A function L : V(F) —» W(F) is a linear transformation <
VYa eFandVu,v e the following conditions hold:

I. L{a-u)=a-L)and

2. L(u+v)= L)+ L(v).

If L is a linear transformation mapping a vector space V(F) into a vector
space W(F), then

1. L(0v) = Ow, where Oy and Oy are the zero vectors in V and W, respec-
tively, and

2. if vy, ..., v, are elements of V and «1, ..., a, are scalars from F, then

L(Ckl ‘Vit+ay-vo+...+ ozn-vn):al 'L(Vl) + a’z-L(Vz) +...+ a’n-L(Vn).
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The first statement (1) follows from the condition L(a¢-u + 8-v) =a-L(u) +
B+ L(v) with @ = 0 and 8 = 0. The second statement (2) can be easily proven
by mathematical induction.

Example 1.13 Recall that the function ¢ : RX — R” defined in Example 1.12
is one-to-one and onto whenever card(X) = n. Now suppose that k € R and
f,he RX. By defining the function (k- ) : X —» R by (k- f)(x) = k- f(x), we
have that

Wik f) = ((k- HH(xn), (k- H(x2),.... (k- f)(xn))
= (k- f(x1). k- f(x2),.... k- f(xn))
=k-(f(x1), f(x2),..., f(xn))
=k-y(f)

The fact that ¢(f + h) = Y(f) + ¥(h) was proven in Example 1.12. Thus,
according to Theorem 1.12, ¢ is a vector space isomorphism, and R¥ and R”
are isomorphic vector spaces.

Exercises 1.2.5

1. Consider the groups (Z,+) and (3Z,+), where 3Z = {3n : n € Z}. Deter-
mine whether or not the function ¢ : Z — 3Z defined by ¥/(n) = 3n is
an isomorphism.

2. Let G = R\ {0}. Determine whether or not the two groups (G, x) and
(R, +) are isomorphic.

3. Determine whether or not the rings (2Z,+,X) and (3Z,+, %) are iso-
morphic.

4. Suppose V, W, and U are three vector spaces and the two vector spaces
V and W are both isomorphic to U. Show how these two isomorphisms
can be combined in order to generate an isomorphism from V onto W.



CHAPTER 2

Pertinent Properties of
Euclidean Space

HE objective of this chapter is to familiarize the reader with several per-
T tinent properties of Euclidean space, including relevant concepts from
topology such as bounded sets, closed and open sets, connected sets, com-
pactness, and metrics. These concepts are essential tools in various Al areas
such as pattern recognition, image analysis and understanding, and artificial
neural networks.

2.1 ELEMENTARY PROPERTIES OF R

Since n-dimensional Euclidean space R" is derived from the n-fold cross
product of the set of real numbers, it inherits many of its basic properties
from R. For this reason we begin our discussion by recalling some of the
foundational concepts associated with the real numbers.

2.1.1 Foundations

Although the axiomatic foundation of modern mathematics had its start with
Euclid’s Elements around 300 BC, it took another 2000 years before the ax-
iomatic approach became the foundation for all branches of mathematics. In
this study we will not cover the Zermelo-Fraenkel axioms of set theory nor
the axioms for totally ordered rings used by Dedekind in his construction of
the set of real numbers. We will, however, use basic theorems that are directly
derived from these axioms.

Definition 2.1 Suppose X C R.

36 DOI: 10.1201/9781003154242-2


https://doi.org/10.1201/9781003154242-2

Pertinent Properties of Euclidean Space m 37

1. f dye R> x <y Vxe€X, then X is said to be bounded above, and y is
called an upper bound for X.

2. If dzeR > z< xV¥xeX, then X is said to be bounded below, and z is
called a lower bound for X.

3. If X is bounded above and below, then X is said to be bounded.

4. Suppose y is an upper bound of X. If x <y implies that x is not an upper
bound, then y is called the least upper bound or supremum of X.

5. Suppose z is a lower bound of X. If z < x implies that x is not a lower
bound, then z is called the greatest lower bound or infimum of X.

We shall abbreviate the least upper bound of a set X by lub(X) or sup(X)
and the greatest lower bound by glb(X) or inf(X).

Example 2.1

1. Theset Y ={y : y=e¢", x € R} has 0 as its g/b, but Y is not bounded
above.

2. Theset X = {% : n € N} is a bounded set with glb(X) =0 and lub(X) = 1.

Suppose F is a totally ordered field and P = {A € 2F : A #
@ and A is bounded above}. If F also satisfies the property

D;. A€ P = lub(A) exists,

then the order is said to be Dedekind complete.

Note that (Q, +, X) is a totally ordered field with respect to the natural
order <. However, the order is not Dedekind complete. For example, the set
A={xeQ: xxx <2} is bounded above by such upper bounds as 2 and
% X % but there does not exist an element x of Q such that x X x = lub(A).
We also know (see Section 1.3) that the field (R, +, X) is a totally ordered
field. Thus, the question arises as to whether or not the natural order < of R is
Dedekind complete. Here the answer is yes. This very fundamental property
of the real numbers, known as the completeness theorem for real numbers, is
due to Richard Dedekind [71] and a simple proof of this theorem is given in

[239].

Theorem 2.1 (Dedekind) Let A and B be subsets of R such that
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1. if xR, then either x € A or x € B;
2. ANB=0;
3. A+ #B;
4. ifxeAandye€ B, then x <y.
Then AlreR 3 x<rVxe€Aandr<yVvVyeB.

Any pair of sets A, B that satisfies properties 1 through 4 of Theorem 2.1
is called a Dedekind cut. As can be inferred from the completeness theorem,
any number r € R can be used to create a cut by setting A ={xeR : x <r}
and B = {x € R : r < x}. Dedekind used cuts of rational numbers in order
to construct the real numbers by filling in the gaps that exists in the totally
ordered ring Q. These gaps exist despite the fact that between any pair of
rational numbers there exist another rational number.

The following fact is an easy Corollary of Theorem 2.1.

Corollary 2.2 If A and B are as in Theorem 2.1, then either A contains a
largest number or B contains a smallest number.

Neither Theorem 2.1 or its corollary mentioned the [ub property for sub-
sets of R that are bounded above. This property is established by the next
theorem.

Theorem 2.3 If X C R is bounded above and X # @, then lub(X) exists.

Proof. LetA={aeR:dxeX sa<x}and B={beR : b ¢ A}. We shall
demonstrate that the sets A and B satisfy properties 1 through 4 of Theorem
2.1.

Clearly, AN B = @. Since X # @, we have that for x € X the set C(x) ={a €
R :a<x}# 9. Hence A = J,.x C(x) # @. By construction of A, no element
of A is an upper bound for X. But X is bounded above. Thus, db € R 3 b is
an upper bound of X with b ¢ A. Hence b € B. This proves that A # @ # B.
It also follows from the construction of A and B that for x € R, either x € A
or x € B, which means that property 1 is also satisfied. Finally, for any a € A
and b€ Bdxe X 3 a < x<bso that a < b, which shows that the sets A and
B also satisfy property 4.

We are now able to apply Corollary 2.2, which implies that either A con-
tains a largest element or B contains a smallest element. Let us suppose that
A contains a largest element, say ag. Since ap € A, dx € X 3 ag < x. Set
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a=agy+ %(x— ap). Since R is a totally ordered field, we now have ap <a < x
which contradicts the assumption that A contains a largest element. Therefore
B must contain a smallest element by. Hence x < by ¥ x € X or, equivalently,
lub(X) = by. O

Since R consists of negative and non-negative numbers, the notion of the
magnitude of a real number, also known as its absolute value, is of basic
importance in mathematical theory and applications.

Definition 2.2 If x € R, then the absolute value of x is defined as

= x if0<x
M=) —x ifx<0

Although the vertical delimiters |- | are also being used in defining the
counting function for sets, there is no chance for confusion since the context
of discussion will clarify whether or not we are dealing with a number or a
set.

For a simple but fundamental application of the absolute value, consider
the distance between two numbers x and y. This distance is defined as the ab-
solute value of the number z = x+ (—y), namely |z| = |x —y|, where —y denotes
the additive inverse of y.

The absolute value also possesses the following simple properties:

1. x| >0and |x|=|-x| Yx€eR.
2. |r-xl=|rl-|x|¥Yr,xeRand |r-x|=r-|x|if r > 0.
3. [x—y|l=ly—xland |x+y| < |x|+ |y Vx,y €R.
Exercises 2.1.1
1. Prove Corollary?2.2.
2. Prove that |x + y|> + [x — y|* = 2|x]> + 2[y[?
3. Suppose x,y € R and x < y. Prove that r € Q such that x < r < y.

4. Suppose x,y € R and x < y. Prove that ds € I, where I = R\ Q denotes
the set of irrational numbers, such that x < s < y.
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2.1.2 Topological Properties of R

A basic understanding of the topological properties of subsets of R expedites
the comprehension of these properties for subsets of R” as well as sets in
general topological spaces. We will use conventional topological terminology
and call the elements of R points when discussing topological concepts.

Definition 2.3 Lety € R and r € R*. The set

1. NNy)={xeR:y—-r<x<y+r}is called an open neighborhood of y
with radius r.

2. Theset N.(y)={x€R : y—r < x<y+r}iscalled a closed neighborhood
of y with radius r.

3. Any open or closed neighborhood of y with an unspecified radius will
be denoted by N(y) or N(y), respectively.

4. The set N(y’) defined by N(y') = N(y) \ {y} is called the center deleted
neighborhood of y.

We shall also use the notation (y —r,y +r) and [y —r,y +r] to denote the
respective neighborhoods N,(y) and N,(y). Consequently, an open neighbor-
hood of zero will always be of form N,(0) = (—r,r) for some r > 0. The sets
{xeR:a<x<b}and {xeR : a < x<b}, where a,b € R with a < b are
respectively denoted by (a,b) and [a,b] and called open and closed intervals.
Here the center and radius are not explicitly specified but implicitly given by
c= # and r = l%, respectively.

With respect to a given set X C R, each point y € R has one of three
relations and for each we use a familiar word in a precise way:

1. yis an interior point of X if there exists a neighborhood N(y) such that
Ny cX;

2. yis an exterior point of X if there exists a neighborhood N(y) such that
NHy)NX =@; and

3. yis a boundary point of X if y is neither an exterior point or an interior
point of X.

The set of all interior points of X is called the interior of X and is denoted
by intX. The set of all boundary points of X is called the boundary of X and
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is denoted by dX. Note that a boundary point may or may not belong to X:
If we let X = N,(y) and Y = N,(y), then X = {x € R : |x—y| = r}. Therefore
0XNX=owhiledY =0X Y.

Beginning students of calculus often confuse the two distinct notions of
limit points and boundary points. Limit points of sets in R are defined as
follows:

Definition 2.4 A point y € R is a limit point of X C R if and only if for every
open neighborhood N(y) of y, NO/')NX # @.

It follows from this definition that every interior point of X is a limit point
of X and every point of [y—r,y+r] is a limit point of (y —r,y+r). This means
that limit points need not be boundary points. The next example shows that
the converse is also true.

Example 2.2 Let X = {x€R : 0 < |x| < 1}U{2}. The boundary of X consists
of three separate pieces: The points x satisfying the equation |x| = 1, and the
two points 0 and 2. The interior of X is the set of all points x that satisfy the
condition 0 < |x| < 1, while the set of all limit points of X is the set N1(0). In
particular, 2 is a boundary point but not a limit point. A boundary point that is
not a limit point of a set X is called an isolated point of X. Thus, a point x is
an isolated point if there exist a neighborhood N(x) such that X N N(x") = @.

Definition 2.5 Suppose X ¢ R. Then
1. X is an open set if and only if X = intX;
2. X is a closed set if and only if every limit point of X is a point of X;

3. X is a perfect set if and only if X is closed and every point of X is a
limit point of X.

It follows that open sets are the union of neighborhoods, and closed sets
are sets that contain all their limit points. We wish to stress the difference
between having a limit point and containing one. The set X = {% :neN}cR
has a limit point, namely x = 0, but no point of X is a limit point of X. In
every day usage, “open” and “closed” are antonyms; this is not true for the
technical meaning. The set X just described is neither open or closed in R.
The following theorem summarizes several important facts about open and
closed sets.
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Theorem 2.4

1. Every neighborhood N(x) is an open set and every closed neighbor-
hood N(x) is a closed and perfect set.

2. The union of any collection of open sets is open and the intersection of
any finite collection of open sets is open.

3. The intersection of any collection of closed sets is closed and the union
of any finite collection of closed sets is closed.

4. A set is open if and only if its complement is closed.

5. A point X is a boundary point of X if and only if every neighborhood of
X contains a point of X and a point of X'.

6. XUOX is a closed set.

7. Any open set can be expressed as a union of a countable number of
neighborhood.

The proofs of the properties listed are left to the reader since they follow
almost immediately from the definitions. It is important to realize that the
intersection of an infinite collection of open sets need not be open: {0} =
ﬂ;’;l(—%, %) is closed. Similarly, the union of an infinite number of closed
sets need not to be closed: (—1,1) = ;2 [% -1,1- %] is open even though
[% -1,1- %] = N,-1(0) is closed for each n € N.

The set X = X nU {x : xis a limit point of X} is called the closure of X and
is a closed set by definition of the concept “closed.” In particular, X is closed
if and only if X = X. Also, by property (6.) of Theorem 2.4, X = X U X.
Another distinguishing feature concerning limit points and boundary points

is provided by the next theorem and its corollary.
Theorem 2.5 If p is a limit point of X, then every neighborhood of p contains

infinitely many points of X.

Proof. Suppose there is a neighborhood N(p) which contains only a finite
number of points of X. Let x1, x2, ..., x, denote the points of N(p) N X which
are distinct from p and let

r=inf{lp—xl: x; e N(p")NX}.
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Obviously every finite set in R has a greatest lower bound (as well as a least
upper bound) which means that r exists and since p # x; Vi € N, r > 0. But
then for any number p with 0 < p < r we obtain N,(p") "X = @ which con-
tradicts the hypothesis that p is a limit point of X. Thus our assumption that
there is a neighborhood N(p) which contains only a finite number of points
of X must be false. O

Corollary 2.6 A finite subset of R has no limit points.

According to the corollary, finite sets are always closed sets. However,
there are also infinite subsets of R that have no limit points. For instance, the
set Z C R has no limit points and all its elements are isolated points. Sets
without limit points and whose elements are all isolated points are called
discrete sets.

In ordinary usage, the words “finite” and “bounded” are sometimes syn-
onymous. In mathematics they are used to describe quite different aspects of
a set. It follows from definition 2.1(3) that if a set X is bounded, then there
exists a number r such that |x| < » ¥ x € X. Geometrically, this means that no
point of X is farther than a distance r from the origin; that is X C N,(0). As
our next theorem shows, closed bounded sets in R have the property that they
contain their least upper bound and greatest lower bound.

Theorem 2.7 If X C R is closed and bounded with a = glb(X) and b = lub(X),
then a,b € X.

Proof. Suppose b ¢ X. Forevery r >03dxe X 5 b—r < x < b, for otherwise
b —r would be an upper bound less than /ub(X). Thus every neighborhood
N,(b) contains a point x of X with x # b, since b ¢ X. It follows that b is a
limit point of X which is not in X. But this contradicts the hypothesis that X
is closed. To show that a € X is similar. O

Another basic property of closed and bounded sets is the nested set prop-
erty established by the following theorem:

Theorem 2.8 (Nested set property) Let {Ay}nen be a family of non-empty
closed and bounded sets in R. If Ay D Ay D A3 D ---, then ﬂ;’;’:lAn * Q.

Proof. Let X = (", A,. Applying Theorem 2.7 let a, = glb(A,) and
b, =Ilub(A,) forn=1, 2, .... The set of greatest lower bounds S = {a, : n € N}
has the property that for any j € N, a, < b; ¥n € N. Thus each b, is an upper
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bound of S. By Theorem 2.3 there exists a number a such that a = lub(S).
Since a is an upper bound for S, a, < a Vn € N and since a is the least upper
bound, a < b, Yn e N. Now if a; = a, then a,, = a ¥ n > i and, therefore, a € X.
A similar argument holds if a = b; for some i e N. if a,, # a # b, Yn € N, then
a, < a<b, ¥Yn e N. Now suppose that a ¢ X. We claim that for any » > 0,
N,(@")N X # @. Suppose otherwise. Then there exists x € N.(a’), with x ¢ X
and a — r < x < a. But this makes x an upper bound of S less than the [ubS.
Hence we must have N,(a’)N X # @. Hence a is a limit point of X which is
not in X. But this is impossible since by Theorem 2.4(3) X is closed. There-
fore,ae Xand X # @. O

The proof of the next theorem is an excellent example of the application
of the nested set property.

Theorem 2.9 (Bolzano-Weierstrass) If X C R is bounded and card(X) > Ny,
then X has at least one limit point.

Proof. Since X is bounded, there exists a closed interval I; = [a;,b1] such
that X c I;. Divide this interval into two intervals [aj, “‘;bl] and [%,bl].
Since X contains infinitely many points, at least one of these intervals con-
tains infinitely many points of X. Choose the one containing infinitely many
points and denote it by I>. If both of the two subintervals contain infinitely
many points, then it does not matter which one is chosen. Now repeat this
process with the interval /5, keeping the subinterval /3 containing infinitely

many points of X. This process generates a sequence of closed intervals

LhohLb>IZhD> ---D2I,D -

with each containing an infinite number of points of X. According to the
nested set property, there exists a point a € ()", I,. If £ = b; —a; denotes

the diameter (or length) of I, then the diameter of I, will be Zni_l. Thus,

given a number r > 0, we can choose n € N > 2n€—l < 5. Then I, C N%(a)
and I, N X C N%(a) N X contains infinitely many points of X. Therefore,

N z (a")N X # @ which means that a is a limit point of X. O

Closely associated with the notion of bounded sets is the concept of com-
pactness. Compactness is usually defined in terms of open covers. By an open
cover of X we mean a family {Y,} A of open sets such that X C | jen-

Definition 2.6 A subset X of R is compact if and only if every open cover of
X contains a finite subcover of X.
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More explicitly, the requirement is that if {¥,}ea is an open cover of X,
then there exists finitely many indices {4, ..., 4,} C A such that X C U?: Y
Obviously, every finite subset of R is compact. On the other hand, 9t = {(%, 1+
%)}neN is an open cover of the set X = {x € R : 0 < x < 1} for which there does
not exist a finite subcollection of 9 which covers X.

Although compactness is defined in terms of open sets, the relationships
between the three topological concepts of closed, bounded, and compact sets
are of particular importance. For instance, replacing boundedness for com-
pactness in the hypothesis of the Bolzano-Weierstrass Theorem one obtains
the following result:

Theorem 2.10 Suppose X is compact and Y C X. If Y is infinite, then Y has
a limit point in X.

Proof. If no point of X is a limit point of Y, then each x € X has a
neighborhood N(x) such that N(x’) N Y = @ and either N(x)NY = @ or
N(x)NY = {x}. Obviously, the collection N = {N(x)},ex of these neighbor-
hoods is infinite since Y is infinite and no finite subcollection of 9t can cover
Y.But Y ¢ X € J,ex N(x), which now implies that no finite subcollection of
N can cover X. This contradicts the hypothesis that X is compact. Thus our
assumption that no point of X is a limit point is false. O

Another useful property concerns closed subsets of compact sets.

Theorem 2.11 Suppose X is compact and Y C X. If Y is closed, then Y is
compact.

Proof. Let B = {V,},ca be an open cover of Y. Since Y is closed, Y’ is
open (Theorem 2.4(3)). But then the collection U={U: UeBorU =YY"}
is an open cover of X. Since X is compact, there exists a finite subcollection
{U i};’:l C U which covers X and since Y C X, it also covers Y. To obtain a finite
subcollection of ¥ which covers Y, simply throw out Y’ from the collection
(UYL if Y € {Ui}L; i.e., the finite subcover of ¥ will be {U;}7_, \ {y"}. This
will not affect the finite subcover of Y since YNY' =@. O

The proof of the next theorem provides another good example of the var-
ied application of the nested set property.

Theorem 2.12 Every closed interval is compact.

Proof. Let I = [a,b] C R for some a,b € R with a < b since the case a = b
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is trivial. Suppose B = {V,}1en is an open cover for I for which there does not
exist a finite subcover for /. In this case let ¢ = # and consider the two subin-
tervals [a,c] and [c,b] of 1. Since [a,c]U|[c,b] = I, at least one of these two
subintervals cannot be covered by a finite subcollection of B for otherwise
I could be covered by a finite subcollection. Let /; denote this subinterval
and let a;, b; denote the boundary points of I} with a; < b;. Now subdivide
I into two intervals [aj,c] and [c¢,b1], where ¢ = @. Again, at least one
of these subintervals of /; can not be covered by a finite subcollection of 8.

Continuing in this fashion, one obtains a sequence of closed intervals
I>DLDbLD>IzD - DI1,D -+

By the nested set property there exists a point p € | J” | I,. Thus pe I, Vne N
and p € /. Since B is an open cover for I, p € V, for some A € A. Also, since V,
is an open set, there exists a number » > 0 such that N,.(p) C V. By construc-

tion of I,,, the diameter of I,, = [a,,b,] is bea Thys, choosing n sufficiently

large so that 0 < bz‘,,“ < r means that p € I, = [a,,b,] C N,(p) C V,. But this
is absurd since by construction [, cannot be covered by a finite number of
elements of V. Therefore our assumption that there exists an open cover 8

that has no finite subcollection covering / is false. O

Recall also that every finite set is also closed and bounded. The next
theorem shows that this property is shared by all compact sets.

Theorem 2.13 (Heine-Borel) X CR is compact if and only if X is closed and
bounded.

Proof. Suppose X is compact. Let p € R\ X = X’. For each x € X,
consider the neighborhood N,(x), where 0 < r < @ Then the collection
{N-(x)}xex covers X. Since X is compact, there exists a finite number of points
{x1, x2, X3, ..., X,} € X such that X C [JI_| N,,(x;), where 0 < r; < @ Let-
ting p = min{ry, r, ..., r,}, then the neighborhood N, (p) has the property that
Ny(p)N UL, Ny, (x)] = @. Thus p is an interior point of X". Since p was ar-
bitrarily chosen, every point of X’ is an interior point of X’. Therefore X’ is
open and by Theorem 2.4(4) X is closed.

Next assume that X is not bounded. Then foreachn e N3dx,€X 3 n<
|x,|. It follows that the set ¥ = {x, € X : n < |x,|, n € N} is finite and no point
of R is a limit point of Y. Since X C R, no point of X can be a limit point
of Y. But this contradicts Theorem 2.10. Thus, our assumption that X is not
bounded must be false. This proves that X is also bounded.

Conversely, suppose that X is closed and bounded. Then there exists an
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interval I = [a,b] such that X c [. By Theorem 2.12 [ is compact. Since X is
closed and [ is compact with X C I, it follows from Theorem 2.11 that X is
compact. O

Suppose Y C R is closed. If X C R is compact, then by the Heine-Borel
theorem X is also closed and, hence, Y N X is closed (see Theorem 2.4(3)).
According to Theorem 2.11 this means that ¥ N X is compact and proves the
following theorem:

Theorem 2.14 IfY is closed and X is compact, then Y N X is compact.

Given an interval [a,b] and r € R, then we define r+ [a,b] = [r+a,r + b]
and rla,b] = [ra,rb]. More generally, if X = J;[a;,b;] is a disjoint union of
intervals, then we define r+ X = | J;[r + a;,r + b;] and rX = | J,[ra;, rb;].

Thus far we have considered open, closed, and compact sets. Considering
the definition of a perfect set, it may be surprising that there exist perfect
compact sets that contain no open intervals.

Example 2.3 (G Cantor) Let I =10,1] and remove the middle third of / by
setting Cy =1 \( ) ] U [%, 1]. Next remove the middle third from each
of the two intervals [0, 3] and [3.1]and set C> = [0, §1U[3,2]1U[8, TU[, 11.
Continue this process in order to obtain the sequence

CioCy>C3D ---DCyD -+

with the property that for n € N, the set C,, is the union of 2" closed intervals
and the diameter of each interval is of length %n The set C =2, C, is
known as the Cantor set. An explicit inductive formulation of C,, is given by

the equation

1
Cn:3 n— IU(3+3Cn 1)

Since each C,, is the finite union of closed intervals, it follows from Theorem
2.4(3) that C,, and C are closed. By the nested set property C # @ and since /
is compact (Theorem 2.12), the compactness of C now follows from Theorem
2.11. That C # @ also follows from the fact that the endpoints of the intervals
constituting C,, are also points of C,, Ym € N and, hence, are elements of
C. Thus C is infinite and in fact uncountable. It can also be shown that C
contains elements that are not endpoints of any of the interval components of
C, for any integer n. One such element is the number %.

Now let x € C and consider a neighborhood N,(x) for some r > 0. Let
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n € N be sufficiently large so that % < 3, and let /; denote the interval of C,
containing x. Since /; has two endpoints, we can always choose an endpoint
that is not equal to x in case x is one of the endpoints, and let x; denote the
chosen endpoint of /;. We now have x; € (/1 \ {x}) N C c N.(x’)NC. Repeat
this process in order to obtain an interval I, C C,.; having the property that
x € I and x; is an endpoint of I, with x; # x. Continuing in this fashion
shows that there exist an infinite number of points {x; : i =1, 2, ...} contained
in N(x")NC. Thus x is a limit point of C. Since x was arbitrary, every point
of C is a limit point of C. This proves that C is perfect.

Suppose that (a,b) C C. Then (a,b) c C, Yn € N. Since C,, is a disjoint
union of intervals, (a,b) must be a subset of an interval of C,. But for n
sufficiently large we have that % < b—a, which means that C,, has no intervals
large enough to contain (a,b). Therefore, (a,b) cannot be a subset of C,,.
Since C,, © C, our assumption that (a,b) C C must be wrong. This shows that

C contains no open intervals.

Definition 2.7 A function f: R — R is said to be continuous if and only if
for every open set U C R, f~!(U) is open in R.

If U is open in R and U N f(R) = @, then f~1(U) = @, which is open.
If Un f(R) # @, then there exists y € UN f(R) and x € R > f(x) = y.
Since any open subset of R is a union of open intervals, there exists r > 0
such that N,(y) € U. Hence for any number € > 0, FU(N(y)) is open and
xef ‘I(Ng(y)). Thus there exists a neighborhood Ns(x) C f ‘I(Ne(y)). It now
follows from Theorem 1.4(1) that f(Ns(x)) C Ne(f(x)). This shows that the
concept of continuity defined in terms of open sets is equivalent to the €, ¢
definition used in beginning calculus courses. Continuity expressed in terms
of open sets is more general and applies to functions defined on topological
spaces and not just to real valued functions on R.

Example 2.4 Suppose f: R — Ris defined by f(x) =2 if x <0 and f(x) =
5 if x > 0. Then N;(2) is open and does not contain 5. If f is continuous,
then f~!(N{(2)) is open and contains 0. Therefore 0 is an interior point of
f‘l(Nl (2)). Thus there exists 6 > 0 such that Ns(0) C f‘l(Nl (2)). Note that
the set S = {x e R : 0 < x < 8} is a subset of Ns(0). Since f(Ns(0)) C N1(2)
all the elements of S map to 2. But this is impossible by the definition of f.
Thus, our assumption that f is continuous is incorrect.

Note that f is almost a constant function as it maps all of R to only two
points. Any constant function ¢ : R — R, however, is always continuous.

The notion of continuity was defined for functions f: R — R. We now
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turn our attention to functions f: X — R, where X C R. For this we employ
the idea of what it means to be an open set in X.

Definition 2.8 Given the sets X C R and Y C X, then Y is called a relatively
open setin X if and only if there exists an open set V C Rsuchthat VNX =Y.

Obviously, if X an open set, then any relatively open subset Y of X is
also an open set in R. The same does not hold for sets that are not open. For
instance, given the closed interval [a,b] with a < b, then for any number ¢
witha<c<bthesets{xeR:a<x<c}and {xeR: c<x<b}as well as
[a,b] are all relatively open in [a, b] but not open in R.

Another equivalent definition of the concept of “relatively open” is as
follows:

Theorem 2.15 The set Y C X is relatively open in X if and only if for each
y €Y there exists a number r > 0 such that N,(y) CR with N.(y)nX CY.

Proof. Suppose that Y is relatively open in X C R. By definition there
exists an open set V C R such that ¥ = VN X. Since V is open in R, V =
Uvev Nrv)(v), where the notation r(v) indicates that the radius depends on v.
Thus for each y € Y C V there exists a radius r(y) such that N,y (y) N X C
VvnX=Y.

The proof of the converse is just as easy and left as an exercise. O

Definition 2.9 Suppose X is a subset of R and f : X — R. Then f is said to
be continuous if and only if for every open set V C R, f~1(V)N X is relatively
open in X.

Any constant function f: X — R is continuous since the inverse image
of any open set V is either @ or X, both of which are relatively open in X. The
proofs of the following elementary properties are left as an exercise.

2.1 If X and Y are two subsets of R and the two functions f: X — Y and
g:Y — Rare continuous, then go f : X — R is continuous.

22 If f: X — Riscontinuous and Y C X, then fly: ¥ — R is continuous.

Theorem 2.16 Suppose X is a subsets of R and f: X — R is continuous. If
X is compact, then f(X) is compact.
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Proof. Let {V,}1ea be an open cover for f(X). Since f is continuous,
F~ Y V)N X is relatively open in X and X = | ca £~ (V1) N X. Thus for each
A there exists an open set Uy C R such that UyNnX = f‘l(V/l) N X. The family
of open sets {U,},ea covers X and since X is compact, there exists a finite
subcover Uy, Uy,, ..., U,, such that X C U?:] U,;. It follows that the finite
sub-collection {V/Ii}?ﬂ covers f(X). O

The theorem asserts that compactness of sets is preserved by continuous
functions. The same holds for connected sets. Intuitively, a set X C R is con-
nected if it does not consist of two or more separated pieces. This intuitive
notion can be rigorously defined in terms of open sets.

Definition 2.10 A set X C R is connected if and only if there do not exist two
disjoint open sets U and VinRsuchthat UNX # @ #VNXand XCUUV.

As an example, consider the set Q C R, and let U = (—co, \/5) and V =
(V2,00). Then U and V are openin RwithQc UNVbut UNV =@. Thus
Q is not connected. Obviously, if X = @ or X = {p}, where p € R, then X is
connected. For X ¢ R with [X| > 1 we can employ the following fact:

Theorem 2.17 A set X C R is connected if and only if for any triple {x,y,z} C
R, we have that if x <z<yand x,y € X, then 7 € X.

Proof. Suppose that X is connected but assume that for some triple {x,y, z}
withx<z<yandx,yeX,z¢X.LetU={ucR:u<zjandV={veR:z<v}.
Then U and V are disjoint open sets with X ¢ U U V. This contradicts the
hypothesis that X is connected. Hence our assumption that z ¢ X is false.

To prove the converse, the hypothesis is that for any triple {x,y,z} C R
with x <z<yand x, y € X, then z € X. Now assume that X is not connected.
Then there exist two disjoint open sets U and V such that X c UUV and
UNX+@#VNX. Thus thereexistue UNX andve VNX. If u <v, then
letA={acUNX:u<a<v}andz=1[ub(A).

Since V is open and v € V, we have that z < v. If z € U, then since U is
open, z cannot be an upper bound of A. Therefore z ¢ U.

On the other hand, if z € V, then since V is open we have that z is not the
least upper bound of A. Thus, z¢ V. Also, since U is open and x € U, we must
have x < z. Therefore x < z <y and z ¢ X, which contradicts the hypothesis.
O

As an immediate consequence we have the following classification of
connected sets in R:
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Corollary 2.18 The only connected subsets of R are R, any open or closed
interval, and the sets {xeR:a<x<b},{xeR:a<x<b}, {xeR: -0<
x<a},{xeR:-co<x<a},{xeR:asx<o},and{xeR: a< x< oo},
where a and b are real numbers with a < b.

The next theorem provides another way of identifying connected sets.

Theorem 2.19 X is connected if and only if no continuous function f: X —
Zy is surjective.

Proof. Suppose that X is connected and assume that there exists a con-
tinuous surjection f : X — Z,. Then the sets f~'(N,(0)) and f~'(N,(1)) are
open for 0 < 7 < 0.5 and X = f~'(N,(0)) U £~ (N,(1)) with f~'(N(0))NX #
@ # f~(N(1))NX. Since X is connected, f~1(N,(0))N f~1(N,(1)) # @. This
implies that there exists z € f~1(N,(0)) N f~'(N.(1)) # @. But then f(z) as-
sumes the two values 0 and 1, which means that f is not a function.

To prove the converse, suppose that no continuous function f: X — Z,
is surjective and assume that X is not connected. Then there exist disjoint
open sets U and V suchthat X CUUV and XNU # @ # XNV. But then the
function yy : X — 7Z; is a continuous bijection. This contradicts the hypoth-
esis. O

The following two theorems are now easy consequences of Theorem
2.19.

Theorem 2.20 If X is connected and f: X — R is continuous, then the
image f(X) is connected.

Proof. Suppose f(X) is not connected. Then it follows from Theorem
2.19 that there must exist a continuous surjection g : f(X) — Z,. But then
gof:X — Zpisacontinuous surjection. This contradicts the connectedness
of X. O

Theorem 2.21 Suppose {A}ien is a family of connected subsets of R and
A=UjeaAr If NaeaAa # D, then A is connected.

Proof. Suppose that A is not connected. Then there exists a continuous
surjection f: A — Zp. Since () epAa # @, there exists a € () ep Aa. But
since A, is connected for each A € A and fla, : Ay — Z; is continuous, fla,
cannot be surjective. Thus for each 4 and x € Ay, fla,(x) = f(a). It follows
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that given x € A, then x € A, for some A € A and f(x) = fla,(x) = f(a). There-
fore f is not surjective. Hence, the assumption that A is not connected must
be incorrect. O

If X is not connected, then it can be uniguely decomposed into connected
subsets called components.

Definition 2.11 Suppose that X is a subset of R. If x € X, then the component
C(x) of x in X is the union of all connected subsets of X containing x.

In view of Theorem 2.21, C(x) is connected. Considering the set X = Q C
R, we have C(q) = {g} ¥ g € Q. Any set X with the property C(x) ={x} Vxe X
is called rotally disconnected.

Exercises 2.1.2

1. Determine the interior points, exterior points, boundary points, and
limit points of the following subsets of R: (1) Z, (2) Q, 3) I =R\ Q,
and (4) [a,b)={xeR:a<x<b}.

2. Prove statements / through 4 of Theorem 2.4.

3. Prove statements 5 through 7 of Theorem 2.4.

4. Prove the converse of Theorem 2.15.

5. Prove statements 2.1 and 2.2 preceding Theorem 2.16.

6. Prove Corollary 2.18.

2.2 ELEMENTARY PROPERTIES OF EUCLIDEAN SPACES

The elementary properties considered in Section 2.1 can be effortlessly ap-
plied to define corresponding properties for the n-fold Cartesian product
space R" of R. Although the notion of distance was not dealt with in Section
2.1.2, it was indirectly used in defining the neighborhood N,(y). Specifically,
the neighborhood N,(y) = {xeR : y—-r<x<y+r}={xeR: |x—-y/ <},
where the absolute value |x — y| corresponds to the distance between x and y.
The notion of distance is mathematically well-defined and the starting point
of our discussion.
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2.2.1 Metrics on R”

A type of real-valued function of particular importance in image processing,
pattern analysis, and machine learning is the distance function also known
as a metric. Distance functions induce geometric structures on sets through
the notion of nearness of one element to another. The general definition of a
metric on a set X is as follows.

Definition 2.12 Let X be a nonempty set. A metric d on X is a function
d : X X X — R satisfying the following four conditions:

1. d(x,y) >0V x,y € X. (non-negativity)
2. d(x,y) =0 & x =1y. (identity)
3. d(x,y) =d(y,x) VY x,y € X. (symmetry)

4. d(x,z) <d(x,y)+d(y,z) ¥V x,y,z € X. (triangle inequality)

If d is a metric on X, then the pair (X, d) is called a metric space. Calling a
set X as a metric space assumes that there is some metric d defined on X. The
elements of a metric space are generally referred to as points and the func-
tional value d(x,y) is called the distance between the points x and y. Although
the non-negativity is always listed as a condition for a metric, it is actually a
consequence of the remaining three conditions. More specifically, conditions
2 through 4 imply non-negativity through the following observation:

0=d(x,x) <d(x,y)+d(y,x) =d(x,y)+d(x,y) =2d(x,y) = 0 < d(x,y)

The reason for listing all four properties is to emphasize the difference be-
tween metrics and similarity measures. Metrics are often used as measures of
similarity on sets of objects or patterns, but not every similarity measure is a
metric. In fact, some authors even use the term distance measure even though
these distance measures are not metrics. For example, the cosine distance be-
tween two vectors X,y € R" is defined as

Z?:l xi)’i)

deos(X, ):1—(
costX-¥ Il

where ||x|| denotes the norm of x as defined below (Definition 2.13). It is
not difficult to show that d..s does not satisfy condition 2 by simply setting
y = cx, where ¢ > 0, results in d.os(X,y) = 0. However, d.os does satisfy all the
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remaining conditions of a metric. Such similarity measures are called pseudo-
metrics. Similarity measures that do not satisfy the symmetry condition but
all remaining conditions of a metric are called quasimetrics. This does not
mean that such distance functions are poor similarity measures. They have
been successful in solving various classification problems. For instance, the
cosine distance measures the angle between vectors x and y and is concerned
about their directions, not their sizes. As such, this function has proven very
useful when vectors represent data sets of different sizes and one is interested
in comparing the similarity of distributions but not sizes.

Another interesting and useful metric is the Jaccard distance between
finite subsets of some universal set U of discourse. This distance is defined
as
x|
|xuy|

whenever XUY # @, and d(@,2)=0.If X =Y, then d(X,Y)=1—-1=0. This
proves that axiom 2 of the metric definition holds. Proving the remaining
metric axioms is just as easy and left as an exercise.

The most common metrics on the set R” and other vector spaces are the
¢, distance functions, where 1 < p < co. For pairs X,y € R” and p € [1,0), the
¢, metric is defined as

dX,Y)=1-

dpx,y) = () b=yl @.1)
i=1

Three ¢, distances of particular interest in this treatise are the £y, £, and
{eo metrics given by di(%,y) = T, [ = yil, da(x,y) = (X (xi—y)?)"/?, and
deo(X,y) =lim, e (X7, |x,~—y,-|p)l/p = \/i_, |x;—yil, respectively. The £ met-
ric is also known as the Manhattan distance or taxicab distance, while the €,
metric is known as the Chebyshev distance or the checkerboard distance. The
{> distance is commonly known as the Euclidean distance since it measures
the distance between two points along the straight (Euclidean) line deter-
mined by the two points. The ¢, distance illuminates a major difference be-
tween R and R" for n > 1 in that for any p € [1,00], dp(x,y) = [x—y| Y x,y €R.

In general, there are no algebraic operations defined on a metric space,
only a distance function. However, the use of vector space theory in such
fields as physics and engineering, the length of vectors play a major role in
the solution of problems. These lengths are usually expressed in terms of
norms. In the following definition we assume that V is a vector space over
the field R.
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Definition 2.13 A normed vector space (V,||-||) is a vector space V together
with a function ||| : V — R, called a norm for V such that for all pairs of
vectors v,w € V and any c € R:

1. 0< vl < o

2. |v[=0ev=0.

3. levll = lefllvll.

4. [[v+wll < VIl + [Iwl.

Each ¢, distance defines an £, norm, namely ||v|]| = d,,(v,0), where 0 de-
notes the zero vector. The converse can be stated as a theorem.

Theorem 2.22 [f (V,||-||) is a normed vector space, then the function d : V X
V — R defined by d(w,v) = ||w —V|| is a metric on V.

The proof of this theorem is an elementary exercise while the proof of the
next theorem, known as the Cauchy-Schwartz inequality, is not quite as easy
(see Exercise 5).

Theorem 2.23 (Cauchy-Schwartz) If X,y € R", then

&XM < Il Iyl
k=1

The norm in the conclusion of the theorem is usually the £, norm, also
called the Euclidean norm. To avoid confusion, the notation ||-||, is often used
to denote the £, norm.

Exercises 2.2.1

1. Suppose U ={V cR": Ak €N > |V|=k}. Prove that the Jaccard distance
is a metric on U.

2. Suppose X is a non-empty set and d is a metric on X. Prove that

d(x,y)

m 1S a metric.

o(x,y) =
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3. Let X be a non-empty set. Show that the function

d(x,y) = { (1) iiizi is a metric on X.

4. Prove Theorem 2.22 for V =R" and ), = (5.
5. Prove Theorem 2.23 for p = 2.

6. Prove the Minkowski inequality [|x +y|l2 < [|x]]2 +[ly]l2.

2.2.2 Topological Spaces

In Section 2.1.2, we discussed such notions as continuity, compactness, limit
points, and boundary points. These notions are all fopological concepts and a
careful look at these concepts reveals that the basic ingredient in all of them
is the idea of an open set. Continuity of functions was defined purely in terms
of inverse images of open sets; closed sets are merely complements of open
sets (see Theorem 2.4 for a summary of open and closed sets); the concept
of compactness requires little more than the idea of open sets. Nevertheless,
open sets in R and in R" are really just examples of open sets in more general
spaces known as topological spaces.

Definition 2.14 Let X be a set. A set 7 ¢ 2X is called a topology on X if and
only if 7 satisfies the following axioms:

T,. X and @ are elements of 7.
T». The union of any number of elements of 7 is an element of 7.

3. The intersection of any finite number of elements of 7 is an element of
T.

The pair (X, 7), consisting of a set X and a topology 7 on X is called a fopo-
logical space.

Whenever it is not necessary to specify 7 explicitly we simply let X de-
note the topological space (X,7). The elements of a topological space are
called points. The elements of 7 are called open sets of the topological space
X. There is no preconceived idea of what “open” means other than that the
sets called open in any discussion satisfy the three axioms. Exactly what sets
qualify as open sets depends entirely on the topology 7 on X; a set open with
respect to one topology on X may be closed with respect to another topology
on X.
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Definition 2.15 Suppose (X, 7) is a topological space.

1. If x e X and N is an open set (N € 7) with x € N, then N is called a
neighborhood of x and denoted by N(x) whenever necessary.

2. A c X is called closed if X \ A is an open set.

3. if Ac X, then y € X is called a limit point of A if and only if ¥V N(y),
NOY)NA + @.

4. if A C X, then the set A = {x € X : x is a limit point of A} UA is called
the closure of A.

The points of N(x) are neighboring points of x, sometimes called N-close
to x. Thus, a topology 7 organizes X into regions of neighboring points. In
this way topology provides us with a rigorous general working definition of
the concept of nearness for two distinct points or two other objects in the
space X.

Example 2.5

1. Let X be any set and 7 = {@, X}. This topology, in which no set other
than @ and X is open, is called the indiscrete topology on X. There are
no “small” neighborhoods.

2. Let X be any set and 7 = 2X. This topology, in which every subset of X
is an open set, is called the discrete topology on X, and X together with
this topology is called a discrete space. Comparing this with example
(1) above indicates the sense in which different topologies on X give
different organizations of the points of X.

3. Recall from Section 2.1.2 that a subset W of R is an “open” set in R if
and only if W = intW or, equivalently, every point of W is an interior
point. It is not difficult to verify that the collection of all sets satisfying
this definition of “open in R” determines a topology 7 on R. Axiom
T is trivial. Axiom I, is also obvious: If = {W CcR: W = intW}
and {W, : Wy e T VYA€ A}, where A is some set of indices, then so is
(U 1ea W) € 7 since given a point

erWﬂ = dleA3xeW; = 3r>09Nr(x)cWACUWA.
AeA AEA
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Thus, x is an interior point and since x was arbitrary, every point of
U1ea W2 is an interior point. Therefore () cp Wa = int(|U cp Wa) € 7.

To prove that axiom T3 holds is similar and left as an exercise.

4. Let X = ZxZ = 7. We call a point X = (x1,x2) € X even whenever
X1 + x 1s even and odd when x; + x» is odd, and let

{x}

{(x1,x2), (x1 — 1, x2), (x1 + 1, x2), (x1, %2 — 1), (x1, X2+ 1)} °

N(x):{

where the first value applies if x is odd, and the second value is assigned
if x is even. Define 7 ={VcZ2:V = (Ui N(x,) is an arbitrary union}.
Then 7 is a topology on X, also known as the Khalimsky topology
or 4-connected topology. This topology belongs to a class of digital
topologies and plays a major role in classifying such objects as digital
curves, the connectivity of objects, and the Euler characteristic of dig-
ital objects in computer vision, image processing, and pattern recogni-
tion [153].

It is also of interest to note that functions that map sets onto topological
spaces induce topologies on their domain sets.

Theorem 2.24 Suppose X is a set, Y is a topological space, and f : X — Y. If
f is onto (surjective) and t={V : AU C Y with U open in Y and V = f~1(U)),
then T is a topology for X.

Proof. Since Y is open in Y and f is onto, we have f~!(Y) = X e 7. Fur-
thermore, f~!(@) = @ € 7. Thus axiom I is satisfied.

Now let {V,} be an arbitrary collection of elements of 7. Then for each A
there exists an open set U, in Y such that f ~1(U,) = V. It now follows from
Theorem 1.4(6) that

Uva=Usrwo=r"Juw.
A A A

and since U, is open in Y for each 4, |J, U, is open in Y. Thus, | J, V, €T,
which proves that T, is satisfied.

Finally, suppose that V = f‘l(U) and W = f‘l(O) , where U and O are
open sets in Y. Then U N O is open in Y and according to Theorem 1.4(7)

vaw=rnf o) =rwuno,
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which proves that VN O € 7. Using induction shows that every finite intersec-
tion of elements of 7 is again an element of 7. O

In Section 2.1.2, we developed the topological notions of open and closed
sets in terms of neighborhoods. We now extend these notions to any metric
space (M, d).

Definition 2.16 Let x € M and r € R*. The set

1. Ny(x)={yeM : d(y,x) <r}is called an open neighborhood of x with
radius r.

2. The set N.(x) ={y € M : d(y,x) < r}is called a closed neighborhood of
x with radius r.

3. Any open or closed neighborhood of x with an unspecified radius will
be denoted by N(x) or N(x), respectively.

4. The set N(x") defined by N(x') = N(x)\ {x} is called the center deleted
neighborhood of x.

The definitions of an interior point, exterior point, boundary point, and
an isolated point with respect to a set X C M are identical to those given in
Section 2.1.2. The same holds true for the definition of a limit point when
replacing R with M in Definition 2.4. Similarly, replacing X ¢ R with X ¢ M
in Definition 2.5 one obtains the definitions for an open, closed, and perfect
set in M. Because of these identical formulations, Theorems 2.4, 2.5, and
Corollary 2.6 also hold when replacing R with M. Specifically, we now have
that a set V C M is open in M if and only if for every x € V there exists a
number r > 0 (depending on Xx) such that N,.(x) C V. Thus, neighborhoods are
the basic building blocks of open sets in that every open set can be expressed
as a union of neighborhoods (see also Theorem 2.4(7)). This observation has
the following precise formulation.

Definition 2.17 Let (X, 7) be a topological space. A class B of open subsets
of X (i.e., B C 1) is a basis for the topology 7 if and only if every non-empty
set U € 7 is the union of elements of B. Equivalently, B C 7 is a basis for 7 if
and only if for any open set U and any x € U, there exists a set V € B such
thatxe VCU.



60 W Introduction to Lattice Algebra

If B is a basis for a topology 7, then we say that B generates T and an
element of B is called a basic open set of X.

Example 2.6
1. 71is a basis for 7.

2. Let 7 be the discrete topology on a set X. Then B = {{x} : x€ X} is a
basis for 7.

3. The set By = {N,(x) : xeR", r e R*}, where N.(x) ={y e R" : dr(X,y) <
r}, is a basis for a topology on R” called the Euclidean topology.

4. If B = {N,(x) : x€ Q", r € Q*}, then B, is a countable basis for the
Euclidean topology on R". For if x € U € 7, where 7 denotes the Eu-
clidean topology, then dr > 0 such that N,(x) C U. Now, if x ¢ Q" and
r¢ QF, pick ' € Q" such that 7 < %r and choose a point y € Q" such
that |[x —y||» < 7. Then x € N,»(y) C N,(x) C U. A slight modification
of this argument will verify the case where r € Q* and x ¢ Q" The
case where x € Q", but r’ ¢ Q7 is trivial. Thus B, is a basis for T with
B> € By. The fact that B, is countable follows from Example 1.3(7).

5. Let (X, d) be a metric space. Define an open ball of radius » € R* about
the point x € X by

N(x)={yeX :dx,y) <r}.

Then B = {N,(x) : x € X, r € R} is a basis for a topology on X. This
topology is called the metric topology 74 induced by the metric d. The
topological space (X,7,) is called a metric space and is customary to
use the simpler notation (X, d) for (X, 7).

In regards to example 3, the term Euclidean space, or Euclidean n-space,
refers to the topological space R” generated by the d» metric.

A consequence of example 5 is that every metric space is also a topo-
logical space with the topology induced by the metric. The converse is, in
general, not true. There exist topological spaces X with topology 7 that are
not metrizable; i.e., it is impossible to define a metric d on the set X such
d induces 7. Furthermore, in view of these examples it is easy to see that a
given topology may have many different bases that will generate it. This is
analogous to the concept of a basis for a vector space: Different bases can



Pertinent Properties of Euclidean Space m 61

generate the same vector space. Any linearly independent set of n vectors in
R" can be used as a basis for the vector space R”.

We now ask the following question: Given B c 2%, when will B be a basis
for some topology on X? Clearly, X = | Jycp V is necessary since X is open in
every topology on X. The next example shows that other conditions are also
needed.

Example 2.7 Let X ={1,2,3}. The set B = {{1,2},{2,3}} cannot be a basis for
any topology on X. For otherwise the sets {1,2} and {2,3} would themselves
be open sets and therefore their intersection {1,2}N{2,3} = {2} would also be
an open set; but the set {2} is not equal to a union of elements of B.

The following theorem gives both necessary and sufficient condition for
a class of sets to be a basis for some topology.

Theorem 2.25 Let B be a collection of subsets of X. Then B is a basis for
some topology on X if and only if it possesses the following two properties:

]. X: UVEBV'

2. Ifforany U,VeB, xeUNYV, then AW € B such that xe Wc UNYV,
or equivalently, U NV is the union of elements of B.

Proof. Suppose that B is a basis for a topology 7 on X. Since X is open, X
is the union of elements of B. Thus X = | Jycp V and, therefore, property (/.)
of the theorem is satisfied. Now if U, V € B, then, in particular, U and V are
open sets. Hence U NV is also open; that is, UNV € 7. Since B is a basis for
T, UNV=UwepW.Thus,if xeUNV =Jyeg W, thenxe Wc UNV for
some W € B. This satisfies property (2).

Conversely, suppose that B is a collection of subsets of X which
satisfies the two properties of the theorem. Let 7(B) = {U : U =
@ or U is the union of elements of B}, i.e., 7(B) is a collection of all possi-
ble subsets of X which can be formed from unions of elements of B. Then,
obviously, 7(B) contains both X and @. Therefore, Axiom T holds.

If {U,} is a collection of elements of 7(B), then each U, is the union
of elements of B; thus the union | J, U, is also a union of elements of B.
Therefore |, U, € 7(B). This shows that Axiom T, is satisfied.

The proof for verifying Axiom T3 is similar and left an exercise. O

If X is a set and B is a collection of subsets of X satisfying properties (/)
and (2) of Theorem 2.25, then we say that 7(B) is the topology on X generated
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Figure 2.1 (a) and (b): subset relationships between N, (x) and N (X); (C)
and (d): subset relationships between N3 .(x) and Ny .(X).

by B. If By and B, are two bases for some topologies on X, then it is possible
that 7(B1) = 7(B>) even though B # B,. The two bases defined in Example
2.6(3) and 2.6(4) illustrate this case. If 7(B1) = 7(B3), then we say that the two
bases B; and B; are equivalent. A necessary and sufficient condition that two
bases By and B; are equivalent is that both of the following two conditions
hold:

1. Foreach U € B; and each x € U, there exists V € By suchthat xe Vc U.

2. Foreach V € B, and each x € V, there exists U € By suchthat xe U C V.

Example 2.8 For p € {1,2,00} let d), denote the £, metric on R". Then the
three bases By, By, and B, defined by B, = {N, ,(x) : x € R2, r € R*}, where
Np,(x)={ye€ R?: dp(x,y) < r}, are equivalent bases. The equivalence follows
from the fact that N p,g(x) C N, for any pair p,q € {1,2,00}. Two of the three
different subset relationships are illustrated in Figure 2.1. Consequently, the
Euclidean topological space R?, as well as R”, can be generated by any one
of these three bases. The various neighborhoods N, ,(x) are also called open
discs even though their shapes do not conform to the traditional shape of discs
for p € {1, 00}.

The specification of a topology in terms of a basis is generally accom-
plished by specifying for each x € X a family of neighborhoods {N,(x) :
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A € A(x)}, called a neighborhood basis at x, and verifying that the family
B={N(x) : xe€ X, 1€ A(x)} satisfies the two conditions of Theorem 2.25. If
the two conditions of the theorem are met, then each member N,(x) is called
a basic neighborhood of x. For example, the set {N,(x) : x € R?, r € R*} (gen-
erated by an ¢, metric) is a neighborhood basis for the Euclidean topology
on R? and each open disc N,(x) is a basic neighborhood of x.

We need to point out that if (X, 7) is a topological space and Y C X, then
Y can be viewed as a subspace of X by defining the topology 7y for Y by
7y ={YNU : U € 7}. Then the topological space (Y,7y) is called a subspace
of X and 7y is called the induced topology, i.e., induced by 7. It follows that
if B is a basis for X, then By ={YNU : U € B} is a basis for Y.

A topological space X that satisfies the property that ¥V x,y € X with x #
vy, AN(x) and N(y) > N(x)NN(y) = @ is called a Hausdor{ff space. Most topo-
logical spaces used in applications, especially in physics and engineering, are
Hausdorff spaces. Euclidean n-space is obviously a Hausdorff space.

Exercises 2.2.2
1. Complete the proof of Theorem 2.24 using induction.

2. Define the metric topology 75, where ¢ denotes the metric defined in
Exercise 2 of Exercises 2.2.1.

3. Define the metric topology 74, where d denotes the metric defined in
Exercise 3 of Exercises 2.2.1.

4. Prove that Axiom T3 holds in Example 2.5(3).

5. Verify Axiom T3 in the proof of Theorem 2.25.

6. Prove that A is closed if and only if A = A.

7. Is the Khalimsky topological space Z? (Example 2.5(4)) a Hausdorff

space?

2.2.3 Topological Properties of R"

Considering Example 2.8 it becomes obvious that for any p € NU {co} the
metric d,, can be used to define a neighborhood basis B, = {N,,,(X) : x €
R”,r € R*} which generates the Euclidean topology on R”". Another equiva-
lent basis can be derived from the fact that R” is the Cartesian product of n
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copies of R. This basis proves useful when generalizing the topological prop-
erties established in Section 2.1.2. In order to define this basis we need the
following Lemma:

Lemma 2.26 If{A;}" | and {B;}!_, are two collections of sets, then

(T, A) N AT By) = 1T, (Ai N By).

Proof.

x=(x1,X2,...,%,) € AL, A) NI, B))
o xellljA; and xell,B;
ox€A; and x;€B; fori=1,2,...,n
o x;eA;NB; fori=1,2,....,n
e xell, (AinB). O

Theorem 2.27 Fori=1,2,... ,n let R; = R denote the topological space
with the Euclidean topology 7 defined in Example 2.5(3). If B = {II_, U; :
Ui is open in R;}, then B is a basis for a topology for R".

Proof. Suppose U and V are elements of B. Then U = II'_,U; and
V= H?ZIVi and UNV = (H;?zl Uu)n (H?ZIVi) = H;’:l(Ui N'V;), where the last
equation follows from Lemma 2.26. By Axiom T3, U;NV; is open in R;
fori=1,2,...,n. Note thatif X = (x1,x2,...,x,) € UNV, then x; e U;NV;
fori=1,2,...,n. Thus, there exist open neighborhoods N,,(x;) C U;NV; for
i=1,2,...,ns0 that x € IT_ (Ny,(x;)) c UNV with IT!_, (N,,(x;)) € B. This
shows that property (2.) of Theorem 2.25 is satisfied. The proof of property
(1.)is trivial. 0O

The topology on R" generated by the basis B defined in Theorem 2.27
is called the product topology on R". Although the Cartesian product of
open subsets of R is open in R" for both the product topology as well
as the Euclidean topology, an open set in the Euclidean topology is gen-
erally not the product of open sets in R. For instance, there do not exist
two open sets U and V in R such that UXV = Ny, -(x) C R2. However,
if y = (y1,y2) € Ng, -(X), then there exist open sets N, (y;) CR; fori=1,2
such that W(y) = N, (y1) X Ny, (y2) C Ny, -(x). Simplifying notation by letting
N(x) = Ng, »(x) we can now write N(x) = Uyen(x) W(y), where each W(y) € B.
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More generally, identical reasoning shows that any basic neighbor-
hood for the Euclidean space R" can be expressed as N(x) = Ng, (X) =
Uyen) W(y), where W(y) = II'_| Ny, (y;). Thus, if W c R" is open in the Eu-
clidean topology, then

w= |~ ={JI [ wol

xeW xeW yeN(x)

Therefore W is also open in the product topology. This shows that the product
topology is the same as the Euclidean topology.

Viewing R" as a product of the one-dimensional Euclidean space R ex-
pedites the generalization of the concepts and properties established in Sec-
tion 2.1.2. Intervals played a key role in defining and determining various
properties of subsets of R. The definition of an interval in R” is a simple
generalization of the one-dimensional case.

Definition 2.18 Leta=(aj,a,...,a,) andb=(by1,b,, ..., b,) be two points
inR" withaq; < b;fori=1,2,...,n.

1. The set [a,b] = {(x1, x2,...,x,) €ER" : a; < x; < b; Vi e N,} is called
a closed interval. The order relation a; < x; < b; characterizing [a,b]
allows for any or all of the inequalities (<) to be strict equalities (=) or
strict inequalities (<). By definition [a,b] = II"_ [a;, b;].

2. If k denotes the number of integers i for which a; = b;, then [a, b] is also
called an (n — k)-dimensional closed interval, and if k = 0, then [a,b] is
often referred to as an n-dimensional hyperbox or n-dimensional rect-
angle as well as a non-degenerate closed interval. If k = n, then [a,b]
is a point.

3. Thesets [a,b) = H?Zl [a;,b;) and (a,b] = H?:] (a;, b;] are called half-open
intervals.
4. The set (a,b) = IT"_ (a;, ;) is called an open interval.

It follows that (a,b] = {x e R" : a; < x; < b;fori= 1,2, ..., n}. Further-
more, if a; = b; for some j € N, then (a;,b;) = @ so that the Cartesian prod-
uct (a,b) =1II7_,(a;,b;) = @. Thus, an open interval in R" is either empty or
a nonempty open set. Since the empty set is an open set, every open inter-

val is an open set in R". This is in contrast with closed intervals which are
nonempty for any given pair of points a, b € R".
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Theorem 2.28 Every closed interval [a,b] C R" is a closed set in the Eu-
clidean topology.

The proof is simple and left as an exercise.
Also, as a consequence of Theorem 2.27 and the discussion following its
proof, we have the additional result:

Theorem 2.29 [f V is the set of all open intervals in R", then V is a basis
for a topology on R". Furthermore, there exists a countable set B C V which
is a basis for a topology on R" which is equivalent to the Euclidean basis.

Definition 2.19 If X c R", then X is said to be bounded if and only if there
exists a closed non-degenerate interval [a,b] such that X c [a,b].

Suppose X is a bounded set. Defining X; = {p;(x) : x € X} C R, where p;
denotes the projection of X into the ith coordinate axis and i =1, 2, ..., n,
it follows that X; C [a;,b;] is bounded for every i € N, and X C H;’zl[al-,b,-].
This observation in conjunction with the notions of intervals and bounded

sets form the basis for proving the Bolzano-Weierstrass theorem for R”.

Theorem 2.30 (Bolzano-Weierstrass) If X C R" is bounded and contains in-
finitely many points, then X has at least one limit point.

Note that the formulation of the Bolzano-Weierstrass Theorem is identical to
the formulation of Theorem 2.9. In order to prove Theorem 2.9 we created a
sequence of intervals I} DI, D I3 D --- DI, D --- with each interval contain-
ing an infinite number of points. The proof of the n-dimensional case uses
the same reasoning.

Proof. For a € R*, define the interval J; = [a;,b;], where a; =
(ai,1,a12,...,a1,), by =(b11,b12,...,b1,), a1; = —a, and by ; = a for i =
1,2,...,n. Since X is bounded we can choose a sufficiently large so that
X c Jy. Expressed as a Cartesian product J; has the form

n
Ji= l_l[al,i,bl,i] =lar1,b1, 11X [a12,b12]1 X+ X [a1 ,,b1,]
i=1

={(x1,Xx2,..., %) 1 X; € [a1,;,b1,]},

where by ;—ay; = 2a.
Next, divide each interval [ay;,b; ;] into two intervals [ay;,,b1 ] and
[a1,i,,b1,,] of equal length. This is achieved by simply setting

[al,il 9171,1'1)] ={xeR:a;;<x<0} and [al,iz’bl,iz] ={xeR:0<x<by ;).
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For each i € N, let k(i) € {i1,i»} and consider all possible Cartesian products
of form

n

H[al,k(i),bl,k(i)] = [a1k), D] X [a1k2), 1) X - - X [a1 k), b1 k) -
i=1
Each product is an n-dimensional closed interval and there are 2" such
distinct intervals. Since the union of these 2" intervals is J;, there must be
at least one n-dimensional interval among these 2" intervals that contains in-
finitely many points of X. Let J, denote one of the n-dimensional intervals

containing infinitely many points of X and let [a2;, b2 ;] denote the ith com-
ponent of the Cartesian product defining J, so that

n

Jr = n[az,i,bz,i], byi—azi=a, and J C J;.
i=1

This procedure is now repeated ad infinitum, resulting in a sequence of
n-dimensional closed intervals {J;}% , where

=

n

a
Jj= n[aj,i,bj,i], bji—aji= 520 Jic I
i=1

and J; contains infinitely many points of X. According to Theorem 2.8,
ﬂ‘;’;l[aj,i,bj,,'] # ©. In addition we also have that lim;_,« ﬁ = 0. Thus for
eachintegeri=1,2, ..., nthere exists a point p; = lub{b;; : j€ N} =glbla;; :
j € N}. We now claim that the point p = (p1, p2, ..., p») is a limit point of X.
Given a number r > 0, choose an integer j sufficiently large such that
77z < 5. Then J; C N,(p) and since J; contains infinitely many points of X,
N,(p')NX # @. Since r > 0 was arbitrary, p is a limit pointof X. O

Note that in the proof of the Bolzano-Weierstrass theorem for n-
dimensional space R” we used the nested set property (Theorem 2.8) for sub-
sets of R. We now use the Bolzano-Weierstrass theorem in order to prove the
nested set property for subsets of R”

Theorem 2.31 (Nested set property for R" ) Let {A,}nen be a family of non-
empty closed and bounded sets in R". If Ay D A D A3 D ---, then the set
A =", A, is closed and non-empty.

Proof. Since A, is closed for every n € N, it follows from Theorem 2.4(3)
that A is closed. We may assume that each A, contains infinitely many



68 W Introduction to Lattice Algebra

points since otherwise the proof is trivial. Let § = {xx : Xy € Ay > x; #
x; whenever € # k}. The set S is bounded since S € A; and A; is bounded.
Since S is bounded and infinite it follows from the Bolzano-Weierstrass
theorem that S has at least one limit point, say x. Thus N.(x’) NS con-
tains infinitely many points. Since all but a finite number of points of S are
points of A, N.(xX") N Ay # @. Hence x is a limit point of Ay and since Ay
is closed, x € Ay. Since k was arbitrarily chosen, x € A; Yk € N. Therefore
XEA=",A,#@. O

The definition of a compact subset of a topological space remains the
same as Definition 2.6.

Definition 2.20 Let Y be a topological space and X C Y. The set X is said to
be compact if and only if every open cover of X contains a finite subcover of
X.

Lemma 2.32 Let t ={N,(x): r€ Q and x € Q"*} and let U be an open subset
of R™. If p € U, then there exists an element N,.(X) of N such that p € N(X) C
U.

The proof of the lemma is a consequence of the definition of an open set
in the Euclidean topological space R" and left as an exercise.

Theorem 2.33 Suppose X CR" and V ={V, : A € A} is an open cover of X.
Then there exists a countable subcollection of V which also covers X.

Proof. Let 9t = {N,(x) : r € Q and x € Q"}. Since 9 is countable (why?),
we shall denote the elements of 9t by {N|, N2, ...}. Suppose that p € X C
Uaea Va2 CR"=J;2, N;. Then there exists an open set V; € V such that p € V.
By Lemma 2.32 there exists a neighborhood N; € 9t such that p € N; C V).
Since there may be many elements of 9t that contain p and are subsets of
Va, let k(p) = inf{j € N : p € N; C V,} and set Aip) = A. Then Nip) € N
and p € Nyp) C V. The set {Nyp) : p € X} covers X and is countable. Since
Nip) C Vaup)» the set {Vy,p) : P € X} also covers X and is a countable subcol-
lectionof V. O

Theorem 2.34 (Heine-Borel) X C R" is compact if and only if X is closed
and bounded.

Proof. Suppose X is compact. Let p € R”\ X = X’. For each x € X, con-
sider the neighborhood N,(x), where 0 < r < lp—xli» XHZ . Then the collection
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{N,(x)}xex covers X. Since X is compact, there exists a finite number of points
{x1,X7,X3,...,X;} C X such that X C Uf.‘zl N, (x;), where 0 <r; < w. Let-
ting p = min{ry, r, ..., ri}, then the neighborhood N, (p) has the property that
Ny(p)N[Ui, Ni,(x;)] = @. Thus p is an interior point of X”. Since p was ar-
bitrarily chosen, every point of X’ is an interior point of X’. Therefore X’ is
open and by Theorem 2.4(4) X is closed.

For each integer k € N let k and —k denote two points of R” defined by k =
(k, k, ..., k)and =k = (=k, —k, ..., —k). Then the open intervals {(—k,K)}zen
cover R" (why?) and, in particular, X C |J;_ ,(-k,k). Since X is compact, a
finite subcollection {(-K, k)}f:1 covers X and since (—k,k) C (—m,m) when-
ever k < m, we have X C [-m,m]. Thus X is bounded.

Conversely, suppose that X is closed and bounded and V = {V }4en
is an open cover for X. According to Theorem 2.33 there exists a count-
able subcollection {Vi, Vo,...} CV 3 X C U,‘:’:l Vi. For each m € N define
U =i~ Vk- Then for each positive integer m, Uy, is open and Uy, is closed.
Now set A; = X and for m > 1 set A,, = XN U,,. Since Uy, C Uy,4+1 We have
U,>U . VYmeN. Thus A DAy D A3 D -, were each A, is closed and
bounded since each U, is closed, and X is closed and bounded. Now suppose
that A,, # @ Vm, then by Theorem 2.31, ﬂ,‘;":] A,, # @. Therefore there must
be apointx€ X > xe U, Vm e N. But this means that xe X and x ¢ U,, =
Ujz; Vi Ym € N. This contradicts the fact that x € X C 2, Vi = U, Un.
Therefore our assumption that A,, # @ ¥ m must be incorrect. This implies
that for some positive integer m > 1 , Ay = @ Yk > m. Equivalently we have
that XN U, = X\ U, = @ so that X C Uy, = |}, V. This proves that X is
compact. O

The final theorem of this chapter is a valuable tool for deciding if a set is
uncountable.

Theorem 2.35 Suppose @ # P C R". If P is perfect, then P is uncountable.

Proof. Since P has limit points |P| = co. Let us suppose that P is countable
so that the points of P can be labeled with the elements of N, namely P ={x, €
P: neN} =({xq, X, X3, ...}. Next construct a sequence of neighborhoods as
follows. Let Ny = N,(x1) = {y € R" : |y —xi| < r}. Note that N = {y e R" :
ly—xi| < r} and Ny NP # @. Since every point of P is a limit point, there exists
a neighborhood N, such that N> € Ny, x; ¢ Na, N NP # @. Now continue this
process so that (1) Nyy1 €N, (2) X, € Nyy1, and 3) Ny NP # @.

Next set A, = N,NP Vn e€N. Since x,, ¢ A,,1, no point of P is a point of
Ny~ A,. However A, C P which implies that (>, A, = @, which contradicts
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Theorem 2.31. Thus our assumption that P is countable is false. O

Consequently, the Cantor set is uncountable since the Cantor set is perfect
(see Example 2.3).

Theorems 2.10, 2.11, and 2.14 as well as their proofs remain the same for
any topological space. For example, the definitions of a continuous function
(Definition 2.7) and the definition of a connected set (Definition 2.10) remain
the same for general topological spaces:

Definition 2.21 Suppose X and Y are topological spaces and f: X — Y.
Then f is continuous on X if and only if f~!(U) is open in X for every open
setUinY.

and

Definition 2.22 Suppose Y is a topological space and X C Y. Then X is said
to be connected if and only if there do not exist two disjoint open sets U and V
inYsuchthat UNX#@# VNXand X CUUV. X is said to be disconnected
if X is not connected.

In concert with these definitions, theorems such as 2.15, 2.16 2.19, 2.20,
and 2.21 have the same formulation and proofs when R is replaced by R”
or by any topological space. However, a note of caution is necessary. Al-
though most of the theorems and definitions listed in Section 2.1.2 remain
unchanged when replacing the set R with the set R", there are various excep-
tions. For instance, according to Corollary 2.18, the only connected subsets
of R are the different types of intervals. Since intervals play an important role
in various types of lattice-based artificial neural networks it is useful to know
that they are also connected objects in R”. However, in contrast to the space
R, intervals are not the only connected subsets of R”.

Example 2.9 Let X = AU B denote the set shown in Figure 2.2, where
1
A={0,y)eR*: -1 <y<1}and B={(x,y) eR?:y=sin(-),0 < x < 1}.
X

That X is connected follows from the observation that each of the sets A and
B are connected and every point of A is a limit point of B, but A and B are
not disconnected.

Note that in the example we have AN B = @ but A and B are not dis-
connected. Another way of approaching the topic of connected sets in R”
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-1

Figure 2.2 Theset X =AU B.

or topological spaces in general is by defining the concept of separated sets.
More specifically, two subsets A and B of a topological space X are said to
be separated if and only if AN B = @ and AN B = @. Using this definition of
separation results into the following theorem:

Theorem 2.36 If A and B are connected sets which are not separated, then
AU B is connected.

Exercises 2.2.3

1.

2.

Prove Theorem 2.28.

Prove Theorem 2.29.

. Prove Lemma 2.32.

. Prove that for n € N, the Euclidean topology for R” has a countable

basis.

Suppose X, Y, and Z are topological spaces. Prove thatif f: X — ¥ and
g : Y — Z are continuous functions, then go f : X — Z is continuous.

Suppose X and Y are topological spaces and A C X is compact. Prove
that if f: X — Y is continuous, then f(U) C Y is compact.
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7. Prove that if X is a compact topological space and A C X, then A is
compact.

8. Let X and Y be topological spaces and suppose that f : X — Y is con-
tinuous. Verify that if A C X is connected, then f(A) is connected.

9. Prove Theorem 2.36.

10. Suppose X and Y are topological space, and f : X — Y is continuous.
Prove that if Z is a topological space, g : Z — X is continuous, and
h=fog,then h:Z — Y is continuous.

2.2.4 Aspects of R", Artificial Intelligence, Pattern Recognition, and Ar-
tificial Neural Networks

Euclidean space is one of the most utilized concept in pure and applied math-
ematics as well as in physics and engineering, and more recently in artifi-
cial intelligence (Al), pattern recognition (PR), and artificial neural networks
(ANN). A few examples will suffice to verify this claim. It follows from
Chapter 1 that (R", +) is an abelian group, (R, +, X) is a field, and R" is a vec-
tor space over the field (R, +,%). Subsection 2.2.1 of this chapter is devoted
to a multitude of different metrics on R”, while subsection 2.2.2 shows that
R" is also a topological space.

The most important topological spaces are manifolds. A topological
space X is called an n-dimensional manifold if X is a Hausdorff space and
each x € X has a neighborhood N(x) that is homeomorphic to Euclidean n-
space R". Bernhard Riemann, a former student of Carl Gauss, was the first
to coin the term “manifold” in his extensive studies of surfaces in higher di-
mensions. In modern physics, our universe is a manifold. Einstein’s general
relative theory relies on a four-dimensional spacetime manifold. The string
theory model of our universe is based on a ten-dimensional manifold R X M,
where R denotes the four-dimensional spacetime manifold and M denotes the
six-dimensional spacial Calabi-Yau manifold. Einstein’s spacetime manifold
is a generalized Riemannian manifold that uses the Ricci curvature tensor
[32]. We do not expect the reader to be familiar with manifold theory and
associated geometries. One reason for mentioning the subject of manifolds is
that even Einstein’s manifold, which tells us that that space and the gravita-
tional field are one and the same, needs the locality of R* at each point of the
manifold.

Another reason is the usage of manifolds in disciplines outside the
fields of pure mathematics and physics. The Riemannian manifold men-
tioned above is named after Riemann. A Riemannian manifold R belongs
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to the class of differentiable manifolds and as such has a tangent space
T,V p € R. Riemannian manifolds and other differentiable manifolds have
become the latest vogue in artificial intelligence and machine learning
[161, 170, 174, 241, 43, 44].

Artificial intelligence is a field of study and experimentation based on
mathematics. Current Al is task-dependent in that different tasks often need
different approaches for successful solutions. These approaches consist of
computer programs that process input data from the task environment and
generate output data. At the present time, learning and deep learning ap-
proaches have been used for successfully solving a variety of tasks. On the
downside, and in contrast to humans, these learning approaches cannot adapt
after initial learning. The question whether machines can be built that are
capable of thinking and performing various human tasks is a subject that has
been fiercely debated ever since the publication in 1920 of Karel Capek’s sci-
ence fiction play R.U.R. (Rosu’s Universal Robots) [39]. In 1950, Alan Tur-
ing published his influential paper on computing machines and intelligence,
while the term “artificial intelligence” was first introduced by John McCarthy
in 1956 [282, 186]. Intrinsically, Al is concerned with developing computer
systems that have the ability to perform tasks that usually require human in-
telligence. These tasks are multifarious, ranging from autonomous surgery,
self-driving vehicles, and translation between languages to robotic machines
in manufacturing. Much has been achieved since the last century. Smart cell-
phones, automatic translations between various languages, decision-making,
medical diagnostics, and machine learning are just a few examples from the
substantial list of achievements. Despite these achievements, the question
“can a machine think?”” remains open. This question is important in the defi-
nition of Al since thinking is an activity of intelligence. Using intelligence in
the definition of Al is a circular definition since there is no standard definition
as to what constitutes intelligence. In this manual we interpret Al as having
the ability to learn and solve problems by machine.

One common task in Al is the recognition of pattern in data. Recognizing
patterns seems to be a basic attribute common to all members of biological
kingdom Animalia. Animals of the phyla Chordate and Mollusca are capa-
ble of learning to recognize and remembering new patterns that do not nec-
essarily exist in their natural environment [15, 113, 242, 280]. Humans, in
particular, are very adept in recognizing and describing objects around them.
They recognize faces of their friends and can often tell from their facial ex-
pression whether they are happy or sad. Most dog owners will agree that their
dogs can do the same, and probably better. In fact, when a dog owner’s close
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friend would put on a disguise, such as wearing a mask, wig, and different
attire, the friend will most likely not be recognized by the dog owner. How-
ever, owing to its superior olfactory organ, the dog will not be fooled. On the
other hand, a dog has no understanding of the content of a painting.

The field of pattern recognition, as related to Al, is concerned with the au-
tonomous recognition and classification of patterns. Following general prac-
tice, we define a pattern as the description of an object. For instance, suppose
you observe a speeding car hitting a dog and not stopping. Reporting the
incident to the local police, you are being asked to describe the type of the
speeding car you observed. In this case the object is a car and your answer
“a two-door blue Honda sedan” is the description. In other words, you have
seen an object and you were able to describe it to another person. The words
two-doors, blue, Honda, and sedan are called the features of the pattern. The
set of features describing a pattern is usually expressed in vector format and
called a feature vector. In the above example, the feature vector would be
(two —door,blue, Honda, sedan)’ . The term pattern vectors is also often used
when referring to feature vectors. Pattern recognition by machine refers to
the ability of a computer to automatically recognize patterns from data. Data
can be radio waves for analysis in radio astronomy, images of faces for face
recognition, X-rays for the early detection of cancer cells, seismic waves in
oil and gas exploration, hyperspectral imagery for monitoring water quality
and tracking forest health are just a few examples taken from a multitude of
data examples. A simple example for the generation of a feature vector from
a pattern input is shown in Fig.2.3. In this scenario temperature serves as the
data input to a sensor. The sensor measures the Celsius scale temperature and
creates a continuous function f(¢) = ¢, where ¢ denotes time and c¢ the tem-
perature at time ¢. The next step is deciding the length of the time intervals
t; for digitization. This is followed by feature extraction which samples the
function at the discrete points #1,1,...,t, and establishes the pattern vector
c=(c1,ca,...,c) , where ¢; = f(¢;) fori = 1,2,...,n. The feature vector ¢ con-
tains all the measured information of the pattern. For an autonomous pattern
recognizer, the machine needs to make a decision about the pattern. These
decisions depend on the problem to be solved.

For instance, suppose the autonomous system monitors the temperature
of a nuclear reactor and a represents the heat index for operating the reactor.
Specifically, we have three scenarios, namely to shut down the reactor and
alert whenever % 2.7 ¢i = @, to alert the human operator in charge of operations
whenever %Z? ci < a but ¢; > a for some i € N, or continue with the next
input of length n from the sensor whenever %27 ci<aandc;<a VieN,.
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Figure 2.3 Generation of a pattern vector from a continuous temperature flow.
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Figure 2.4 Basic flowchart for monitoring temperature in a nuclear reactor.

The basic component of the autonomous system can be summarized in terms
of the flowchart shown in Figure 2.4

We must emphasize that, by and large, the tasks of preprocessing and
feature extraction are far more complex than those in the preceding para-
graph. In gas and oil exploration preprocessing is extremely important as
well as extremely difficult. The raw data is 3-dimensional and represents lo-
cation and arrival time of reflective seismic waves. These waves are created
by sending shock waves into the ground (or water) and recording the reflected
seismic waves on strategically located geophones. The initial seismic shock
wave is created by a small group of vibrator trucks that are closely clustered
together. The total combined energy the thumper trucks release at a their lo-
cation can be anywhere between 100,000 to 200,000 pounds. The combined
energy creates a seismic wave when the heavy blow from the trucks hits the
ground. The seismic wave travels into the earth where it encounters the dif-
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ferent layers of materials such as sand, clay and rocks. These layers will
reflect part of the shock wave, and it is these reflected seismic waves that are
recorded by the array of geophones. The geophones are arranged in parallel
lines forming a digital rectangle or square whose center is the source seismic
event. The spacing between the geophones depends on the terrain, decisions
made by the individual companies and their geophysicists, time and costs,
etc. Currently geophones can be several hundred feet apart. The closer the
spacing, the more accurate the results. However, seismic surveys for oil ex-
plorations cover many square miles and are very expensive, costing more than
100,000 per square mile. Tighter spacings of geophones increases the prepro-
cessing time drastically, even on current advanced computers. Prohibitively
high costs and increase in processing time make it currently impossible to
reduce the geophone spacing problem.

The data recorded by the array of geophones is the raw data that needs
to be processed. Preprocessing consist of three major tasks known as stack-
ing, filtering, and wave equation migration. These processes are extremely
complex, time consuming, very costly, and need specialized computers. Pre-
processing is done by machine. Feature extraction may also be accomplished
by machine with the aid of machine learning. Nonetheless, the resulting pro-
cessed data must still be interpreted by a geophysicist or geologist before
deciding to drill foe oil or gas.

Autonomous facial recognition is a much simpler process than au-
tonomous seismic data preprocessing and feature extraction. Currently, au-
tonomous face recognition has become a very successful business enterprise;
a fact that can be easily ascertained by simply asking Google, “How does
face recognition work?”

The data for facial recognition are faces, and the sensors are composed of
one or more cameras. A single camera provides a 2-dimensional image while
three or more cameras are usually employed for obtaining a 3-dimensional
image. Because of business involvement and continued research advance-
ment there exist a wide variety of different types of competing algorithms
for face recognition. Different algorithms often require different preprocess-
ing tasks. For instance, some tasks may involve finding faces in a crowd and
tracking one or more of these faces. The detection of faces in images is a
subset of computer vision (CV) algorithms that deal with object detection
in imagery. Object detection is an extremely active area of research, owing
to the fact of its applications in such areas as driverless vehicles, national
defense, and medical diagnostics. If the aim is face recognition, then face
detection is more often than not an essential first step.

Other tasks may involve image enhancement in case of different light
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Figure 2.5 Flowchart of tasks for autonomous face recognition.

effects or/and isolating the face or/and background removal and centering of
the face. The pros and cons of various tasks and approaches for face detection
and face recognition can be found in the literature, e.g. [20, 311, 138, 64], as
well as on the web. A general flowchart of the basic tasks for an autonomous
face recognition system is given in Figure 2.5.

Feature extraction follows after completing the preliminary task of isolat-
ing and centering a face. Features are derived from the geometry of the face.
These features are distances between nodal points on the face. Examples of
nodal points are points around the nose that measure the length and width of
the nose, two points that measures the distance between the top of the fore-
head to the top of the nose, and various others that measure the width and
length of the chin, and so on. Figure 2.6 shows a few of these nodal point
connections. The resulting pattern vector, also called a face-print, represents
the geometry of the face taken by the camera.

For a given person, several images are usually taken in order to estab-
lish a robust autonomous facial recognizer systems. Some systems also use
multi-view images by viewing the face’s left, center, and right side. The re-
sulting face-prints are stored in a database. Assuming that the dimension of
the pattern vectors is n € N, and k € N denotes the number of images taken of
person P(j), then the set P(j) = {p',...,p*} forms a close cluster of points in
R".

Autonomous face recognition systems require databases. The databases
are crucial in order to carry out facial recognition and verification. Verifica-
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Figure 2.6 Left, input face image; right, centered face with nodal points and
their connections.

tion means to verify whether or not the recognition was correct. Currently
ANN approaches for solving the face detection, face recognition and verifi-
cation problems have become very popular. The reason for the popularity is
due to the surprising increase in the performance of face detection, recog-
nition and verification. The success of ANNSs in solving a wide variety of
pattern recognition problems was known before their use in facial recogni-
tion. Thus, since faces are patterns, it makes sense to apply ANNSs in order to
solve the autonomous face recognition problem.

A common basic model of an artificial neural network is the hidden layer
model shown in Figure 2.7. A variety of models have feedback loops used
in training. If the network has two or more hidden layers, then it is called a
deep network. Some deep networks are also be obtained by combining two
or more different ANNs. Combining ANNSs is used to increase performance,
but it also increases the computational burden. Most Al and deep ANN al-
gorithms are bandwidth hungry and rely on accelerators. An accelerator is a
device that helps speed up the performance of an application, such as ANNs
or computer vision.

An example of an accelerator is the Field Programmable Gate Array
(FPGA). The FPGA is an integrated circuit of a collection of logic blocks,
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Figure 2.7 An artificial neural network with hidden layers of neurons.

where each logic block has the ability to do a simple logic operation such as
AND, OR, and XOR. The real power of FPGAs is that the logic blocks can
be easily reconfigured dynamically to perform massively parallel tasks in real
time. Increased performance in real time pattern recognition has become an
extraordinary achievement of the development of artificial neural networks.
Another important reason for the success of ANNSs in pattern recognition
is that the network can /earn to recognize and verify a pattern in a data set
that was never used as an input. What is important to note here is that learning
algorithms are offline. As pointed out by Gary Marcus, most Al learning al-
gorithms, particularly deep learning algorithms, are greedy, brittle, rigid and
opaque [182]. According to Kjell Hole and Sabutai Ahmad, the algorithms
are greedy because they demand big data sets to learn, brittle because they
frequently fail when confronted with mildly different scenario than that in
the training set, rigid because they cannot keep adapting after initial train-
ing, and opaque because the internal representations make it challenging to
interpret their decisions [118]. To overcome the current shortcomings they
recommend that the Al community needs to concentrate more on biomimetic
approaches for the computational principles of the human brain in order to
create a general Al with a performance close to humans at most cognitive
tasks of interest. We realize that the differences between biological neurons
and artificial neurons, and their associated networks, are different to the ex-



80 m Introduction to Lattice Algebra

treme. However, this knowledge should not prevent us from the challenge of
exploring biomimetic approaches.



CHAPTER 3

Lattice Theory

3.1 HISTORICAL BACKGROUND

ISTORICALLY, lattice theory had its beginning 120 years ago when

Richard Dedekind worked on a revised and enlarged edition of Peter
Dirichlet’s Vorlesungen iiber Zahlentheorie [71]. Dedekind discovered the
basic properties of modular lattices (Dual Gruppen von Modultypus) and
distributive lattices [70, 71]. Although research related to lattices continued
throughout the early part of the 20th century, it was the 1930s that witnessed
a rapid expansion of contributions directly related to the development of lat-
tice theory as a field of mathematics in its own right. These contributions
focused on applying lattice theory to the fields of set theory, algebra, geome-
try, and topological spaces [26, 27, 28, 29, 87, 127, 135, 136, 137, 175, 177,
210, 270, 271, 304]. A major milestone resulting from these efforts was Gar-
rett Birkhoff’s classic book on lattice theory [30]. Birkhoff’s book presents a
systematic development of lattice theory that generalizes and unifies various
relationships between subsets of a set and the logic of set theory, between
substructures of an algebraic structure such as groups and rings, between
logic and quantum mechanics, and between concepts within geometric struc-
tures such as topological spaces.

Applications of lattices outside the domain of mathematics followed its
establishment as a well-defined theory. Shannon (1953), Shimbel (1954),
and Benzaken (1968) used lattices in electronic communication theory
[22, 249, 256], Simon (1955) in economics [257], and Cuninghame-Green
(1960) and Giffler (1960), followed by several other researchers in industrial
systems engineering with focus on machine scheduling, optimization, and
approximation problems [14, 61, 62, 63, 93, 208].

Application of a new theory generally involves the development of novel
techniques, and results in further insights and expansion of the theory itself.
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Cuninghame-Green’s formulation of a matrix theory utilizing lattice opera-
tions turned out to be of vital importance in the development of lattice as-
sociative memories (LAMs) as well as in establishing important connections
between lattice theory and the field of mathematical morphology as utilized
in image processing [65, 66, 218, 219, 223]. A more recent development is
the incorporation of dendritic and axonal structures into the morphology of
LNN neurons in order to enhance the computational capabilities of LNNs
[221, 222, 224].

3.2 PARTIAL ORDERS AND LATTICES

A function f: X — Y is a particular subset of X X Y that relates each ele-
ment of X with some element of Y (see Definition 1.4). When Y = X, then
f is an example of a binary relation. Binary relations were also discussed in
some detail in subsection 1.2.1. The concept of an order relation of elements
of a set X is fundamental in lattice theory and we begin our discussion by
examining this concept more closely.

3.2.1 Order Relations on Sets

A binary relation R on a set X is, intuitively, a proposition such that for each
ordered pair (x,y) of elements of X, one can determine whether xRy is or
is not true. Here xRy means that “x is related (by the relation R) to y.” For
example, if L is the set of all lines in a given plane, then “is parallel to” or “is
perpendicular to” are binary relations on L.

The notion of a binary relation on a set can be rigorously defined by stat-
ing it formally in terms of the set concept.

Definition 3.1 A binary relation R on a set X is a subset R C X x X.

Thus, any subset R of X X X is a binary relation on X and if such a subset
is being used, then it is customary to write xRy for (x,y) € R.

Example 3.1

1. Set inclusion is a relation on any power set. In particular, if X is a set
and
R ={(A,B): ACB, A, B2},



Lattice Theory m 83

then R is a binary relation of 2X.

2. The relation of less or equal, denoted by <, between real numbers is
the set {(x,y): x <y} cRXR.

3. For any set X, the diagonal A = {(x, x) : x € X} is the relation of equality.

4. The inverse relation of R, denoted by R~!, is the relation R~ =
{(y,x) : (x,y) € R}. Thus, the inverse relation of < in (2) above is the
relation greater or equal >.

Note that in binary relations on X, a pair of elements of X need not be related.
For instance, in Example 3.1(3.) above, if x,y € X and x # y, then neither (x,y)
or (y,x) are in A.

Certain relations on a set allow elements of that set to be arranged in
some order. For example, if a child arranges a set of sticks in the order from
shortest to longest, it has an intuitive grasp of the relation “is shorter than.”
From this example we can see that there are at least two properties which a
relation R must have if it is to order a set. Specifically:

e ‘R must be antisymmetric. That is, given two sticks, one of them must
be shorter than the other. Otherwise they could not be given a relative
position in the order.

e R must be transitive. That is, given three sticks x, y, and z, with x
shorter than y and y shorter than z, then x must be shorter than z.

We collect these ideas in a definition.

Definition 3.2 A relation < on a set P is called a partial order on P if and
only if for every x, y, z € P the following three conditions are satisfied:

1. x < x (reflexive)
2. x<yand y < x = x =y (antisymmetric)

3. x<yand y < z = x <z (transitive)
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The relations defined in Example 3.1 are all partial order relations. The rela-
tion of less or equal given in Example 3.1(2.) is also called the natural order
on R.

A set P together with a partial order <, denoted by (P, <), is called a
partially ordered set or simply a poset. If x <y in a partially ordered set,
then we say that x precedes y or that x is included in y and that y follows x
or that y includes x. If (P,<) is a poset, then we define the notation x < y,
where x,y € P, to mean that x <y and x # y. The next theorem is a trivial
consequence of these definitions.

Theorem 3.1 Suppose (P,<) is a poset.
1. If C C P, then (C,<) is also a poset.
2. AxeP > x<nx

3. If x<yandy <z then x <z, where x,y,z € P.

Note that Definition 3.2 does not imply that given x, y,€ P, then either
x <y or y < x. Consequently, in a partially ordered set not every pair of el-
ements needs to be related. Partially ordered sets in which every pair of ele-
ments is related play a vital role in lattice theory. Specifically, we have

Definition 3.3 A poset (P,<) is called a fotally (or linearly) ordered if and
only if Y x,y € P, with x # y, either x <y or y < x.

The set R together with the natural order of < is an example of a totally
ordered set while the relation is a subset of (Example 3.1.1) is a partial or-
der which is not a total order. A poset of primary interest in this treatise is
provided by the next example.

Example 3.2 Let the relation < on R” be defined by x <y & x; <y; fori=
1,2, ...n. Itis easily verified that < satisfies all three conditions of Definition
3.2. The partial order < on R" is said to be induced by the partial order of less
or equal on R. Note that forn =2, (2,3) £ (1,5) £ (2,3), but (2,3) < (2,5) and
(1,5) < (2,5). Thus (R", <) is not totally ordered.

If R =< is a partial order on P, then it is easy to see that the inverse rela-
tion R~!, denoted by >, is also a partial order on P. The inverse partial order
relation > of < is also called the dual of < and gives rise to the following
definition:
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Definition 3.4 The dual of a partially ordered set P is that partially ordered
set P* defined by the inverse partial order relation on the same elements.

Thus, if (P,<) is a poset, then (P,<)" = (P, ) is also a poset and since
(P*)* = P, this terminology is legitimate. In the remainder of this section we
suppose that (R, <), (S, <), and (7, >) are three posets.

Definition 3.5 A functiony : R — § is called order preserving or isotone it
x<y = Y(x) <Y(y) and strictly isotone if x<y = Y(x) <y(y)Vx,y€R.
Similarly, a function ¢ : § — T is called order reversing or antitone if

x<y = @(x) > ¢(y) and strictly antitone if x <y = @(x) > p(y) Vx,y€S.

If y: R — S is order preserving and has an order preserving inverse
Y~':S — R, then ¢ and y~! are called order preserving isomorphisms and
the posets R and S are said to be isomorphic. Again, the notation R = S means
that R and S are isomorphic. If R = §, then the isomorphism ¢ is also called
an automorphism. Similarly, if ¢ : § — T is order reversing and has an order
reversing inverse ¢! : T — S, then ¢ and ¢! are called order reversing iso-
morphisms and the posets § and T are also said to be isomorphic and again
denoted by S = T'. In case T = §*, then the isomorphism ¢ is called a dual
isomorphism.

Example 3.3 The posets (R, <) and (R*, >) are isomorphic. An isomor-
phism is given by the function ¢ : R — R* defined by ¥(x) = e™*. Since
x<y = e >e7?, ¢ is order reversing. The inverse of i is given by
y~l(v) = =In(v), the negative of the natural log of v, where v € R*. Since
Y W)=y (e =-In(e™)=—(-x)=xandv>w = ¢y~ (v) = -In(v) <
—In(w) = :,l/_l(w), ! is an order reversing inverse. However, ¢ is not a dual
isomorphism since R* # R™.

Let P be a partially ordered set with partial order <. An upper bound (if
it exists) of a subset X of P is an element y € P such that x <y Yx € X. If such
an upper bound exists, then X is said to be bounded from above. The least
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upper bound of X, denoted by lub(X) or sup(X), is an upper bound yg € P
of X such that yp <y for every upper bound y of X. By the antisymmetry
property of partially ordered sets, supX, if it exists, is unique. In a likewise
fashion we define a lower bound (if it exists) of X as an element y € P such
that y < x Y x € X. If such a lower bound exists, then X is said to be bounded
from below. The set X is said to be bounded if and only if it is bounded from
above and from below. The greatest lower bound of X, denoted by glb(X) or
inf(X), is a lower bound yg € P for X such that y < yg for every lower bound y
of X. Again, by antisymmetry, in f(X) is unique if it exists. If in f(X) € X, then
inf(X) is also called the least element or smallest element or the minimum of
X. Likewise, if sup(X) € X, then sup(X) is also called the greatest element or
largest element or the maximum of X. This terminology is in agreement with
the terminology introduced in subsection 2.1.1 and should not be confused
with the terms of minimal or maximal elements of X.

Definition 3.6 If X c P and (P, <) is a partially ordered set, then y € X is
called a maximal element of X & (y<x = y=x)Vx e X. Similarly, y € X is
called a minimal element of X & (x<y = y=x)VxeX.

Obviously, a least element must be minimal and a greatest element must
be maximal, but the converse is not true.

Example 3.4 Let P ={a,b,c,d} and X = P. Defining a partial order < on P
by setting x < x Vx € X, a<b <d, and a < ¢ < d, then obviously d = lubX and
a = glbX. Figure 3.1 (a) provides a graphical interpretation of this partially
ordered set. Here the straight line segments between elements represent the
ordering, with the larger element above the smaller element, and the smallest
or least element on the bottom of the graph. On the other hand, setting P, =
{a,b,c,d} and defining the partial order < on P, by setting x<xVxe€ P>, a<c,
a<d,b<c,and b <d. For this partial order we have that if x € P, and ¢ < x,
then x = ¢. Thus c is a maximal element. Similarly, d < x = x =d. Thus the
poset P, has two distinct maximal elements. It is just as obvious that a and
b are minimal elements of P,. Consequently, neither maximal nor minimal
elements need to be unique. Figure 3.1 provides a graphical interpretation of
these two posets.

It is also easy to show that any finite nonempty subset X of a partially
ordered set has minimal and maximal elements. These elements play an im-
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Figure 3.1 Graphical representation of finite posets: (a) the poset P; and (b)
the poset P,.

portant role in well-ordered bounded sets.

Definition 3.7 If (P, <) is a poset and C C P, then C is called a chain in P if
and only if C is totally ordered. If C is a chain in P and card(C) = n, where
n € Z*, then the length of C is defined as ¢(C) = n— 1. The length of P is
defined as £(P) = lub{¢(C) : C is a chain in P} if the least upper bound exists.
P is said to be of finite length if and only if ¢(P) is finite.

Example 3.5 Let P = {a,b,c,d, e} be partially ordered by a < e < d and a <
b < c < d. Since the largest chain is a < b < ¢ < d, {(P) = 3 (see also Figure
3.1(a)). On the other hand, if < denotes the natural order of the integers, then
the poset (Z, >) has length £(Z) = Ny.

Applying the definition of a chain one can easily obtain the following re-
sult:

Theorem 3.2 Any subset of a chain is a chain and every finite chain has a
glb and lub.

Definition 3.8 Let (P, <) be a poset and a,b € P. We say that b covers a if
andonlyifa<band AxeP>a<x<b.



88 W Introduction to Lattice Algebra

d
Q.
TN
\
c
¢ O
b
O
a

(a) (b)

Figure 3.2 Hasse diagrams: (a) the poset of Example 3.5, (b) poset of Example
3.6.

For finite posets the covering relations can be used to obtain graphical
representations of the sets and their order relations as was done in Fig. 3.2.
In this representation, known as a Hasse diagram, each element of a poset is
represented as a vertex in the plane and a line segment or curve that goes up-
ward from x to y whenever y covers x. A segment may cross another segment
but must not touch any vertices except at the segment’s endpoints. In this text
the vertices will be represented by small circles.

Example 3.6 Suppose P ={a,b,c,d,e, f,g,h} with partial order defined by
a<b<g<ha<d<f<ha<e<f,b<c<h,e<c,andd < g. The Hasse
diagram representing the poset P is shown in Figure 3.2(b).

Definition 3.9 If P is a poset of finite length and O = infP, then for x € P
the height of x, denoted by h(x), is defined as

h(x) = lub{t(C) : C = {xg,X1,..., %} With O = xg < x] < -++ < X, = X}.
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As a direct consequence of this definition we have that 4(x) = 1 & x cov-
ers O, and if I = supP, then h(l) = €(P). If h(x) = 1, then x is called an atom.

The height and length functions belong to a class of functions that provide
specific measurements and information on lattice structures. These measures
will be discussed in subsequent sections of this chapter.

Exercises 3.2.1

1.
2.

Prove Theorem 3.1.

How many different partially ordered sets can be obtained from
X ={a,b,c} and how many of these partially ordered sets are non-
isomorphic?

. Repeat Exercise 2 for the set {a, b, c,d}.

Suppose @ # X C P and |X| = n for some n € N. Verify X has a minimal
and a maximal element.

. Prove Theorem 3.2.

3.2.2 Lattices

This section summarizes an assortment of relevant concepts from lattice the-
ory, beginning with a short list of different types of lattices.

Definition 3.10

1.

A lattice is a partially ordered set L such that for any two elements
x,y € L, glb{x,y} and lub{x,y} exist. If L is a lattice, then we denote
glb{x,y} by x Ay and lub{x,y} by xVy, respectively. The expression
x Ay is also referred to as the meet or min of x and y, while xV y is
referred to as the join or max of x and y.

A sublattice of a lattice L is a subset X of L such that for each pair
x,y€ X, we have that xAye X and xvVye X.

. Alattice L is said to be complete if and only if for each of its subsets X,

inf(X) and sup(X) exist. The symbols A X and \/ X are also commonly
used for inf(X) and sup(X), respectively.

A lattice L is said to be conditionally complete if and only if for every
nonempty bounded subset X, inf(X) and sup(X) exist.
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According to this definition, any nonempty complete lattice L contains
a least element O and a greatest element /. These elements are commonly
called the universal bounds of L. It is also obvious that the dual of a lattice is
a lattice, and that the dual of any complete lattice is a complete lattice with
glb and [ub interchanged. For a finite subset X = {x{, x2, ..., x,} of a com-
plete lattice the glb and lub are given by AX = A7, xi = Xxi AXa A -+ A Xy
and \/ X =\, x;=x1 VXV -+ Vx,, respectively.

Example 3.7

1.

The poset P in Example 3.4 is a lattice but the poset P, is not a lattice
since neither the glb{a, b} or the lub{c,d} exist.

The real numbers R together with the relation of less or equal (<) con-
stitute a totally ordered set. If xVy = lub{x,y} and x Ay = glb{x,y}
Vx,y€R, then R together with the operations V and A is a lattice. But
(R, V, A) is not a complete lattice as there is no smallest or largest num-
ber. However, R is a conditionally complete lattice since every bounded
nonempty subset has a glb and a [ub.

Define —co < x <00 Yx € R and —oco < x < oo for x € {—o0,00}. Then
Rico, V, A)is a complete lattice with largest element co and smallest
element —co. The dual of this lattice is obtained by replacing < with
the relation of greater or equal, >. Obviously, (R,V,A) is a sublattice
of Rico, V,A).

For a given set X, the power set 2% together with the relation of C of
set inclusion is a complete lattice with largest element X and smallest
element @. For any family A = {S,: 4 € A} of subsets of X, inf A =

Maea S 1 and supA = Jyep S a-

. The set [0, 0] with the relation < is a complete lattice. Here 0O is the

smallest element and oo is the largest element. ([0, o0], V, A) is a sublat-
tice of (R4, V,A) but not of (R, V, A).

The unit interval [0,1] = {x € R: 0 < x < 1} together with the relation <
is a complete sublattice of (R, Vv, A). The smallest and greatest elements
are 0 and 1, respectively.

. We partially order RX by f < g & f(x) < g(x) Yx € X and define h =

fVgby
[ f) ifg@ < fW)
hlx) = { (0 if £(x) < g(x)
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and k= f Agby

() i f) < g
kx) = { o) if gn) < f(0).

It follows that (RX ,V,A) is a lattice but not a complete lattice. How-
ever, (R, V,A) is a complete lattice with smallest element the con-
stant function O defined by O(x) = —co ¥V x € X and largest element the

constant function / defined by /(x) = co Vx € X.

The binary operations A and V on lattices have several important prop-
erties, some of them being analogous to those of ordinary multiplication and
addition. The following properties are easily verified [30].

Theorem 3.3 If (X,<) is a partially ordered set, then the operations V and A
satisfy the following equations (whenever the expressions referred to exist):

1.
2.

ST e

XA x=xand xV x = x (idempotent)
XAy=yAxand xVy=yV x (commutative)
xANYAZD=xAY)Azand xV (yV7)=(xVy)Vz(associative)
XA(xVy)=xV(xAy)=x (absorption)

X<y © xAy=xand x<y & xVy =Yy (consistency)

If X has a least element O, then OANx=0and OVx=xVxeX

If X has a largest element I, then INx=xand IVx=1VxeX

Observe that in the above theorem we do not require that the partially or-
dered set X is a lattice. In fact, Dedekind [71] used properties / through 4 of
Theorem 3.3 to define lattices, and Birkhoff [30] proved that these properties
completely characterize lattices. By employing commutativity, associativity,
and induction, the following associative laws become an easy consequence
of Theorem 3.3.
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Corollary 3.4 If (L,V,A) is a lattice and x;; € L for i =1,...,n and j =
1,...,m, then

n m n

V(Ve)= V() aa A(A)= A(Aw)

=1 j=1 j=1 =1 =1 j=1 j=1 =1

Additional algebraic relationships for lattices are given by the next theo-
rem.

Theorem 3.5 If (L,V,A) is a lattice with partial ordering <, then

l. y<z= xAy<xAzand xVy<xV z(isotone)

2. x<z= xV(Az) < (xVy)Az(modularity)

3. xA(yV2) < (xAy)V(xAz) (Adistributivity)

4. xV A2 < (xVy) A(xVz) (Vdistributivity)

Proof. We shall only prove property 2. The remaining properties are just
as easy or follow directly from Theorem 3.3.
2. Obviously, x < x Vy and, by hypothesis, x < z. Hence, x < (xVy) Az. Also,

yAz<y<xVy.Thus, yAz<(xVy)Azand, therefore, xV(yAz) < (x Vy) Az
O

It is often convenient and much simpler to deal with only one of the oper-
ations of V or A and obtain equivalent relations for the other through duality.
For this, the following notion is helpful.

Definition 3.11 A semilattice is a commutative semigroup (S, o) which sat-
isfies the idempotent law so s = s.

It follows from Theorem 3.3 that every partially ordered set S for which
the operation xV y is defined for each pair x, y € S is a semilattice. Conversely,
under the relation defined by

X<y © xoy=y, 3.1)

any semilattice with binary operation o becomes a partially ordered set in
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which xoy = lub{x,y}. It should now be obvious that if S is a partially ordered
set for which the operation x Ay is defined for each pair x, y € S, then § is also
a semilattice. Whenever the operation xVy or x Ay are known or assumed,
then the notation (S, V) or (S, A) will be used to specify these semilattice in
order to avoid any ambiguities. Some authors refer to the semilattices (S, V)
and (S, A) as the join and meet semilattices, respectively. In this text, how-
ever, the semilattice (S, V) will be referred to as a max-semilattice and (S, A)
as a min-semilattice.

Example 3.8 (R, V) is a semilattice with dual (R, A). Obviously, (R_c, V)
is also a max-semilattice with dual the min-semilattice (R, A). Note that
the semilattice (R_.,, V) is a monoid with zero element —co since rV (—0) =
(—0)Vr=rVreR_4. Similarly, (R, A) is a monoid with zero element co.

As mentioned earlier, the operations of V and A in a lattice are analogous
to the arithmetic operations of addition (+) and multiplication (X), respec-
tively. This analogy is most striking in distributive lattices.

Definition 3.12 A lattice (L, V, A) is a distributive lattice if and only if the
following equality holds in L:

XAV =xAY)V(XAZ). (3.2)

This equation expresses the similarity with the distributive law x(y +z) =
xy + xz of ordinary arithmetic. All lattices in Example 3.7 are distributive
lattices. We also note that by duality we have that

xXVOYAZD) =@ VY)A(xVZ) 3.3)

in any distributive lattice. In fact, the following general laws hold for dis-
tributive lattices [30]:

aA(\rl/bi)z \n/(a/\bi), av(
i=1 i=1

m n n m

\/( xij) < /\(V&j)- (3.5)

j=1 i=1 i=1 j=1

bi) = /\(aVby), 3.4)
1

n
i=1 i=

and



94 E Introduction to Lattice Algebra

The last inequality is known as the minimax principle.

Now if x < z, then by Theorem 3.3 z = xV z. Thus, substituting z for x Vv z
in equation 3.2 we have that any distributive lattice satisfies the following
law:

xX<z=>xVQAZ)=xVYyAz (3.6)

Any lattice satisfying equation 3.6 is called a modular lattice. Although
every distributive lattice is modular, not every modular lattice is a distributive
lattice.

Example 3.9 Let L ={0,a,b,c,I} have partial order defined by O <a <1,
O<b<Il,and O<c<I. Then

aN(bVvc)=anl=a+0=0VO=(@Ab)V(aAc).

This shows that L is not a distributive lattice. However, L is a modular lattice
since equation (3.6) holds. For example,

bv@nl)=bva=bBVa)Al

Changing the partial order on L to O <a<b<1Iand O<c</resultsina
lattice which is neither distributive nor modular since

a<b and aV(cAb)=avO=a+b=IAb=(aVc)Ab.

The next theorem demonstrates that despite the differences between dis-
tributive and modular lattices displayed in the example, the height function
on these lattices exhibits the same important property whenever both lattices
are of finite length.

Theorem 3.6 If L is a modular lattice of finite length and h is the height
function, then

h(x)+h(y)=h(xVy)+h(xAy) Vx,yelL.

Suppose L is a lattice with smallest element O and largest element /, and
x € L. If there exists an element x¢ € L such that x“ Ax = 0 and x°V x = I, then
x¢ is called the complement of x. Next suppose that L is a distributive lattice.
Ifanx=aAyandaVvx=aVy,thenx=xA(aVx)=xA(aVy)=(xAa)V(xA
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V)=(@Ay)V(xAy)=(aVx)Ay=(aVy)Ay=y. Therefore, x = y. Thus, if x°
and x’ are two complements so that x Ax* =0 =xAx"and xVx‘=I=xV X,
then by our analysis we have that x = x’. That is, complements are unique in
distributive lattices. We say that a lattice is complemented if and only if all of
its elements have a complement.

Modular and complemented lattices are of special interest for applica-
tions in such diverse fields as probability theory, including ergodic theory and
multiplicative processes, linear algebra, computer science, and several engi-
neering disciplines. For example, the set L of all subspaces of R" is a comple-
mented modular lattice. Here the orthogonal complement S+ of any subspace
S satisfies ST NS =@ and S+ US = R". Also, by definition, a Boolean lat-
tice is a complemented distributive lattice. The uses of Boolean algebras in
computer science and engineering are manifold and range from the design
of electrical networks to the theory of computing. Because of its importance
in computer science and engineering we summarize the properties discussed
above that define a Boolean lattice.

A Boolean lattice is a lattice L that is associative, commutative, distributive,
and satisfies the following three properties V x, y € L:

1. absorption xV (xAy)=xand xA(xVy)=x
2. identity xVO=xand xAI=x
3. complement xV x* =1and xAx° =0

The next theorem is a consequence of this definition.

Theorem 3.7 In any Boolean lattice, each element x has a unique comple-
ment x°. Furthermore, complementation satisfies the following equations:

1. (x¢=x

2. (xAY)=xVy©and (xVy)F =x“N)y“.

Complementation should not be confused with conjugation or duality.
For instance, the dual or conjugate of r € R is the unique element r* € R,

defined as
-r ifreR

=y -0 ifr=co (3.7)

00 if r=—o0
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It follows that
1.(r) =r
2. (rAs) =r"Vvstand (rvs) =r* As*.

Equations /’ and 2’ have the appearance of / and 2 of Theorem 3.7.
However, r Ar* = —oo and r V r* = oo if and only if r = oo or r = —o0, respec-
tively.

Since complements in a Boolean lattice L are unique, we can view com-
plementation as a function L — L that maps x — x“ From this point of view,
complementation is a unary operation. If L is a Boolean lattice, then the alge-
braic structure (L, V, A, ) determined by the two binary operations V and A,
and the unary operation of complement on L is commonly called a Boolean
algebra.

Example 3.10

1. It follows from the laws of set operations that (2%, U, N, ©) is a Boolean
algebra.

2. Let f, g €{0,1}X and define 2 = f V g by

[ ) if ) < f()
M”‘{aw if £00 < g(v)

and k= f Ag by

() i f) < g
“”‘{gm if 5(x) < f(0).

Define the complement of f as the function f¢: X — {0,1} by

o [ 1 iff0=0
f(x)‘{o if f(x) =1

The least element is the zero function O : X — {0, 1}, defined as O(x) =
0V x € X, and the largest element is the constant function 7 : X — {0, 1}
defined by I(x) =1 V x € X. It is now easy to show that ({0, X, v, A9
is a Boolean algebra. This algebra provides a rigorous mathematical
basis for the description of a wide range of Boolean image transforma-
tions.
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The lattice (]Rf_foo, V, A) of Example 3.7(6) is a distributive lattice with
a least and a largest elements Only the functions O and I have comple-
ments, namely O° = [ and I = O.

The next theorem provides a tool for identifying which lattices are
Boolean.

Theorem 3.8 Let L be a lattice. If¥ x € L Ax° such that

(x/\y)c:xcvyc and (xvy)c:xc/\yc’

then L is a Boolean lattice.

Exercises 3.2.2

1.

10.
11.
12.

13.
14.
15.

Show that R” is a lattice.

2. Suppose C is a chain and P C C. Prove that P is a lattice.
3. Verify the seven equations of Theorem 3.3.

4. Prove Corollary 3.4.

5. Verify the equations 1,3, and 4 of Theorem 3.5.

6.
7
8
9

Suppose A and B are lattices. Prove that A X B is a lattice.

. Prove equation 3.3.
. Prove equation 3.4.

. Prove equation 3.5.

Construct two examples of lattices that are not modular.
Prove Theorem 3.6.

Suppose L is a distributive lattice and x,y,z € L. Verify that if zA x =
zAyandzVx=zVy,then x =y.

Prove Theorem 3.7
Prove Theorem 3.8.

Suppose L is a Boolean lattice and x,y € L. Prove that (x AY) A(x°Vy) =
0.
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3.3 RELATIONS WITH OTHER BRANCHES OF MATHEMATICS

This section presents a few examples of relations between lattice theory and
other branches of mathematics that are relevant to the goals of this anthol-
ogy. As discussed in Section 3.1, lattice theory, since its early beginnings,
has been closely intertwined with other branches of mathematics. The num-
ber of these relationships and their applications is enormous and far beyond
the objectives of this treatise. Here we only present a few examples of math-
ematical disciplines whose core axioms are based on lattice theory. For the
interested researcher, a large number of examples are available in [30, 132].

3.3.1 Topology and Lattice Theory

An interesting example of the intertwinement between topology and lattice
theory is given by the following theorem:

Theorem 3.9 If (X,7) is a topological space, then (1,<) is a complete lattice.

Proof. To show that 7 is a lattice, simply define for any pair U,V e1, U <V
eUcV,UANV=UnV,andUVV=UUV.

To prove completeness, we must show that V¢ C 7, A t and \/ t exist. Since
V t=UyedV C 1}, it follows from axiom 2 of 7 that \/ ¢ exist.

On the other hand, the set At =(ye{V C 7} may not be open, in which
case /\t is not an element of 7. In this case set I = int /\ t. Since [ is open,
ITetand I c AtcV VYV et Since we are assuming that A7 is not open,
NtzoetandoCc At.LetU etwithU Cc Atand U C V VYV et. Therefore
I is the infimum of ¢t O

Knowing that the topology 7 is a complete lattice is an important tool in
the study of various properties of different topologies for a given set X.

Another notion shared by topology and lattice theory is the interval.
Given a lattice L # @, with a < b, then the closed interval [a,b] is defined
as [a,b] ={x e L: a<x<b}. Since [a,b] C L, [a,b] is a complete sublattice
of L. Open and half-open intervals are defined, respectively, by (a,b) = {x €
L:a<x<b},(a,bl]={xeL:a<x<b}and [a,b)={xeL:a<x<b}.If
L is a complete lattice and a chain, then it becomes easy define a basis for a
topology of X based on intervals. Explicitly, we define a basis for 7 by defin-
ing the basic open sets in terms of the following sets: (1) X and @, (2) (a,I]
for any a € X and Y x > a, [0,a) ¥ x < a, and (a,b) for any a < b in X. Since
R.o 1s a complete lattice chain, it is also a topological space whose topology
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is generated by the basis described above. If L is a chain but not a complete
lattice, then open intervals of type (a,b) are sufficient to form a basis for a
topology.

Recall that if X is a topological space and x € X, then any open set U € T
with x € U is a neighborhood of x. If for every pair x, y € X with x # y there
exist two open sets U and V with xe U, ye Vand UNV = @, then (X, 7) is
called a Hausdorff space. For example, the topological space (L, 1), where L
is a chain and 7 is generated by the intervals basis, is a Hausdorff space.

The Hausdorff condition of separation of points is one of the most fre-
quently discussed and employed condition. All metric spaces are Hausdorff
spaces and so are all manifolds. Most importantly, the separation condition
implies the uniqueness of limits of sequences and provides a direct connec-
tion to Boolean algebra. For example, if X is a Hausdorff space, then ac-
cording to Definition 2.15(2) @ and X are both open and closed sets; also
known as clopen sets. Depending on the topology 7, X can have any number
of clopen sets. For instance, if X = Q with the standard Euclidean topology,
then A = {x € Q: x* > 2} is a clopen set. Note that X is a totally discon-
nected space with an infinite number of clopen sets. If X is a disconnected
Hausdorff space, then its topology contains at least three clopen sets. Now
suppose that X is a totally disconnected compact Hausdorff space. Setting
A ={A CX:Aisaclopen set } and defining

A+B=(ANB)YUA'NB)and A-B=ANB,

turns A into a Boolean ring. We complete this section with the following the-
orem:

The Stone Representation Theorem. If R is a Boolean ring, then there ex-
ists a totally disconnected Hausdorff space X such that R is isomorphic to the
Boolean ring of all clopen subset of X.

Exercises 3.3.1

1. Prove that if L is a chain and 7 is generated by the interval basis, then
(L,7) is a topological space. Prove this for the following cases: (1)
ILl=n,2)|Ll=ccand Oe L, (3)I €L, (4){0,I} CL,and (5) |L| = o0
and L having no maximal or minimal bounds.

2. Prove that the lattice (R",V,A) is a topological space, assuming that
the topology 7 is generated by open intervals.
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3. Prove that the topological spaces defined in Exercise 1 and Exercise 2
are Hausdorff spaces.

4. Prove that every metric space is a Hausdorff space.

5. Prove that (%, +,) is indeed a Boolean ring.

3.3.2 Elements of Measure Theory

Some of the most useful computational tools for applications of various math-
ematical theories to real world problems are mappings to the real number sys-
tem. Measure theory, probability theory, and fuzzy set theory are just three
obvious examples that use such real-valued mappings. The intertwinement of
these three theories and lattice theory is that the former theories are equipped
with the operational structure {@, ¢, U, N, C} which, in many cases, can be
replaced by {0,’, Vv, A, <}.

Measure theory is the basis of modern integration theory and these two
theories play a fundamental role in a wide range of mathematical endeavors.
Measures for a set X depend on the set algebras of subsets of 2% defined as
follows:

Definition 3.13 If M c 2%, then M is called a o-algebra in X if and only if
the following three conditions are satisfied:

M. Xe M.
My;. Ae M= A" e M.
M;. A= U?;Ai andAieMVieNéAeM.

If M is a o-algebra in X, then the pair (X, M) is called a measurable
space and each A € M is called a measurable set. Again, in order to reduce
notational overhead, it is common practice to call X a measurable space with
the assumption that there exists an associated o-algebra M in X. Some simple
examples are M ={@, X}, M={2,A,A’, X}, and M = 2X. Note also that each

example is a complete lattice. The next theorem is an immediate consequence
of Definition 3.14.

Theorem 3.10 A o-algebra M in a set X has the following properties:
1. e M.
2. If{A2, c M, then N2, Ai e M.
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3. IfA,Be M, then AUBe Mand A\Be M.

Proof. By conditions M| and M;, @ = X’ € M. This proves property /. Next
suppose {A;}2, € M. Then by conditions M, and M3 we have |J;2| A] € M.
It now follows from condition M> that

ﬁAi = (OA;)/ e M.
i=1 i=1

This proves property 2.

To prove property 3, simply set A| = A, Ay = B, and fori > 2 set A; = @.
Then according to condition M3, AUB = |J2; A; € M. A similar argument
can be used to show that property 2 also holds for finite intersections. Finally,
A\ B=ANB € M. This proves property 3. O

Considering Theorem 3.10 and the definition of a o-algebra it is an easy
exercise to show that M is lattice. Also, various useful measure spaces for
a given set X depend on the selection of subsets of 2% which may not be
o-algebras. In these cases the following theorem proves very helpful.

Theorem 3.11 [f X is a nonempty set and S C 2X then there exists a smallest
o-algebra M in X such that S c M.

Proof. Let £ = {M: S ¢ M and M is a o-algebra in X}. Since M =2¥ e X,

Y # @. Define ~
M= (M.
MeX

SmceXeMandSCMVMEZwehavethatXeMandSCM
BydeﬁmtlonofM Mc MY MEeES. _Thus, ifAe M, thenAe MY Me
Z. But then A" € MY M € X so that A’ eM.
Finally, if Ay € MYk €N, then Ay € MYk € Nand ¥ M € X. But then
Ure Ak € MY M € X. Therefore | J;2,Ake M. O

It is common practice to set M= o(8S) and call o7(S) the o-algebra gener-
ated by S. For an example, suppose (X, 7) is a topological space and o(7) the
o-algebra generated by 7. In this specific case the elements of o-(7) are called
Borel sets and (X,07(7)) a Borel measurable space, often denoted by (X, 8B).

We defined the notion of a measurable space without defining a measure.
The following definition will fill this apparent gap:
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Definition 3.14 Suppose M is a o-algebra in a set X. A set function u :
M — [0,00] is called a measure if and only if

(o] (o)

p@)=0 and u(| JA)=) u(A) whenever A;NA;=2Vi,j.
i=1 i=1

If Mis a o-algebra in X and p a measure on M, then the triple (X, M, u) is
called a measure space and the elements of M are said to be u-measurable.
Calling X a measure space, means that X refers to that triple. The symbol
M(u) means that M is a o-algebra and y is a positive measure on M and
the set X is assumed to be known from the discussion at hand. Conversely,
when calling the set X a measure space, one assumes that M(u) is known.
For convenience sake, the notation (X, M(u)) is also often used to describe
the triple (X, M, u). The next three theorems are foundational for applications
of measure theory.

Theorem 3.12 A measure space (X, M,u) has the following properties:

1. IfA,Be Mand A C B, then u(A) < u(B).

2. IfA,Be M, A C B and u(A) < oo, then u(B\ A) = u(B) — u(A).

3. IfAicAycAsC ... e M, then u(UJ72, A) < 2072, u(A)).
Proof. If A c B. then B =AU (B\ A) and by definition of the measure y,
U(B) =u(AU(B\A)) = u(A) +u(B\ A) > u(A). This proves property 1.

The proofs of properties 2 and 3 are just as easy and left as an exercise.
]

Theorem 3.13 If{A,}”, c Mand A, C Ay1Vn €N, then

u(JAan = tim u(An).
n=1

Proof. First let us assume that for some j € N, u(A;) = co. Since A; C J;” | Ap,
it follows from Theorem 3.12(/) and (3) that co = u(A;) < u(Uf;lAn) <
Yoy M(A;) = oo. Hence u(lJ;7 A,) = co. Furthermore, since A; C A Vk €
N, we have that co = u(A;) < u(A;4x)Vk > 1. Therefore lim, . pu(A,) =
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limy 0 (A j4x) = o0 and u(lJ;” | Ap) = lim, e u(A,). This proves the the-
orem in case the measure of some set A is infinite.
Next, suppose that u(A,) < ooV n € N. Note that

| Jan =410\ ADU@As\ADU .. = A U[ A\ A
n=2

n=1

Since the set {A1, A, \A,—1 : n € Nn >2}is a collection of mutually disjoint
sets, we have that

uJAn = a1 U JAn\ A1) = (AD + D p(An\ Ayo).
n=1 n=2 n=2
It now follows from Theorem 3.12(2) that

A = uAD+ Y (A = p(Ant] = p(AD) + Tim () (AR — p(Ar-1)
n=1 n=2 k=2
= p(AD+ lim [u(A,) ~p(AD] = lim w(A,). O

Theorem 3.14 If{A,}>  c M, Ayt CA,Vn €N, and u(Ay) < oo, then

u(()An) = lim u(An).
n=1

Proof. Mimicking the proof for Theorem 3.12, one obtains ﬂ;":lAn =AIN

Ma(An \ An-1) and (1) p(A1 \ (V32 An) = (A1) = (N2, An). But we also
have

A= a = a0 ag = Jarnan = Jaran
n=1 n=1 n=1 n=1 n=1

Setting B, =A1\A,YneN, then B, C B,,+1 and B, N B,4+1 = @ Vn. Thus,

AN [)An) = pAD = () Aw) = (| Bo) = lim u(By),
n=1 n=1

n=1

where the last equality is due to Theorem 3.13. Therefore wu(A; \
m;ozlAn) = limye p(By) = limy oo (A1 \ Ap) = limye0[u(Ar) — pu(A,)] =
(A =1imy, 00 p(Ay) = (A1) — (N2 Ay). where the last equality is due to
equation (1) at the beginning of the proof. It now follows that u(”, A,) =
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limyseo t(Ay). O

By definition of the measure yu, u(@) = 0. It is natural to ask if there are
sets A € M with A # @ that are of measure zero. As an example, consider the
measure space (X,o(7),u), where X = R, the elements of 7 are generated by
open intervals, and u([a,b]) = b —a. Thus, if a = b, then u([a,a]) =a—a =
0. Furthermore, since [a,b] ={xeR:a<x<b}={a}jU{xeR:a<x<
b} U {b}, it follows that u([a,b]) = u(la,a] + u((a,b)) + u([b,b]) = u((a,b)). A
little more interesting is the fact that u(Q) = 0. Here let Q be labeled by the
natural integers so that Q ={g, € Q: n=1,2,3, ...} and set A, = {g,}. Since
A,NA, =@ whenever n # m we have that u(Q) = u(U;” | Ap) = 2,7 u(A,) =
Yooy M([qn>qn)) = 0.

Since u(Q) = 0, it follows that every countable set is a null set (see Exer-
cise 3.3.2(2). Thus the question may arise as to whether or not there exist sets
that are uncountable and are of measure zero. The next example provides the
answer to this question.

Example 3.11 Recall from Example 2.3 that the Cantor set C was defined
as C =", Cp, where C;y 2C2DC3D --- DC, D --- with each set C,
being defined as the union of 2" closed disjoint intervals, namely C; = [0, %] U
[£,1],C, =10,51U[3,310[8,1U[§, 1] and so on. Thus, u(Cy) = u([0, 1) +
p(2,1) =1 +1 =2 4(Cy) = £ = (3)? and, inductively, u(C,) = (2)". In view
of Theorem 3.14, we now have

~ . . 2\n
p(C) = p(( ) Cw) = lim p(C,) = lim = ()" =0.
nel n—oo n—oo n
According to Theorem 2.35, C is uncountable. This shows that non-countable
sets can be of measure zero.

One connection of measure theory and other mathematical systems is via
functions. For a particular example, suppose that X is a measurable space,
(Y,7) is a topological space, and f: X — Y is a function, then f is called a
measurable function if and only if £~!(U) is a measurable set in X YU € 7.
The proof of the following theorem is an easy consequence of the theorem
described in Exercise 2.2.3(2).

Theorem 3.15 Suppose X and Y are topological spaces and f: X — Y is
continuous. If Z is a measurable space and g : Z — X is measurable, then
h=fog:Z — Y is measurable.
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Exercise 3.3.2(1) provides another connection between lattice theory and
measure theory.

Exercises 3.3.2
1. Prove that M is a complete lattice.
2. Prove properties 2 and 3 of Theorem 3.12.
3. Prove that every countable set is a null set.

4. Prove Theorem 3.15.

3.3.3 Lattices and Probability

Connections between lattice theory and probability theory were already well-
known in the mid-twentieth century [30, 238]. More recent advances can be
found in [145, 146, 147].

The notion of measure theory is of fundamental importance in probability
theory. Explicitly, suppose Q is a nonempty set and (2,5, P) is a measure
space where the measure P satisfies the following conditions:

1. PA)>0VAeF
2. PQ)=1

3. If A;e ¥ Vie NandA;NA; = @ whenever i # j, then P(U;.’;A,-) =
2o P(A).

If these conditions are satisfied, then (Q, %, P) is called a probability space
with sample space Q, event space ¥, and probability measure P. The ele-
ments of F are called events and if A is an event, then P(A) is referred to as
he probability of A.1f a € Q and A = {a}, then A is called an elementary event
or simple event.

Since ¥ is a o-algebra, we have thatif A, Be€ ¥ withANB =@ € ¥, then
P(ANB) = P(@) = 0. It also follows from Theorem 3.12 that

P.If A, B are events with A C B, then P(A) < P(B) and P(B\A) = P(B)— P(A).

The following properties are just as easy to verify.

P,. If Ais an event, then 0 < P(A) < 1 and P(A") = 1 - P(A).
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P3. If A and B are events, then P(AUB) = P(A)+ P(B)— P(ANB) and P(A) =
P(ANB)+P(ANB).

Since ¥ is a lattice with least element @ and largest element Q, P is
simply a special “measure” function of the lattice F to the interval [0, 1].
However, in probability theory there is also the concept of a conditional prob-
ability, which refers to finding the probability of some event B while knowing
that another event A has occurred. Examining this problem leads to the defi-
nition

P(BIA) = % or, equivalently, (3.8)
P(ANB)=P(A)P(B|A) (3.9

According to equation 3.9 the probability that both A and B occur is equal
to the probability that A occurs times the probability that B occurs given that
A has occurred. The expression P(BJ|A) is called the conditional probability
of B given that A occurred. If P(B|A) = P(B), then A and B are called inde-
pendent events. This is equivalent to

P(ANB) = P(A)P(B) (3.10)

Example 3.12 Let Q ={1, 2, 3,4, 5, 6} correspond to the numbers on a die
and the die is tossed twice. Suppose the problem is to find the probability of
obtaining a 4, 5, or 6 on the first toss and a 1, 2, 3, or 4 on the second toss.
Let A denote the event of the first toss and B the event of the second toss.
Assuming a unbiased, the second toss is independent of the first toss so that
P(ANB) = P(A)P(BIA) = PAA)P(B) =2 x 2 = 1.
There are other methods to compute P(A N B). For instance, property P3
is equivalent to
P(ANB)=P(A)+ P(B)—P(AUB) (3.11)

sothat PANB) =3 +2-2=1.

Note that equation 3.11 avoids the multiplication in equation 3.10, making
it more pliable for converting certain probability problems into lattice-based
problems.

Exercises 3.3.3
1. Prove that # is a complete lattice.

2. Verify properties P, and Ps.
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3. Suppose that for i € N, B;is anevent, B;NB; =@ Yi+# j,and |J 2, B; =
Q. Prove that if P(B;) # 0, then P(A) = 32, P(A|B)P(B;).

4. Suppose two cards are drawn from a well-shuffled deck of 52 cards.
What is the probability that they are both kings if the first card is not
replaced?

5. What is the probability in Exercise 3 if the first card is replaced?

6. Suppose that Aj,A»,...,A, are events, A;NA; = @, and U;’zlAi =Q.
Prove that if A is any event, then

P(A)P(AlA)

P(AilA) = = :
=1 P(A)P(AIA))

3.3.4 Fuzzy Lattices and Similarity Measures

Fuzzy lattices are a variant of fuzzy sets. For our purposes we use the defini-
tion provided by D. Klaua and L.A. Zadeh in 1965 [143, 326].

Definition 3.15 If X is a nonempty set, then a fuzzy set is an ordered pair
A={(xpuz(0): xeX),

where p; is a function uz : X — [0, 1] is called the membership function and
15 (x) represents the degree of membership.

Example 3.13 Let X =R and one wants the degree of membership of num-
bers close to zero. Then the membership function C may be satisfactory. Note
that if x =0, then uz(x) = 1.

There exists a plethora of different approaches to fuzzy lattices [4, 130,
253, 254,279, 328], and a sundry more. Many of these actually deal with lat-
tice fuzzy sets often denoted L-fuzzy sets and not directly with fuzzy lattices.
A particular appealing approach proposed by V.G. Kaburlasos [131] is based
on the following simple definition.

Definition 3.16 A fuzzy lattice is a triple (L, <,u), where (L, <) is a complete
lattice and (L X L,) is a fuzzy set with the property that u(x,y) =1 & x < y.

It follows from Definition 3.15 that (L X L, u) = {((x,y),u(x,y)) : (x.y) € LXL}.
In our discussion, we drop the < notation since it is understood that any
lattice L is a partially ordered set. Thus we simply say that if L is a lattice,
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then the pair (L, u), where is a lattice and (L X L, ) is a fuzzy set and u(x,y) =
lex<y.

The following theorem, proven by Kaburlasos, is an immediate conse-
quence of this definition.

Theorem 3.16 If Lis a lattice and o : LX L — [0, 1] is an inclusion measure
on L, then (L,0) is a fuzzy lattice.

The inclusion measure as defined by Kaburlasos is as follows:

Definition 3.17 Suppose L is a complete lattice with least element O and
largest element /. An inclusion measure on L is a mapping o : LX L — [0, 1]
satisfying the following conditions:

Co. 0(x,0)=0,x#0
Ci. ox,x)=1,¥YxelL
Cr. usw = o(x,u) <o(x,w)

C3. xAy<x = o(xy) <l

The usefulness of this definition is that it applies to any lattice. If the lattice
is not complete, simply drop property Co.

There exist many variants of Definition 3.17. The inclusion measure o
and its variants belong to a larger class called similarity measures. As de-
fined in [60], distance measures such as metrics, measure numerically how
unlike or different two data points are, while similarity measures measure
numerically how alike two data points are. In short, a similarity measure is
the antithesis of a distance measure since a higher value indicates a greater
similarity, while for a distance measure a lower value indicates greater simi-
larity. For instance, if d is a metric on X, then m(x,y) = is a similarity
measure on X.

1
1+d(x,y)

The notion of an interval was well-known to mathematicians of ancient
Greece, while multidimensional intervals made their entry with the rise of
Cartesian geometry. Intervals are basic in mathematical analysis as well as
in several chapters of this volume. Their generalization and applications in
lattice theory are due to G. Birkhoff [30] who defines intervals in terms of a
sublattices as follows.
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Definition 3.18 If L is a lattice and a, b € L with a < b, then the set [a,b] CL
defined by [a,b] = {x €L : a < x < b} is called a (closed) interval. A subset
S c L is called a convex sublattice if Ya,beS < [aAnb,aVvb]CS.

The importance of this definition becomes obvious as Birkhoff devotes a
whole section of his book to interval topology. Kaburlasos employed these
generalized intervals in order to define fuzzy interval numbers [131]. A more
in-depth discussion of fuzzy interval analysis can be found in [75]. For our
objectives, we conclude this section with the following observation. Note that
if L is a lattice and [a,b] C L, then [a,b] € 2%. Thus, if I, = {[a,b] : a,b € L}
denotes the set of all intervals of L, then I, ¢ 2". By replacing the notation
for subset, union, and intersection of the elements of I, respectively by

[a,b] < [c,d]:=la,b] C[c,d], la,b]VIc,d]:=]a,b]U][c,d],
and [a,b] A [c,d] :=[a,b]N]c,d],

we see that the poset (/1,<) is a lattice. The lattice (Ir,<) has the following
relationship with L.

Theorem 3.17 IfL is a complete lattice, then I, is a complete lattice.

Exercises 3.3.4
1. Prove Theorem 3.16.
2. Provide three distinct examples of similarity measures on a lattice.

3. Prove Theorem 3.17.



CHAPTER 4

Lattice Algebra

ATTICE algebra refers to the mathematical edifice obtained when combin-
L ing lattice operations with operations of the abstract algebraic systems
discussed in Section 1.2 as well as metrics and other measures. The lattice
algebra obtained in this manner shares many similarities with linear algebra
even though it is very different from it.

4.1 LATTICE SEMIGROUPS AND LATTICE GROUPS

In addition to being a distributive lattice, the set of real numbers is also a
ring, and our early experience in elementary algebra has taught us the useful
properties:

L. X<y = x+z<5y+z
L, 0O0<xand0<y = 0<uxy
L3. 0<z = z(xVy)=zxVvzyandz(xAy) =zxAzy, where x,y,z€R.

These properties exhibit the interplay between the lattice and the group
and semigroup operations of addition and multiplication. The aim of this sec-
tion is to explore such interactions in a more general setting by considering
the algebraic properties of the structure (F, <, o), where (F, <) is a poset and
(F, o) is a semigroup. While many properties can be couched in terms of lat-
tice related concepts, the main purpose of approaching these structures from
a general algebraic viewpoint is to develop an analogy to linear operator the-
ory.

Suppose F is a set with binary operation o and partial order <, and that
the system (F, <, o) satisfies the following property:

Liy. x<y = aoxob<aoyobVa,beF.
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Assuming property L4, we define the following algebraic structures:

1. If (F, o) is a semigroup, then F is a partially ordered semigroup or po-
semigroup.

2. If (F, o) is a group, then F is a partially ordered group or po-group.

3. If (F, o) is a semigroup and (F, V) is a semilattice, then F is a semilattice
semigroup or s€-semigroup.

4. If (F, o) is a group and (F, V) is a semilattice, then F is a semilattice
group or sC-group.

5. If (F, o) is a semigroup and (F, Vv, A) is a lattice, then F is a lattice
semigroup or {-semigroup.

6. If (F, o) is a group and (F, Vv, A) is a lattice, then F is a lattice group or
{-group.

More generally, if (F, o) is an algebraic structure and F is a poset, semi-
lattice, or lattice, then the structure will have the appropriate prefix. For ex-
ample, if (F, o) is a monoid and F is a poset, semilattice, or lattice, then F is
a po-monoid, sC-monoid, or {-monoid, respectively.

It follows from property L4 that in any po-semigroup, po-group, st-
semigroup, sf-group, {-semigroup, and £-group every semigroup and group
translation is order preserving. Obviously, (R, V, A, +) is an {-group since
L; = Ly4. On the other hand, (R, V, A, X) is not an £-semigroup since L4
does not hold for multiplication. However, (R*, V, A, X) is an ¢-group. For
{-semigroups we have the following useful result.

Theorem 4.1 If (F, V, A, o) is a {-semigroup and a, b, x,y € F, then

ao(xVy)ob=(aoxob)V(aoyob) and ao(xAy)ob=(aoxob)A(aoyob).

Proof. If x <y, then it follows from the definition of an ¢-semigroup that
aoxob<aoyob. But this implies that

(aoxob)V(aoyob)=aoyob=ao(xVy)ob

and
(aoxob)A(aoyob)=aoxob=ao(xAy)ob.
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Ify<x,thenaoyob <aoxob.In this case we have
(aoxob)V(aoyob)=aoxob=ao(xVy)ob

and
(aoxob)A(aoyob)=aoyob=ao(xAy)ob.

Therefore, in either of the two possible cases, the conclusion of the theorem
is true. O

The next result is an immediate consequence of Theorem 4.1.

Corollary 4.2 Suppose a, b, x,y € E. If (F, V, o) is an s{-semigroup, then
ao(xVy)ob=(aoxob)V(aoyob).
If (E, A, o) is an s{-semigroup, then

ao(xANy)ob=(aoxob)A(aoyob).

The distributive properties guaranteed by Theorem 4.1 easily generalize
to the following equations for s{-semigroups:

aO(\n/x,')Obz\n/(aoxiOb) and aO(/n\x,')Obz/n\(aoxiOb). “4.1)
i=1

i=1 i=1 i=1

Note that if F is an {-monoid or s€-monoid with identity ¢, then by setting
b = ¢ in equation 4.1, we obtain

n n n n
ao \/xi = \/(aoxi) and ao /\x,- = /\(aox,-). 4.2)
i=1 i=1 i=1 i=1

As a matter of fact, a more general relationship holds [30].

Theorem 4.3 The following equalities hold in any €-group:

AL Awes= Ao Al and VTV eorl =V e s}
i i J

i J
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If the sf-semigroup or s{-group (F,V,o) is also an s{-semigroup or an
st-group (F, A, o) under a semilattice operation A and a semigroup or group
operation o* and satisfies the equation

avVibra)y=an(bVa)=aVa,beF, 4.3)

then we say that F is an s€-semigroup with duality or an s€-group with du-

ality, respectively. If the operations o and o* coincide, then the operation o
is called self-dual. An s€-semigroup or an sf-group with duality and self-
dual semigroup or group operation o is simply an £-semigroup or {-group,
respectively.

It has been shown (Birkhoff [30]) that a partially ordered group cannot
have universal bounds except in the trivial case where F = {0}. Thus, an ¢-
group cannot be a complete lattice (unless it is {0}); that is, each subset U of
F cannot have a lub and glb in F. In particular, the £-group (R, V, A, +), cannot
be a complete lattice. Extending the ¢-group (R, V, A, +) in a mathematically
well-defined manner to include the universal bounds co and —co will mean
that the complete lattice (R., V, A), together with the extended addition, will
degenerate into an £-semigroup since neither element co or —co can have an
inverse under addition. More specifically, extending the addition + by setting

aAa+00=00+qg =00 VCIEROO (44)
a+—00=—-00+g=—00 VaERioo (45)

results in the equation
—00400 =00+ —00 = —00. (4.6)

These equations establish a well-defined additive operation on the lattice R,
with the property that a+0 =0+a = a Va € R... However, we now have the
problem that neither element co or —oo has an additive inverse. Therefore,
R.c is an £-monoid but not an £-group.

The dual of the £-monoid (Riwo, V, A, +) is (Riwo, A, V,+*) with the dual
operation +* defined by

a+ -0 =—-c04+*ag=—-00 VaeR_, 4.7

a+¥oco=00+"a =00 VYaeRie. (4.8)
Accordingly, we have

—00+" 00 =00+" —0c0 =00 (4.9)
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and the dual operations + and +* are identical (self-dual) operations except
on the subset {—o0, 0o} of R.s. Equations 4.6 and 4.9 show that + and +*
introduce an asymmetry between co and —co.

The two s€-monoids (Rie, V, +) and (Rie, A, +*) are coupled by dual-
ity. The function ¢ : Ry — Ric, defined by ¢(r) = r* Vr € Ric, provides
for another way of looking at this dual relationship. Here r* denotes the dual
of r as defined in equation 3.7. It is easy to show that ¢ is a bijection, and that
p(r+s)=@(r)+*¢(s)and, since r < s © —r > —s, (rvs) = o(r) Ap(s). Thus,
¢ is an isomorphism and the two structures (Ric, V, +) and (Rico, A, +¥)
are algebraically equivalent. For these two reasons, it is easy and often con-
venient to combine these two structures into one coherent algebraic system
(Ricos V, A, +, +). The combined algebraic structure is commonly known as
a bounded lattice ordered group or simply a blog. The rationale for this name
is that the underlying set R with the self-dual operation + = +* is a group and
(Rioo, V, A) is a bounded lattice. Also, given any ¢-group (Fic, V, A, 0) and
defining universal bounds co and —co by —co < @ < o0 ¥ a € F, one can extend
F to a blog (Fic, V, A, 0, 0*) by using equations analogous to equations 4.4
through 4.8 for extending the self-dual operation o.

Exercises 4.1

1. Prove that if (FF,0) is a po-group and a,b,c,d € F, then a < b and ¢ <
d=aoc<bod.

2. Prove that if F is a lattice semigroup, then eqn. 4.1 holds.

3. Prove Theorem 4.3.

4.2 MINIMAX ALGEBRA

For the remainder of this chapter we discuss lattice-based algebras from a
viewpoint that differs from the one presented in most current textbooks and
research papers on the subject. Currently, the common approach is reflected
in the preceding section where £-groups, {-semigroups, and sf-semigroups
were defined in terms of groups or semigroups that also happen to be lattices
or semilattices. In fact, the common definition of an £-group, {-ring, s¢-ring,
or a vector lattice assumes that the underlying algebraic structure is a group
(G, o), aring (R, +, X), or vector space V, respectively, that also happen to
be lattices or semilattices. Thus, for example, (R, V, A, +) is an {-group and
(R, Vv, +) an s{-group. The approach taken here is one of analogy of two
algebraic structures having the same number of operations. This approach
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was used by Cunninghame-Green in his treatise on minimax algebra [63].
Central questions that arise using this approach are:

1. In what sense are the operations analogous or similar?
2. What laws, if any, are common to both structures?

3. What practical advantages can be gained by choosing one structure
over another for solving a given problem?

Answers to these questions can be gleaned from Cunninghame-Green’s
contributions as well as this text. L-monoids serve as an excellent introduc-
tory example for illustrating the proposed viewpoint as well as for addressing
some of the above questions. Any £-monoid (F, V, o) with identity ¢ satisfies
the following properties:

XY = xXVzsyVz
L. ¢<xandp<y = ¢<xoy
5 zo(xVy)=(zox)V(zoy)and zo(xAy) =(zox)A(zoy).

With the exception of property L/, these properties are exactly the same
as properties L and L, for the ring (R, +,X) listed at the beginning of Sec-
tion 4.1, with addition (+) being replaced by the binary maximum (V) oper-
ation, and multiplication (X) being replaced by (o). Property L is stronger
than property L3 since the requirement that O < z is not necessary. However,
(F, Vv,0) is not a ring since axiom R; for rings is not satisfied. On the other
hand, an s¢-semigroup (F, Vv, o) is almost a ring since

R/. (F,V) is an abelian semigroup,
R),. (F,o)is a semigroup, and
Ya,b,ceF,ao(bVc)=(aob)V(aoc)and (aVb)oc=(aoc)V(boc).

Note that properties R, and R} are the same as ring axioms R, and R3 with
V replacing + and o replacing X. Only property R} is weaker than ring ax-
iom R;. But since (F, V) is an abelian semigroup, (F, V, o) is a semiring. We
distinguish between the two semirings (F, V, o) and (F, A, o) by using term
max-semiring for the former and min-semiring for the latter. The combined
dual structure (F, V, A, o), where o is selfdual, is called a minimax-semiring.

We need to sound a note of caution in regards to terminology. We already
noted that lattice-based semirings are also known as semilattice ordered semi-
groups or st-semigroups and lattice ordered semigroups or {-semigroups.
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Cunninghame-Green calls these semirings belts as the word “belt” is in cer-
tain situations synonymous with the word “ring” [63]. We prefer the name
“semiring” since problems arising in certain lattice algebras will then assume
the flavor of problems in linear algebra. Furthermore, the term semiring is
accepted standard terminology in the mathematical community and, in par-
ticular, among algebraists. Thus, unless stated otherwise or it is clear from
the discussion, we use the term semiring when we refer to any of the three
lattice-based semirings defined above.

In analogy with our discussion on rings (Subsection 1.2.3), we note
that the max-semiring (R_e, V, +) (or its dual (Re, A, +¥)) possesses sev-
eral additional properties that are not necessarily properties enjoyed by max-
semirings or rings in general. Among these properties are:

Pl

|- The existence of an identity element for the operation o = +, called the

unit element, which in this case is 0.
P),. The commutativity of the operation o = +.

(R_s, V) is a monoid with identity —oo, called the null element of the
semiring.

P),. For every non-null element a € R_, there is an inverse, namely —a in
R_ suchthata+—-a=—-a+a=0.

If @ # —co, then \/1.2:1 a=aVa=a+ —oo. By associativity of the operation
v, it follows that \/_ | a = a # —co for any positive integer n. Thus, any max-
semiring is a semiring with characteristic zero. Similarly, any min-semiring
is a semiring with characteristic zero. Therefore, the special ring property P3
is not a special semiring property for min- or max-semirings. For this reason
it was not listed among the special semiring properties. The ring (R, +, X)
possesses properties Py through P4. Note that for i # 3, properties P; and
P; are algebraically the same. This means that various theorems relying on
these properties hold for both structures, (R, +,x) and (R_, V, +) (or its dual
(Reo, A, +7)). Table 4.1 compares some basic properties common to the ring
(R, +,X) and the semiring (R_, V,+).

Thus, the unit for (R, +, X) is 1, while the unit for (R_,, V, +) is 0. The
null element for (R, +, X) is 0, while the null element for (R_,, V, +) is —oo.
Although the unit and null elements are completely different in the two struc-
tures, they reflect the same properties common to these special rings and
semirings. It is, therefore, not surprising that various other laws and theo-
rems in linear algebra have analogies in minimax algebra.

As before, the special properties lead to some further definitions.
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TABLE 4.1 Properties common to a ring and semiring.

(R, +,X) (R_wo, V,+)
ax0=0xa=0 a+—00=—00+qg=—00
a+0=0+a=a aVv—oo=—-ocoVa=a
IXxa=ax1=a O+a=a+0=a

axX((b+c)=(axb)+(axc) a+bVvcec)y=(@a+b)V(a+c)

Definition 4.1 A semiring satisfying P/ is called a semiring with unity. If
a semiring satisfies P/, it is called a commutative or abelian semiring. If it
satisfies P%, then it is called a semiring with a null element. If it satisfies P, it
is called a division semiring. If it is an abelian semiring as well as a division
semiring, then it is called a semifield.

A max-semifield is a max-semiring which is also a semifield, and a min-
semiring that is a semifield is called a min-semifield. If (F, v, o) is a max-
semifield with dual (F, A, o) a min-semifield, then the combined lattice struc-
ture (F, V, A, o) is called a minimax-semifield. If F., is a bounded lattice with
extended dual operations o and o* as described in Section 4.1, where o and o*
are asymmetric on {oo, —oo}, then the combined structure (F., V, A, 0, 0) is
a bounded minimax-semifield whenever (F_, V, o) and (F, A, 0*) are semi-
fields. Standard examples of max-semifields are (R, V, +) and (R_., V, +).
Their duals (R, A, +) and (R, A, +) are min-semifields, while (R, V, A, +) is
a minimax-semifield and the blog (Ric, V, A, +,+%) is a bounded minimax-
semifield.

Examples of min-, max-, and minimax-semifields involving multiplica-
tion instead of addition are ((0, 0], A, X), ([0,00),V, X), and (R*, V, A, X),
respectively. The structures ((0,o0], A, X) and ([0, o), V, X) are duals and can
be combined to form the bounded minimax-semifield ([0, 0], V, A, X, X¥),
where the two multiplicative operations X and x* differ only on the set
{0,00}. Specifically, axb =ax*b Va,b € [0,0), and aX oo = aX* 0o =
oo VYa € (0,00]. Asymmetry occurs on the set {0,c0}, where we define
0xo0o=0c0x0=0and 0Xx* oo =o00x*0=c0. The dual or conjugate of r € [0, o]
is defined as

1/r ifreR*
r* = 0 ifr= oo, (410)
oo ifr=0

and the duality isomorphism is the function ¢ : [0,00) — (0, c0] defined by
o(ry=r*.
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The function ¢ : [—c0,00) — [0, 0), defined by

¥ ifx#—-o0

w(x):{ 0 ifx=—co (4.11)

has the property that ¥(x +y) = ¥(x) X ¥(y). For x # —co # y, this claim is a
consequence of Example 1.11. In this case we also have y(xVy) = e"Y =
e* Vel =y(x)Vi(y). If one of x or y equals —co, say x = —oo # y, then

Y(x+y) =Y(—co+y) =(—c0) =0 =0Xy(y) = ¢¥(x) X ¥(y) and
Y(xVy) =g(=coVy) =y(y) =€’ =0Ve =y(x) Vi(y).

If x = —co =y, then
Y(x+y) = (=00 +—00) = th(—00) =0 =0%x0 = y(x) Xy(y) and
Y(xVy) = (=00 V—00) =h(—00) =0 =0V 0 =y(x)Vi(y).

Hence, ¢ is a homomorphism. It easily follows from Example 1.11 that ¢ is
a bijection with inverse defined by

1, _ ) In(x) ifx>0
¥ (x)—{ Ceo ifx=o0. (4.12)

Therefore, ([—c0,0), V,+) and ([0, 0), V, X) are isomorphic. This proves the
following isomorphism theorem.

Theorem 4.4 (Reo, A, +) ~ (R_co, V, +) ~ ([0, 0), V, X) % ((0, 0], A, X).

The first and last isomorphisms in the theorem follow from the two duality
isomorphisms, each mapping r — r*, where the respective duals are given
by equations 3.7 and 4.10.

Extending the function ¢ : R_,, — [0,00), defined in equation 4.11, to
V¥ Riew — [0,00] by setting

et ifxeR
Y(x) =4 oo if x=oo, (4.13)
0 ifx=-c0
results again in an isomorphism. It is a simple bookkeeping task to check that
Lo g(x+y) = () xp(y) and Y(x+"y) = ¢(x) X" ().
2. Y(xVy) = (x) Vi (y) and Y(x Ay) = (x) Ap(y).
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3. ¢ is a bijection with inverse given by

In(x) if xeR*
lﬁ_l(x):{ o if x=oo. (4.14)

—oo ifx=0
This provides a proof for the next isomorphism theorem.

Theorem 4.5 (R.w, V, A, +, +%) = ([0, 0], V, A, X, X¥).

The importance of Theorem 4.4 and Theorem 4.5 lies in the fact that
if one does not want to deal with negative numbers one can choose the
structure ([0, o), V, X) (or ([0, co]V, A, X, X*)) instead of (R_, V, +) (or
Rico, V, A, +,+%)) and obtain the same results since these two structures
are algebraically the same. Computationally, however, addition is faster than
multiplication. Thus, one may prefer to use V and + instead of Vv and X. To
the neurobiologist, on the other hand, dealing with negative synaptic weights
may be bothersome.

The ring (RX, +, x) provided an example of a non-numeric ring which
was not a division ring and, hence, not a field (Example 1.11). Addition and
multiplication on R¥ were defined in terms of addition and multiplication
of the field R. By using a max-, min-, or minimax-semifield F instead, it is
possible to define a lattice semiring structure on FX as well.

Example 4.1 Consider the max-semifield (R, v, +) and let f, g, h € RX be
arbitrary real valued functions on X. The function (f V g) is defined by (f Vv
g)(x) = f(x) vV g(x) Vx € X (see also Examples 1.7 and 3.7(7)). Using this
definition, it is trivial to show that

fvg=gVvf and fV(gVh)=(fVgVh

Therefore, (RX, V) is an abelian semigroup. Also, from Example 1.11 we
know that (RX, +) is an abelian group. Commutativity of addition of real
numbers and Corollary 4.2 applied to the max-semiring (R, V, +) imply that

[f +(gVMIx) = f(x)+(gVI(x) = f(x)+(g(x)Vh(x))
= (f(0)+gx) V (f(0) +h(x)) = (g(x) + f(x) V (h(x) + f(x))
= (g Vh())+ f(x) =@ V() + f(x) =gV h)+ flx).
This shows that f+(gVh)=(f+g)V(f+h)and (gVh)+f=(g+f)V(h+f).

Thus, property R/ is satisfied. It follows that (RX, v, +) is a commutative
division semiring and, hence, a max-semifield.
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This example shows that a disadvantage of (RX, v, +) versus (R, +, X)
is that (RX, V) is an abelian semigroup while (R, +) is an abelian group. On
the other hand, however, is the advantage that (RX, v, +) satisfies property Py
while (R, +, x) does not.

It is an easy exercise to show that the function ¢ : RX — RX de-
fined by ¢(f) = —f is an isomorphism. For instance, since f(x) < g(x) &
—f(x) 2 —g(x), we have p(f VvV g) = —(fVg) = —fA-g=px)Ap(g). Thus,
(RX ,V,+H) = (RX , A\, +) and, hence, (RX , A\, +) is also a commutative division
semiring.

As can be ascertained from the deliberation of this section, minimax-
semifields are closely linked to the concept of duality. It is the existence of
inverses with respect to the operation o that provide for duality isomorphisms.
In order to realize such isomorphisms we need to establish a few simple facts
related to inverses. In the following we let —a denote the inverse of a with
respect to the operation o.

Theorem 4.6 Suppose (F, V, A, o) is a minimax-semifield with unit 0 and
partial order <. The following relationships hold for all x,y € F:

1. 0sx & —xx0,
2. XXy & -y<—Xx, and

3. x<y = ao(-y)ob<ao(-x)ob Va,beF.

Proof. (1) Suppose 0 < x. Then —x =00 —x <xo—x=0. Conversely, if —-x<0,
then0=xo-x<x00=ux.

(2) Suppose x <y. Then 0 = xo —x < yo—x. Thus, by part (/), —yox =
—(yo—x)<0and, hence, —y=—yo0=—-yo(xo—x)=—(yo—x)o—x<0o—x=
—x. The equation —y o x = —(y o —x) follows from the uniqueness of inverses.
To prove the converse, suppose that —y < —x. Then xo—y < xo—x =0. Again,
by part (/.), 0 < —xoy. Therefore, x = xo0 < —xo(—xoy) =(xo—x)oy=00y=
y.

Claim (3) is an easy consequence of (2) and left as an exercise. O

Consider the function ¢ : F — F defined by ¢(x) = —x. If x <y, then
e(xVy)=—(xVy) =-yand ¢(x) A ¢(y) = —x A —y = —y since by Theorem
4.6 we have —y < —x. Likewise, if y < x, then ¢(x Vy) = —x and ¢(x) A p(y) =
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—x. Therefore, ¢(x Vy) = ¢(x) A ¢(y). Similarly, ¢(x Ay) = ¢(x) V ¢(y). This
verifies the equations:
—(avb)=—-aNn-b and —(aAb)=-aV-b (4.15)
aVb=—(—an-b) and aAb=-(—aV-b) (4.16)
These equations signify that the function y¥(x) = ao(—x)o b is a dual iso-
morphism for any fixed pair a, b € F. Thus, in any minimax-semifield the
following identities hold:
ao—(xVy)ob=(ao—xob)A(ao—yob) “4.17)
ao—(xAy)ob=(ao—xob)V(ao—yob). (4.18)

In analogy with equations 4.1 and 4.2, this easily generalizes to

n

ao(—\n/x,')obz /n\(ao—xiob) ; ao(—/\xi)ob: \n/(ao_xiob)’ (4.19)
i=1 i=1 ‘

i=1 i=1
and, hence,
n n n n
ao(- \/ X;) = /\(a o—x;) and ao(- /\ X)) = \/(a o-x;). (4.20)
i=1 i=1 i=1 i=1
Exercises 4.2
1. Prove claim 3 of Theorem 4.6.

2. Prove that equation 4.19 holds V7n € N.

3. Verify that (RX, v, +) ~ (RX, A, +) by proving that the function ¢ : RX —
RX defined by ¢(f) = —f is an isomorphism.

4.2.1 Valuations, Metrics, and Measures

There are various functions that map lattices to R or other lattice groups.
Among these the most important one is probably the valuation function which
is defined as follows.

Definition 4.2 Suppose (F,o) is a £-Abelian group. A valuation on a lattice
L is a function v : L — F that satisfies

v(x)ov(y)=v(xVy)ov(xAy) Vx,yelL.

A valuation is said to be isotone if and only if x <y = v(x) < v(y), and
positive if and only if x <y = v(x) < v(y).
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For our goal we assume that the Abelian £-group is (R, +) so that the defining
valuation equation corresponds to

v(x)+v(@y)=v(xVy)+v(xAy) Vx,yelL. “4.21)

It is interesting to note that equation 4.21 is equivalent to v(x Ay) = v(x) +
v(y) —v(x Vv y) with the latter equation having the same form as equation 3.11.

Example 4.2

1. Let X be a nonempty finite set and L = 2X be partially ordered by x <
y © xCy,and define xVy := xUyand xAy := xNy.Letv: L >R
be defined by v(x) = card(x). Since card(xUy) = card(x) + card(y) —
card(xNy), it follows that v(x) +v(y) = v(x Vy) +v(x Ay). If x is a strict
subset of y, then card(x) < card(y). This implies that v is a positive and
isotone valuation on L.

2. Consider the lattice (R", v, A). The function v : R" — R given by v(x) =
2., ¢iX; is a valuation. This valuation is positive if and only if ¢; is
positive fori =1,..., n.

3. Let L={a, b, c, d, e} be the lattice derived from the poset of Example
3.5. Define a valuation v: L = R by v(a) =0, v(d) = 1, and v(x) = % for
x €{b.c, e}. Then v is an isotone valuation, but v is not positive.

4. If L is a modular lattice of finite length, then it follows from Theorem
3.6 that the height function A(x) is a positive valuation.

Theorem 4.7 If L is a lattice and v is an isotone valuation on L, then the
function d : LX L — R defined by

d(x,y) =v(xVy)—v(xAy) 4.22)
satisfies
1. d(x,y) >0 and d(x,x) =0,
2. d(x,y) =d(y,x),
3. d(x,y) <d(x,2)+d(z,y),

4. d(x,y)>d(aV x,aVy)+danx,aly), VY x,y,z,a€L.
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The proof of this theorem is straightforward and left as an exercise.

The valuation v defined in Example 4.2(3) is an isotone valuation. How-
ever, d(a,b) = v(aV b)—v(a Ab) = v(b) —v(a) = 0. Since a # b, d is not a
metric, but just a pseudo-metric. Note that in this case we have aVb > a A b,
but v(a Vv b) # v(a A b). In fact, the condition

XVy>xAy © v(xVy) >v(xAy) (4.23)

is equivalent to d(x,y) =0 & x =y. This equivalence yields the following
corollary of Theorem 4.7:

Corollary 4.8 Suppose L is a lattice and v is an isotone valuation on L. The
Sfunction d(x,y) = v(xVy)—v(x Ay) is a metric on L if and only if the valuation
Vv is positive.

Consequently, the function d(x,y) = v(x Vy) —v(x Ay) is a metric for the val-
uation given in Example 4.2(1) as well as for the valuation in Example 4.2(2)
as long as ¢; > 0.

The metric d defined on a lattice L in terms of an isotone positive val-
uation is called a lattice metric or simply an {-metric, and the pair (L, d) is
called a metric lattice or a metric lattice space. The importance of {-metrics
is due to the fact that they can be computed using only the operations of Vv, A,
and +. Because of this, they require far less computational time than any £,
metric whenever 1 < p < co. As will be shown in subsequent chapters, they
are easily implemented and partially computed within the dendritic structure
of an artificial neuron.

Just as different £, norms give rise to different £, metrics on R”, different
positive valuations on a lattice will yield different £-metrics. For instance, if
L =R", then the two positive valuations vi(x) = >.7 | x; and ve.(X) = /'L, x;
define two different {-metrics on L. In particular, we have

Theorem 4.9
1. di(x,y) =vi(XVy)—Vi(XAY),

2. deo(X,¥) = Veo(XVY) = Voo (X AY).

Proof. Considering equations 4.15 through 4.18 establishes the following
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equalities:
VIV Y) = VI(XAY) = D (V)= D Ay = ) T06 V) = (6 Ay
i=1 i=1 i=1
= D [ Vy) =%l VI V) -yl
i=1

= Z [ = x) V i—x)]V [(xi=y) V (i —yi)]
i=1

Gi=X)V (xi=y) = ) =yl = di(x,y).

n n
i=1 i=1

1

Replacing the sum ) by the maximum operation \/ and using an analogous
argument will prove part 2 of the theorem. O

The importance of Theorem 4.9 is that the ¢; and £, metrics can be com-
puted using only the operations of V, A, and +. Because of this, they require
far less computational time than any £, metric whenever 1 < p < co. As will
be shown in subsequent chapters, they can also be easily implemented and
partially computed within the dendritic structure of an artificial neuron.

Another metric that is computable using only addition and the operations
of max and min is the Hausdorff metric. The Hausdorff distance, named after
Felix Hausdorff who introduced this distance in 1914 [110], measures the
distance between two nonempty subsets of a metric space. More specifically,
given a metric space (M, d) and two nonempty subsets X and Y of M, define

dx,Y)=inf{d(x,y): yeY} and d(X,Y)=sup{d(x,Y): xe X} (4.24)

Equation 4.24 extends the metric d between points of M to a distance function
between nonempty subsets of M. The Hausdor{f distance, denoted by dy,
between nonempty subsets is now defined as

dp(X,Y)=d(X,Y)vd(Y,X) (4.25)

Since the existence of inf or sup is not guaranteed, equation 4.25 does not
represent a metric. However, if & ¢ 2¥ represents the set of all nonempty
compact subsets of M, then dy; is a metric on & and (R, dy) is a metric space.

By choosing d = d; or d = d as a metric on R”, then dy is a metric on
& c 2% whose computation involves only the operations V, A, and +.
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We conclude this section with a closer look at the lattice structure on
which £-metrics can be defined. Observe that the lattice L in Example 4.2(3)
is not modular. The ¢-metric determining a metric lattice space forces modu-
larity on the underlying lattice structure. Specifically, we have the following

Theorem 4.10 A metric lattice space is modular.

Proof. Let (L, d) be a metric lattice space. We must show that if x < z, then
xV(yAz)=((xVy) Az, where x,y,z,€ L.
Assuming that x < z,

0=v(y)—v(y) =[OV x)+v(yAx)—v(x)]-v(y)
= [y V) +vyAx)=v()] = [y V) +v(yAz)—v(2)]
= [v(@) = v(zVy) = vz AP+ [(xVy) +v(x Ay) = v(x)]
=v(xVY)AZ)—v(xV (Y A2)).

Therefore,
v(xV(yAZ)=v((xVYy)AZ). (4.26)

By Theorem 3.5(2) (modularity), x<z = xV(yAz) <(xVy)Az. Thatvis
positive follows from Corollary 4.8. This makes the relation xV (yAz) < (xV
y) A z impossible because of equation 4.26. Therefore, xV(yAz) = (xVy) Az
O

Valuations and metrics derived from valuations give rise to some interest-
ing as well as useful measures. For instance, if v: L — R, then the function
o(x,u) = b(v)gc)u) is a similarity measure and also an inclusion measure since
it satisfied the four conditions of Definition 3.17. For metric spaces it is of-
ten desirable as well as easy to define similarity measures that are partially

dependent on the metric.

Definition 4.3 Suppose (X,d) is a metric space and x,y,z € X. A mapping
S : X x X — [0, 1] satisfying the following conditions:

S1. S(,x)=1,Vxe X
So. S(x,2)<1,¥Vx#z
§3. d(x,y) <d(z,y) = S(z,y) <S(x,y)

is a similarity measure dependent on d.
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Example 4.3 Let (X,d) be the metric lattice space (R",d;). Then the map S

defined by

1
Sx,y) = ———— 4.27
¥ =y i+ 1 27

is a similarity measure dependent on d;.

We conclude this section with another similarity measure based on valu-
ations.

Definition 4.4 Suppose L be a lattice with infL = O € L and x,y € L. Define
a similarity measure S : LX L — [0, 1] as a mapping satisfying the following
conditions:

Si. S(x,0)=0,Vx+0
So. S(x,x)=1,VYxelL

S3. S(xy)<1,Vx#y

The map S defined by

S(ry)= ) 5 YOAD) (4.28)

vivx) o v(y)

is a similarity measure satisfying Definition 4.4.

Exercises 4.2.1
1. Prove Theorem 4.7.

2. Prove that if L is a metric distributive lattice, then d(x,y) + d(y,z) =
dx,2) ©ye{xAz,xVz}.

3. Suppose L is complete lattice and v is an isotone valuation on L. Define
three distinct similarity measure S : LX L — [0,1] .

4.3 MINIMAX MATRIX THEORY

This section extends lattice-based semiring operations to matrices. These ex-
tensions are analogous to matrix operations based on a field F as given in
Example 1.8 and Theorem 1.9.

Let (F, Vv, A, o) be a minimax-semiring and M,,,(F) the set of all mxn
matrices with values in the set F. Suppose A = (a;;) and B = (b;;) are elements
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of M,,,(F). The max-sum of A and B, denoted by A V B, is the matrix C =
(¢ij) € Myn(F) defined by

AVB:(aij)V(b,'j) Z(a,'ijij)Z(C,'j)ZC. 4.29)

Thatis, ¢;j=a;jVvb;jfori=1,...,mand j=1,..., n. Similarly, the min-sum
of A and B, denoted by A A B, is the matrix C = (¢;;) defined by

A/\B=(al~j)/\(b,-j)=(a,-j/\b,-j)=(c,-j)=C. (4.30)

The notion of multiplication of a real valued matrix by a scalar also ap-
plies to semirings. Thus, if @ € F and A € M,,,(F), then

@oA =ao(a;) = (aoa;)). (4.31)

Since vectors are one-dimensional matrices of form v € My, (F) or
w € M, (F), the operations defined by equations 4.21 through 4.23 apply to
vectors as well. Specifically, if v = (vq,. ..,vn)/, w=(wi,... ,wn)', and @ € F,
then
VVW=)Vw)=iVw), VAW=()AW)=(viAw;)
and aov=ao(v;)=(axov;), 4.32)

where (v;) = (v1;) = v. The following theorem provides some useful rules for
doing matrix arithmetic based on the minimax-semiring F:

Theorem 4.11 The following statements are valid for any scalars a,3 € F
and matrices A,B,C € M,,,,(F).

1. AvB=BVAand ANB=BAA.

2. AV(BVC)=(AVB)VCand AN(BAC) = (AAB)A(AAC).

“

(@oB)oA=ao(BoA).

4. (@VB)oA=(aoA)V(BoA).
5. (@AB)oA = (aoA)A(BoA).
6. ao(AVB)=(aoA)V (xoB).
7. o (AAB)=(aocA)A(aoB).

If, in addition, F is a distributive lattice, then we also have
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8 AV(BAC)=(AVB)A(AVC)and AN(BVC)=(AAB)V(AAC).

Proof. We will prove only two of the rules and leave the remaining for the
reader to verify.
1. Since (F, V) and (F, A) are abelian semigroups, we have that

AV B =(aij)V (bij) = (aijV bij) = (bij V aij) = (bij) V (aij) = BV A.
AAB = (aij) N(bij) = (aij Abij) = (bij Aaij) = (bij) A(aij) = BAA.
4. Here we need to use property P.
(@VB)oA=(aVp)o(aij)=((@VP)oaj)=((@oa)V(Boai)
=(@oa;j)V(Boaij) =(ao(aij)V(Bol(ai))
=(@oA)V(BoA).

The proof of rule (5) is identical with A replacing V. O

Rules (7), (2), and (7) can be summarized as follows:

Corollary 4.12 If (F, v, A) is a lattice, then (M,,,,(F),V, A) is also a lattice.
Furthermore, if F is a distributive lattice, then so is M,,(F).

Thus far we have not used the fact that IF is a minimax-semiring. To obtain
a matrix product we need to take the ring operation o into account. If A €
M,,,(F) and B € M ,,(F), then the max-product of A and B, denoted by AMB,
is the matrix C € M,,,,(F) defined by

P
ANMB = (\/(aik obyj)) = (cij) =C. (4.33)
k=1

That is, ¢;j = \/_ (agobyj) fori=1,...,mand j=1,...,n.
The min-product of A and B, denoted by AAIB, is the matrix C defined
by

P
AB = (/\(aik obyj)) = (cij) =C. (4.34)
k=1

It is obvious that the max-product (or min-product) formulation mirrors the
formulation of the usual matrix product ¢;; = Zizl(aik -byj), with ) being
replaced by \/ (or /) and multiplication by the operation o. The two matrix
products [Al and V] are collectively called minimax matrix products.
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Example 4.4

1. Consider the minimax-semifield (R, V, A,+) and suppose A, B €
M7 (R) are given by

1 2 4 -1
A—(_2 3) and B—(3 2).

5 4 ) 5 6
Then AMB—(6 5), while B[Y]A—(4 5).

Similarly, we have

5 0

-3 2
2 -3 '

A[Z]B:( ) and B[E]A:( 05

2. Using the minimax-semiring (R*, V, A, X) and the matrices

1 2 4 1 .
A:(2 3) and B:(3 2) instead

6 4 ) 4 8
then AMB—(9 6)’ while BMA—(4 6)’

4 1 2 3
A[NB—(8 2), and BIZ]A—(?) 6)'

The example shows that neither product, V] or [Al, is commutative. How-
ever, several other important properties of these products do hold.

Theorem 4.13 If (F,V,A,0) is a minimax-semifield, A,B,C € M,,(F), and
«a €F, then

1. AM(BMC) = (AMB)MC,
2. AM(BVC)=(ANMB)V (AMC),
3. (AVvB)MC =(AMC)V (BMC),

4. AN(BAIC) = (AAB)AIC,
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5. AN(BAC) = (AAB) A(ARAIC),
6. (AANB)AC = (ARC) A (BRAIC),
7. @o(AMB) = (@ocA)MB = ANl(a o B), and

8. ao(AAIB) =(acA)IAB=AR(axoB).

Proof. We only prove equations (1), (2), and (7), and leave the proofs of
the remaining equalities as exercises since they are similar to the proofs pre-
sented.

1.Let M =BVIC,D=ANIM, N =ANVB, E=NNC, and r,s € J,. Then

drs = \/(ark O Mys) = \/ ((ark © \/(bk] OC]Y))
k=1

n

:\/ \/(arko(bk]oC]S‘)) \n/ \/((arkobk])ocjv))
k=1 j=1 k=1 j=

= \/ ( \/ ((a’k Obkj) °© CJ'S)) \/(nrj © cjs) = €rs,
j=1 k=1 Jj=1

where the first two equalities follow from the symbol and product definitions,
the third from Theorem 4.3, the fourth equality from associativity of the oper-
ation o, the fifth follows from Corollary 3.4, and the sixth and seventh equal-
ities from the symbol and product definition. This proves that D = E and,
hence, equation (/.).

2.letM=BVvC,D=ANM,N =ANMB, G=ANC, and E = NVG. Thus,
we must show that D = E.

n

drs = \/(ark O Mikg) = \/ ((ark © (bks \ Cks))
k=1 k=1

= \/ ((ark obis) V(amk o Cks)) \/(ark o bks) \/(ark © Ckv)
k=1

=NysV &grs = €rs.

Note that in order to establish the third equality in the proof of (2.) we need
the distributive semiring law RY,.
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7. Let C = ANMB. Then

@oC =(aocij) = (o \/(aik obyj)) = (\/(af o (aj o by;)))
k=1 k=1

= (\/((CY oajr)obyj)) = (@0 A)MB.

k=1

Since F is an abelian semiring,
(\/(@oaw)obi) = (\/(@ixo(@oby) = AM(a0 B). O
k=1 k=1

The following is a direct consequence of Theorem 4.11 and Theorem
4.13:

Corollary 4.14 If F is a max-semifield, then (M,,(F),Vv, ™M) is a max-
semiring. If F is a min-semifield, then (M,,,(F), A, [N) is a min-semiring.

Properties /. through 8. of Theorem 4.13 are stated in terms of square
matrices. This requirement is not necessary as the theorem easily extends to
non-square matrices as long the dimensions satisfy equations 4.29 through
4.34. However, since minimax matrix products are not commutative binary
operations, neither the max-semiring M,,,(F) nor the min-semiring M,,,,(F)
can be semifields. Nevertheless, if F is a minimax-semifield with dual-
ity, then it follows from Theorems 4.11 and 4.13 and their corollaries that
M,,(BF), v, M) and (M,,(F), A, [Al) can be combined into the minimax-
semiring (M,,,(F), vV, A, M, [A). In this setting the properties of mixed matrix
multiplications using  and [Al become an object of interest. In this connec-
tion, the following theorem is of fundamental importance.

Theorem 4.15 If F is a minimax-semifield and A, B, C are matrices of di-
mension m X p, pXn, and n X q, respectively, with values in F, then the

AMI(BAIC) K (AMB)AIC and (AANB)NMC < AIA(BMC)
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Proof. Let E = (¢;;) = BIAIC and D = (d;;) = ANMB. We shall show that AME <
DIAIC which will prove the first inequality.

P n
ANE = <V<alk o)) = (V(a,k o A(bkf ey =(\/ \@ixobicoce))
k=1 t=1 k=1 (=1
= (\/ /\(aik obgrocej)) < (/\ \/(aik obyrocyej))
k=1 (=1 =1 k=1
= ( A(V(ak o bg))ocej) = ( A(dgocf,» = DIAC,

t=1 k=1

The inequality follows from equation 3.5 by setting xzs = ajx © by o c¢j. The
remaining equalities are a consequence of the definitions of the max and min
matrix products and equations 4.1 and 4.2. The proof of the second inequality
relationship is analogous. O

The notion of conjugacy in dual lattices extends to matrices if F is a
semiring with duality. In this case, the conjugate of a matrix A = (a; ,) is the
matrix A* = (a} ) where a - is the conjugate of aj; defined by a —aj; if
the additive notatlon is used for the binary operation o and a” aj 1 if the
multiplicative notation is used for o. The respective null elements (if they
exist) are defined as in equations 3.7 and 4.10.

The transpose of a matrix A = (a;;) € M,,(F), denoted by A’, is the same
as defined in linear algebra, namely A’ = (agj), where agj = aj;. It follows di-
rectly from the definition of A’ that A* = —A’. Other fundamental properties
of the conjugate and transpose are given by the next two theorems.

Theorem 4.16 Let A,B € M,,,,(F) and « € F.
1. (A =Aand (A’ = A
2. (@cA)" =aoA* and (@0 A) =aocA’
3. (AVB)*=A*AB*and (AVB)Y =A’V B

4. (ANB) =A*VB* and (AANBY =A'V B’



Lattice Algebra ® 133

Proof. The proofs of / and 2 are trivial. To prove 3, let C = AV B. Then
(AVB)" =(aij Vb)) = (cij)" = (cj)) = —(cji) = —(a;i V bji)
= (—Clﬁ A —bj,') = (a;kj A b;k]) = (Clij)sF A (b:}) =A"AB".

The proof of 4 is analogous. O

If A = (a;;) € M,,(F), then the diagonal of A is denoted by diag(A) and
defined as diag(A) = (ai1,a22,...,an,). Supposing that F is a semiring with
unit 0, A an m X n matrix with entries in F, B=AMA" and C = AAJA*, then
diag(B) = 0 = diag(C), where 0 = (0,0,...,0). This is an immediate conse-
quence of the conjugation process since

bii = \/(aik oay) = \/(aik —ay)=0= /\(aik —aj) = /\(aik oay.) = Ciis
k=1 k=1 k=1 k=1
(4.35)

for i = 1,...,n. Obviously, the same is true for the diagonals of A*VIA and
A*ANA.

Theorem 4.17 Suppose F is a semifield with duality. If A and B are matrices
with entries from F and dimension m X p and p X n, respectively, then the
following properties hold:

1. ANB = (B*VMA*)* and AMB = (B*[NA*)*
2. (AVA")AB < B < (A*RA)VB and BR(AMA®) < B < BM(A*WA)
3. (AMA")NA = A = (AWA")VIA and AN(A*MA) = A = ANI(A*[WA)

Proof. /. Let C = B*NA*. Then ¢;; = \/}_, (b o ay ;) and
p p
(B'MAT) = C* = (}) = (=¢j) = (= \/ B 0ai) = (= \/ (=byjo (=aw))
k=1 k=1

p
—(aik o b)) = (/\(a,-k obyj)) = ARB.
k=1

P

=(-
k=1

The proof of the second property of (/) is analogous.

2. Let D = AMA*. Using the fact that d;; = 0 we now have

p
DRB = ( /\ (dix o bi)) < (diio bij) = B,
k=1
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Thus, (AMA*)AIB < B. Similarly, for C = A*[AJA we have

P
B = (b;j) = (ciio bij) < (\/ (cix 0 i) = CWIB.
k=1
This proves property 2.
3. Observe that
A<AM(A"NA) < (AMA")NA <A,

where the first inequality is a consequence of the second equation of (2) by
setting A = B, the second inequality follows from Theorem 4.15, while the
third inequality is a consequence of the first equation of (2). Since A = A,
the three inequalities become equalities. The second equation of (3) can be
derived in a likewise fashion. O

The two relations (c;; o bij) < (\/{_, (cik o byj)) and (A}_, (dix 0 byj)) < (djj 0
b;j) appearing in the proof of Theorem 4.17(2.) are closely related to the
concepts of diagonally max dominant and diagonally min dominant square
matrices.

Definition 4.5 If A € M,,,(F) where F is a semifield with duality, then A is
said to be diagonally max dominant if and only if

n
\/(@oa) < (@ioa) Vi jell,....n).
k=1

Similarly, A is said to be diagonally min dominant if and only if

n
(aiioafj) < /\(a,-koazj) Vi, jefl,...,n}.
k=1

Thus, if A is diagonally max dominant and F = R with o = +, then
aj—aj; = \/,’z:l(al-k —aj) Vi, je{l,...,n}. If Ais diagonally min dominant,
thena;i—aj; = /\le(a,-k —aji)¥i, je{l, ..., n}. The importance of these diag-
onally dominant matrices will become apparent in lattice vector space theory.

If F is a max-semiring with unit ¢ and null element —co, then there exists
an identity (unit) matrix I € M,,,(F) and a null matrix O € M,,,(F) given by

[0} —00 e+ —00 —00
1=l cc o p fado=| i 1| @36)
—00 —0 ¢ —00 —0 —0
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The following equations are trivial consequences of the definition of / and O:

IVMA = AMI = A,
AVO=0VA=A, 4.37)
ANMO = OMA = 0.

These equations verify the next theorem.

Theorem 4.18 IfF is a max-semiring with unity and null element, then so is
M, (F). Similarly, if F is a min-semiring with unity and null element, then so
is My, (F).

In particular, if co denotes the unit and ¢ the null element of (F, A, o),
then simply replace all —co entries in equation 4.36 with oo in order to obtain
the identity and null matrices for (M,,(F), A, [Al). Next, replace ¥ and V in
equation 4.37 with [Al and A, respectively. This proves the second claim of
Theorem 4.18. If F is a semifield with dual structure F*, then they become
isomorphic structures. For example, if F = R_,, and F* = R, then the fol-
lowing theorem can be easily verified:

Theorem 4.19 (M,,(R_»), V, M) ~ (M, Rs), A, [A).

This again allows for combining min- and max-semiring struc-
tures into an algebraically well-defined lattice-based matrix algebra
(Mnn(Rioo), Va /\7 M’ W’)'

Exercises 4.3
1. Prove the remaining six properties of Theorem 4.11.
2. Prove equations 3 through 6 and equation 8 of Theorem 4.13.

3. Prove property 4 of Theorem 4.20.

4.3.1 Lattice Vector Spaces

The theory of £-groups, sf-groups, sé-semigroups, and lattice-based vector
spaces provide an extremely rich setting in which many concepts from lin-
ear algebra and abstract algebra can be transferred to the lattice domain via
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analogies. Lattice-based vector spaces as defined in this section provide an
excellent example of such an analogy. In the following discussion (V, ¢) will
denote a semilattice.

Definition 4.6 An sl-vector space Y over a semifield (F, ¢, o), denoted by
V(F), is a semilattice (V, o) together with an operation called scalar addition
of each element of V by an element of F on the left, such that Vo, 8 € F and
v, w € V the following five conditions are satisfied:

Vi. aoveV
Va. @o(Bov)=(aoB)ov

Va. (@oB)ov=(aov)o(Bov)
Vi. ao(vow) = (aov)o(aow)
Vs. pov=v

The elements of V are called vectors and the elements of F are called scalars.

Unless otherwise stated or elucidated, in the remainder of this text we
shall use the column vector notation for vectors consisting of multiple com-
ponents (i.e., vector coordinates). The reason for this is that in many engi-
neering applications systems of equations are often expressed in the form
Ax =y, where A is an m X n matrix and X represents an 7 X 1 column vector.
Thus, the column vector notation aids one of the goals of this treatise, which
is to seek similarities between linear algebra and lattice semigroup algebras.

If F is a min-semifield (F, A, o) and V a min-semilattice (V, A), then V is
also called a min-vector space. Similarly, if ¢ = Vv, then the sf-vector space V
is also called a max-vector space.

The definition of an s¢-vector space V over a semifield F mimics that of
a linear vector space V over a field F (Definition 1.14). In fact, the five postu-
lates of the two definitions look identical except for the symbols denoting the
two binary operators. For lattice vector spaces, also called {-vector spaces,
the semilattice V is replaced by a lattice and F is a minimax semifield. More
precisely, we have the following definition:

Definition 4.7 Suppose (V, V, A) is a lattice and (F, V, A, o) is a minimax
semifield. Then V(F) is called an {-vector space if and only if conditions V|
through Vs are satisfied for the two binary operations {o, V} as well as for the
pair {o, A}.
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It is important to note that the lattice vector space definition given here
is different from that of vector lattices as postulated by Birkhoff and others
[29, 30, 87, 134, 127]. In these references vector lattices are simply partially
ordered vector spaces satisfying the isotone property. The {-vector space def-
inition given above is basically the same as Cuninghame-Green’s definition
of band spaces [62]. A major difference between {-vector spaces and vector
spaces associated with linear algebra is the lack of inverses of elements of a
lattice with respect to the binary operations V and A. Nevertheless, s¢-vector
spaces and ¢-vector spaces share many important properties and concepts
found in standard vector space theory. These include the analogous notions
of linear independence and linear dependence, eigenvalues and eigenvectors,
and linear transformations.

The lattice vector spaces (R", v, A) over the semifield (R, v, A,+) and
(R, V, A) over the bounded semifield (Ri, V, A, +, +¥) provide the stan-
dard models of £-vector space and are the primary focus of this treatise. How-
ever, there are many other sf-vector spaces and {-vector spaces that have
proven useful in a wide variety of application domains.

Example 4.5

1. LetV C ng be defined by V = {v e ng : vp > v — 1}. Given an arbi-
trary pair of vectors v, w € V and setting u = vV w, then

wy=vVwr>2wvi-DHvw -1)=(wivw)—-1=u;-1.

Thus, u € V and (V, V) is a semilattice. The semilattice V is a max-
vector space over the semifield (R_, V, +) since V(R_,) satisfies
properties V; through Vs. For instance, for v e V and o € R_,, set
w=a+vVv.thenw=(wi,wp) =(a+vi,a+v), where (-) denotes the
transpose and wo =a+wv, >2a+ (v, —1)=(a+v;)—1=w;—1. This
proves that V| is satisfied. Showing that properties V; and Vs are satis-
fied is just as easy. To prove V3 observe that

(avB)+v=(_(aVB)+vi,(@VB)+v2)
=((@+v)V(B+vi).(@+v2)V(B+v2))
=(a+v,a+v)VEB+v,B+v)=(@+V)V(B+V).

Here the first equality follows from the definition of scalar addition

(4.32) and the second from property R'3 of a semiring. The third equal-
ity follows from the pointwise maximum of two vectors (4.32) and the
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fourth from the pointwise addition of a scalar and a vector. The proof
of property V; is left as an exercise.

2. Let C={a+bi:abeR andi= V-1} and define (a+bi)V (c +di) =
(aVve)+(b+d)i. Then (C,V) is a semilattice and C(R) is a max-vector
space over the semifield (R, Vv, +) if scalar addition is defined as a + (a +
bi) = (a+a)+(a+b)i for a € R. Property V; follows from the definition
of scalar addition. The remaining properties can also be easily verified.
For example, for a,8 € R,

(avB)+(a+bi))=((aVvB)+a)+({(aVB)+b)i=(a+a)V (B+Db))i
=((@+a)+(@+b)i)V((B+a)+(B+Db))
= (a+(a+bi))V (B+ (a+bi)).

This verifies property V3

3. According to Corollaries 4.12 and 4.14, (M,,(F), vV, A) is a lattice
whenever (F, Vv, A) is a lattice. If in addition F is a minimax semifield,
then it follows from Theorem 4.11 that the required £-vector space ax-
ioms Vj through Vs are all satisfied. Thus, (M,,,(F), V, A) is an £-vector
space over the minimax semifield F. Observe how well this example
mimics Examples 1.8 and 1.9.

Whenever V(F) = (M,,,(IF)) is an s¢ or £-vector space over the respective
st or {-semifield F and m = 1, then we shall also use the notation V,(F) to
specify this vector space. In case F" = V,,, the symbol F" is commonly used
for this s¢ or {-vector space.

Given an s{-vector space or an £-vector space V, it is often possible to
form another s{-vector space or an {-vector space by taking a subset W of
V and employing the operations of V. For W to be a subspace of V it must
satisfy the five properties listed in Definition 4.6. However, in analogy with
Theorem 1.10, it suffices to show that in addition to axiom Vj, all one needs
to prove is that W is closed under the lattice operations of V.

Theorem 4.20 If'W is a nonempty subset of an st or {-vector space Y over
the semifield F, then W is a subspace of V. & the following conditions hold:

1. ifv,weW, thenvoweW, and

2. ifacFand we W, then xow e W.
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As before, the operation ¢ represents one of the generic lattice operation
V or A so that condition (/.) has to be satisfied for each operation VvV and A
whenever V is an £-vector space. In light of Theorem 4.20, it becomes easy
to show that the s{-vector space V in Example 4.5(1.) is a subspace of the
st-vector space (R2, V) over (R, V, +) and the line {(x, y) : y=x—1}is aone-
dimensional subspace of both max-vector spaces (R2,Vv) and (V, V).

Exercises 4.3.1

1. Show that the set V={veRZ_ :v, > v — 1} defined in Example 4.5(1.)
satisfies property V.

2. Prove that the max-vector space C(R) defined in Exercise 4.5(2.) satis-
fies properties V1, Vo, V4, and Vs.

3. Prove Theorem 4.20.

4.3.2 Lattice Independence

In conventional linear algebra, linear independence is often defined in differ-
ent ways. However, these definitions are all logically equivalent. In contrast,
in minimax algebra and general lattice theory there exist several competing
but logically nonequivalent definitions of independence with all of them hav-
ing some common similarities with linear independence [30, 62, 63, 223].
The basic problem arises with noncomplete (unbounded) lattices such as
(R, v, A). The absence of zero elements prevents the existence of equations
of form A’ (a;ox;) = O and \/i_,(a;ox;) = O" and thus forestalls the for-
mulation of a coherent definition of a basis for s¢ and {-vector spaces. Nev-
ertheless, it does not prevent the definition of s¢ and ¢-independence.

For a finite subset X = {x', ... .x*} of an {-vector space and a nonempty
subset Z of {1, ..., k}, equations of form v = \/geg(agoxf) and w = /\gez(ago
x¢) are respectively called linear max sums and linear min sums of vectors
from X. These linear max and min sums, are often referred to as max and min
sums, are well-defined with v and w representing the respective lub and glb
of the set {ag o x5 ¢ € E}. Linear min and max sums are the basic building
blocks of linear minimax sums.

Definition 4.8 Suppose V is an {-vector space over the semifield (F, V, A, o),
X={x!,...,x5} cV,and Ec{l,...,k}. A vector x € V is said to be a linear
minimax combination of vectors from the set X if x is of form

x=\/ /\ (a0 ox), (4.38)

JjeJ &€E
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where x¢ € X and J is a finite set of indices with j(¢) denoting the fact that the
index depends on the value ¢ € E. The expression on the right of the equation
is also called the standard form of a linear minimax sum of vectors from X.

It follows that any finite expression involving the symbols V, A, and vec-
tors of form a o xé, where a € F and x* € X, can be written in the form of
equation 4.30. For instance, if x =a ox*, then setting J = {1}, E = {4}, and
ajy =aresults in X =\ je; Asez(ag jg) © x%). Other expressions that involve
the meet and join operations are just as simple to change into the standard
form but may require a little more bookkeeping.

Example 4.6 Let V be an ¢-vector space over the semifield (F, V, A, o) with
duality ()", X = {x!,....x} cV, and x = (aox?) V(box?) with 1,y €
{1, ..., k}. If the vectors v € V are of form v = (vy, ..., v,) with n > 1, then
In order to express x in the standard minimax sum format, let E = {4, y} and
define ay; = \/feaxf ) (xf)*. Thus, for any i € {1, ... ,n},

\/ xto (xf)* >xlo )" = [\/ xto (xf:)*] ox] > xto [(x)) ox]]= xt,
geE £ex

since [(x]

xf Yie{l,...,n}. It now follows that for @y = ao \/?:la,u, ayox’ >aox
and, hence, aox! = (aoxY) A (@, 0x?). In a likewise fashion one can construct
By such that box” = (box”) A (B, 0 x4). Setting J = {1,2} and defining

[a ife=a (b ife=y
“fl‘{cm itexa o “fz‘{ﬁy ifety

) o x}y] equals the unit element of the group (F, o). Hence, a,; o xi7 >
bl

results in

(aoxY)V(box") = \/ /\(agj ox%).

JjEJ é€B

The methodology used in this example reveals how any vector x of form
x = (aox?) Vv (box”) can just as easily be expressed in terms of all the el-
ements of X by simply setting & ={1,...,k}, J ={1, ..., n}, where n corre-
sponds to the number of vector coordinates, and defining @,;, @4, By;, and
By as in the above example. Extending the definition of a;; to all indices by
setting

P if jisodd and £ = A and e = b ifjisevenand £ =y
7\ @y if jisodd and £ # A 971 By ifjisevenand £ #y
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one obtains the formulation

n k
x=\/ N\(agoxt). (4.39)

j=1 f:l

The following theorem generalizes the results of Example 4.6.

Theorem 4.21 Suppose V is an {-vector space over the semifield (F, V, A, o)
with duality (-)*, X = {x', ..., x*} €'V, and A, B are nonempty subsets of & =
{1,.... kL If

X = \/(ay ox”) and y= /\(lu ox?),

yEA A€EB

then there exist scalars agy, bgy € F such that

X = \/ /\(aﬁoxf) and y= \/ A(bg,loxg).

yeEAEeE AEBEEE

Proof. For each pair (£,y) € EX A, define ag, = ay o \/;’ l[xy o (xf)*] A
consequence of thls definition is that azy > a, o [x] o (x )*] and hence ag, oxé: >
ayo [x O(x )*] x = ayox Yie{l,...,n}. But this implies agz, o oxé > ayox”
and, therefore A §e_(a§y o Xf )=ayo XV for every y € A. Thus \/ e Agez(agy o
x5) = Vyealay ox?) = x.

The proof that y can be expressed as \/ jep A\gez(bsa ox?) is left as an
exercise. 0O

A note of caution is necessary when manipulating minimax sums: Due
to the minimax principle (equation 3.5) some care must be taken when inter-
changing the operators \/ and A. The indexing set J in equation 4.30 plays
an important role in turning the inequality of equation 3.5 into an equality.
More precisely, for each £ € = define a nonempty subset of indices I's and let
J denote the set of functions j with domain = satisfying the property that for
each £ € 5, j(&) € I';. If V is a distributive lattice, then

/\ \/ (aggoxt) = \/ /\(af,j@ ox®). (4.40)
ée= {’el"§ jeJ &€&

We shall not prove this equality as its verification can be found in [30]. A
consequence of equation 4.40 is that the left side expression of the equation
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could just as well have been utilized in defining linear minimax sums. Al-
though linear minimax sums are commonly referred to as minimax sums, we
used the term linear in order to emphasize the similarity between traditional
linear sums and s¢ sums; i.e., between }’ a - x¢ and V ag ox? or N ag oxt.
The terminology also accentuates the differences between linear lattice-based
sums and lattice-based polynomials. Within the confines of minimax algebra,
a max-polynomial in x is of form p(x) = \/l'.’zo(al- +r;x),where q; ER_o, 1 €Z,
andrg <r; <---<r, (see also [166, 167]).

The value sup{i : i € Njgw) 3 a; # —o0} is called the degree of p(x).
Thus, if supli : i € Njp,w) 3 @; # —00} = n, then p(x) = /I (a; +ix) and
p(x) = /(i + x) are both max-polynomials. The min-polynomial in x is
defined analogously by simply replacing the operation \/ with /\ and the
lower bound —co with co. Combining the two dual notions of min and max-
polynomials will result in the notion of a minimax polynomial.

Example 4.7 1. If p(x) =ap V(a1 +x)V---V(a,+mx) and g(x) = by vV
(b1 +x)V---V (b, +nx) are max-polynomials, and m < n, then

pX)Vagx)=coV(ci+x)V--V(c, +nx),

where ¢; = a; Vb; for 0 <i <nand a; = —co for m < i < n. This shows
that p(x) Vv g(x) is a max-polynomial.

2. Let X ={x!, X2, x3}, where X is a subset of the £-vector space (RZ, V, A)

over the ¢-semifield (R2, Vv, A, +) and x! = (é%) x2 = (g’g) and x> =

(—f.s)' If x= (130), then x can be expressed as a max sum of x! and x?,
namely X = x'v(4.5+x3). To express X as a minimax sum of x!, x3,
let=={1,3}c{1,2,3},J={1,2},and seta; ; =0,a;» =2.5,a31 =6,
and a3 = 4.5. Then

\/ /\(“.f,.ﬁxf): \/ [(a1;+x") A (a3 +x°)]

Jje(1,2) é€E JE(1,2}
=[(a11 +x) A (a3 +X)] V(a2 +x) A(az0+x7)]

_{ 10 A 10 }\/{ 12.5 A 8.5}_ 10

o5/ 455 3 3 \3)

In order to interchange the operators \/ and A, we need to define the
two indexing sets I'; and I'3. We already know that the set J consists of

two indices with each depending on & € {1,3}. Thus we need to define
two functions j; and j, with domain = and values ji(1) =1, j;(3) =1,
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j2(1) =2, and j»(3) = 2. Hence, I'] = {1,2} =TI'3. Therefore,

AV @ejrxd={\/1@re+xObaf \/ @ 5]

£€E (el ter (el

=[(a11 +x) V(a2 +x)A (@31 +X°) V (@32 +X°)]
10 v 12.5 A 10 v 8.5 B 10
{0.5 3 }{4.5 3}‘3'

The notion of independence provides another example of the similarities
of various concepts found in both linear algebra and minimax algebra.

Definition 4.9 Let X = {x!, ... .x*} c V.

1. If Vis an s€-vector space, then a vector x € V is said to be s¢-dependent
on X & x can be expressed as a linear s¢-sum of vectors from X. If x
is not s¢-dependent on X, then X is said to be s€-independent of X.

2. The set X is said to be st-independent & V& € {1,...,k}, x¢ is st-
independent of X \ {x5).

3. If V is an ¢-vector space, then a vector x € V is said to be {-dependent
on X < x can be expressed as a linear minimax sum of vectors from X.
If x is not £-dependent on X, then x is said to be ¢-independent of X.

4. The set X is said to be (-independent & V& € {1,...,k}, x¢ is (-
independent of X \ {x5).

An obvious consequence of Definitions 4.8 and 4.9 is the fact that if X =
{(x!, x?} ¢ R”, where R” is either an s¢ or {-vector space, then X is s¢ or ¢-
independent if and only if L(x") # L(x%).

If V is a max-vector space or a min-vector space, then the terms max
independence or min independence are also used instead of s¢-independence.
In a similar vein, whenever it is convenient we shall also use the term lattice
independence for £-independence.

Example 4.8 Consider the max-vector space (R2, V) over the semifield
— (vl 2 3 2 1_ (-1} 2 _ (1 3_(1
R, Vv, +)and let X = {x*, x*, x’} C R*, where x —(0),X _(0), and x —(1).
The shaded region R in Figure 4.1 is bounded by the two lines f(x) =
x1—xp+1=0and g(x)=x;—xp—1=0.Thus,ifxeR, thenx, -1 <x; <xp+1
Setting a = x and b = x; — 1 results in x = (a +xhH v+ x2). This shows
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X,

/Xz'1234 X,

Figure 4.1 Every point in the shaded region is max dependent on X.

that any point x € R is max dependent on X. However, the set X is not max
independent as x> = (1 +x') v x2. It is also easy to show that any nonempty
strict subset of X is max independent. Replacing (R?, V) by the £-vector space
(RZ, V, A) over the semifield (R, V, A, +) the same arguments show that x is
{-dependent on X.

Since the concept of dependence in minimax algebra resembles the con-
cept of dependence in linear algebra, it is not surprising that the span of a
set of vectors in minimax algebra is a mirror image of this concept in linear
algebra.

Definition 4.10 Let X denote a finite nonempty subset of V. If V is an s¢-

vector space, then the sf-span of X, denoted by S (X), is defined as S (X) =

{x € V: xis s-dependent on

X}.
Similarly, if V is an ¢-vector space, then the £-span of X is defined as

S(X) ={xeV: xis{-dependent on X}.

According to this definition, if X = (x!,....x*} c Vand (V, V) is a max-
vector space over the semifield F, then x € § (X) is of form x = \/’j‘.: (o x/).
Hence fora € F, aox = \/’;zl(ﬂj ox/) € S(X), where B; = aoa;. It is just as
easy to show that if x, y € § (X), then xVy € S (X). In view of Theorem 4.20,
this shows that S(X) is a max-vector subspace of V. Analogous reasoning
proves that if X is a finite subset of a min-vector space (or an £-vector space),
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then S (X) is a min-vector subspace (or an £-vector subspace). These results
are summarized in the following theorem:

Theorem 4.22 If V is an st-vector space (or an {-vector space) over the
semifield F and X is a finite subset of V, then S (X) is an st-vector subspace
(or an {-vector subspace) of V.

Although the concepts of s¢ and £-dependence and independence resem-
ble the concepts of linear dependence and independence, direct comparison
is generally impossible.

Example 4.9 Let V be the sf-vector subspace of (RZ_,, V) defined by V =
{ve Rgm cvy>vi—1}andlet X = {(_6”),(_01)}. Copying the argument given
in Example 4.5(1), shows that V is indeed a max-vector space. Now, if x =
(2) €V, then

X = (_Oo)v( A ): [x2+(_oo)]\/[x1 +( 0 )] €S (X),
X2 x1—1 0 -1
which shows that S (X) = V. Furthermore, 2 = |X| = dimV = dimS (X). Obvi-
ously, X is also s{-independent. However, since most vector spaces discussed
in linear algebra are vector spaces over the field (R, +, X) and —co ¢ R, one
cannot test X for linear dependence or independence.

This example illustrates that for complete lattice vector spaces that con-
tain the non-numeric elements co or —oo, testing a set of vectors for linear
or affine independence may not be possible. Nonetheless, when considering
the s€ or £-vector space R" over the s¢ or £-semifield R, then any subset of
R" can be tested directly for affine or linear independence. For example, if
X c R? is as in Example 4.8, then S (X) contains the shaded region including
the two boundary lines L(x') and L(x?) shown in Figurer 4.1. As mentioned
in the example, the set X is not {-independent. But since the three points of
X correspond to the vertices of a 2-simplex, X is affine independent (for the
definition of affine independence see subsection 4.4.1). The two vectors x!
and x? are max-independent as well as minimax or £-independent. However,
they are not linearly independent. On the other hand, they are affine inde-
pendent. Additionally, the two points x> and v = (;) are linearly independent,
but not £-independent since 3 +x2 = v. This shows that there are no algebraic
relationships between linear independence and ¢-independence.

Another divergence from linear algebra concerns the dimensionality of
an {-subspace generated by a set of k lattice independent vectors of an n-
dimensional ¢-space.
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Figure 4.2 The shaded region represents a subset of the £-span of X, where X
is as in Example 4.10.

Example 4.10 Suppose X = {x!, x>} c R?, where R? represents the £-vector
space (R3, v, A) over the minimax field R, x! = (1,1,0)’, and x? = (4,3,0)’.
The shaded region R shown in Figure 4.2 is a subset of S (X). To verify this
fact, note that R is bounded by the lines x, = 1, x, = 3 and the lines f(x) = x| —
x> =0and g(x) = x; —xp — 1 = 0. Thus, if x = (x1,x2,0)’ € R, then 1 < x; <4,
1<x,<3,and 0<x;—1<x <x;. Settinga=x;—4 and b = x, — 1, one
obtains x = [(a+x") vV (b+x3)] Ax% € S (X). Furthermore, since R is a minimax
semifield, it follows that for any v € L(x), v=c+x=c+[(a+x") V(b +x>)] A
X2 =[(c+a)+x" ]V [(c+b) +X*] A(c+x?) € S(X). Thus, L(x) C Uyer L(y) C
S(X). Since Jyeg L(y) is 3-dimensional, dimS (X) = 3.

The example demonstrates that in contrast to vector spaces encountered
in linear algebra, the dimension of an £-subspace generated by a set X of
lattice independent vectors can be larger than the cardinality of X.

As we observed earlier, any two points X,y € R? with the property
that L(x) # L(y) are {-independent. However, no three points in R? are ¢-
independent. Since any two distinct points in the plane R? are affinely in-
dependent it follows that £-independence implies affine independence in
R2. The converse does not hold, affine independence does not imply ¢-
independence. Thus, the question arises as to whether or not £-independence
implies affine independence in R” for n > 3. The next example answers this
question in the negative.

Example 4.11 Let X = {x',x%,x>,x*} ¢ R3, where x! = (10,3,0), x> =
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Figure 4.3 The set X = {x',x?,x3,x*} c R? with the shaded region representing
the planar subset of S (X) in the plane x3 = 0.

(6.5,5.5,0), x> = (8,-1.5,0), and x* = (4,1.5,0)’. Since all four vectors
of X lie in the plane x3 = 0, X is not affine independent. However, X is ¢-
independent.

The shaded region R shown in Figure 4.3 is bounded by the lines x; = 4,
x1 =10 x, = —1.5, xp = 5.5, and the lines given by f(x) =x;—x-1=0
and g(x) = x;1 —x2 — 9.5 = 0. Consequently, any point X € R must satisfy the
inequalities 4 < x; <10, —1.5< x; <5.5,and xp < x; —1 < xp +8.5. Given
this information it is easy to show (see Example 4.10) that any x € R can be
expressed as a linear minimax sum of elements of X. Again reasoning as in
Example 4.10 proves that dimS (X) = 3.

This example not only demonstrates that £-independence does not im-
ply affine independence, but also shows that the cardinality of a set X of
{-independent vectors can exceed the dimension of S (X).

Exercises 4.3.2

1. Complete the proof of Theorem 4.21 by proving that
Y = Vaes Agez(bga 0x6).

2. Prove Theorem 4.22.
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3. Prove equation 4.40.

4. Suppose p(x) and g(x) are the two max-polynomials defined in Exam-
ple 4.7(1). Show that p(x)+q(x) =coV(c1 +x) V-V (Cppin + (m+n)x)
by defining c¢; in terms of a; and b;.

5. Suppose x!, x?, and x> are three distinct points in the lattice vector

spaces (R3, V, A) over the semifield (R, V, A, +). What are the possible
dimensions and shapes of S (X) for X = {x!,x?} and for X = {x',x?,x*}?

4.3.3 Bases and Dual Bases of ¢-Vector Spaces

According to subsection 1.2.4, if X is a subset of linearly independent vectors
of a vector space V, then S (X) is a vector subspace of V and |X| = dimS (X).
The examples of the preceding section demonstrate that this equation may
not necessarily be true for {-independent (or s{-independent) subsets of ¢-
vector spaces (or sf-vector spaces). Since a goal of minimax algebra is to
capture similarities common to vector spaces and {-vector spaces, we con-
sider the fundamental building blocks of the most common vector space R".
These building blocks are the vectors of the standard basis € = {el, ..., e"
(see Example 1.10(1)). Observe that the coordinates of the basis vectors are
defined in terms of the null and unit elements of the field (R, +, X). Since the
null and unit elements of the s¢-semifield (R_, V, +) are —co and 0, respec-
tively, it is reasonable to define the standard s¢-basis for the sf-vector space

(R”,, V) as the set €_, = {el, ..., ¢"}, where
- 0 ifi=j
J_
¢ —{ ~ i 4.41)

andi,je{l,...,n}.

The fact that S(€_.) = R"?_, follows from the observation that if x =
(X1, ... %) € R, then x = \/_, (x; + ¢/). Also, n = |€_e| = dimS (€_o) =
dim(R" ). This provides one strong algebraic similarity between the stan-
dard basis € and the standard s¢-basis €_.,. Note also that coordinates of the
summation vector e = Z’;:] e/ all have unit value 1 = ¢; fori € {1,2,...,n} and
the coordinates of the maximum vector ¢ = \/’;.: | ¢/ all have unit value 0 = ¢;

forie{1,2,...,n}. In a similar vein, observe that the columns of the identity
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matrix
0 —00 —00 —00
_OO O e —OO —(x)
I=(L. =] - C (4.42)
—00 —00 -+ 0 —o0
_OO _oo oo —OO 0

for vectors from the s€-vector space R”  mirror those of the identity matrix
for vectors from the vector space R", where

1 0 - 00
01 - 00

I=(',....enH=| : : . | (4.43)
00 - 10
00 -~ 01

In both cases, the columns of the identity matrices correspond to the basis
vectors of their respective spaces. The standard basis for the s¢-vector space
(RZ,,A) can now be defined in terms of the duality operation (-)* with the
basis vectors given by the columns of the matrix

0 oo 00 00
co 0 00 ©0

T GO e I R S (4.44)
o oo -+ oo 0

Consequently, the ¢{-vector space (Rl.,,V,A) over the bounded minimax

semifield (Rico, V, A, +,+7) has a dual basis system €., = {€_, s}, where
€ = (€E_)* consists of the column vectors of the matrix I* of equation 4.36.
Due to the duality property, any vector of R/, can be expressed as a linear
minimax sum using either basis.

Example 4.12 Letx = (
if x = (). then

2) €R2 . Then x = (x] +e!) v (x, +¢2). For instance,
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The reason for the close resemblance of either basis €_, or €, with
the standard basis € is due to the fact that conventional vector spaces are
defined over fields, while £-vector spaces are defined over £-semifields which
are almost fields. This definition of lattice bases is very different from the
concept of a lattice basis as defined by G. Birkhoft in [30]. In his deliberation
Birkhoff points out that the basis concept does not extend to lattices that are
not complete. His argument also applies to the concept of a basis of an ¢-
vector space where the lattice is not complete. In particular, it is impossible
to define a basis for the £-vector space R" over the £-semifield R. However,
the fact that R” and R are conditionally complete allows for a basis of any
{-subspace of R” generated by the span of a compact subset X of R". More
precisely, for i € N, let p; : X — R denote the ith projection defined by p;(x) =
x;. Since X Cc R" is compact and p; is continuous on X, the numbers v; =
inf{pi(x) : x € X} and u; = sup{p;(x) : X € X} exist for every i € N,,. By setting
v=Wi,...,v,) andu=(uy, ..., u,) one obtains X C [v,u]. It follows that

vi—uj<xi—xj<u;—v; for i,je{l,...,n}. (4.45)

Thus, the set {d;; : d;j = x; — xj,x € X} is a bounded subset of R and, there-
fore, Axex(xi—x;) and \/yex(x; — x;) exist. Given this fact, we define two
collections of vectors W = {w!, ..., w"} and M = {m!,..., m"} by setting

w!/ = A(xi—xj) and m/ = V(xi—xj). (4.46)

xeX xeX

Observe that for j =i, mf =0= mi The next theorem is a consequence of
equation 4.46.

Theorem 4.23 Given the column matrices Ix = (w', ..., w") and Jx =
(m', ..., m"), then I}, = Jx.
Proof. By definition of the dual (-)* of a matrix, we have that Vi, j e {1,...,n}
m/ =\ /(xi—x)) = —A—(x,-—xj) =- A(xj—xi) =-w) 0 (447
xeX xeX xeX

In view of this theorem we shall denote the matrix Jx by 5. The respec-
tive columns of the matrices Ix and I3, form the elements of the sets W and
It that contain the minimax basis vectors for the £-vector space S (X).

Definition 4.11 Suppose X is a compact subset of R". A standard basis for
the {-vector space S (X) over the {-semifield R” is any ¢-independent subset
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of W of largest cardinality. If W is £-independent, then W is said to be a
maximal standard basis for S (X).

Similarly, a standard dual basis for the {-vector space S(X) is any ¢-
independent subset of I of largest cardinality. It follows from Theorem 4.23
that if 28 is £-independent, then Mt is also {-independent and called the max-
imal dual basis for S (X).

Example 4.13

1. Let X ¢ R? be the set specified in Example 4.10. Then

0 0 0
w! ={ w) ]z Ngey (65 = x) =[ -1 ] (4.48)
V)L AL S-x) | L4

Similarly, w?> = (0,0,-3)" and w® = (1,1,0)’. Since w? = (1 + w!) A
(-1+ m3), W = {ml, w2, m3} is not {-independent and, hence, not a
standard basis for S (X). The standard basis for S (X) is given by the set
{w!, w3}. Thus, S (X) does not have a maximal standard basis. It is also
just as easy to show that m! v (=3 +m?) = m?, which means that i is
not £-independent. Therefore the dual standard basis of S (X) is given
by the £-independent subset {m!, m?}.

2. The ¢-vector space generated by the set X ¢ R? of Example 4.11 has
a maximal standard basis 2 = {w', w?, w3} and a maximal dual basis
M = {m!, m2, m3}, where w! = (0,-9.5,-10), w? = (1,0,-5.5)’, and
w’ = (4,—-1.5,0)". The dual basis can be computed with ease by using
equation 4.47.

As discussed earlier, the columns of the identity matrices defined by
equations 4.42, 4.43, and 4.44 contain the vectors that provide the canoni-
cal bases of their respective spaces. This also holds for the matrices Iy and
Iy. In order to verify this claim, it is necessary to show that Iy and [} are
indeed identity matrices for the {-space S (X). Since we are dealing with ma-
trices we use the notation w;; = m{ and m;; = m{ to represent the value of
the (i, j)th coordinate of the matrix Iy and [, respectively. In the following
lemma and theorem we let 2={1,...,k}and J ={1, ..., n}.
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Lemma 4.24 IfX ={x!,...,x*} CR", then forany ¢ € ZandieJ

n

J\IGE =) = ;] = V[(x - x5) =],

J=1 Jj=

Proof. For any £ € E and Vi,j€ J, xf - xi > /\Aeg(xf —xj) = w;;. Hence,
[(xf—xf,)—mij] >0V¢eEand Vi, jeJ. It follows that /\JEJ[(xf—xf) ml-j] >
0 for any £ € E and Vi € J. But /\jej[(x - x> ) w;] <[ (x - X; ) w;;] =

Therefore, /\jej[(xf - xi) —w;;] =0. The proof that \/jej[(xl. xj) -m;;]=0
is analogous. O

Theorem 4.25 IxVIx* = x¢ = [AX¢ Vx*eX.

Proof. Arbitrarily select a & € {1, ..., k} and let [Ix[VIx¢]; denote the ith coor-
dinate of the vector Ix(x¢. We shall show that [Iy¥Ix¢]; = xig Yie{l,..., n}L
Applying Lemma 4.24 we have

¢ _ _
A[(xf—xj)—mij] =0 & xf+A(—m,-j—x§f)_0
jeJ jed

& xf—v—(—mij—x'j.):o@x—V(m,ﬁx) 0

J=1 Jj=

n
= \/(mij+x5;) = xf.c = [IXMXf]i = xf.c.
j=1

This proves that Iy VIx® = x¢. The proof that x* = I;[Nxf is similar. O

Unless stated otherwise, for the remainder of this section we shall as-
sume that X = {x!,...,xf} ¢ R” even though most theorems that follow
can be extended to compact subsets of R”. The matrix /x and its dual
may also be viewed as functions Wy, W, : R" — R" defined by Wx(x) =

(w!, ..., w")¥x and W* y(X) = (m!, m")MIx so that the restricted func-
tions QBX|X = Iy and W} |X =I. By deﬁnition of these functions it will be
more convenient to 81mply set ﬁBX =, ..., w") = Ix and think of Wy as

either the extension of Iy to R" or Iy as the restriction of 2y to X. The same
comment applies to the function W}, = My and 7. The utility of the extended
functions Wy and W}, will be discussed in Chapter 5. One property of these
extended functions is that Wy (x) < x < Wy(x) Vx € R". This property is due
to the next theorem.
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Theorem 4.26 I} [Ax <x < IxVIx Yx € R".

Proof. For every i € {1, ..., n}, we have

n n
[I;[B]X]i = /\(mij+xj) <M+ Xxi=xi=w;+x; < \/(mij+xj) =[IxNx];. O
J=1 J=1

The set of fixed points of Ix and Iy, when viewed as functions of R" —
R”, will be denoted by F(Ix) = {x e R" : IxMx = x} and F(Iy) = {x € R" :
I INx = x}, respectively. According to Theorem 4.25, X C F(I. X) NF(Iy). The
next theorem provides a stronger result.

Theorem 4.27 F(Ix) = F(I}).

Proof. Suppose IxV x = x. It follows that for i = 1,...,n, x; = (IxMX); =
\/ ](m,J +x;). Hence, x; > w;j + x; for j=1,...,n. Since this holds for all
i= 1 ,n, we have that

Xi 2 Wjj+X; Vi,je{l,...,n}. (4.49)

By Theorem 4.26, I, /Ax < x. If equality does not hold, then 3j € {1,...,n}
such that (I3[AX); < x;. Thus, Njey (M +x1) < x;. Also, for some i €{1,...,n}
we must have mj; +x; = /\Zzl(mjk + x;) and, therefore, mj; + x; < x;. Using
duality we now obtain

Xi—Xj<-—mj;=— \/(x —x \/ —=(x —xg)—/\(x —xf)—mu

Hence, x; < w;; + x;, which contradicts the inequality (4.49). Therefore,
the equality I3 [AIX = x must hold.
The case I [AX = x = Ix[VIX = X is proven in an analogous fashion. O

Since the two fixed point sets are equal, we let F(X) represent the com-
mon set of fixed points. The next two theorems establish the fact that Ix and
I, with the respective operations of VI and [Al are identity matrices on the
{-vector space S (X).

Theorem 4.28 Ifx,y € F(X), then (a+Xx) € F(X), (a+Xx)V (b+y) € F(X), and
(c+x)A(d+y) e F(X)Va,b,c,d eR.
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Proof. Suppose x € F(X) and a € R. Then fori=1,...,n,

n n

UxMa+x)li = \/[wij+(@+x)] = \/la+ (w;;+x))]

J=1 j=1
n
=a+ \/(m,-j +x;) by equations 4.1 and 4.2
j=1
=a+[IxVXx];

=a+x; sincex € F(X).

Therefore, a + x € F(X).
Nextletz=(a+x)V(b+y)andie€{l,2,...,n}. Using Theorem 4.1 and
equation 4.2 we obtain

(Ux2); = \/ (wij+2)) = \/[wij+ (@+x) V (b+))]
j=1 i=1

= \/[wij+ (@+x) v (wi + (b+y,)]
j=1

= (\/[wyj+ @+ xp) v (\/[wi; + G +y)))
j=1 j=1

=[a+\/(wij+x)]V[b+\/(wij+y)] by equation 4.2
j=1 j=1

= [a+(IxMx);] V [b+ (IxMx);]

=(a+x)V(+y)=z.

Since i was arbitrary, (IxMz); =z; VYi=1,2,...,n. Hence, IxVz = z. An anal-
ogous argument shows that (¢ +x) A (d +Y) is also a fixed point. O

Setting a, b, c, and d equal to 0 in Theorem 4.28 shows that F'(X) satisfies
condition (/) of Theorem 4.19 while the remaining conclusions of Theorem
4.28 satisfy condition (2) of Theorem 4.19. Thus, F(X) is an {-vector space
over the ¢-semifield (R, V, A, +).

Theorem 4.29 F(X)=S(X).

Proof. To prove the equality, we show that S (X) c F(X) and F(X) C S (X).
If x€S(X), thenx=\/ e, /\iﬁ:l(agj +x%). But by Theorem 4.25 each x*
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is a fixed point of Ix. Hence, by Theorem 4.28 every finite linear minimax
combination is also a fixed point of Ix. Therefore, x € F(X), which implies
that S (X) c F(X).

Conversely, suppose that x € F(X), where x = (x1,...,x,)". We will show
that x is a linear minimax sum of elements of X. Specifically, for each j =
I,..,nand £ = 1,....k, define a; = (x;— x%). Then

n k n k
V A\ +x=\/ N\l -2 +x]

j=lé=1 j=lé=1
n k
_ ) L E
= \/[x]+/\( )
Jj=1 £=1
k k
=[x+ N\ +xXOV oV D+ A\ (2 + X))
é=1 &=1
XK= K-
k x‘% _ ‘;l k xsl —xf
271 27
=[x+ /\ IVERVIEAN ]
£=1 é=1
xﬁ—x1 xﬁ—xn
wi; + X1 Wi + X2 Wi, + X,
Wo1 + X1 woo + X2 wy, + X,
w1 + X1 W;n + X2 Wy, + X,
=IxNMX=X.

Thus, x € § (X), which implies that F(X) c S(X) O

A consequence of Theorem 4.23 is that Ix and [} are identity matrices
for the {-vector space S (X).

Exercises 4.3.3

1. Complete the proof of Lemma 4.24 by proving that \/?:1 [(xft - xi) -
m,-j] =0.

2. Complete the proof of Theorem 4.25 by proving that x¢ = I;‘([Nx‘f .

3. Complete the proof of Theorem 4.27 by proving that I{[AIX = x =
IxNMx = X.
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4. Complete the proof of Theorem 4.28 by proving that (c +X) A(d+Yy) €
F(X).

4.4 THE GEOMETRY OF S(X)

Theorem 4.29 shows that the {-span of a compact set X ¢ R” is identical
to the set of fixed points of Ix. However, this knowledge does not provide
any direct information concerning the geometry of S(X). Specifically, the
equation S (X) = F(X) does not furnish explicit geometric properties such as
the shape of S(X). The aim of this section is to provide a concise geometric
description of the £-span S (X) and some associated properties.

4.41 Affine Structures in R”

In this section we review some well-known linear structures in Euclidean n-
space R". The review covers only concepts and facts concerning these struc-
tures that proved pertinent to the goals of the next two chapters.

Viewing R" as a vector space over the reals, a set £ C R" is called an
affine subspace or a linear subspace of R" if and only if for w € E, the set

E = {x—w: x € E} is a vector subspace of R”. The major difference between

an affine (or linear) space E and E is that 0 € 712, while the origin may not be
an element of E. The dimension of an affine space E is defined as dim(E) =

dim(f?)). Through much of this treatise we will use the symbol L* to denote a
k-dimensional affine subspace of R”.

The concept of linear independence in vector spaces gives rise to the no-
tion of affine independence. Specifically, a set S = {s,s,...,s™ c R" is said
to be affine independent if and only if the set {s/ —s" : j=1,2,...,m} is linearly
independent. Thus linear independence, by definition, implies affine indepen-
dence. Consequently for n > 2, any two distinct points in R" are affine in-
dependent but not necessarily linearly independent. Any three non-collinear
points are affine independent, any four non-coplanar points are affine inde-
pendent, and in general for m < n, any m+ 1 points in R” are affine inde-
pendent if and only if they are not points of a common (m — 1)-dimensional
affine subspace of R". The fact that the determinant of a square matrix does
not equal zero if and only if columns of the matrix are linearly independent is
a fundamental theorem of linear algebra. Hence in case m = n, one common
method of testing as to whether or not the set S is affine independent is to
compute the determinant of the n X n matrix (s1 —s0,62 g0 ... g"— so). A
consequence of the definition of an affine subspace of R” is that if L* is an
affine subspace of R” with 2 < k < n, then for any two distinct points x,y € L¥



Lattice Algebra m 157

the set
Lx,y)={zeR":z=Ax+(1 -y, 1R} c LX, (4.50)

and L(x,y) = L'

Equation 4.50 represents the unique line determined by the two points x
andy. Theset(x,y)={zeR": z=Ax+(1-A)y, 0< A< 1} C L(x,y) is called
a line segment. Line segments are basic to the concept of convexity. A set
X c R" is said to be convex if and only if for any two points X, y € X the line
segment (x,y) C X. It follows that every affine subspace of R" is convex. If
m denotes the maximal number of affine independent points in a convex set
X c R”, then the dimension of X is given by dim(X) = m — 1. Another well-
known fact is that the intersection of convex subsets of R” is either empty or
convex (see for example [81, 292]). Thus, the intersection of affine subspaces
of R" is also convex.

Hyperplanes, intersections of hyperplanes, and lines are affine subspaces
of R" that play a vital role in describing the shape of S (X). For points x € R",
the lines defined by the equation

Lx)={yeR":y=21+x, 1€R}, 4.51)

are of particular interest in studying the geometry of S (X). The connection
between L(x) and S (X) is a due to Theorem 4.28, which guarantees that if
xe€S(X),then 1+x € S5(X)VA€R and, hence, L(x) C S (X).

Another set of affine subspaces associated with S (X) consists of specific
types of hyperplanes. A hyperplane E in R" is defined as the set of all points
x € R" satisfying the equation

aixy+axxy+ - +apx, = b, (4.52)

where the a;’s and b are constants and not all the a;’s are zero. It follows from
equation 4.52 that E is an (n — 1)-dimensional affine subspace of R".

Any hyperplane E C R" separates R” into two open half-spaces E* and
E~ whose common boundary is E. If E is given by equation 4.52, then E can
also be expressed in terms of the polynomial function

fX)=aix;+ayxp+ - +a,x,—b=0. (4.53)

We follow the convention of identifying the half-spaces E* and E~ with
the half-spaces {x € R" : f(x) > 0} ar£ {x e R": f(x) < 0}, respectively.
The closure of E* is the convex set E* = {x € R" : f(x) > 0}. Similarly,



158 W Introduction to Lattice Algebra
E-={xeR": f(x) < 0}. Therefore EtNE-=E.

Suppose X is a subset of R" and E c R" is a hyperplane, then E is called
a support hyperplane of X if and only if the following two conditions are
satisfied:

1. EitherXCEorXCF, and
2. dx € E such that x € 9X.

A geometric structure closely associated with the notion of support hyper-
planes and pertinent to our discussion is the convex polyhedron. A nonempty
subset K C R" is called a polyhedron if it is the intersection of a finite num-
ber of closed half-spaces. Thus, if Ey, Eo, ..., Ex are the hyperplanes of K
whose half-spaces determine K, then K = ﬂ E?*. In this equation the sym-

bol + corresponds for each i to either + = + 1f Kc E;r or+=—-if KC E‘
It follows from the definition of a polyhedron that a polyhedron need not
be a bounded set. If K is bounded, then K is also called a polytope. Thus,
polytopes are compact since they are closed and bounded sets.

A special case of a polytope is the simplex. Given an affine indepen-

dent set S = {s°, ,s!,...,s"} c R" , where 0 < k < n, then S determines a k-
dimensional simplex denoted by (s°, s1, ..., s*), or simply by o*, and defined
by

(%8, ..., s = (xeR": x = Z/l,-s", Zai =1, ;>0 VieZ) (4.54)
i=0 i=0

Note that o™ is a subset of the of the k-dimensional affine space

IF={xeR": x Z/ls 24_1 AL €R),

and fork=0,k=1, k=2, and k = 3, 0% is a point, a line segment, a triangle,
and a tetrahedron, respectively.

It will be convenient to associate an orientation with a given hyperplane
and a set of parallel directions for an affine subspace of R". Directions and
orientations will be specified in terms of unit vectors emanating from the
origin 0 with endpoints lying on the (n — 1)-dimensional unit sphere $"~! =
xeR": 37, xl.2 = 1} centered at the origin. Thus, a direction d is uniquely
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determined by a system of directional cosines that locates the coordinates of
d on the unit sphere. This system is defined by

n
cos@; = e-d= d;, where Z:cos2 0, =1, (4.55)
i=1

e’ -d denotes the inner product of the vectors e and d, and {e, ..., €"} is the
standard basis of R". Two directional vectors pertinent to our discussion are
the vectors e and d;; defined by

1 n i Jj

e +---+e e—-e

e= ————— and d;; = —, (4.56)
lle’ +--- +e

wherei< j,1 <i<n,and 1 < j<n.

It follows from equations 4.55 and 4.56 that the inner product e-d;; = 0.
For example, if n = 3, then e = (%,%,%)’ and dp = (%,:/—15,0)’, then
e-d» = 0, where the two vectors are located on the 2-sphere S2 as shown in
Figure 4.4

A directional vector d is a parallel direction, or simply a direction for a
k-dimensional affine subspace L¥ ¢ R" with 0 < k < n if and only if for every
point x € L, x +d € L¥. For example, the vector e defined in equation 4.56
is a direction for the 1-dimensional affine subspace L(x) c R" defined in eqn.
4.51.1f D(L*) = {d : d is a parallel direction for L¥}, then D(LF) is called the
set of parallel directions affiliated with L¥. Thus, D(L(x)) = {e, —e}.

An oriented hyperplane E with orientation d, denoted by E(d), is a hy-
perplane with an associated directional unit vector d that is normal (perpen-
dicular) to E. Given two oriented hyperplanes E;(d) and E»(v), then E; and
E, are said to be parallel, denoted by E| || E», whenever d = +v or, equiv-
alently, when d-v = +1. If d- v # %1, then E| N E; is an affine subspace of
dimension n — 2. A special case occurs when d - v = 0. In this case E; and E»
are said to be perpendicular, which will be denoted by E| L E;. If E(d) is
an oriented hyperplane and y € E(d), then the pair {y, d} completely specifies
the hyperplane E. We shall use the notation Ey(d) to denote the assumption
or known fact that y € E and E has orientation d.

Oriented hyperplanes of type E(d;;) are of particular importance in the
study of partially bounded sublattices of R”. For any compact subsets X of
R" they form the boundaries of the sublattice S (X). For a simple example,
consider the set X = {x',x%,x°} defined in Example 4.8. As noted in the ex-
ample, the boundaries of the set of points of R? that are /-dependent on X are
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Figure 4.4 The directional vectors dj; and e in the vector space R3. The tip of
the vectors are points on the unit sphere S 2 ¢ R3. In this case the vector d;,
is located on the unit sub-sphere S!={xeS§2: x3 =0} while the tip of the
vector e is located on the 1-dimensional sub-sphere S = E¢(dj2) NS 2,

given by the lines
Ea(dpp) ={xeR?: xj—x, =x; — x5} = L(x') and (4.57)
Ep(d) = {(x€R? : x) —x2 = x7 — x5} = L(x?), (4.58)

-1

where x! = (0 ), x2 = ((1)), and djp = (%, '—\/15)’. The shaded region R corre-

sponding to the set S(X) in Figure 4.1 is identical to the region given by
E* (d12) N E,(d}2). Therefore,
X X

S(X) = EX, (di2) NE,(d12), (4.59)
with ELi1(dg2) || Ex2(d12).

Computing the standard basis for S (X), where X is as in Example 4.8,
one obtains w! = (_01), w? = ('01) = x! and the dual basis m! = ((1)), and m2 =
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((l)) = x2. It follows that

Ea(di2) =Ep(di2)=E1(d;2) and
Epo(dip) =E 2(di2) = Ei(dy2). (4.60)

Consequently, there are multiple ways of rewriting equation 4.50 in terms of
the mini-max bases of S (X). For instance,

SX) = E* (di)NE_,(d12)

= E_;l(dlz) N E_:)z(dlz)
=E (di)NE,,(dp2). (4.61)
In order to generalize equations 4.59 and 4.61, it will be instructive to
illuminate the geometric properties of hyperplanes of type E(d;;). To begin

with, note that the unit vector d;; = (d;;1, ..., djj¢, ... , dij»)" has the property
thatfor£=1,2,...,n,

\Lﬁ ife=i
dijr={ -5 ifl=] (4.62)
0 ifitl#]
and, hence,
1
djj-djj=1 and djj-diz=3if j#s, (4.63)

2
1
d;j-djs = ) since j<s and d;;j-d,s=0if{i, j}N{r,s} = 2.(4.64)

A consequence of the definition of the vector d;; is that for a given point
y € R", there exist exactly Z?:_ll i = [n(n—1)]/2 distinct hyperplanes with ori-
entation d;;, where 1 <i < j <n, and containing the point y. For example, for
y € R? there exist exactly three unique planes of type Ey(d;;) containing y,
namely Ey(d;2), Ey(d3), and Ey(d>3) as shown in Figure 4.5. Note that the
intersection of these three planes is the line L(y).

Since

Ey(d,'j)={X€Rn : x,-—szy,-—yj}, (465)

it is easy to verify that each of the hyperplanes contains the line L(y) and that
the equality ;< Ey(d;;) = L(y) holds in general. Further properties of inter-
section of hyperplanes of type Ey(d;;) are given by the following theorem:
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Ey(d13) Ey(d23)

- f
5
-

L(y)

Ey(d,,)

Figure 45 The three planes Ey(d;2), Ey(d;3), and Ey(dz3) containing the
point y € R? and hence the line L(y).

Theorem 4.30 Suppose E| = Ey(d;;) and E> = Ey(d,) are two oriented hy-
perplanes in R". If (i, j) # (1, 5), then E1 N E, is an (n—2)-dimensional affine
subspace of R". Furthermore, if {i, j}N{r,s} = @, then E| and E, are perpen-
dicular.

For instance, suppose

Egi(dp)={xeR?: xj—xy =wj —w)} and E1(d13) = {x e R’ : x| —x3

N | 1
= 1w, —ws}.

Since m} = 0, the two equalities can be rewritten as
Egi(d) ={xeR’: xp = x; +wy} and Eyi(di3) = {x € R : x3 = x| +wj}},
which results in the one-dimensional line
E i(dp)NE (dp)={xeR’: x=a+w' anda = x;} = L(w')

The proof of Theorem 4.30 follows from equations 4.63, 4.64, and 4.65
and is left as an exercise.

Exercises 4.4.1

1. Suppose X c R" is convex. Show that either intX = @ or convex.
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2. Prove thatif X C R" is convex and y ¢ X, then the set (y, X) = Uxex (¥, X)
is convex.

3. Let X = {x',x?} denote the set defined in Example 4.10. Use eqn. 4.65
in order to find the four planes Ey(d;;) that determine the boundary of
S (X) and prove that S(X) is the intersection of closed half spaces of
these four planes.

4. Prove Theorem 4.30.

4.4.2 The Shape of S(X)
Suppose X c R” is compact and I = (w', ..., w"} and W* = {m!, ..., m")
represent the sets of vectors obtained from the columns of Iy and I, respec-
tively. Now consider the parallel hyperplanes
Epi(dij) ={x €R": xj—xj=mj—m’} = (x eR" : x; —x; +m} = 0)
Ey(dij) = (X €R": xj—x; = w)—w} = (x e R" : x; —x; + w0/, = 0},
where w’ <m’ (see equation 4.46). (4.66)
If x € R" has the property that x; —x; + mi >0, thenx e E_+(dl~ 7). Similarly,
if x has the property that x; — x; + m <0, then X € E ;(d;j). If both properties
are satisfied by x, then x € EJr (dij) ﬁE (d,j) L(x)C EJr (diHn E-. (d,/) and

mj <xj—xi < mj forj=1,...,n Consequently, w < —x;+X < m and since
wi=0=m} {w',m’}c Eo(ei) so that x; +x € (w',m’) C Ey(e").

Another useful property of the hyperplanes with orientation d;; and con-
taining elements of the sets 2 and M is given by the following theorem.

Theorem 4.31 Emi(dl‘j) = Emj(dij) and Emi(dij) = Emj(dij).
Proof.
En(dij) = {x €R": x;—x;+m) =0} = {x eR" : x; = x; — w! = 0)

:{XER"ZX,'—X]'—UJ]—UJ]} mJ(dl])

An analogous argument shows that E;(d;;) = E, ;(d;;)) O

The following observation is pertinent in proving the next theorem. Note
that if y € R”, then the half-open interval [y, co) = IT"_ [y;,c0) can also be
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expressed in terms of half-spaces derived from hyperplanes of type Ey(e).
Specifically, we have

n

[y,00) =[x €R": x>y} = | Ef(e), (4.67)

i=1
and {y} = N, Ey(e) since Ey(e') L Ey(e/) for i # j. Similarly, we have

n

[y,—c0) =[x eR": y > x} = ﬂE_;(ei). (4.68)
i=1

Theorem 4.32 [f X C R" is compact, then

n—-1 n
s =) [EL@ipnE_ (]

i=1 j=i+1

Before proving this theorem we simplify the mathematical symbology by
defining B(, j) = E;i(di/’) ﬁE;i(dU) and P(X) = ﬂ?z_ll ?:i+1 B(i, j).

Proof. We shall prove that S(X) = P(X) by showing that P(X) C S(X)
and S (X) c P(X). Suppose y € P(X). Then y = inf(P(X)N[y,)) and since
y € B(i, j) V pairs (i, j) with 1 <i < j<n, L(y) € P(X). Hence —y; +y € P(X)
with w' < —y; +y < m’ or, equivalently, y; + w’ <y < y; + m’. Therefore (y; +
w', y;+m’) C Ey(e') and (y, y; +m’) € P(X) N[y, o) while (y; +w’,y) c P(X)N
[y, —c0). It now follows that \/I_, (y;+w') =y = AIL (i +m). Since y is equal
to a min or max combination of the bases vectors w' or m’, respectively,
y € S(X). This proves that P(X) C S (X).

To prove the converse, suppose that x € S(X). Since F(X) = S (X), we
have that

mi+xi§IXMx=x=I}[NX$mi+x,- Yi=1,...,n,

so that w'. + x; < x; < m’ +x; for j = 1,...,n. But this implies that (x; —
J J J

xj)+w', < 0 and (x;—x;) +m, > 0, which proves that x € E* (d)NE_,(d;)
Y pairs i, je{l,...,n} with 1 <i< j<n. Therefore S(X) Cc P(X). O

. 5 (i [E}(dij) ﬂE_l;i(dij)] seems to in-
volve only the vectors w' and m’ for i =1, ..., n— 1. However, the relation-
ships established in Theorem 4.31 make it clear that the expression also in-

volves the vectors w” and m”. Specifically, we have that ﬁ(di n) ﬂE_r_Dl.(d[ n) =

; n—1
Note that the expression (7_;
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Figure 4.6 The key elements used in the proof of Theorem 4.32 illustrate how
any point 'y € E:Il(d12) N E;l(dlz) c R? can be expressed as a min or max

combination of the bases element {m', m?} or {w', w?}, respectively.

E*n(d,n) NE .(d;,) fori=1, — 1. Figure 4.6 provides a graphical inter-
pretation of all key elements associated with the proof of the theorem in case
n=2.

Another observation concerns the boundary of S(X). Since the bound-
ary of B(i, j) is given by B(i, j) = E,i(d;j) U E ;i(d;), it follows from Theo-
rem 4.32, that

a8 (X) = Ul U] 9B, )] N P(X) = U] UlEmz<d,,>UEm,<du)]mS(X>
=1 j=i+ =1 j=i+

(4.69)
For instance, the points w’ and m’ are boundary points since they are points
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on the lines

ﬂ;l , Ei(dy)) if=1
L(w’) = (ﬂe | Et i) N (V_pey Ewe(dep) if1<C<n (4.70)
,:1 Em”(dln) if€=n
and
07 zEml (dy)) if¢=1
L) =3 (N} Eqe@i0) N ((Vipy Ee@ep) ifl<<n  (471)
M) Enn(din) if £=n

Although equations 4.70 and 4.71 look identical, it is important to remember
that generally E,¢(d;/) N E, ¢(d;s) = @ since they are parallel hyperplanes. A
direct consequence of the two equations is that w’ € L(w’) ¢ 95 (X) and m’ €
L(m®) c 88 (X). Since these correspond to the intersections of the hyperplanes
that form the boundary of S (X), they constitute the edges of the unbounded
polyhedron S (X). More generally, if L is a line in a polyhedron K, then L is
called an edge of K if and only if for any x € L, A{y,z} C K\ L > x € (y,z).

As half-spaces determined by hyperplanes are convex and the intersection
of convex sets is again convex, an immediate consequence of Theorem 4.32
is that S (X) is a convex lattice with a boundary consisting of pairwise parallel
hyperplanes. Although S (X) has a boundary (the set of boundary points), it is
not a bounded set since it is an infinite beam. The dimension of S (X) depends
on the set X and is equal to n if and only if all parallel pairs E,;(d;;) || E\,i(d;;)
are disjoint. If for some pair i < j, E,;j(d;;) = E,i(d;;) but all remaining pairs
of parallel hyperplanes remain disjoint, then the dimension of S(X) is the
dimension of the hyperplane E(d;;), namely n— 1. The same comments
hold in case E;(d;;) = E,;i(d;;). As the equation of Theorem 4.32 indicates,
every time a pair of parallel hyperplanes collapses into a single hyperplane,
the dimension of S (X) reduces by one. Thus, if m pairs of parallel support
hyperplanes are equal, then the dimension of S (X) is n—m, where 1 <m <
n—1.

The geometric shape of S (X), as formulated in Theorem 4.32, represents
a special type of a polyhedron, also referred to as a prismatic beam or a
polytopic beam. Note that for any two elements x and y of R”, the hyperplanes
Ex(e) and Ey(d;;) are perpendicular since e-d;; = 0 V pairs {i, j} C N, with
i < j. It follows that the intersection of S (X) N Ex(e) is a convex polytope of
exactly the same type and shape as S (X) N Ey(e) for y # x; hence the names
prismatic or polytopic beam.

The dimension of S (X) N Ex(e) is (n —m)— 1 whenever dimS (X) = n—m.



Lattice Algebra m 167

If for instance n = 3 and dimS (X) = 3, then the polytope S (X) N Ex(e) is a
polygon. For example, if X ¢ R? denotes the set defined in Example 4.10,
then S (X) N Ex(e) is a parallelogram. If, on the other hand, X c R" corre-
sponds to the set defined in Example 4.11, then S (X) N Ex(e) is a hexagon
and S (X) is a hexagonal beam. In terms of the number of sides of the polyhe-
dron S (X) N Ex(e), the hexagon is maximal for any compact set X C R3. On
the other extreme there are various compact sets X for which dimS (X) = 1.
For example, if X = {x € R3:x= Ap+(1-A)q, 0< A< 1}, where p=(5,2,9)
and q = (18, 15, 22)’, then dimS (X) = 1 and S (X) N Ex(e) is a single point.

For a 2-dimensional example consider the set X = {x e R3 : x = ip +
(1-2q, 0 <2< 1} with p =(10,10,6) and q = (10, 8, 6)". In this case
S(X) is a 2-dimensional strip of infinite length, bounded by the lines L(p)
and L(q) as illustrated in results in Figure 4.7. Selecting the plane Ep(e),
then S(X)N Ep(e) = (p,a+(4,2,0)'), where a = %. In this particular exam-
ple the following equalities hold: E,1(d3) = E3(d13), E,1(d13) = E,5(d13),
and E »(d23) N E;3(d23) = @. This is in agreement with the comments made
above.

(10,8,6)'

|
(10,10,6)" | X
|
|

K

Figure 4.7 The infinite strip S (X), where X = (p,q) with p = (10,10,6)" and
q=(10,8,6)".
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Exercises 4.4.2
1. Prove that E(d;;) = E,;(d;)).

2. Let X C R? be the set defined in Example 4.11. Express S (X) in terms
of the geometric shape given in Theorem 4.32.

3. Provide a pictorial representation of S (X), where X is defined in Ex-
ample 4.11.



CHAPTER 5

Matrix-Based Lattice
Associative Memories

SSOCIATIVE memories are a special branch of pattern recognition. In this
A anthology a pattern is simply a vector in R” with the vector components
representing specific features of the pattern. The lattice-based approaches to
pattern recognition and artificial neural networks presented in this and sub-
sequent chapters had their roots in mathematical morphology. Mathematical
morphology had proven to be an important tool in image processing and com-
puter vision and it was realized that morphological operations were based
on the Minkowski algebra of sets in R" [65, 66, 112, 220]. Consequently
these operations can be easily expressed in terms of the operations of the ¢-
vector space (R, V,A) over the bounded semifield (Ryo, V, A, +,+¥). Since
minimax matrix products were used to implement the morphological opera-
tions of erosion and dilation in various computer vision algorithms, minimax
matrix-based lattice associative memories were initially called Morphologi-
cal Associative Memories and this older terminology is still being used by
some authors.

5.1 HISTORICAL BACKGROUND

The concept of an associative memory is a fairly intuitive one: Associative
memory seems to be one of the primary functions of the brain. The abil-
ity of human beings to retrieve information on the basis of associated cues
continues to elicit great interest among researchers. For example, a few pic-
tures from a movie clip can evoke memory of the entire story of the movie;
a glimpse of a partially occluded face in a crowd can be sufficient for rec-
ognizing an old friend. Investigations of how the brain is capable of making
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such associations from partial information have led to a variety of theoretical
neural network models that act as associative memories. The basic goal of
these artificial associative memories is the retrieval of complete stored pat-
terns from noisy or incomplete data. An associative memory is said to be
robust in the presence of noise if presented with a corrupted version of a
prototype input pattern it is still capable of retrieving the correct association.

Advances in mathematical theory related to associative memories played
an important historical role in the revitalization of artificial neural networks
(ANNSs) research. Early research concerned with ANNs came to a virtual
standstill during the 1970s. A widely publicized book by M. Minsky and
S. Papert showed the limitations of the highly touted neural network model
known as a perceptron [192]. Probably as much as any other single factor,
the efforts of J.J. Hopfield during the early 1980s brought about a profound
change in the perception of ANNs within the scientific community. As a
well-known physicist at the California Institute of Technology, Hopfield’s
scientific credentials lent renewed credibility to the field of ANNs which had
been badly tarnished by the hype of the mid-1960s. Several applications of
Hopfield’s early papers include associative or content-addressable memories
[121, 122, 123]. It is however important to note that some significant work on
associative memories did occur during the 1970s. In 1972, T. Kohonen pro-
posed a correlation matrix model for associative memories. The model was
trained—using the outer vector product rule (also known as the Hebb rule)—
to learn an association between input and output patterns [151, 152]. James
Anderson published a closely related paper at the same time, even though he
and Kohonen worked independently [7].

Although all the above named early researchers in artificial neural net-
works have, justifiably, received accolades from their peers, credit must be
given to Karl Steinbuch, the German pioneer of ANNs. Steinbuch introduced
the first associative memory, called the "Lernmatrix” (learn matrix) in 1961
[264]. This was followed by the world’s first monograph on artificial neural
networks [265], which was revised and expanded three times [266, 267, 268].
Because Steinbuch’s publications were in German, his work did not become
widely known outside of Germany. He tried to remedy this situation with
an English publication [269]. Deplorably, he was never afforded adequate
attention by the international ANN research community. Nonetheless he is
considered by many German researchers as the forgotten pioneer of artificial
neural networks.
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5.1.1 The Classical ANN Model

Artificial neural network models are specified by the network topology, node
characteristics, and training or learning rules. Here the term “topology” does
not appertain to the meaning of topology in the mathematical sense, but refers
to the graphical layout of nodes, called neurons, and line segments or edges,
called axons, where the axons represent the various connections between the
nodes. Given a set A = {aj, as, ..., a,} of neurons and a; € A, then the two
basic equations governing the theory of computation in the standard classical
neural network model are:

7i(t) = ) (wij(0)-a;(1) (5.1)
J=1
and ai(t+1) = f(zi(1)—6)), (52)

where a;(#) denotes the value of the jth neuron at time 7, w;;(¢) represents
the synaptic strength or connectivity value between the neuron a; and the jth
neuron at time #, with w;; = 0 if there is no connection between a; and a;, 7;(1)
denotes the total input effect on neuron q; at time #, and 6; denotes a thresh-
old, and f represents the next state function—also known as the activation
function for a;—which usually introduces a nonlinearity into the network.
Generally, the activation function also plays an important role in the learn-
ing rules that determine the changes of the weight values w;;(f+1) at time
t+ 1. Although not all current (artificial) network models can be precisely de-
scribed by these two equations, they nevertheless can be viewed as variation
of these two fundamental equations.

The computation represented by equations 5.1 and 5.2 are based on the
operation of the field (R, +, X). Replacing the operations in these equation
with operations from the minimax-semifields (R, V, A, +) or (Rico, V, A, +,+7)
results in the basic equations underlying the theory of computation in lattice-
based neural networks. Specifically, we have

7i(t) = \/ wij +a;(0) (5.3)
j=1
and a;(t+1) = f(7:i(t) - 6), 54
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or
()= [\ (wij+a;(0) (5.5)
=1
and a1+ 1) = f(r:i(t) - 6y). (5.6)

Observe that equations 5.2, 5.4, and 5.6 are identical. Thus, the difference
between the classical model and the early models of lattice-based neural net-
works is the computation of the next total input effect on the ith neuron which
is given by equation 5.1 versus the computations given by equations 5.3 and
5.5. In the classical model equation 5.1 represents a linear process, making
the need for a nonlinear activation function a necessity. In the lattice model
equations 5.3 and 5.5 represent a nonlinear process so that in many cases the
activation function f can be a linear function such as the identity function.

5.2 LATTICE ASSOCIATIVE MEMORIES

Associative memories based on lattice algebra are called Lattice Associative
Memories or simply LAMs. The lattice associative memories discussed in
this chapter mirror the structures of the matrix-based memories that resulted
from the work of Steinbuch, Hopfield, and Kohonen. However, since the ma-
trix operations are lattice-based, the properties and behavior of these memo-
ries are drastically different from those based on equation 5.1. Equations 5.3
and 5.5, which are basic equations for lattice neural networks, also represent
the respective operations of dilation and erosion that form the foundation of
mathematical morphology [246]. Since minimax matrix products were used
to implement the morphological operations of erosion and dilation in vari-
ous computer vision algorithms, minimax matrix-based LAMs were initially
called Morphological Associative Memories. This older terminology is still
being used by a few authors.

As in correlation encoding or the Hopfield net, the lattice associative
memory provides a simple method for adding new associations. A weakness
in correlation encoding is the requirement of orthogonality of the key vectors
in order to exhibit perfect recall of the fundamental associations.

We also need to emphasize that the meaning of “associative” in LAMs
refers to the interrelationship between data and has little to do with the storage
mechanism of data within a computer. This does not mean, however, that
these associations cannot be implemented in distributed physical systems.
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5.2.1 Basic Properties of Matrix-Based LAMs

In the field of pattern recognition, patterns are usually viewed as col-
umn vectors in Euclidean space. Each component of a pattern vector x =
(x1,X2,...,X,)" € R" correspond to one of the pattern’s features. The numeri-
cal value x; of a pattern feature can represent a variety of objects or phys-
ical features such as signal strength, curvature, a probability value, mean
mass, and so on. One goal in the theory of associative memories is for the
memory to recall a stored pattern y € R” when presented a pattern x € R”,
where the pattern association expresses some desired pattern correlation.
More precisely, suppose X = (x',....x*} cR"and Y = {yl,...,yk} c R™ are
two sets of pattern vectors with desired association given by the diagonal
(x5,y9): é=1,...,k} of Xx Y. The goal is to store these pattern pairs in
some memory M such that for € = 1,...,k, M recalls yf when presented with
the pattern x¢. If such a memory M exists, then we shall express this asso-
ciation symbolically by x¢ — M — y*. Additionally, it is generally desirable
for M to be able to recall y¢ even when presented with a somewhat corrupted
version of x¢. If X = Y, then M is called an auto-associative memory. In this
case we also have that m = n. The acronym LAAM will refer to a Lattice-
based Auto-Associative Memory. If X # Y, then M may also be referred to as
a hetero-associative memory.

If M represents a simple classical neural network such as the linear per-
ceptron, then M consists of an input layer a of neurons which connects to an
output layer b of neurons. The number of neurons in layers a and b are spec-
ified by the data under consideration. For instance, if X and Y are as above,
then a = {aj, as, ..., a,} and b = {by, by, ..., b,,} with each a; connected to
every neuron in layer b. In the simple perceptron case, if the pattern x¢ is fed
into the network, then simply set a;(¢) = xsj for j=1,...,nforall fused in the
learning cycle. Viewing a and b as the column vectors a = (ay, az, ... , a,)
and b = (b1, b2, ..., byy)’, we can express a(r) as a(t) = x4 during the learn-
ing cycle for the associated pair (x¢,y%). The weights w; j(2) get updated by
a particular learning rule until b;(z) = yi for all j € N, or t exceeds some
preset time constraint and another pattern input is used in the training algo-
rithm. The goal—which may not be achieved—is to obtain a set of weights
{wij:i€eN, and je€N,} such that for some time step z, b(y) = yf for every
input x¢ € X.

According to equation 5.1 the total network computation for a time step
t is given by

T()=W()-a(r), 6.7
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where a(?) = (a1(2), -+, a,(®)), T(t) = (t1(2), -+, T,(?))’, and W denotes the
m X n synaptic weight matrix whose i, jth entry is w;;(z).

Analogous to equation 5.7, the total computational effort resulting from
equations 5.3 and 5.5 are given by

T(H)=W@®Na(t) and T =W()RNa2), (5.8)

respectively.

The matrix correlation memories resulting from the work of Kohonen
and Hopfield that were mentioned in the Introduction were the earliest ANN
approaches for solving this particular problem. In these approaches, one starts
out with an m X n matrix M defined in terms of the sum of outer products of
the associated pattern vectors, namely

M= Zk:yf(xf) (5.9)
é=1

It follows that the (i, j)th entry of M is given by m;; = Zgzl yl.fxf. Furthermore,

if the input patterns x!,...,x* are orthonormal, that is if
lifé=y
YY . —
x") -x {Oiffiy , (5.10)

then M -x* = y¢ ((X‘f)’ X"f) + 2y Y ((XV)’ -Xf) =yt
Thus, we have perfect recall of the output patterns y',...,y*. If x!,...,x
are not orthonormal (as in most realistic cases), then the term

N:Zy%((xw-xf)io 5.11)
&Fy

k

is called the noise term. Filtering processes using activation functions become
necessary for changing the weights in order to retrieve the desired output
pattern. The Hopfield net, the Lernmatrix approach, the Kohonen content ad-
dressable memory, and the various modifications of these three fundamental
matrix-based memories are prime examples for the need of learning algo-
rithms in order to achieve recall improvements.

The matrix-based LAMs are similar to the correlation-based approach
when replacing the field operation of (R, +, X) by the minimax-semifield op-
erations of (R.w,V,A,+). For example, the correlation product in equation
5.9 is a m X n matrix, and the matrix M is the sum of these matrices. In the
minimax domain we have a similar setup.
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Definition 5.1 If x € R” and y € R” then the lattice outer product of y by x
is defined as
Yi—=X1 0 Y1~ X
yMX" = oo (5.12)
Ym—X1 - Ym—Xn

Since yVIx* = y[lAlx*, the lattice outer product of vectors is not dependent
on the type of minimax matrix product being used and will henceforth be
denoted by y®x.

If M = y®Xx, then the jth coordinate of the vector WVIx is given by
n
Mx); = \/ = xi+x) = yj, (5.13)
i=1

so that MVIx = y. Equivalently, we have
y = yM(X*¥X) = (y @ X)[VIX. (5.14)

Henceforth, we let (Xl,yl), e, (Xk,yk) denote k vector pairs, where
x{ = (a8, ..., x5) eR"and y¥ = (0%, ..., y5) € R and ¢ = 1,2, ..., k. For
a given pattern association {(x¢,y¢): £ =1,2, ..., k}, we define a pair of as-
sociated pattern matrices (X, Y), where X = (xl, e ,Xk) is of dimension n X k
and Y = (y',... ,yk) is of dimension m X k. Each pair (X, Y) of associated pat-
tern matrices gives rise to two canonical lattice associative memories denoted
by Wxy and Mxy which are defined by

k k
Myy = vyf®xf and  Wyy = /\ y¥&x’. (5.15)
&=1 £=1

Here the subscript XY serves as a reminder that M and W are associative
memories tasked with mapping elements (column vectors) of X to elements
of Y. Note that both Wxy and My are of dimension m X n. It follows from
equation 5.15 that the i, jth element of the matrices Mxy and Wxy are given
by

k k
mij = \/(y;f — f) and wij = /\(yf _xi)’ (5.16)
£=1 &=1
respectively.

Given two real-valued matrices A = (a;;)mxn and B = (b;j)mxn, then we
say that A is less or equal to B, denoted by A < B, if and only if a;; < b;; for
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i=1,...,mand j=1,...,n If A < Band x € R”, then since \/’;:](aij+xj) <
v;%:l(bij + Xj) and /\7:1(6”/' + xj) < /\?zl(bij + xj) we obtain the following
relationships:

A<B and xeR"= ANMx<BWVx and ARX< BAX. 5.17)

As an immediate consequence of the definition of the canonical memories
we have the following result:

Theorem 5.1 WxyMX <Y < MyxyAX.
Proof. By definition of Wxy and Myy,
Wyy <y ®x° < Mxy¥eé=1,2,... k.
In view of equation 5.14, this means that
Wyxy0x¢ < (7" @x°)WxE = y* = (y° @x5)AXE < MyyRx®
VéE=1,2,...,k. O
Example 5.1

1. Consider the association (xl,yl), (xz,yz), and (x3,y3), where

1_(0) 2_( O 3_( 0
x—(o , X = _ , X0 = 3 , and
0 -1 -1
yI: 1 ,y2= -1 ’y3= -2 1.
0 0 0
Then

3 00 -1 1 -1 2 -1 0
Wy = \yfexf=| 1 1 [l =1 1|a| -2 1 |=|-2 1
£=1 0 0 0 0 0 3 0 0

and WxyWxé = y¢ foré=1,2, 3.

0 2
Similarly, Myy = \/gzlyfa@xf :[ 11 ]and MxyAx¢ = yé foré =1
0 3

0
and & = 3. For & = 2 we only obtain the inequality MyyRx> = [ -1 ] >
0
y2, which was guaranteed by Theorem 5.1.
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2. Let
2 0 1
x'=| 0 ,x2: 1 ,X3= , and
2 1 -1
1 0 0
1 _ 2 _ 3 _
Y=(1 ) =(oJr=(1)
Then

1 -2 -1 01 1
ny—(_l -1 —1) and MXY_(O 1 2)'

It is easily verified that WyyMxé = yf = MyxyAx? holds for £=1,2,3.
However, using either one of the slightly distorted versions x = (2,0, 1)’
or x = (1,0,2) of x', one obtains Wxy¥x = yl = MyxyAIX. However,
when using the vector x = (1,0, 1)’, which could represent a distorted
version of either x' or x2, one obtains WyyMx = y2 and Mxy[Alx = yl.
Thus, WxyMx < Mxy[AIX even though x ¢ X.

The above example raises three obvious questions, the first of which con-
cerns the last inequality in Example 5.1(2). Specifically, does the inequality
WxyMx < Mxy(AIx hold for any vector x? Here the answer is a resounding
no. For example, if x = (5,4, 1)’, then

MxleX=( g )<( j )=nylmx. (5.18)

The second question concerns the existence of perfect recall memories.
More precisely, for what sets of vector associations (X,Y) = {(x¢,y%) : ¢ =
1,2,..., k} will Wxy or Mxy provide perfect recall? Once this question has
been answered, the next logical question is to inquire as to the amount of
distortion or noise the memories Wyy or Myy can tolerate for perfect recall;
that is, if X¢ denotes a distorted version of X¢, what are the conditions or
bounds on X¢ that guarantee that Wyy MIXé = yf or MxyNX¢ = yf ? The next
two theorems, established by Ritter e al. in [218], will address the second
question.

Theorem 5.2 (Optimality) Let (X,Y) = {(x¢,y): £ =1,2,...,k} denote the set
of associate pattern vector pairs with X C R" and Y C R™. Whenever there
exist perfect recall memories A and B such that ANIX¢ = y* and BINX¢ = y*
foré=1,...,k, then

A<Wxy<Mxy<B and WXnyf:yf:MXy[Nxf.
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Proof.Fori=1,...,mand j=1,...,n, let a;; denoted the i, jth element
of the matrix A. Since A is a perfect recall memory for (X, Y), the ith coordi-
nate of the vector AVIx¢ = y* is given by (AMX?); = yl.§ forallé=1,2,...,k
andi =1, ..., m. Equivalently, we have

n
\/(a,-j+xj’.)=y§ Vé=1,2,...,kand i=1,...,m.
=1

Thus, if j € N,, then

aj+xo <y VE=1,..k

@aijSY§—X§ VE=1,...k

k
S aij < /\(yf— f) = w;jj.
é=1

This proves that A < Wyy. In view of equation 5.17 and Theorem 5.1 we now
have y¢ = AVX¢ < Wxy[WIxé <yé V€ =1,..., k and, therefore, Wyy[VIx¢ = y*
Vé=1,...,k An analogous argument proves that if BAIX® = y¢ V&, then
MxyﬁBandeleX‘fI}’foz1,...,k. O

The matrix memories A and B in the hypothesis of Theorem 5.2 are also,
respectively, referred to as Ml-perfect and [Al-perfect for the pattern associa-
tion (X, Y). The next theorem answers the existence question of perfect recall
memories. We assume that the set (X, Y) of associate pattern pairs are as in
Theorem 5.2.

Theorem 5.3 Wyy is M-perfect for (X,Y) & foreach & =1,2,...,k, each
row of the matrix (y¢ ® x°) — Wyy contains a zero entry. Similarly, Myy is
[Al-perfect for (X,Y) & foreach & =1,2,...,k each row of the matrix Mxy —
(y¢ ®x%) contains a zero entry.

We only prove the first part of the theorem as the proof of the second part
is analogous by simply replacing minimums with maximums, or vice versa,
or by the use of some of the duality relationships discussed in Chapter 4.
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Proof. Wxy is M-perfect for (X,Y) & Vé=1,2,...,kandVi=1,2,...,m
(nymxg)i = yf: 4 Y"C - (WXYMXé:)i = O (=1 yfj — \/’;:](Wij +x§) = 0
<:>y‘§+ /\’}:l(—wl-j—xf.) =0 /\’}zl(yf—xs;—wij) =0
& Vi ([y* ®x°]- Wxy);j = 0.

Since the last equality holds for all i € N, and all £ € N, each column entry
of the ith row of (y-f ®x%) — Wyy contains at least one zero entry. 0O

Example 5.2 The memory Wyy of Example 5.1(1) satisfies the condition of
Theorem 5.3. For instance,

-1 2 -1 0 0 2
¥V eox)—-Wxy=| -2 1 |-| =2 1]|=[0 0].
0 3 0 0 0 3
On the other hand we have
0 2 -1 1 11
Myy—-(*eox) =1 1 |-| -1 1 |=]2 0],
0 3 0 2

and since the first row contains no zero we have that Myy¥x> # y?.

The following is an easy consequence of Theorem 5.3.

Corollary 5.4

1. WxyNMX =Y if and only if for each row index i € N,, and each y € Ny,
there exists a column index j € N,—depending on i and y—such that

k
Y_ Y= &_ £
YTV T \/(xj_yi)'
¢=1

2. MxyAX =Y if and only if for each row index i € N, and each 'y € N,
there exists a column index j € N,—depending on i and y—such that

k
Y_ Y= &£
YTV T /\(xj_yi)'
¢=1
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Proof. Leti e N, and y € N, If V¥ = [y @ x”] — Wxy , then vz.'j = (yl’.' -
T=0) —x;y.) —wjj = 0 and,

ij
hence y! - x =w;j;= /\gzl(yf: - 5). But this is equivalent to x;y. -y =-wij=

Ve (- 6 D).
The proof of the second part of the corollary is analogous and left as an
exercise. O

X Ty — w;j. According to Theorem 5.3, 47 > v/,

The conditions for M-perfect or [Al-perfect recall imposed by Theorem
5.3 or its corollary are quite restrictive and—as Example 5.2 demonstrates—
easily violated. As the next theorem corroborates, adding noise to input pat-
terns makes direct recall in most cases impossible.

Theorem 5.5 Let X" denote a distorted version of the pattern xX”. Then
1. WxyMXY =y’ & VjeN, and i € N,, the following two conditions are
satisfied:

m

~}' Sx;V/\[\/(ylfi—yf+x5;)] and1j; €N, 3 fc —x V[ \/(y y

i=1 &a 129
2. MxyNMX’ =y’ &V jeN, and i € Ny, the following two conditions are
satisfied:

m
2 3/ \/ /\(y?—yf+x§)]and3j,-eNnchzfi:x}’i/\[/\(y?—yf+xi)].

i=1 &#1 E#1

The notation j; in the theorem stresses the fact that this specific index j de-
pends on the row index i. The theorem emphasizes the ineffectiveness of em-
ploying the matrices Wxy and My directly in order to solve pattern recog-
nition problems. However, as we shall discover in the next sections, these
matrices do play a vital role in constructing more robust matrix-based mem-
ories. We shall not prove Theorem 5.5 as the proof is simple but somewhat
lengthy and can be found in [218].

Since generally %% ¢ X and MyxyAXé # yf as well as WyyMx¢ # yf in
most cases, we will view the matrices Myy and Wxy as functions mapping
R" — R™ defined by x —» Mxy[AIx and x —» WxyVx Vx € R”, respectively.

Exercises 5.2.1

1. Complete the proof of Theorem 5.2 that if BAIX! =y V&, then My < B
and MxyAx: =y* Vé=1,... k.



Matrix-Based Lattice Associative Memories m 181

2. Complete the proof of Theorem 5.3 by showing that Mxy is [Al-perfect
for (X,Y) & foreach ¢ =1,2,...,k, each row of the matrix Mxy — ¥ ®
x%) contains a zero entry.

3. Prove part 2 of Corollary 5.4.

4. Prove Theorem 5.5.

5.2.2 Lattice Auto-Associative Memories

Among the various auto-associative networks, the Hopfield is the most
widely known today [121, 122, 123]. A large number of researchers have ex-
haustively studied this network, its variations, and generalization [1, 6, 52, 72,
94, 139, 168, 193]. Hardware implementation issues of various associative
memories have also been extensively studied [9, 159, 185, 190]. Unlike the
various Hopfield type networks, the lattice matrix-based model provides the
final result in one pass through the network without any significant amount
of training.

The structure, but not the behavior, of the lattice-based auto-associative
Myxyx and Wxx are analogous to the Hopfield net. The weights (matrix ele-
ments) of the Hopfield net are defined by

k & . ¢ ifi .
wy= Zealii ) i (519
0 ifi=j
For a given input pattern x = (x1, ... , X,;)" the Hopfield net algorithm proceeds

by initializing x;(0) = x; at time 7 = 0 and then iterates the recursive formula
xj(t+1) = f( X, (wi;- x;(1))) until convergence. Generally, the function f is
a hard-limiting nonlinearity.

The lattice-based analogues of the Hopfield memory are based on equa-
tion 5.16 with X = Y. Specifically, the respective i, jth elements of the matri-
ces Mxx and Wyxx are given by

k k
mij=\/(-x) and w; = A(xf—xi‘f). (5.20)
&=1 £=1
But this equation is identical to equation 4.46, which means that Theorem
4.23 applies so that

Wxx =Ix and MXX:JX =1 = W)*( . (5.21)

Consequently Theorem 4.25 also applies and thus provides the following triv-
ial corollary:
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Corollary 5.6 Wxy is M-perfect and Mxy is [N-perfect.

Since the matrix transforms Wxx and My correspond to the respective iden-
tity matrices Iy and Jy when restricted to S (X) c R”, it will be convenient to
use the notation,

wip - Wy, myp e My,
Wy = : .. and My=| : .. |, (5.22)

Wy - Wy Myp o0 My

where the elements w;; and m;; are as defined in equation 4.46. Since the
memory transforms Wy and My correspond to the identity matrices Iy and
Jx, it follows that these memories have unlimited storage capacity in the
sense that they can store any finite number of patterns and recall them cor-
rectly. More precisely, if the dimension of the pattern vectors is n and k de-
notes the number of distinct exemplar vectors to be stored, then k is allowed to
be any positive integer, no matter how large. In fact, it follows from equation
4.46 and Theorem 4.23 that the memories Wy and Nix can be constructed for
any bounded infinite set X ¢ R". Of course, in case of strictly binary num-
bers, the limit is k = 2" as this is the maximum number of distinct binary
patterns of length n. In comparison, McEliece et al. showed that for the Hop-
field memory, the asymptotic limit capacity of k for the exact recovery of the
exemplar pattern with high probability is n/(2logn) [179]. Additionally, the
Hamming distance between a distorted version and its associated exemplar
pattern x* must be less than n/2. In brief, Hopfield memories have severe
limitations in the number of patterns that can be stored and correctly recalled
as well as patterns that share too many bits [171]. Likewise, the information
storage capacity (the number of bits which can be stored and recalled asso-
ciatively) of matrix-based lattice auto-associative also exceeds the respective
number of certain linear matrix associative memories as calculated by Palm
in [203, 204].

We will be using images in order to visualize various problems occur-
ring in pattern recognition. Here we are not interested in image processing or
image analysis techniques, but just the recognition of patterns expressed in
vector format. For this reason it will be important to remember that patterns
as discussed in this text are vectors, where the vector components represent
numeric features such as probability values, telephone numbers, and other
values mentioned in the introduction of subsection 5.2.1. Thus, we are not
interested in recognizing an image after it has been rotated or undergone
some other affine image transformation. Image recognition of images having
undergone such transformations generally involves the extraction of various
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ABCXE
AEEXE

Figure 5.1 The five patterns in the top row were used in constructing the Hop-
field net and the two lattice auto-associative memories Wy and Nix. The out-
put for either Wy or Ny is identical to the input patterns. The bottom row
represents the output patterns of the Hopfield net when presented with the
respective patterns from the top row [218].

key image features associated with the image’s content. Image content and
feature extraction are usually goal-dependent and a multitude of image anal-
ysis tools are available for these tasks. These features or content descriptors
can then be expressed in vector format for further pattern recognition deci-
sions.

Example 5.3
Consider the five images p!,...,p> shown in the top row of Figure 5.1.
Each p¢ is an 18 x 18 Boolean image. Using the standard row-scan method,
each image p? can be converted into a vector format x¢ = (xél:, . ..,x§24)’ by
defining
1 if pfG,j)=1 (black pixel)
xfsa—nw - { 0 if p¥(i,j)=0 (white pixel) (5.23)

Corollary 5.6 guarantees the perfect recall Wy Vxé = x¢ = My AX¢ for & =
1,...,5. However, when employing the Hopfield memory for these patterns,
we obtain the output displayed in the bottom row of Figure 5.1. Perfect recall
is only achieved for the two patterns “A” and “X” while input patterns “B,”
“C,” and “E” all converged to the same configuration not represented by any
of the five input patterns. The reason for this is that these three patterns have
too many bits in common and Hopfield type memories have difficulties in
memorizing patterns that share too many bits.

Some improvements in the Hopfield approach can be obtained by using
various techniques such as orthogonalization [263, 303]. Nevertheless, the
limitation of the number of patterns that can be stored and successfully re-
called remains severe. Another major advantage of the memories Wxx and
My is the one step convergence Wy VIx¢ = x¢ = My Ax¢ ¥V xé € X.
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ABCXE
0 bCX €

Figure 5.2 The ten patterns used in constructing the Hopfield memory and the
two lattice auto-associative memories Wy and Niy. The output for either Wy
or My is identical to the input patterns [218].

C

Figure 5.3 The output of the Hopfield memory. The output remains the same
no matter which one of the patterns shown in Figure 5.2 is presented to the
memory [218].

Example 5.4 Doubling the numbers of patterns defined in Example 5.3 by
adding the lower case letters shown in Figure 5.2 results in complete re-
call failure when using the Hopfield network. Figure 5.3 shows the output
from the Hopfield network when presented with any of the exemplar patterns
shown in Figures 5.1 or 5.2. In contrast to the Hopfield memory, in the ab-
sence of noise the lattice auto-associative memories Wy and Ny will always
provide perfect recall for noiseless input vectors from X.

In addition to being capable of storing and correctly recalling any finite
number of pattern vectors X C R", the memories Wy and Wiy converge in one
step for any input pattern.

Theorem 5.7 Suppose X CR" is a finite nonempty set and x € R". If WxVIx =
uand NixAX =v, then WyNMu =u, MxAv=v, andu>v.

Proof. Let WxVx = u. Since w; =0 Vi € N,,, we obtain
n
(WxMu); = \/(mij +uj) > wii+u; = u; Vi €N,
J=1

Therefore
u < Wy Mu. (5.24)
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Let i, j,{ € N,,. Note that

k k
m,-gz/\(xf—xi)SxZ—xZ and mgjz/\(xg—x‘j)Sx}/—x;y. for any y € N.
&=1 £=1

Thus, wir + wy; < (x) —x7) + (x} —x”) Vy € Ny and, therefore,
J i ~ X ¢ X)) VY

Wjr + Wy < (Xf—xi) = w;;. (5.25)

k
é=1

According to the inequality 5.25 we now have u; = \/;le(mij +xj) 2
\/;le(m,-g +wyj+x;) V€ €N,. Therefore, if i € N, then

u > \/ \/(mit’ +Wgj+ X)) = \/ [0+ (\/(Wj +x;))] = \/(mit’+uf) = (WxMu);.
=1 j=1 =1 =1 =1

This shows that
u > Wy Mu. (5.26)

Equations 5.24 and 5.26 imply that Wy MVu = u.
The proof of the claim MAv = v is similar and left as an exercise. To
prove that u > v, let i € N,, be arbitrarily chosen. Then

n n
u; = (WyxVX); = \/(mij+xj) > Wi+ X=X =M+ Xx; > /\(mij+xj)
j=1 j=1
= (MAX); = v;.

Thereforeu>v. O

The following theorem is a direct consequence of the proof of Theorem
5.7:

Theorem 5.8 If X is a bounded, nonempty subset of R" and i, j,{ € N, then

Wjr +Wpj < W and m;j < Mg +Mgj.

The first inequality corresponds to equation 5.25 and the second inequality is
left as an easy exercise.
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Exercises 5.2.2
1. Prove the claim that 9ixAlv = v in the conclusion of Theorem 5.7.

2. Create a data set X c R!, with |X| =5 and compute the auto-associative
memories Wy and M. Repeat this exercise for [X| = 10.

3. For readers familiar with image processing, use or create 10 Boolean
images and—using equation 5.23—convert them into 10 vectors. Com-
pute the auto-associative memories Wy and My, where X denotes the
set of the 10 vectors.

5.2.3 Pattern Recall in the Presence of Noise

Since the Hopfield net is incapable of recalling a large number of perfect
exemplar patterns, the net’s performance will be further degraded when these
patterns are corrupted by noise or suffer from missing data. The memories
Wy and Ny also exhibit poor performance when encountering noisy versions
of exemplar patterns. However, they are extremely robust in the presence of
certain types of noise and occlusions.

Definition 5.2 Suppose X = {x* : £ € N;} c R” is a set of exemplar patterns
and %* € R" denotes a distorted version of the pattern x! € X. We say that the
pattern X% is an eroded version of x* whenever %! < x! and the pattern %% is a

dilated version of x* whenever ¥! > x*.

Considering the five Boolean exemplar patterns shown in the top row
of Figure 5.1, then a change in pattern values from p(i, j) = 1 to p(i,j)) =0
represents an erosive change, while a change from p(i, j) = 0 to p(i,j) = 1
represents a dilative change. The memory 2By is extremely robust in recall-
ing patterns that are distorted due to erosive changes. These changes can be
random such as systems noise, partial pattern occlusion, etc., or nonrandom
due to processing effects such as image filtering, image skeletonisation, and
morphological operations involving erosions. Similarly, the memory iy is
very robust in the presence of dilative noise. The reason for the robustness
of Wy in the presence of erosive noise and Mty in the presence of dilative
noise is a consequence of Theorem 5.5(7) and 5.5(2), respectively. The theo-
rem provides strict limits on the type of allowable erosions and dilations for
guaranteed perfect recall. These limits become very obvious when viewed in
2-dimensional space.

Example 5.5 Suppose X = {x!,x?,x?} c R? is the set shown in Figure 5.4

Then any point z € R? on the solid horizontal half-line {z € R? : z; < x%,zg =
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[ ]

(0, xg) z

x2,0)  |(x,0)

Figure 5.4 The orbits of various planar points when mapped by the matrices
Wy and NMy. Here any point on a solid half line will be mapped by Wy to
the half line’s endpoint, as indicated by an arrowhead. Similarly, any point
on a dashed half line maps to the endpoint of the half line under the action of
M. The shaded area indicates part of the common fixed point set of the two
matrices [218].

x%} satisfies the conditions set by Theorem 5.5. (/) so that Wy Mz = x2. Sim-
ilarly, any point y € R? on the vertical dashed half-line {y e R? : y| = x%, Y2 2
x%} satisfies the conditions set by Theorem 5.5(2) and resulting in My Ay =
x”. The point x in the figure is spatially closer to the point x> than either of the
indicated points y or z. However, x does not satisfy any of the conditions set
by Theorem 5.5, and results in the inequality MixAx = v < x> < u = Wy ([VIX.
Since the pattern point x> € F(X), no distorted input version %> of x> will be
associated with x> by either memory Wy or NViy.

According to Theorem 5.7 the inequality My AlIx < Wy [x holds for any
x € R". This inequality provides for a particularly attractive visual interpre-
tation when x represents an image since a higher pixel values in an image
correspond to brighter displays while lower values correspond to darker dis-
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Figure 5.5 Top row: The patterns used in constructing the two lattice auto-
associative memories Wy and My . Second row: The corrupted input patterns.
Third row: The output response of the memory 2y when presented with the
corrupted input above it. Fourth row: The output of Mty when presented with
the corrupted input [218].

plays. Figure 5.5 illustrates this phenomenon. In this figure the top row shows
the exemplar patterns used in the construction of the memories Wy and Niy,
while the second row shows the input images to the two memories. These
input image patterns were obtained by corrupting the exemplar patterns with
30% of randomly generated erosive and dilative noise. The third and fourth
row show the respective outputs of the memories Wy and Ny for each cor-
rupted input. The order of input-output patterns is as shown in the vertical
columns.

It is noteworthy to observe that in the above example the memories Wy
and Miy reassemble the basic structure of the image content. However, they
are not capable in returning the original vector component values and may fail
catastrophically when confronted with patterns corrupted by random noise.
Nonetheless, their performance in the presence of only erosive or dilative
noise can be very impressive.
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It
II |I 1
" ’
I |
i h
Figure 5.6 Top row: The three patterns corrupted by erosion used as input to

the memory Wy. Bottom row: The output of Wy for the corresponding input
above it [218].

Example 5.6 Let X be the set of Boolean patterns shown in the top row of
Figure 5.2. The pattern representing the letter X was artificially eroded in
different ways as shown in the top row of Figure 5.6. Using these eroded
patterns as input to the memory Wy resulted in the perfect pattern outputs
shown in the bottom row. Adding dilative noise to the pattern X by replacing
background (white) pixels with black pixels as shown in the top row of Fig-
ure 5.7 and using these dilated patterns as input to the memory My resulted
in the perfect output shown in the bottom row of Figure 5.7. This is in stark
contrast with the Hopfield net which fails to recall the exemplar pattern when
any of the eroded or dilated versions of the X pattern is used as input.

Of course, complete failure also occurs when the corrupted versions of
X shown in the top row of Figure 5.6 are used as input to the memory Ny
and the same happens when the memory 2y is faced with inputs from the
top row of Figure 5.7. The reason for this failure is a direct consequence
of Theorem 5.5. In the next section we discuss approaches of constructing
matrix-based memories that are more robust in the presence of random noise.

Exercises 5.2.3

1. Construct a set X containing ten Boolean vectors x',x2,...,x!'0 with

x' € R0 for i € Nyg, and compute the auto-associative memories Wy
and My. For each vector x' € X randomly choose two coordinates x;
and x"g having value 1, and replace the value with zero. Let Y denote the
set of vectors obtained this way and compute the values Wy My¢ and
My Ay¢ for & = 1,...,10. Discuss the reasons for the output obtained.
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X X
X X

Figure 5.7 Top row: The three patterns corrupted by dilation used as input to
the memory Mix. Bottom row: The output of Nix for the corresponding input
above it.

2. Let X, Wy, and My denote the objects constructed in Exercise 1. Re-
peat Exercise 1 by randomly choosing two coordinates xi. and x@ having
value 0 and replacing them with the value with 1.

3. (For readers familiar with image processing) Let X, My, and Ny de-
note the object constructed in Exercise 5.2.2(3). Corrupt the elements
of X with 30% of dilation noise and check the performance of Wy and
NMy.

4. Let X be as in Exercise 3, but corrupt the elements of X with 30% of
erosive noise. Check the performance of Wy and M.

5.2.4 Kernels and Random Noise

Since Wy is well-suited for recognizing patterns corrupted by erosive noise
and My is equally well suited for recognizing patterns corrupted by dilative
noise, it may seem suitable to process a noisy version X of x” by a combi-
nation of Wy and Ny. However, it is clear from Example 5.5—as well as
Theorem 5.7—that such an approach will fail. In fact, P. Sussner proved that
passing the output of My [AX” through the memory Wy or, dually, Wy VX"
through the memory iy, will generally not result in x¥ [272]. Nevertheless, a
successful approach based on the intuitive idea of using the memories Wy and
Ny in sequence was presented in [218, 223]. This method became known as
the kernel method. The vocable “kernels”—as used in this treatise— refers to
the seed or core components of a pattern vector x” that allow for the complete
reconstruction of x”. Unfortunately, the word “kernel” plays also a major
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role in machine learning where kernel methods refer to a class of algorithms
for pattern recognition. These algorithms employ special types of similarity
functions called kernel functions. Thus, the kernel methods used in machine
learning are completely different from the kernel methods discussed in this
chapter. Both of these distinct kernel methods also appear in the published lit-
erature where the content under discussion eliminates any possible confusion
between the two concepts.

Suppose X = (x',....x*) cR"and Y = {yl,...,yk} c R™ are two sets of
pattern vectors and the goal is to construct a lattice-based matrix memory
A such that xX{ - A — y¢ V& € N; and A is robust in the presence of ran-
dom noise. The underlying idea in the kernel method is to define two as-
sociative memories M and W, where M associates with each input pattern
x” an intermediate pattern z” and W associates each pattern z” the desired
output y”. In terms of the minimax matrix product, the desired equation is
of form WWI(MRAXY) =y”. If the n x k matrix Z = (z', ..., ") of intermedi-
ate patterns satisfies certain conditions, then the matrices iz and Wzy can
serve as M and W, respectively. Furthermore, if Z is properly chosen, then
WzyNM(MZzI[AXY) = y” for most corrupted versions X” of x”. If Z satisfies these
basic properties, then Z is called a kernel for the associative pair (X, Y). The
following formal definition of a kernel was proposed in [223]:

Definition 5.3 (Restricted version) Suppose X = x,...xx} cR", Y =
{yl,...,yk} cR™, and Z = {z!, ..., zF} a subset of R”. The set Z is said to be a
kernel for (X, Y) if and only if the following three conditions are satisfied:

1. Z#X
2. MyAx =28 VxbeX
3. WyyWzt =y Vit eZ.

The elements of Z are called kernel vectors. If Y = X, then Z is said to be a
kernel for X.

It follows that if Z is a kernel for (X, Y), then
WzyM(MZAXY) = WzyMz! = yy VyeNg (5.27)

and Wzy is M-perfect for the pattern association (Z,Y). Furthermore, a con-
sequence of the second condition is that for every z¢ € Z, z° < x¢ since
n
& = WzmX ] = [\ (g +x) <my+af = VieN, (5.28)
j=1
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Therefore every z¢ € Z represents an eroded version of x¢

For kernels to be effective in recognizing patterns that are severely cor-
rupted by random noise, they need not only represent eroded subsets of X
but should also be extremely sparse; i.e., for each v, the corresponding ker-
nel vector z” should consist mostly of zero entries when dealing with non-
negative pattern vectors. The reason for the extreme sparseness is based on
the following observation. If Z is sparse, then the corrupted version X” of x”
will generally be able to afford a high degree of erosive noise and still satisfy
the inequality z” < X”. Since Wiz is robust in the presence of dilative noise,
X” will be conceived as a dilated version of z” by the memory Miz. On the
other hand, if z* is not sparse and X” contains large amounts of erosive noise,
then it is far more likely that z¥ £ X¥ and 9tz will have difficulty recogniz-
ing X”. Ideally we would like that for each 7, the equality zj. = x; holds for
exactly one j € {1,...,n} and zl’.' =0 Vi#j. If Z results in a kernel under
these conditions, then we are guaranteed the recovery of x” from X” as long
as z¥ < MzAIXY < x”. These loose concepts lead to the definition of minimal
representations of a pattern set X.

Definition 5.4 A set of patterns Z < X is said to be a minimal representation
of X if and only if for every y € Ny the following three conditions are satisfied:

1. 27 AZE=0VE+y.
2. 77 contains one and only one non-zero coordinate.

3. WzxMz? =x".

Such minimal representations of X are, in general, easily obtainable if the
pattern vectors are Boolean and |X| = k is much smaller than the dimension n.
If these properties hold, then Z will be a kernel for X and the auto-associative
memory

input —» My — Wyx — output (5.29)

will be fairly robust in the presence of random Boolean noise and Z.

Example 5.7 Consider the set X and Z with elements

1 1 1 0 0 0
1 0 0 1 0 0
1_ 2 _ 3_ 1_ 2 _ 3 _
X_O’X_O’X_l’andz_O’z_O’z_1’
0 1 0 0 1 0
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respectively. Then Z is a minimal representation of X. However, dilating any
pattern x¢ by replacing a single zero coordinate with the number 1 has the ef-
fect that Izt € Z\ {z¢} > z! <x' < %%, thus making it impossible to recover x¢.

The following connection between kernels and minimal representations
for Boolean patterns was established by P. Sussner [272]:

Theorem 5.9 Let X, Y and Z be sets of binary patterns with Z < X. If
Vé£y, 2 A2E =0 and 20 £ 25, (5.30)

then Z is a kernel for (X,Y).

Thus, in order to construct a kernel Z for a Boolean pair (X, Y) of vector
association one simply has to satisfy the two conditions of equation 5.30.

Example 5.8 The robustness in the presence of random noise of the mem-
ory {input — Mz — Wzx — output} can be best illustrated by converting
Boolean images into binary pattern vectors. The five Boolean images used
in this example are shown in the top row Figure 5.8. Each image is of size
32 x 32 pixels. The border framing each image serves as a viewing delim-
iter but is not part of the image. Using the row scanning approach (equation
5.23), each image was converted into a 1024-dimensional binary pattern vec-
tor x¢, with x' corresponding to the letter “A”, x° to the letter “E”, and so
on. The corresponding kernel vectors z', ..., z° were constructed by select-
ing for each £ =1, ...,5 a black (value 1) pixel xf of x¢ such that xf # xl’.l
Vaell,...,5}\{£) and setting

e [ 1ifj=i
Zj‘{ 0if j#i (531

Reverting these kernel vectors into Boolean images yields the images shown
in the bottom row of Figure 5.8, and a visual inspection of these images shows
that equation 5.30 in the hypothesis of Theorem 5.9 is satisfied.

Corrupting the exemplar patterns with 10% of random noise results in
the patterns X', ..., % corresponding to the images shown in the top row of
Figure 5.9. Using these corrupted patterns as input to the memory {input —
Mz — Wzx — output} results in complete recovery of the exemplar patterns
as shown in the bottom row of Figure 5.9.

It is clear from Figure 5.8, that for any £ € {1, ...,5}, 2" ¢ \/#fzﬂ. This
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Figure 5.8 Top row: The set of exemplar patterns X = {x',...,x°} used for se-

lecting the elements of the kernel Z for X. Bottom row: The five correspond-
ing kernel vectors selected for constructing the memories iz and Wzx.

Figure 5.9 Top row: The five exemplar patterns corrupted by x% of ran-
dom noise used as input to the memory Miz. Bottom row: The output vector
Wox 0[M;AXE] converted to images for the corresponding input above it.
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condition, known as morphological independence, is key in selecting a set Z
of kernel vectors from X for a Boolean pattern association (X, Y). Although
selecting kernel vectors in the Boolean case is easy, the selected kernels for
(X, Y) are generally not unique.

Various attempts at generalizing Theorem 5.9 to the non-Boolean case
have been unsuccessful. This failure is due to the fact that in the Boolean
case the condition specified by equation 5.30 in the hypothesis of the theo-
rem is implied by the notion of morphological independence and results in
a kernel. As it turns out, the same is not true in the non-Boolean case. In
order to illuminate this problem we begin by formally defining the notion of
morphological independence.

Definition 5.5 Suppose 7 C N. A set of pattern vectors X = {x{ e R" : £ € I}
is said to be morphologically independent if and only if for every A € [

x! ¢ \/ X (5.32)
cel\{a}

A consequence of the definition is that if X is morphologically inde-
pendent, then it follows from equation 5.32 that there exists an index j, €
{1, ..., n} such that xl < xfﬁ V& # A. Hence X¥ £ x¢ V& # A, which satisfies
part of the hypothesis of Theorem 5.9. The converse, however, does not hold
true.

Example 5.9 Let X = {x!, x2, x°}, where

4 2 2
2 6 5
1_ 2 _ 3_

X = 5 , X = 3 , and x 1

5 4 5
4
2 6

A 3 3 £ _
Then x* £ x° V& # A, but x SE\_/X =1 5
T 5

If the set X of pattern vectors is morphologically independent and the vec-
tor components are non-negative, then it is easy to define a set of pattern vec-
tors Z < X that satisfies equation 5.30 of Theorem 5.9. Foreach 1 € {1, ... , k},
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we simply pick the index j, € {1, ..., n} for which xi < x;a V& # A and define
z* by setting

A . . .
A_ )X ifi = j, 533
! { 0ifi+j, (5.33)
fori=1,...,n. It follows that equation 5.30 is satisfied. However, in this

construction of Z we did not assume that X is Boolean. Hence it makes sense
to ask whether or not Z is also a kernel in the non-Boolean case. The next
example provides the answer this question.

Example 5.10 Slightly altering the set X defined in Example 5.9 by setting

4 2 2
2 3 5
1_ 2 _ 3_
X = s , X = 3 , and x° = e
6 4 4

turns X into a morphologically independent set of vectors. Employing equa-
tion 5.33 results in the set Z < X consisting of elements

0 0 0
0 0 5

1 _ 2 _ 3 _

7 = 0 , 2= 3 ,and z° = o |’
6 0 0

00 0O 4 2
05 5 2 2
G 1 _ _ 1
My AXx = 2 %8 0 8 Al s =] s +Z.
6 6 6 0 6 6
0 -3 -6 -2 2
-2 0 -5 -4 2
G 1y ol
Nevertheless, WxM(NizAIX") = 1 -4 0 -3 \Y/ 5 =X
2 -1 -4 0 6

and, similarly, Wy (M Ax¢) = x¢ for & =2 and 3.

Observe that the vector MzWx! in Example 5.10 is an eroded version
of x! and a greatly dilated version of z'. Furthermore, the auto-associative
memory

input - My — Wy — output (5.34)
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Figure 5.10 Top row: The seven morphologically independent exemplar pat-
terns. Bottom row: The corresponding non-zero entries—enlarged for better
visibility—of the seven elements of Z [223].

is a perfect recall memory for the set X. In view of this example it is natural
to ask if the auto-associative memory defined by equation 5.34 is a perfect
recall memory whenever X is a morphologically independent set of vectors
containing no negative components and Z < X is obtained via equation 5.33.
In order to answer this question, consider the seven pattern images p', ..., p’
displayed in the top row of Figure 5.10. Each p¢ is a 50 x 50 256-grayscale
image. Using the standard row-scan method each pattern image p® can be

converted into a pattern vector x¢ = (xf, ces xgsoo) by defining
Hyre = PE(E) for re=1,...,50. (5.35)

Using a computational tool such as Matlab, it can be easily verified that this
set of seven vectors is morphologically independent.

The tabular construction displayed in Table 5.1 gives the row indices j,
for A=1,...,7, satisfying the strict inequality x;a > xi V& # A. Using these
values of j,, the set Z can then be generated by employing equation 5.33.
The bottom row of Figure 5.10 shows the pixel position corresponding to
each pattern row index j = j,. For better rendering, each of these non-zero
pixels was enlarged to a 3 X 3 block with the same value; also, a reference
frame was drawn around each of the images.

However, Z is not a kernel since it is easily shown (using simple compu-
tational tools such as Matlab) that Miz[AIX # Z. Figure 5.11 also demonstrates
that Wy VI (Wiz A X) # X. Partial reconstruction and the effect of crosstalk
noise between patterns for perfect input is shown in the bottom row of the
figure. Only pattern x* is perfectly recalled. As an aside, direct computation
of WzxMZ also fails to recall X perfectly; visually the output is similar to the
bottom row of Figure 5.11.

The concepts of max dominance and min dominance play a key role in
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TABLE 5.1 Row index j, pixel position (r,¢), and value (underscored) xz
of each pattern y used to build matrix Z [223].

j (o) 1 2 3 4 5 6 7
1759 (36,9) 255 141 165 94 142 159 196
453 (103) 25 255 71 164 136 101 184
2358 (48,8) 233 205 237 163 192 116 107
260 (6,100 20 56 62 255 134 105 44
2186 (44,36) 175 112 102 89 255 173 200
737 (15,37) 195 70 96 116 136 255 164
1276 (26,26) 208 46 199 153 159 176 251

BN e N, BN SOV N I

Figure 5.11 Top row: The input patterns for the memory Mz — Wy. Middle
row: The output of the memory M when presented with the morphologi-
cally independent set in the top row. Bottom row: The output patterns of the
combined memory Mz — Wy [223].
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refining the properties of lattice independence as well as morphological in-
dependence.

Definition 5.6 A set of vectors X = {x!, ..., xX} ¢ R” is said to be max dom-
inant if and only if for every A € N; there exists an index j, € {1, ..., n} such
that
k
ot =\/GE —x) Viefl, .., (5.36)
£=1
Similarly, X is said to be min dominant if and only if for every A € Ny there
exists an index j, € {1, ..., n} such that
k
o =-xt= NGE -2 Viefl, .., (5.37)
£=1

Note that equations 5.36 and 5.37 are, respectively, equivalent to

Y Y _ Y _ Y= _

xjy —X = mjyl- = —tDijy and xjy —X = IDjyl' = —mijy. (538)
For our current discussion it is more pertinent to observe that equations

5.36 and 5.37 can also be formulated by saying that for every A € Ny there

exists an index j, € {1, ..., n} such that, respectively,

A A 3 3 A 3 &
X, =X < X =X and X —xl’-l > X X (5.39)

Vie{l,...,nfand V€ €(1, ..., k}.

Definition 5.7 A set of vectors X = {x!, ..., xX} c R” is said to be morpho-
logically strongly independent if and only if X is max dominant and for every
AeN, xt £ xf VEe N\ {4).

According to Example 5.9, if X is morphologically independent, then X
satisfies the condition x! £ x¢ V& € Ni \ {4} of Definition 5.7. However, as the
next example shows, the notions of morphological independence and strong
independence are generally not equivalent.

Example 5.11 Let X = (x!,x%,x°) be the morphologically independent set
defined in Example 5.10. Straightforward computation shows that for y = 1
there does not exist a j € {1,2,3,4} such that

£ 1

x‘.—xé.:le.—x.
J l J l
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Vi=1,2,3,4 and V¢ # 1. Therefore, morphological independence does not
imply strong morphological independence. To provide an example of a mor-
phologically strongly independent set of patterns, let

4 2 2
2 3 5
1 _ 2 _ 3 _
X = 5 , X° = 3 ,and x° = )
10 4 4

Then for y = 1,2,3 there exists j = 4,3,2, respectively, such that xf - xf <
x? - x for i = 1,2,3,4. Note that X is essentially the same as in Example

5.10 except for x4 =10.

Since morphological strong independence requires that equation 5.36 is
satisfied, the question may arise if max dominance implies the inequality
x! £ x¢ V& eNg\ {4} orif x}f > xl?' for i = 1,...,n. Here again the answer is
negative in both cases. By letzing X consist of the vectors

1 (9 2 (10
X—(4 and x“ = 5 ]

we have xg—xf Sxé—xil and xl x§ < x1 x? sforé§=1,2andi=1,2. Thus, X
is max dominant. But since x! < x? X does not satisfy the second requirement
x! £ x¢ for & # A of strong morphological independence.

In the discussion immediately following equation 5.32 it was shown that
if X is morphologically independent then Vy = 1,...,k there exists an index
Jy € {1,...,n} such that x‘i < x Vf # . As it turns out, the same property

also holds for morphologically strongly independent sets.

Lemma 5.10 If X is morphologically strongly independent, then Yy =
L,...,k, there exists an index j, € {1,...,n} such that xf. < x’.’ VE + .

Proof. Suppose that there exists an index A # y such that x < x} where j,
is as in equation 5.36. Then

x'=x —(x’./ — 7):x7.’ —\/ ¥ =
i Jy Jy i Jy Jy 1

&=1
k
=x + xf—xg Sxﬂ +/\ xf—xf
Jy ! Jy Jy Y
= f:l
bl 1.1 1
< x’ —x" )=x =
_x]y+(xl x]y) x; Vi N /)
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But x;y < xfl Vi=1,...,n implies that ¥ < x*, which contradicts our hypoth-
esis of strong morphological independence. O

It is important to note that in the proof of Lemma 5.10 we made use of
both conditions of the definition of strong independence. Also, since xi <
Y

x}'y V& # v we have that

Y 3 Y 3
Xi > \/xjy, hence x” £ \/x .

+y &y

This proves the next theorem:

Theorem 5.11 Morphological strong independence implies morphological
independence.

As mentioned previously, in the Boolean case morphological indepen-
dence and strong independence are equivalent notions.

Theorem 5.12 Suppose X is Boolean. Then X is morphologically indepen-
dent if and only if X is morphologically strongly independent.

Proof. In view of Theorem 5.11, all we need to show is that morpholog-
ical independence implies strong independence. Furthermore, assuming X is
morphologically independent, then X satisfies condition 1 of strong indepen-
dence. Therefore, it only remains to be shown that X also satisfies condition
2 of strong independence. Let y € {1,...,k}; since X is morphologically inde-

pendent, there exists an index j, € {1,...,n} such that xi < x; V& +# . Since
Y Y

X is Boolean, this implies that x;y.y =1 and xi =0 V¢ # y. Hence,

¥ = <0< =8 X (5.40)
Jy i i i Jy i

fori=1,...,nand¢é=1,....,k. O

As indicated by Example 5.10, equation 5.30 can be satisfied by any set
of non-negative vectors X of morphologically independent patterns. Further-
more, if X is Boolean, then the resulting set Z represents a set of kernel vec-
tors but Z need not be a kernel if X is not Boolean. However, the set X in
Example 5.10 is not strongly independent (see Example 5.11). Therefore, it
seems natural to ask if strongly independent sets yield kernels when using the
method described by equation 5.33. We examine this question in the remain-
der of this section and provide a modification of the definition of a kernel
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in order to circumvent the problems encountered by the kernel method used
thus far.

A roadblock in obtaining meaningful kernels in the non-Boolean case is
the overly restrictive requirement that Miz[AX* = z”. However, if we simply
require that there exists a memory W such that

WNIMizAxY) =y, (5.41)

which agrees with the intuitive idea expressed in the introduction of this sec-
tion, namely that 9Mz[AX” need only be some intermediate pattern, then sev-
eral results that mirror Sussner’s theorem can be obtained for non-Boolean
patterns. These observations provide the rationale for replacing Definition
5.3 with the following less restrictive definition of a kernel:

Definition 5.8 (Relaxed version) Let Z = (z',...,z%) be an nx k matrix. The
set Z is called a kernel for (X,Y) if and only if Z < X with Z # X and there
exists a memory W such that

WNMMzAX) =y”. (5.42)
If Y = X, then Z is a said to be a kernel for X.

Example 5.12 Consider the two subsets X and Y of R? with elements

0 0 0
x'=| 0 ,x2= -2 ,x3= -3 |, and
0 -4 0

0 0 0
Z'=| 0 ,12= -2 ,andz3= -3 1.
-2 —4 -2
Then WMI(Miz[AIX”) =y? fory =1, 2, 3, where

-1 0 2 0 3 4
W=Wzy=( -1 1 0 and Miz=( 0 0 2 |.
1

0 0 2 -2 0
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Obviously, Z < X with Z # X. Thus, according to Definition 5.8, Z is a kernel
for (X, Y).

There is an obvious close connection between kernels and minimal rep-
resentations. If Z is a kernel for X in the sense of Definition 5.3, then Z < X,
Nz AxY =27, and WzxMz” = x”. Thus, kernels for X satisfy condition 3 of
minimal representations. We now consider the converse, namely for what
pattern sets do there exist minimal representations that may also serve as
kernels. In the remainder of this section we assume that pattern vectors are
non-negative! Specifically, a pattern vector x € R” is said to be non-negative
if and only if x; > 0 Vi e {1, ..., n}. If the elements of a set X C R" are all
non-negative pattern vectors, then we say that X is non-negative.

By definition, a minimal representations Z of a set X of pattern vectors
has the property that Z < X. Thus any element z¥ € Z has the property that
z” < x” € X. Consequently every element z¥ of Z can be viewed as a noisy
eroded version X of X” € X. Setting X¥ = z” results in )E;y < x; Vi=1,...,n.
Hence the condition )?3 < x; VAR TV epa(x} —f +x§)] of Theorem 5.5.(1) is
automatically satisfied for eroded patterns. This proves the following corol-
lary of Theorem 5.5:

Corollary 5.13 Suppose that XYdenotes an eroded version of X¥. The equa-
tion WxNIXY = x¥ holds if and only if for each row index i € {1,...,n} there

exists a column index j; € {1,...,n} such that
< _ Y y_ &, .¢
X=X \Y [\/ [xl. - X; +xji]]. (5.43)
&y

Similarly, if X"denotes a dilated version of XY, then the equation
NixANXY = XY holds if and only if for each row index i € {1,...,n} there ex-
ists a column index j; € {1,...,n} such that

fc;y.l—x /\[/\[x —x + X", ]] (5.44)

E#y

This corollary is a key component in the proof of the next theorem.

Theorem 5.14 If X is non-negative and morphologically strongly indepen-
dent, then there exists a set of patterns Z < X with the property that for
y=1,...,k
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1. 2V NZE=0VE#£,

2. Z” contains at most one non-zero entry, and

3. Wy z” =x".

Proof. Since X is strongly independent, by Lemma 5.10 we have that for

eachy =1,...,k there exists an index jy € {1,...,n} such that xiy < x?y VE+£y.
Define the set Z by defining for each y the pattern vector z¥ by

’y . . .
x. ifi=
Z=4 % NIl (5.45)
! 0ifi#j,
for i =1,...,n. By construction, each z” contains exactly one non-zero entry.

. . Yy & y & . .
Obviously, since z >, and z je < e Y& #y, we must have j, # jg VE#y
and, hence, ziy =0 V¢& #y. On the other hand, z;.y =0 whenever i # j, and zf =0

whenever i # jg. Therefore, z¥' A 7 = 0 V¢ # y. It remains to be shown that
condition 3 of the conclusion holds. By construction, z" < x” fory = 1,...,k.
We shall now show that given y € {1,...,k}, there exists a j € {1,...,n} such
that

zj:xyv[V[xj—xfmﬂ] Vi=1,...,n (5.46)

s#Y

Equation 5.46 is verified as follows, let j = j,, then

Ny v[v[x i +xf]] \/[x )

S#Ey
k
= x:.y+ \/(xi—xf) = x?’— /\(xf—xf.)
=x) —(x —le) =27

Therefore, according to Corollary 5.13, condition 3 holds. O
The next corollary is an easy consequence of this theorem.

Corollary 5.15 If X and Z are as in Theorem 5.14, then Z is a minimal rep-
resentation of X.
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Proof. Conditions 1 and 2 of the definition of minimal representation
are a consequence of Theorem 5.14. Thus, all we have left to show is that
WzxMzY =x” fory = 1,...,k . According to Theorem 5.14, Wy is a perfect
recall memory for the pair (Z,X). Hence, by Theorem 5.2, Wy < Wzx and
WzxMz? =x" fory=1,....,k. O

Suppose X and Z are as in Theorem 5.14 and u? = Miz[Ax”. Then for each
i=1,...,n we have that

n
= (M AX); = /\(m,- j+ X0 <my+x] = 2 (5.47)
j=1
since m;; = 0. Hence u” < x” foreachy =1,...,k. Since z" < x?, it now follows
that

2 =Mz ANz” < MzAx' <x”. (5.48)

In view of Theorem 5.14 and equation 5.48 we have
X' =Wy z" = Wy MMz Az") < WyM (MzAX) <WxMx” =x7.

Therefore,
Wy M Mz AXY) =x" Vy =1,...,k. (5.49)

Equation 5.49 in conjunction with the memory W defined by W = Wy
satisfy the definition of a kernel for X (Definition 5.8). This verifies the fol-
lowing corollary:

Corollary 5.16 If X and Z are as in Theorem 5.14, then Z is a kernel for X.

According to Corollary 5.15, a minimal representation is also a kernel.
Hence, for a set of patterns X to be reducible to a kernel, it is sufficient that
X is strongly independent. Furthermore, if X is strongly independent, then in
order to obtain a kernel one simply selects a minimal representation Z of X
using the method given in the proof of Theorem 5.14.

Given a minimal representation Z which is also a kernel for X and a noisy
version X” of the pattern x” having the property that z¥ < X” and Mz AX” < x7,
then it must follow that

Wy (M AKY) = x". (5.50)

Although the seven exemplar patterns displayed in the top row of Figure
5.10 are morphologically independent, they are not morphologically strongly
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Figure 5.12 Top row: The morphologically strongly independent exemplar
patterns. Bottom row: The corresponding non-zero entries of the minimal
representation kernel patterns Z [223].

TABLE 5.2 Row index j, pixel position (r,¢), and value (underscored) x}y.
of each pattern y used to build matrix Z [223]. '

y i (o 1 2 3 4 5 6 17
1 2463 (50,13) 255 0 O O O O O
2 1845 (3745 0 255 0 O O O O
3 2430 4930) 0O 0255 O O O O
4 65 (2,15 0 0 025 0 0 0
5 112 (312 0 0 0 025 0 0
6 2466 (50,16) O O O O 0 255 O
7 14 (1,149 0O 0O O O 0 0 255

independent. In order to obtain a morphologically strongly independent set
of vectors, the seven exemplar patterns were slightly modified using equation
5.36; the modified exemplar patterns shown in the top row of Figure 5.12
are morphologically strongly independent. An actual algorithm for inducing
strong independence on any finite set X C R” and extracting a set of kernel
vectors from the modified set X is given in Section 5.2.6.

Table 5.2 gives the list of the corresponding indexes where the pixel value
for each pattern y in row j = j, was taken to be the maximum (white) and for
& # 7y the minimum (black) was assigned. The matrix Z was defined accord-
ing to equation 5.45. According to Theorem 5.14 and Corollaries 5.15 and
5.16, Z is a minimal representation as well as a kernel respectively; Figure
5.12 shows the morphologically strongly independent set of patterns and the
associated minimal representation given by (z!,...z").

Randomly corrupting the patterns shown in Figure 5.12 with 30% of
noise with an intensity level of 128, and using the minimal representation
Z as the kernel set, one obtained the perfect recall Wy (NViz[AXY) = x” for
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Figure 5.13 Top row: The corrupted (random noise) input patterns. Bottom
row: The perfect recall using the kernel Z of Fig. 5.12 for the memory scheme
- Nz - Wy — . [223]

v=1,...,7 shown in Figure 5.13. Here the memory — Mty — Wzx — works
just as well.

As observed earlier, for a set of patterns X to be reducible to a kernel, it
is sufficient that X is strongly independent. Strong independence, however,
is not a necessary condition. In Example 5.11 it was noted that the set X
defined in Example 5.10 is morphologically independent but not strongly
independent. By letting Z be as in Example 5.10 one obtains

Wy ™M (M Ax”) =x” fory =1,2,3.

Hence Z is a kernel for X. Furthermore, the memory Wzx, defined by

2 3 -6 -2
2 0 -5 -4

Wox=\'{ 4 o -1 |
4 -1 -4 0

has the property that WzxV1 z” = x” for y = 1,2,3. Thus Z is also a minimal
representation for X. It follows that strong independence is not a necessary
condition for the existence of kernels or minimal representations.

The question of necessary and sufficient conditions for the existence of
kernels remains open. The condition that Wy z¥ = x” is crucial in our proof
of the kernel scheme

input — Ny — Wy — output. (5.51)

In order to prove condition (3) of Theorem 5.14, we had to use the fact
that X is strongly independent. Thus far researchers have been unable to
weaken the hypothesis of strong independence.
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Even though the set Z in Example 5.10 is a kernel as well as a mini-
mal representation of X, Z does not satisfy property (3) of the conclusion of
Theorem 5.14 since

0 =3 =6 =2\ (0 (4) (4
2 0 -5 4| o] |2].]2

1 _ _ ol

BME=l a0 3 |Y o [T s Pl s T
2 -1 -4 0 6) le) Lo

Consequently property (3.) of Theorem 5.14, although sufficient, is not
necessary for obtaining a kernel that is also a minimal representation. There
is a good reason why minimal representations are the preferred kernels for
the recovery of patterns from noisy inputs. Recall that equation 5.50 will be
satisfied whenever

z) <% and (MZAX); < x7 (5.52)

Vi=1,...,n. Now, if for some i the i, jth entry of M is zero for every
j=1,...,n, then equation 5.52 is satisfied for this particular index i as long
as

n

NF <. (5.53)

j=1
This claim follows from the fact that since m;; = \/lg‘:l(zf —z’j) =0 for

every j=1,...,n and Z is a minimal representation, we must have that zf.c =0
for every £ = 1,...,k. Hence, ziy =0< )Zly and

n n
AR = N\ omyj+ 7)) = [\ 2. (5.54)
J=1 J=1

Due to the lower bound given by equation 5.53, the components of x¥ can
be arbitrarily corrupted and still satisfy equation 5.52 for the given index i as
long as there exists at least one index j € {1,...,n} such that < x:./.

In many cases, equation 5.52 is automatically satisfied for a large number
of indices i whenever Z is a minimal representation. These cases occur when
k < n as, for example, in the case of the seven image patterns shown in the
top rows of Figures 5.10 or 5.12, where k = 7 < 2500 = n. If n is large and
k < n, then n—k, which is the cardinality of the set / = {i : zf =0Vé=1,...,k},

is also large. Since m;; = \/’;:l(zf.c —zi) and z;c. > 0 for at most one &, we have
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that m;; = 0 for every j=1,...,n whenever i € I. This means that iz contains
n—k rows having only zero entries. Hence equation 5.47 is satisfied for at
least n — k indices i.

Although equation 5.47 is guaranteed to be satisfied for at least n —k
indices i, the likelihood that it is satisfied for the remaining k indices is also
very high. Since Z is a minimal representation, the inequality zl.7 =0< )E?’ is
guaranteed for all i except one. The only time the inequality may not hold is
in the event that for one single index j,, )”c}; < xzy = z; . The probability of
this event occurring becomes small as n increases. Also, since 9z acts as an
erosive memory in that Mz AIX” < x”, the expectation that (NizAIXY); < x;.y is
dramatically enhanced for large n.

The problem of kernels for pattern pairs (X, Y) where X # Y follows from
the results established in this section. The next theorem is an easy conse-
quence of Theorem 5.14 and its corollaries.

Theorem 5.17 If X and Z are as in Theorem 5.14 and Wxy is a perfect as-
sociative recall memory, then Z is a kernel for (X,Y).

In order to verify this theorem, simply let W = Wxy Wx. Then, for all
y=1,...,k

WN (MZAXY) = (WxyM Wy )M (M zAXY)
= WxyM [Wx ™ (MzAX")] (5.55)
= WyyMx” = y”.

The sequence of this associative feed-forward network is given by

x’ =Mz - Wy —» Wxy — y” or simply by x¥ »Mz; - W -y, (5.56)

where W = Wxy M Wy.

The two major drawbacks of the kernel method are the requirements that
z7 < XY and that the vector components are non-negative. In the event where
Z #0and ¥ x < z » the corrupted pattern will not be recognized as the orig-
1nal pattern. Slnce all other entries of z” are zero, the probability of this event
occurring becomes small with increasing dimension »n and k£ < n. Although
Theorem 5.14, in conjunction with Corollary 5.16, provides sufficient con-
ditions for the existence of kernels, the establishment of necessary and suffi-
cient conditions remains an open problem. Several researchers used other ap-
proaches to get around this problem. Notable among these are the extensions
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of the min and max products to fuzzy min and max products as proposed
by P. Sussner, et al. [273, 274, 276]. These approaches have proven useful
in several applications. Nevertheless, they raise new problems and in various
cases do not return the exemplar patterns when confronted with noisy inputs.

Exercises 5.2.4
1. Prove Sussner’s theorem (5.9).

2. Use graph paper to create six, 16 X 16, black-and-white images, using
symbols of your choosing. Each square of a 16X 16 picture represents a
pixel whose value must be either 1 or 0. Foreachi=1,2,...,16, denote
the ith row of a picture p by p(i, j), where j =1,...,16, and p(1,1)
corresponds to the first pixel on the left side of the fop row. Denote the

images by p',...,p% and convert each image p¢ into a vector x¢ € R?°
using the standard row-scan method (equation 5.35). Find a set Z of
kernels for X = {x',...,x%} in order to construct the matrices M and

Wzx. Test the performance of x — iz — Wzx — output for x € X.

3. Letinput — Mz — Wzx — output represent the memory developed in
Exercise 2, and let X denote a noisy version of x € X. Test the perfor-
mance of the memory when the inputs X are distorted by erosive noise,
dilative noise, and by various levels of Boolean mixed noise. Do this
testing for different percentages of noise levels.

4. (For readers familiar with image processing) Repeat Exercises 2 and 3
using six 50 x 50 (or larger) digital grayscale images.

5.2.5 Bidirectional Associative Memories

Unless otherwise stated, in the remainder of this chapter we assume that
all pattern vectors under consideration have non-negative components. Let
X,Y) = {(xf,y‘f) :&=1,2,...,k} cR"XR™ be a set of associative pattern
vectors. It follows from equations 5.1 and 5.2 that the computation performed
by an associative memory for (X, Y) based on these equation can be expressed
as

fMxx¥) =y, (5.57)

where M is a matrix, f denotes the next state activation function, and yf de-
notes the result of the computation, which may or may not be equal to the
exemplar pattern y¢. In such cases it may be desirable to synchronously feed-
back the output yf to another associative memory in order to improve recall
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accuracy. In classical bidirectional associative memory (BAM) theory as de-
veloped by Kosko and later generalized by Grossberg [106, 156, 157], the
simplest feedback scheme is to pass yél: backwards through M’, where M’ de-

notes the transpose of M. If the resulting pattern Xf = f(M’' % yél:) is fed back

through M, a new pattern y‘g results, which can be fed back through M’ to pro-

duce x‘g, and so on. This back-and-forth flow will quickly resonate to a fixed

data pair (xi,yi) [156]. However, classical BAMs, being generalizations of

the Hopfield net, have limitations that are similar to those of the Hopfield net.
The number of associations that can be programmed into the memory and ef-
fectively recalled is very limited. The storage capacity for reliable recall has
to be significantly less than min(m,n) [156, 157, 220]. Also, BAMs have the
tendency to converge to the wrong association pair if components of the two
association pair have too many features in common. Thus, it is often likely
that at convergence (X‘;,yé;) # (x5, y9).

Since these early formulations of bidirectional associative memories, nu-
merous advances and improvements in encoding and recall capabilities for
traditional BAMs have occurred [50, 51, 200, 252, 258, 305, 306, 308, 309,
323, 331]. Despite the advances made, BAM models based on the classical
Kosko paragon have difficulty when it comes to non-linear separable patterns
and, in particular, patterns with large overlap. As some later examples in this
section will demonstrate, in many cases lattice-based BAMs (LBAMs) al-
low for heavy overlap of features. Additionally, the notion of kernel patterns
discussed in the preceding section can often provide for large increases in
storage capacity and robust recall capability.

As in the case of associative memories, in their appearance lattice-based
BAMs—also called LBAMs—are surprisingly similar to classical BAMs.
The properties and behavior of LBAMs differ drastically from those of the
classical BAMs. In the feedback scheme LBAMs employ the dual memory
M, of Mxy, where Mxy denotes the memory defined in equation 5.16. Thus,
the 7, jth entry of M}, is given by

k k
myy=-mi==\/05-x) = \ (5 -5, (5.58)
&=1 £=1

wherei=1,...,nand j=1, ..., m. Here equation 5.58 follows directly from
Theorem 5.2 by simply interchanging x¢ with y¢ and vice versa. Obviously,
applying the same interchange scheme on Theorem 5.3 and Corollary 5.4
results in the following corollary:
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Corollary 5.18

1. My, MY = X if and only if for each row index i € N,, and each y € Ny,
there exists a column index j € N,—depending on i and y—such that

Y Y
mi; =X, =y

2. My, V1Y = X if and only if for each row index i € N, and each y € Ny,
there exists a column index j € N,,—depending on i and y—such that

k
y; —x;y = \/(yf —xf).
£=1

The corollary provides two sufficient conditions for perfect recall of the mem-
ory My,. Thus, if either one of these two sufficiencies is satisfied the suffi-
ciency condition of Corollary 5.4(2) also holds, then the memory Mxy re-
calls each pattern y* € Y when presented with pattern x¢ € X, while the dual
memory My, recalls the pattern x¢ when presented with the pattern y¢. More
specifically, when these memories are applied in the sequences

x¢ —>Mxy—>yf—>M;‘(Y — x¢ and y¢ _>M;<(Y_>X§_>MXY -y

results in the respective perfect recall auto-associative memories for the pat-
tern sets X and Y as long as the above mentioned sufficiency conditions are
satisfied. These observations can be summarized as follows:

Theorem 5.19 If the following two conditions are satisfied:
1. for each i € Ny, and for each y € Ny, there exists an index j; € N,—
depending on i and y—such that

k
Y Y _ & ¢
Yj T _A(xj‘ i)

and
2. for each j € N, and for each 'y € Ny there exists an index i} € N,—
depending on j and y—such that

k
Y Y _ '3 '3
Vi =X = \/(Vil =X
é=1

then

My M(MxyRX°) =X V¢ €N, and MyyR(MyyMy?) = y* V& eN;.
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Proof. If condition (/) is satisfied, then it follows from Corollary 5.4(2)
that Myy Ax¢ = y* V& € Ny. Similarly, using Corollary 5.18(2), then con-
dition (2) of Theorem 5.19 implies that M;}},Myf = x¢ V& € Ny. Therefore,
M;‘(YM(MXy[Nxf) = M;'})/My§ =x¢ and MXyW(M}YMyf) = Myy NX¢ =
y¢ VéeN,. O

For an associative pair (x¢,y?), the goal of the bidirectional memory under
consideration is to recall the pattern y* if x¢ is fed through the memory Myy
and to recall x¢ if y¢ is fed back through the memory M. Schematically, we
have

Xt = Myy — y¢ . i M — -
{Xg(—M;Y(—y‘f or simply e M e } (5.59)

In this scheme perfect recall is always achieved as long as the conditions of
Theorem 5.19 are satisfied. Furthermore, this method is a one-step procedure
without the need for thresholding.

Example 5.13 Consider the four associations (a, A), (b, B), (d,D), and (x,X)
of letters from the alphabet. Figure 5.14 provides a Boolean image represen-
tation of the letters with each letter corresponds to an 18 X 18 image. The
top row of the figure represents the lower case letters while the center row
consists of the corresponding upper case letters. Using the standard row-scan
method (see equation 5.23), each lower case pattern image p¢, convert each
pattern image into a Boolean vector x¢ = (xi’r, e x§2 ,)" and each correspond-

ing upper case pattern image P¢ into a Boolean vector y¢ = (yéf, e y§24)’.
The resulting set of pattern pairs {(x¢,y?) : & =1, ..., 4} is then used to con-
struct the two hetero-associative memories Myy and My, . In this particular
example, the letters a, b, and d share a large number of pattern pixels (i.e.,
pixels with value p(i, j) = 1), and so do the letters B and D of the associations
(b, B) and (d, D). Nonetheless, the LBAM given by x¢{ — Myy — y¢ and
xt «M Xy < y? provides for the perfect bidirectional recall shown in Figure
5.14.

In contrast, perfect recall can not be achieved when using the classical
semi-linear bidirectional associative memory [219].

In light of this example one may erroneously infer that LBAMs are su-
perior to classical BAMs in recall capability. However, it is important to re-
member that the conditions (/) and (2) of Theorem 5.19 are easily violated,
in which case perfect recall may not be possible.
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ab
ABDX
Ob dX

Figure 5.14 The perfect one-step convergence of the LBAM {jjj:%?(_“j“} [219].

Example 5.14 Consider the following pairs of associative pattern vectors:

1 1 1 1
1 - 1 -1
1_ 1_ 2 _ 2 _

X = ) , Y = 1 and x° = 1l 1

1 -1 -1 1
O 0 2 2 0O 2 0 O
-2 -2 00 « | 0 20 0
Then Myy = 0 0 00 and My, = 20 0 -2
O 0 2 2 -2 0 0 -2

Simple computation shows that M}, My* = x* for £ = 1, 2 and Mxy x> = y?,
but Mxyy®mx' = (1,-1,1,1) # yl. Starting with v = 1 and checking the row
indices shows that for i = 4 there does not exist an index j such that x} - yi =

/\ézl(xi —yi) = -2 since x} —y}t = x}. +1=2for j=1,...,4. Thus, condition
(1) of Theorem 5.19 is not satisfied. However, since these pattern vectors are
orthogonal, the associate pairs can be encoded and perfectly recalled using
the traditional BAM.

We now turn our attention to noisy patterns. A method for constructing
LBAMs that are fairly robust when faced with noisy inputs can be derived
from the kernel method discussed in the previous section. Before construct-
ing these LBAMS, we note that since the dual memory My, = Wyy, the re-
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placements of Mxy by M,
in the following corollary:

y» X by y7, and X” by §” in Theorem 5.5(2) results

Corollary 5.20 Fory=1,...,k, let §7 denote a distorted version of the pat-
terny”. Then

My, My =x" &V jeN, and i € N,, the following two conditions are satis-

n
5 < v ALV G = 43T and 3ji e N 2 57 =57 VI G = +55)1
Jj=1 &#4 &£

It follows that if My, is a perfect recall memory, then My, is very robust
in the presence of erosive noisy patterns §¢. Since both memories My, and
Myy are perfect recall memories with respect to their respective pattern in-
puts from the association patterns defined in Example 5.13, it follows from
Theorem 5.5 that the memories My, = Wyx and Wy, = Myy are very ro-
bust in the presence of erosive and dilative noisy input patterns, respectively.
For example, corrupting the input patterns x¢ with 20% randomly generated
dilative noise resulted in perfect bidirectional recall as shown in Figure 5.15.
Similarly, corrupting the input patterns y¢ with 20% randomly generated ero-
sive noise resulted in the perfect bidirectional recall shown in Figure 5.16.
However, no sequence of these memories is capable of effectively dealing
with input patterns corrupted by random noise. Nonetheless, the particular
properties of these memories provide the underlying foundation for the con-
struction of LBAMs that have larger storage capacity and are highly robust in
the presence of random noise. Before considering these memories, it will be
useful to take another look at the storage and recall limitations of the memo-
ries discussed thus far.

Although matrix-based LAMs can often successfully store and retrieve
patterns with large feature overlap, the theorems presented in this chapter
show that there are certain limitations on perfect recall for perfect input in
case the memories are hetero-associative. For instance, increasing the num-
ber of patterns given in Example 5.13 by adding the pattern pairs (e,E) and
(r,R) to the memories M and M* results in almost perfect performance as
illustrated in Figure 5.17. However, the memory Myy derived from the six
association fails to satisfy the required condition of Corollary 5.4(2). In par-
ticular, for the association (x*, y4) corresponding to the pair (d,D ), we obtain
y4 < Mxy Ax*.
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Figure 5.17 Performance of the LBAM {jj::%:ﬁ_"j_,} for the six pattern associa-
tions [219].

It follows from Theorem 5.1 that the following inequalities are always
satisfied foré =1, ..., k:

Wyy0xé <y < Myymx* and My, My* <xf < Wy, @y,  (5.60)

However, thus far we only used the memories M and M* to construct the bidi-
rectional memories x* — Myy > y¢ = My, — x*andy* - M}, —xé -
Myy — yf . Therefore it may seem reasonable to ask if some other combi-
nation that involves the memories Wyxy and W}, may yield a more perfect
bidirectional memory. However, since the theorems of this chapter impose
the same restrictions on W and W* the answer to this question will also be
negative. For example, adding the additional association (e,E) and (1,R) to
the memories Wyy and Wy, one obtains again near-perfect performance.
In this case, perfect recall fails for the associations (y3, x>) and (y6, x%) cor-
responding to the pattern pairs (E,e) and (R,r), respectively. Here we have
x> < W;Ylmy3 and x° < W;YIZ]y6, as illustrated in Figure 5.18
Considering the performance of the two distinct LBAMs illustrated in
Figures 5.17 and 5.18, it becomes obvious that a the LBAM defined by
x¢ - Wyy - y¢
{ x¢ My, « y¢
for the particular set of six associations. However, the LBAM is practically
useless if inputs contain random noise. This weakness can be disposed of
by properly choosing a kernel Z for the association (X,Y) and replacing
{— Wxy =} by {— Mz —» Wzy —}. Since Wyx = My, is vulnerable to
dilative changes, a properly chosen kernel V for the bi-association is also
necessary in order to replace { < Wyx <} by {«< Wyx < Iy «}. The new

} exhibits perfect bidirectional recall for perfect inputs
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Figure 5.18 Performance of the LBAM {jj(—_’w?(_"f,,} for the six pattern associa-
tions [219].

LBAM

will be robust in the presence of random noise in either input X or Y.

Theorem 5.14 and its corollaries (5.15 and 5.16) are usually used as a
guide for selecting kernel vectors. For Boolean patterns, the selection of ker-
nels is generally easier because of Theorem 5.9. Additionally, each kernel
pattern z¢ or v¢ contains only one non-zero entry and since 9iz as well as Wy
are perfect recall memories for any finite number of respective kernel vectors,
the storage capacity increases dramatically. For example, suppose the preced-
ing example is being increased from six to seven bidirectional associations by
adding the pattern pair (i,I) to the memories Myy and My,,. Then the output
of the LBAM {jj::%:j_"j”} is as shown in Figure 5.19. The performance il-
lustrated in Figure 5.19 shows increased deterioration when compared to the
performance of the LBAM {jjj:%:’ ..~} shown in Figure 5.17. Even though
the output patterns MyyAx¢ closely resemble the desired outputs y¢, perfect
performance was achieved only for the association (x,X). Somewhat surpris-
ing is the fact that the feedback through My, provided perfect recall of the
pattern x° even though several of the corresponding patterns y* were cor-
rupted by dilative crosstalk noise.

The kernel vectors z& were obtained from the 18 x 18 images shown in
the top row of Figure 5.20. Specifically, a black pixel was selected from each
image that was unique to that image and did not exist as a black pixel in
any of the other images. Converting these kernel images using the row scan-

ning method results in the kernel vectors z¢. The kernels are then used in
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Figure 5.19 Performance of the LBAM {:jj:%ﬁ;.’”} for the six pattern associa-
tions [219].

O b B d XK i If

Figure 5.20 Top row: The seven pattern images associated with the pattern
vectors x°, &£ = 1,...,7. Bottom row: The corresponding kernel images asso-
ciated with the kernel vectors z¢ [219].

the construction of the memories iz and W;y. Using the modified LBAM
{Hgfz_zl;yivf "} for the seven pattern associations and perfect inputs, per-
fect bidirectional association was achieved as illustrated in Figure 5.21. This
supports the claim of storage increase.

As illustrated in Figure 5.22, corrupting the input patterns x¢ V& € N7,
using 20% random noise did not interfere with the ability of perfect recall.
Of course, if the corrupted input patterns violates the inequality of equation
5.52, then perfect recall may not be possible. However, since the single non-
zero value is extremely sparse in a large (182) kernel vector, chances that this
non-zero value being turned off are greatly reduced.

Thus far we have only considered LBAMs for Boolean patterns. Boolean
patterns have the advantage that they often satisfy the hypothesis of Theo-
rems 5.9 and 5.14 or can be easily manipulated by changing a few bits in
order to satisfy these hypotheses. Additionally, they provide easy methods
for selecting kernels which aid in avoiding the strict conditions set by Theo-
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Figure 5.22 Performance of the modified LBAM { Wy o
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rem 5.5. In contrast, pattern associations for vector patterns with components
from Z or R seldom satisfy the conditions of Theorem 5.3, let alone Theorem
5.5 for association pairs (X,Y) with X # Y. Thus, failure of perfect recall is
almost guaranteed when using either one of the two LBAMS

{oowoib e {oogzih ee
However, even in the case that for each pattern x” several row indices do
exist for which the two hypotheses of Corollary 5.4 are not satisfied, the
memories Wyy and My can still provide a storing mechanism with almost
perfect recall in terms of a suitable distance measure between the original
pattern yi and the recalled pattern yf. One such measure uses the normalized
mean square error (NMSE), denoted by s(yi,yf), to quantify the difference
between yi and yf, when recalling stored patterns by means of a specific
hetero-associative memory scheme. The following example involving non-
Boolean patterns of high-dimensionality illustrates this approach.

Consider the five pattern image associations (p',q'),...,(p>,q°) shown in
Figure 5.23. Each individual pattern p¢ or g is a 50x 50 pixels 256-grayscale
image. For uncorrupted input, almost perfect recall is obtained if we use
either of the memory schemes given in equation 5.62. Using the standard
row-scan method, each pattern image p® is converted into a pattern vector
x¢ = (xf, . ,xgsoo) € R¥% ¢ X. Using the same method generates the pattern
vectors y* € Y from the pattern images q¢ of Y. Figure 5.24 shows the results
when applying the canonical memories Wyy and Myy. A visual inspection
does not reveal immediately the hidden differences that cause the recall to
be non-perfect since s(yi,yf ~ 107 for & = 1,...,5. Although, for a given
arbitrary set (X, Y) of pattern associations, the memories Wxy (or Wyx) and
Myxy (or Myx) are not necessarily perfect recall memories, they still can be
applied successfully to deal with noisy inputs.

In order to illuminate the problems encountered when trying to obtain
perfect recall in the presence of noisy inputs, consider the following corollary
of Theorem 5.14:

Corollary 5.21 If X and Z are as in Theorem 5.14 and Wxy is a perfect
associative recall memory, then Z is a kernel for (X,Y) with W = WxyM Wyx.

The corollary is a direct consequence of Theorem 5.14 and the fact that
equation 5.42 of Definition 5.8 is satisfied for W = Wxy M Wy. It follows
that a recall mechanism for LBAMs is given by the following feed-forward
network

XX oMo Woy 5>My > W —x, (5.63)
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Figure 5.23 The association (X, Y) that was used in constructing the memories
Wxy and Myy (of size 2500 x 2500). First row: patterns of X; second row:
patterns of Y [284]

Figure 5.24 The first row displays the associated Y patterns as recalled by the
memory Wyy; the second row displays the associated Y patterns as recalled
by the memory Myy [284]
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where W = WyxM Wy, Z is a kernel for (X,Y), and V is a kernel for (Y, X).
The assumption that Wyy and Wyyx are perfect recall memories—in the pro-
posed memory scheme defined by equation 5.63—is of crucial importance for
enhancing the recall capability in the presence of noisy inputs. Given a pair
of minimal representations Z and V, which are also the respective kernels for
(X, Y) and (¥, X), and a noisy version (X?,§") of the pattern association (x”,y”)
having the property that (z”,v?) < (X”,§) and Wiz AXY, My A§”) < (x,y?),
then it must follow that

Wy (VizAKY) = x” and Wy Ny @) = y. (5.64)

The requirements that (z7,v”) < (X?,§Y) and Wiz AXY, My A§F) < (x7,¥7)
are crucial for the recall capability of the memory schemes presented in
equation 5.64. Perfect recall of x” from input X» will fail in the event that
for the one single index i = j,, z:.y > x;y, or for at most k indexes i € {1,...,n},
MZAXY); > xl’.'. However, even though the performance of the proposed feed-
forward LBAM network when presented with noisy inputs can not be assured
in a completely deterministic way, experiments have shown that for any pair
(X,Y) cR"xR™ of k associated patterns, the expectation of recall capability is
greatly enhanced if min(n, m) > 0 and k < min(n, m). These experiments used
a slight modification of the LBAM scheme based on equation 5.63 which is
defined in the next section.

Exercises 5.2.5
1. Prove Corollary 5.18.

2. Use graph paper to create six, 16 x 16, black-and-white images that
are different from the images in Exercise 5.2.4(2). Using the standard
row-scan method, convert the pictures into six 256-dimensional pattern
vectors, and let ¥ = {yl,...,y6} denote the set of these vectors. Con-
struct the bidirectional memories X* — Myy — y* and x* « M}, —¥*,
where X denotes the set of Exercise 5.2.4(2). Test the performance of
the bidirectional associative memory.

3. Test the performance of the bidirectional memory of Exercise 2 in the
presence of erosive and dilative noise. Use several different percentages
of randomly generated erosive and dilative noise.

4. Let X and Y be as in Exercise 2. Construct kernels Z for (X,Y)
and V for (Y, X). Test the performance of the bidirectional memory
xt - My — Wyy MWy — y¢ and y¢ — My — Wyx MWy — x¢ in the
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presence of random Boolean noise. Use several different percentages
of noise levels.

5. (For readers familiar with image processing) Select a set Q of six
grayscale images having the same dimension, but of different context,
as the ones defined in Exercise 5.2.4(4.). Let Y denote the set of pattern
vectors obtained when transforming the elements of Q into vectors and
let X represent the set of vectors obtained in Exercise 5.2.4(4.). Test
the performance of the associative memories Mxy and Wyy.

5.2.6 Computation of Kernels

From a theoretical point of view, Theorem 5.14 and its corollaries provide the
foundation for the kernel method when applied to perfect inputs. In addition,
the combined memory scheme suggested by equation 5.62 together with the
kernel association shown in equation 5.63 provide a useful mechanism for
bidirectional pattern recall of noisy inputs. On the other hand, it is clear that
the condition of morphological strong independence of the sets X and Y will
be rarely satisfied in practical situations and seems to be very restrictive in
its possible applications. A practical solution to this dilemma is to induce
morphological strong independence (MSI) on patterns that are not morpho-
logically strongly independent. The following algorithm provides a method
for realizing this solution.

Algorithm 5.1 (LBAM kernels by induced MSI.)

Step 1. Compute the global maximum U, and the global minimum L of the in-
put set X that has k patterns of dimension n, i.e., U = max(X) = \/!_, \/lgz | xl.§

and L=min(X) = A", N\E_, X,

Step 2. Let I = {1,...,n}. For £ = 1,...,k, compute an index iz € I where the
first available maximum value occurs, i.e.,

= \/x, (5.65)

iel

let I =1\{ig}, & =&+ 1, and recompute equation 5.65 for the new pattern x¢.
This assures that ¥y # & and i, # ig.

Step 3. Change the original pattern set X by replacing all positions iz for
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&=1,...,kwith the U and L values determined in Step 1 as follows:

e _JUify=¢,
xiy—{ Lify#e (5.66)

It turns out, that the modified pattern set, denoted by X, is a morphologically
strongly independent set.

Step 4. Apply to X the kernel method and the morphological memory scheme
as described in Section 4. The kernel Z of X is readily obtained from Step 3,
by defining fori=1,....nand £ = 1,...,k, zf = U ifi = i¢ otherwise set it to
0.

StEP 5. Repeat Steps 1—4 for set Y to find the kernel V of Y. In this final step,
a two-way kernel (Z,V) has been determined for (X,Y).

The following theorem guarantees that the sets X and ¥ obtained from
the algorithm are morphologically strong independent.

Theorem 5.22 The sets X and ¥ generated by algorithm 5.1 are morpholog-
ically strong independent.

Proof. According to equation 5.66, setting j, = i, means that for every
y € {L,...,k} there exists an index j, € {1,...,n} such that % x > xf for all

& # y. Therefore, for every y € { Lk}, XY £ xf forall £ # y
We now show that the set X is max dominant. Again by the construction

of X as defined by equation 5.66, for each y € { k} there exists an index
Jy €{l,...,n} such that U — L = fch xfy > x —x Vi € N,. Equivalently,

fc?y—x >x] —x VieN,and ¢ =1,...,k. Thus, foreachye{l,...,k}there

exists an index j, € {1,...,n} such thatx x = \/‘f 1( - Af) VieN,. This
proves that both conditions of Deﬁmtlon 5.7 are satlsﬁed
The method for proving MSI for ¥ is identical. O

Essentially, the kernel computation suggested by Algorithm 5.1 intro-
duces an alternative to the LBAM scheme based on equation 5.63. The alter-
native LBAM consists of six distinct memories and is defined by the follow-
ing diagram:

X SR oWz - Wy — Wey = Y
X o« Wiy & Wy« My « §° ¥, (5.67)
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where the recollection mechanism is based on the modified pattern sets X, ¥
rather than the original X, Y sets. Observe that induced MSI introduces a neg-
ligible amount of deterministic “artificial noise” to the original patterns which
does not affect the MBAM performance if min(n,m) > 0 and k < min(n, m).
For instance, if X ¢ R” and k < n, then an element x5 € X will be modified in
k entries in order to guarantee that the conditions for MSI are satisfied. The
quality of the content of the derived pattern vector %% can be quantified in a
simple manner using the following ratio r¢, defined as the amount of faithful
vector content,

rp=1- - (5.68)
Example 5.15 Consider the set X ¢ R?>% derived from the five images in the
top row of Figure 5.23. Then each element of the modified set X has 99% of
faithful content. The use of this measure implies that the loss of image content
in each pattern exemplar is given by r; = k*/n = 0.01. Clearly, re+r;=1,and
if the kernel computation described in Algorithm 5.1 is used for pattern recall,
then the upper bound to the number of exemplar patterns that can be stored
for a fixed amount of allowable loss of pattern content r; is k = \n-r;. If X
is a set of patterns derived from a set of square images of size s X s, then
Figure 5.25 depicts the function, k(s) = s(4/r;), between the size s of a square
image and the number of modified exemplar patterns ., that can be stored for
three specific values of the ratio r;. The functional relation is linear, however
a base-2 logarithmic scale has been used to adjust the image size to powers
of 2. For a typical square image of size 256 X 256 pixels (s = 256) with a 20%
loss of content, the LAM scheme used in Algorithm 5.1 can store up to 114
image patterns.

Recollection of stored images from degraded inputs by means of the
LAM scheme of equation 5.67 is subject to the same remarks made after
equation 5.64. For instance, suppose that the input pattern X”, is corrupted
with random noise such that the i, entry corresponding to the kernel vec-
tor z” changes its value from x = U to @ < U with probability p. Clearly,
the probability that it does not change value is 1 — p. Therefore, the experi-
ment of corrupting the modified exemplar pattern X” a finite number of times
and registering exactly how many times the value of )‘c;.yy is changed or not is
equivalent to a sequence of Bernoulli trials. Let 7 be the number of times that
the exemplar modified pattern X” is corrupted with random noise. Then, the
probability that exactly u times, Xl?; changes value to any a < U, follows the
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Figure 5.25 Storage capacity of a LAM scheme based on kernel computation for
several image loss of content values [283].

binomial distribution
(Z)p“(l -p)"0<u<n. (5.69)

For fixed values of n and p, the expression in equation 5.69 is a function
of the number of successes u; the maximum probability value of exactly u
successes in equation 5.69 occurs for pmax = [(7+ 1)p] where [x] denotes the
greatest integer function [x] = inf{z€Z: x < z}.

Figure 5.26 illustrates the binomial curves f,(u), for the case in which a
given input pattern is corrupted 200 times, respectively, with a noise level
equal to 10%,20%,30%, and 40%. The most likely number of successes
given by tmax, such as 60 for p = 0.3 in Figure 5.26, puts a theoretical limit to
the performance of the kernel based LAM scheme used for image recollec-
tion. The odds of keeping the integrity of a non-zero kernel entry in a run of
n trials are 17 — max tO Umax- In example 5.15, a run of 200 grayscale images
corrupted with 20% random uniform noise, the odds are 4:1 of preserving the
kernel association (see the second curve of Figure (5.26).

Exercises 5.2.6

1. Let X and Y denote sets of pattern vectors defined in Exercise 5.2.5(5).
Use Algorithm 5.1 in order to obtain the kernels Z for X and V for Y
and construct the alternative LBAM defined in equation 5.67.
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Figure 5.26 Expected probabilistic behavior in a run of 200 trials for an input image
X” corrupted with noise level p (only 120 trials are shown since f, (1) = 0 for > 120)
[283].

2. Test the performance of the LBAM constructed in Example 1 if the
input images are corrupted by 5%, 10%, 15%, and 20% of random
noise.

5.2.7 Addendum

Although the simple matrix-based approach has several weaknesses—
ranging from the fixed point problem to the possible destruction of kernels
by noise—it has proven to be a useful tool in several different applications
[98, 99, 100, 103, 104, 105, 295, 296, 297]. More importantly, some re-
searchers have provided new and more robust methods for improving the
matrix-based approach [114, 115,273, 274,275, 276]. An interesting variant,
called the alpha-beta associative memory, was proposed by Yainez-Mérquez
[324, 325]. However it too has its inherited weaknesses similar to those of
the morphological memories.

Our motive for introducing the matrix-based LAMs is on account that
they deal with a given compact data set X C R” and are directly related to
Ix, Iy, W, My, and S (X). However, these relations tell us little about the
shape of X itself. One important concept for approximating X is its convex
hull, a subject discussed in the next chapter, and it is there where the relations
discussed in this chapter play an important role.



CHAPTER 6

Extreme Points of Data
Sets

ARTOUS concepts of convex analysis are being employed in such diverse

fields as pattern recognition, optimization theory, image analysis, com-
putational geometry, and general data analysis. The subsequent applications
of the lattice theory presented thus far will require some basic knowledge
of convex set theory. The first part of this chapter recollects the necessary
relevant concepts from convex set theory.

6.1 RELEVANT CONCEPTS OF CONVEX SET THEORY

Data sets as commonly used in computer science are finite subsets of Eu-
clidean spaces and, generally, not convex sets. One strategy is to consider the
smallest convex set containing the data and extrapolating unknown values
from the data.

6.1.1 Convex Hulls and Extremal Points

Recall that a set X c R" is convex if X,y € X = (X,y) C X (subsection 4.4.1).
Using induction, it is easy to verify that if X is convex and x!,....,x") c X,
then

k k
x e R" with x = > A;x', Z/l,: l,and ,>0VieN; =>xeX. (6.1)
i=1 i=1

Definition 6.1 Suppose X C R" and K(X) ={C cR":C is convex and X C C}.
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The convex hull of X, denoted by $H(X), is defined as

H(X) = ﬂ C.
CeR(X)

According to this definition, $(X) is the smallest convex set possible that
contains X.

Since in data analysis one generally deals with finite sets, let us con-
sider the finite set X = {x!,...,x*} c R” and the set X = {x e R" : x =
oK A zle Ai=1,and 4; >0VieN). If x,y € X, then x = ¥¥ | ;x’ and
y =2, v, where X 4 =1=3 7, with4; > 0andy; > 0 Vi € Ny.
Hence, for any given number 4 € [0, 1],

k

k
A% +(1 —/I)Zy,-xi = Z[u,- +(1=yiIx.

k
i=1 i=1 i=1

AxX+(1-D)y=41

Defining a; = A4; + (1 — 1)y;, we obtain Ax+ (1 -y = Zle a;x', where ; >
OVieNgand 35 =35 [+ (1 =Dyl = AT 4+ (1 -D3E v =
A+ (1—2) = 1. Thus the point z = Ax+ (1 — A)y € X and since A € [0, 1] was
arbitrary, (x,y) C X. This shows that X is convex and, obviously, X C X. Thus,
according to Definition 6.1, H(X) C X. Next we show that X C H(X), which
proves that H(X) = X.

Let x € X, then x satisfies the hypothesis of equation 6.2. Also, since
{X],...,Xk} C 9H(X), it follows from equation 6.2 that x € $H(X) and, hence,
$H(X) c X. Therefore

k k
SUX,.. XD = (xeR 1 x= ) A%, Zai =1,and ;>0VieN;} (6.2)
i=1 i=1

The convex hull of a finite set is also known as a finitely generated convex
hull. In order to simplify notation, we shall use the conventional notation
of setting oL, x5 = 9(x!,. .. xk)). Finitely generated convex hulls are
polytopes. The intuitive notions of corner or vertex points associated with
polytopes can be rigorously defined in terms of extremal points.

Definition 6.2 A point z in a convex set C C R” is called an extreme point if
and only if z € (x,y) € C = z € {x,y}. The set of extremal points of C will be
denoted by ext(C).
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We shall use the words vertices, corner points, and extremal points inter-
changeably. Thus, an n-dimensional interval [v,u] c R" has 2" vertices or
corner points since |ext([v,u])| = 2". Also, for a finite set X = (x!,....x"}itis
quite possible that there exists a strict subset Y of X such that $H(Y) = H(X).
For instance, if X = {x',...,x°} c R2, where

1 1

= 1 =
x]=0,x2= 2,x3= ,x4=0,x5= 2, and Y:{xl,x3,x4},

0 % 0 1 %

then H(Y) = H(X). Clearly, $(X) is a triangle with ext(H(X)) =Y, x> is a
boundary point of the triangle while x> is an interior point of $(Y), and the
extreme points—which in this case are the vertices of a triangle—are also
boundary points. Consequently, every point x € $H(X) if and only if x € H(Y).
More generally, we have that

X={x',...,x"} cR" = $(X) = H(ext(H(X))). (6.3)

We do not prove the implication in equation 6.3 as this fact is well-known
(see for example [81, 292]). A consequence of equation 6.3 is that if X =
{(x!,...,x**1} is affine independent, then H(x',...,x**1) = (x!,x?,... xf1)
and ext($H(X)) = X. In most applications of convex analysis, however, the case
ext(H(X)) # X rules and the determination of extremal points of the polytope
9(X) is generally very laborious. A theorem due to C. Carathéodory shows
that $H(X) can be triangulated, which means that $(X) can be expressed as the
union of simplexes whose interiors are mutually disjoint and whose vertices
are points of X [40]. More precisely, we have

Theorem 6.1 (Carathéodory) Suppose X = (x',....x"} c R If x € H(X),
then there exist indices {iy,i2,...,im} C{1,2,...,k} with m < n+ 1 such that
x € (x'1,x2,. .., x'n),

Proof. Suppose x € H(X). Then according to equation 6.2

X = Z/l,-x’, Za,- =1, with 4; > 0. (6.4)

i=1 i=1

Now if k > n+ 1, then the vectors xZ —x!,...,x* —x! are linearly depen-

dent. But this means that there exist scalars a»,...,ax not all being zero such
that Zfzz ai(x' —x" =0. Setting a; = —Zfzz a;, one obtains Zf.‘zlai =0 and
Zé{:l a;x' = 0. Note also that not all of the scalars g;’s can be non-positive.

1
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Next, let @ = inf{j—; :a;>0}. Then

k k k k
X = Z/lixi - G'Z aixi = Z(/li - aai)xi, Z(/l,- —aa;)=1with A; —aa; >0
i=1 i=1 i=1 i=1
(6.5)
and A; —aq; = 0 for at least one i € Ni. By setting 8; = A; — @a; we see that
equation 6.5 has the same formulation as equation 6.4 for expressing the point
x with the exception that one of the coefficients 8; = 0. Thus, we can rewrite
equation 6.4 using only k — 1 terms and creating a set X; = X \ {x/} C X sat-
isfying equation 6.4. If X is not affine independent, the above argument is
repeated until for some positive integer m = k— £ < n+ 1, the set X, is affine
independent. O

The proof of Carathéodory’s theorem demonstrates the interplay between
the notions of affine and linear independence. This interplay becomes an im-
portant tool for analyzing and proving properties of the convex hull of a data
set. The next lemma corroborates the aforementioned interplay.

Lemma 6.2 Let X ={x',....x"} CR" and Y = {y',...,y*} cR"™!, where y/ =
(le) = (le, ..., x5, 1)V j € Ny. The following conditions are equivalent:

1. X is affinely independent.
2. Y is linearly independent.
3UYN Axi=0and ¥, 2;=0, then ;=0 VieNy.

Proof. We show that 1 = 2. Suppose that Zle A;y' = 0. We need to show that
A; =0 Vie Ng. By our supposition,

/l,-x’i 0
Ay = o=l = /ll-x’j:O for j=1,...,n and A;=0.
i=1 =i | Aixn 0 i=1 i=1
A; 0

It follows that Zle A;x' = 0 so that
k . k k .
0= x> 4ix' = " q(xI-x").
i=1 i=1 i=2

Since X is affine independent, Ay = A3 = ... = A = 0, and since Zle A;=0,
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we also have that 1; = 0. The proofs of 2 = 3 and 3 = 1 are just as easy and
left as exercises. O

Exercises 6.1.1
1. Verify equation 6.1.
2. Complete the proof of Lemma 6.2 by verifying2 = 3 and 3 = 1.

6.1.2 Lattice Polytopes

A lattice polytope is simply a polytope that is also a complete lattice. For
instance, the closed interval [a,b] C R” with a < b is an n-dimensional lat-
tice polytope. The main emphasis of this chapter is on the smallest lattice
polytope containing a given data set X.

Suppose X C R" is compact, then according to Theorem 2.34 X is
bounded. Thus, there exists an interval [a;,b;] such that X c [a;,b;]. Now
let v=sup{aeR":a; <aand X C [a,b(]}. Similarly, let u = inf{b € R" :
b <b; and X c [a;,b]}. Then [v,u] is the smallest interval with the property
X C [v,u]. As an aside, the interval [v,u] in higher-dimensional spaces is also
referred to as a hyperbox. In case X is finite, say X = {x!,...,x*}, the points v
and u can be computed directly by using the formulae

k

ll=\/Xj and V=/\Xj. (6.6)

J=1 J=1

Since X C [v,u] and X C S(X), where S (X) denotes the {-span of X, the
polytope ‘B(X), defined by

PX) = [v,u] NS (X), (6.7)

has the property that X ¢ $(X) c B(X). Furthermore, since both [v,u] and
S (X) are convex, P(X) is also convex. Moreover, it is easy to show that B(X)
is indeed a polytope as well as the smallest complete lattice with universal
bounds u and v containing X. For the remainder of this subsection we estab-
lish a series of theorems and equations that are relevant in the analysis of the
lattice polytope *$(X) and its extreme points.

As can be ascertained from Chapter 7, the importance of the extreme
points of B(X) lies in their applications to real-world problems. Since the data
used in that chapter consists of non-negative real-valued vectors, our current
focus will be on finite subsets of R” with the property thatif X C R"” and x € X,
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then x; > 0. Under these conditions, the sets 2 and M are the collection of
vectors obtained from X as defined by equation 4.46. We will also reserve the
bold letters u and v for the maximum and minimum vectors associated with
X = {x!,...,x"} as defined by equation 6.9. The j-th coordinates of u and v
will be denoted by u; and v}, respectively.

Recall that the vectors in 28 and M correspond to the respective column
vectors of the identity matrices Ix = Wy and I3, = NMx. With the collections
I and M we associate two respective sets of vectors W and M defined by

W:{wj:wjzuj+mj,jeNn} and M = {m-f:mj:vj+mj,jeNn}. (6.8)

It is possible that w/ = w’ or m/ = m’ with j # ¢, hence the number of

elements of W and M may be less than the number of columns of W or M.
We shall reserve the bold letters W and M to denote the matrices whose
columns correspond to the vectors of the collections W and M, respectively.
More precisely, W = (w;)uxn and M = (m; j)xn, Where w;; = w{ and m;; = m{.
Equivalently, W = (wl,...,w") and M = (m!,...,m"). For i € {1,...,n}, the
respective ith row vectors of the matrices W and M will be denoted by w;
and m;.

By definition (see equation 6.11), the min and max vectors u and v are
vital in defining the collections W and M and their associated matrices W
and M. The following two equalities are a direct consequence of the strong

bonds between W and u, and M and v:

Theorem 6.3

n n
uz\/wj and VI/\m].
J=1 J=1

Proof. We only prove that u = \/"_; w/ as the proof for v = A, m/ is anal-
ogous. Arbitrarily choose i € {1,...,n}. Then u; = u; + tnf < \/;?:l(uj + m'l.j) =
’]1.:1 W,/ . Thus,

i< \/wl. (6.9)
j=1

We also have

n n n k n k
Vwl o= Vo) = \/10/ 29 +w1= \/1\/(5 +w)]
j=1 j=1 j=1 &=l

j—l &=1

k k

n n k
\/{V[xf+A<x,’—x’>] v V[x + o5 =am = \/\/ 2 =u
j=1 ¢&=1

J=1 &=1 J=1 é=1
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J

and, therefore, \/’}:1 w; < u;. In view of equation 6.9 this proves that u; =

n w’. Since i was arbitrar , this equality holds for i = 1,...,n. Therefore,
j=1""1i y q y
u=\_,w.o

Corollary 6.4 L(w') = L(w/) & w' =w/, and L(m%) = L(m/) © m’ = m/.

Proof. To avoid trivialities, assume that £ # j, w’ # w/ and w’ € L(w/). Then
by definition of L(x) in equation 4.51, w’ = a + w/ with a # 0 by our as-
sumption. Thus, either a > 0 or a < 0. Assuming a > 0, then according to
Theorem 6.3, wje < \/}_,wjn =uj <a+u;=a+w;;=wje, which contradicts
Theorem 6.3. If a < 0, then setting b = —a > 0 one obtains the contradiction
wej < \/Z:1 Wen = ug = ug <b+up=—a+we =wej. Therefore a = 0. Proving
the validity of L(m’) = L(m/) & m’ = m/ is analogous. O

According to the definition of W and M the vectors w/ and m/ are just
translates of the respective basis vectors w/ and m/ in the direction e so that
L(w/) = L(w/) and L(m/) = L(m/). This relationship between w/ and w/, or
m/ and m/, is a valuable tool in the proofs of several theorems associated
with the polytope B(X). A constant real-valued row vector is a vector of
form ¢ = (cy,...,c,), Where ¢; = --- = ¢, with ¢; € R.

Theorem 6.5 Suppose W = (W;)nsn, M = (m;)uxn, and j,€ € {1,...,n}, then

t

w :wf@mj—mg:c] and m’

:mN:)wj—w{;:cz,

where cl.1 =uj—ur ana’cl.2 =vj—vefori=1,...,n.
Proof. According to the definition of the elements of W and M given in equa-

tion 6.8), we have

w =Wj Wl'g=W,‘jVi€Nn =4 Ltg-l-tt),‘g:uj-l—m,‘jViENn
wip—w;j=uj—uVieN, & —my+mj=uj—u/ VieN,

Vit—mg+mji—vi=uj—usVi€N,

t ¢

Vitm)—(vi+my) =uj—us VieN,

mﬁ—mgizuj—ugVieNn (=4 mj—mg:cl.lj

g

The proof of the second assertion is much the same and left as an exercise.

Example 6.1 Let X = {x',x>,x’} ¢ R*, where x! = (4,8,10,5), x> =
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(7,11,13,8)’, and x> = (7,4,8,8)". Then, v = (4,4,8,5) andu=(7,11,13,8)’.
Computing Wy and setting Ny = W}, one obtains

0 4 -6 -1 77 77 4 7 7 4
-3 0 -4 -4 4 11 9 4 8 4 6 8

D = = =
W 1 2 0 O W 8 13 13 8 M 10 8 8 10
1 -3 -5 0 8 8 8 8 5 88 5

}:u4—u1:1f0ri:

=m! and w; —ws = ¢,

Consequently w! = w* and my —m; = ¢!, where ¢
1,...,4. In this simplistic example we also have m*
where ci2 =vi—w=-1fori=1,...,4.

Theorem 6.5 plays a role in data reduction, which is often necessary in
such areas as signal and image processing. Considering the two vectors w!
and w* in the above example, they are just duplicates of the same informa-
tion. Thus it makes sense to discard one of them. Also, if the rows of the
matrix W or M represent different frequency bands and two rows differ only
by a constant, then the two rows have the same profile. In such cases one
of the rows can be eliminated. Specifically, eliminating w* and removing w;
in the above example results in a 3 X 3 matrix that contains the same basic
information as the original 4 X 4 matrix.

Since [v,u] = {xeR":v; < x; <u; fori=1,...,n}, it follows that

-

Il
5 =

(=

dlv,u] = {(xelv,u]l:x;=v;}Ul| [{xe[v,u]:x;=u;} (6.10)

1

ST

[E_ ) NEL@)]N(|_J[Eyi(e)UEny(e)])
i=1

1l
—_

and
n

WUM c d[v,uln U [L(w))U Lm)]. 6.11)
i=1

This last equation emphasizes the fact that the set WU M is generally only
a subset of the intersection of [ Ji_, [L(w") U L(m')] with the boundary of the
interval [v,u]. On the other end of the spectrum it may happen that [v,u] C R",
but dim[v,u] < n. For instance, if u; = v; for some i € N,,, then [v,u] C Ex(e’)
Vx € [v,u], and the dimension of [v,u] is reduced accordingly. The notion
of boundary—i.e., d[v,u]—is still well-defined in the subspace topology for
[v,u]. In conjunction with these observations, we have the following results:
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Theorem 6.6 ForicN,, Eyi(€)NEi(e)=2 & v; <u;.

Theorem 6.7 For i, j € N, withi # j, m/ € Eyi(e') & m! = u; and w', = ;.

Proof. We only prove Theorem 6.7 as the proof of Theorem 6.6 is trivial.
Since Ewi(ei) ={x e R": x; = u;}, and using the definition of W and M given
in terms of equation 6.8, we have

mjeEwi(ei) =3 mlj =—u & Vj+m{=ul~ =3 vJ~=u,~—m{=u,-+m;=w;. O
This also establishes the relationship
m’ € Ei(e) & (m/,w') Cc E_;(e/)NE,(e), (6.12)

which implies that if m/ € E(e’), then (m/,w’) is an edge in P(X) with
w/,m/ € ext(B(X)) (see Figures 6.2 and 6.3).
The next result shares some similarities with Theorem 6.7.

Theorem 6.8 Suppose i, j € N, withi < j. Then
1. Ewi(dij) = Emj(d,'j) and Emi(dij) = ij(dij).

2. Eyj(d;)) = Eyi(d;)) © w{ :p+m{, where p=u;—v;.

Proof. Part / is again a direct consequence of equation 6.8 and left as an
exercise.
According to part I Ei(d;;) = E,j(d;;). Therefore

Ew.f(dij):Ewi(dij) =3 W{_Mj=”i_wlj:m,!_"j = W{ =(uj—vj)+m{. [}

A consequence of Theorems 6.7 and 6.8 is that if u; = v; and w{ =ml,

. . i
then ij(e]) = Emj(ef) and ij(dij) = Ewi(d,‘j).

The interval [v,u] can also be viewed as the intersection of the half-spaces

[vul={xeR": v<x<ub = |(Ei(e)NEg(e)). (6.13)
i=1

Consequently,

Ey(e) = Ei(e') and Ey(e') = Eyi(e’) with Epi(e’) || Egi(e)).  (6.14)
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Exercises 6.1.2
1. Prove the assertion v = /\’;.: | m/ of Theorem 6.3.

2. Complete the proof of Corollary 6.4 by verifying the claim that
Lm%) = Lm’) © m’ =m/.

3. Verify the claim of Theorem 6.5 that m=m/ ow = We= c2.

6.2 AFFINE SUBSETS OF EXT(B(X))

The main goal of this section is the extraction of affine subsets of ext(‘P(X)).
In order to accomplish this goal, it is imperative to establish methods for ef-
fectively identifying the elements of ex#(‘$(X)). These methods are based
on the structure of P(X) and various concepts from the geometry of n-
dimensional spaces.

6.2.1 Simplexes and Affine Subspaces of R”

Suppose that o™ c R”" is an m-simplex with vertices V¥, v!, ..., v". Then it
follows from equation 6.3 that Sf)({VO, vi, ..., v =0 If{vo, v, ... vk} C
(v, vl, ..., v"}, then the simplex ok = (vio Vit ... vik) is called a k-

dimensional face of 0. According to this definition, o™ is an m-dimensional
face of 0. Since the vertices of a simplex are affine independent, any sub-
set is of ext(c™) is affine independent. In particular, if m = n, and 0" =
(VO, vl ..., v"), then the set of vectors {Vl - VO, U L VO} is linearly in-
dependent and, hence, a basis for R". Consequently, any vector of form
(x—vY) € R” can be written as x — v = i lr,(v' —v% with r; € R. Since
this equation is equivalent to x = (1 - Y7, riv0 + 2y ri(vi =v°), x can be
uniquely expressed as x = ;‘:0 A;v', where Ag = (1 — Zl: r;) and A; = r; for
1 <i<n,with 37 ;4; = 1. Therefore

(XeR": x Z/lv and Z/l = 1) (6.15)

If m < n, then the set x e R" : x = ;’io/livi and 7' A; = 1} C R" is
an m-dimensional affine subspace of R” denoted by L. Various authors use
the term linear subspace or flat instead of affine subspace. In this treatise
we may also use the notation L"(c™) if it useful to clarify the specific ver-
tices (v0, vl, ..., v"") = o™ that generated the affine space L™. For a given
o =W, vl, ..., v Cc R", every vertex v/ is a O-dimensional face of o
and every line segment (v/,v/) is a 1-dimensional face of ¢". Furthermore,
LO0%) ={xeR": x=1Apv and Ay = 1} = {v/} while L'(¢') = {x e R"* : x =
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A4V + v/ and A1 + A, = 1} = L(v!,v?), where L(v!,v?) is the line defined
in equation 4.42. Similarly, if o> denotes the 2-dimensional face defined by
the triangle (vi, v/, v¥), then L*(02) represents the plane defined by [*(0?) =
(xeR": x=AV + ;v + vk and g+ + Ao = 1} Continuing in this fash-
ion until one obtains the (n — 1)—dimensional face o1 = (vio i1 ... yin-1),
where {vio, vit, ... vi-1} c {(vO, v, ..., v"}and L"" (0" 1) correspond to the
hyperplane E = L" l=(xeR":x= Z" 1/1 v and Z" l/l] =1} c R™. The
number of (n — 1)-dimensional faces of o"isn Wthh also coincides with
number of vertices, of 0”*~!. In general, the number of m-dimensional faces
of an n-simplex is equal to the binomial coefficient ( ;’;11)

In a similar fashion one can define faces for polytopes. In the case of the
polytopic beam S (X) c R”", a line L(w') is a 1-dimensional face. If L(w') N
L(m/) = @, and P denotes the plane defined by two distinct points X, y € L(W))
and the point m’ ¢ L(w'), then PN S (X) will be a 2-dimensional face and
so on, until one reaches the possible case where Eyi(d;;) N Ey(dg) = 2,
which in turn implies that the lattice space Fyi(d;;) = Eyi(d;;) NS (X) is an
(n — 1)-dimensional face of S(X). Note that polytope the S(X) has no 0-
dimensional faces.

In contrast to the polytope S (X), the polytope PB(X) will always have
0-dimensional faces. This is due to the fact that the geometry of B(X) is
determined by ext(* (X)) since H(ext(P(X))) = B(X). It follows from Defini-
tion 6.2 and the definition of 3(X) that the elements of the set WU M U {v,u}
are vertices of the polytope ‘B(X). More explicitly, since L(w%) = L(w’) and
Lm?%) = L(m%), L(w") and L(m?) are edges of S(X). Furthermore, equa-
tions 4.62 and 4.63 imply that

[N, Eyi(dy))] ife=1
Low'y=1 1N CLE (@) 0 (g Ege@ep)] if1<<n  (6.16)
[ ?:11 Ew”(dln)] ifé=n
and
[zs Emi (d1)] ife=1
L(m") = [(ﬂ" lEmz(d,e))m(ﬂj e Emc@)] ifl<f<n, (6.17)
[ ,‘:1 Em”(dln)] ifé=n

Also, the edge L(w%) of S(X) is being cut by E,(e’) at the edge point w!
of S (X) since wg = uz, {wh) = L(wH) N Ey(ed). Tt is now easy to verify that w!
is a vertex point of P(X) (see Exercise 6.2.1(4.)). A similar argument shows
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that {m’} = L(m?) N Ey(e’). This testifies that w’ and m’ are vertex points.
Finally, since u and v are two of the 2" vertices—also called 0-dimensional
faces—of the hyperbox [v,u] and since v,u € S (X), they are vertices of B (X).

Exercises 6.2.1

1. Determine the number of 1-dimensional faces of an n-dimensional in-
terval [v,u] Cc R".

2. For 1 <k <n-1, determine the number of k-dimensional faces of the
interval in Exercise 1.

3. Determine the number vertices if [v,u] C R” is a k-dimensional inter-
val.

4. Prove that w’ and m’ are vertex points of P(X).

6.2.2 Analysis of ext(P(X)) c R”

It follows from the discussion in Section 6.2.1 that if V.= WU M U{v,u}, then
V Cext(P(X)) and H(V) C B(X). The method for constructing the set V is
simple, fast, and consists of the following steps:

Algorithm 6.1 (Constructing the elements of V)

Step 1. Given X = {x',...,x"}, compute the vectors v = /\]J‘.:lxj and u =

ko xi
\V} e X

. . . . ok E £

Step 2. Compute the identity matrix Wy by setting w;j = )\ le(xi - xj) and
set My = WY
StEP 3. For j =1 to n, use equation 6.8 to construct the vectors w/ and m’.
SteP 4. Remove any duplicates from the collection (wh,...,w',m!, ..., m"
v, u} and let V denote the set of points thus obtained.

Observe that the algorithm computes the set V C ext(B(X)) C R” for any
positive integer n > 2.
6.22.1 Thecasen=2

If n=2and X cR? is compact, then S(X) is either a line with direction e
or a region bounded by two support lines of X with each having direction e.
Furthermore V = ext(*B(X)).
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Example 6.2

Let X = {x!, ..., x!2} c R?, where
0P (B o2 e () s 5) o (S [
3.5 “lo) Al VY i VY 5% T\s)
45 3.5 3 4 2.5
8 9 10 11 12
= = = = d = .
X (3.5)”‘ (2 )’X (3)”‘ (3.5)’ amex (1.5)

Step 1. of algorithm 6.1 yields v = /\}.zl x/ = (%) and u = \/}‘31 x/ = (g) and,

hence, the interval [v,u]. Applying Step 2. results in the identity matrices

0 -1 0 2
QBX_(—Z 0 )andi)ﬁx—(l 0)

for the lattice S (X). The first two steps of the algorithm provide the input pa-

rameters for Step 3, which constructs the vectors wl = (;), w2 = (g), m! = (%),

and m? = G) Figure 6.1 illustrates the subset relationship X c H(X) C P(X)
as well as the relationships of the elements of ex?(*} (X)) and the elements of
the standard dual basis of S (X).

It is apparent that if X C RZ is as in Example 6.2, then V = ext("B(X))
so that H(V) = P(X). These two equations are easily verifiable for any com-
pact set X C R2. The dimension of P(X), however, can be 0-dimensional, 1-
dimensional, or 2-dimensional. The first case occurs when X is trivial, namely
|X| = 1. Figure 6.2 displays various possible examples of P(X) for |X| > 1. As
can be ascertained from the figure, if dim(B(X)) = 1, then B(X) is either a
horizontal line segment, a vertical line segment, or a line segment with slope
equal to 1. In the case B(X) is 2-dimensional, the shape of P(X) is triangular,
quadrilateral, pentagonal, or hexagonal, as illustrated in Figure 6.2. The basic
shapes of B(X) c R? shown in the figure demonstrate that any collection of
k < 3 extreme points of P(X) is affine independent and that V = ext(*B(X)) for
any compact subset X of R2.

Before examining the shape of ‘B(X) for finite or compact subsets of R”
with n > 2, we note that if £ € Ny, then there exist compact sets Z C R"
such that dim(*B(Z)) = €. These sets can be constructed inductively from
lower dimensional examples as follows. Given B(X) cR*, let Y ={y € R
y =a+x,0), x € B(X), a € R}, where (x,0) = (x1, ..., x,,0)". Note that if
dim(*B(X)) = m < n, then dim(Y) = m+ 1. Thus, if Z is any compact subset of
Y and dim((Z)) = m + 1, then dim(B(Z)) = m + 1. For instance, for any set
P(X) in the first column in Figure 6.2, dim(Y) = 2 while for any set B(X) in
columns 2 and 3, dim(Y) = 3. If Z C Y is chosen so that dim(9H(Z)) =k <m+1,
then of course dim(B(Z)) <m+ 1.
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a)

Figure 6.1 (a) shows the data set X of Example 6.2, the associated half-spaces
E_,(d12), EX,(d12), and the dark shaded set S(X) = E_,(d12) N E¥,(d12).
Here the base points w! = (0, -2)",m? = (-1,0Y’, etc., derived from the matri-
ces Wy and Ny are depicted by the open circles on the x; and x, axes. The
dark shaded region in illustration (b) represents the £-polytope P(X) and the
extremal points of V = WU M U{v,u}. The dotted lines indicate the boundary
of H(X) [229].

Example 6.3 Suppose X = {x e R?: x = Ax' + (1 — 1)x*}, where x' = (j) and
x2 = (3) Then W = {w!, w?} = M, where w! = x> =m? = v and w? = x! =
m! = u. It follows that B(X) = X with dim(B(X)) =1 and ¥ = {y € R3: y=
(a+x,a), x€ X, a R} with dim(Y) = 2. Letting Z = {z!, 12,23,24}, where

10 10 4 4
z' =] 10 ,zzz 8 ,z3= 4 ,andz4: 21,
6 0 0

6
then P(Z) is a rectangle (see Figure 4.7) whose corners are the elements of
Z. Thus dim(B(Z)) = 2. Had we chosen Z = {z', 22}, where z! and z? are as
above, then dim(B(Z)) = 1.

Since P(X) C [v,u], dim(*P(X)) < dim[v,u]. Consequently, if A ={u; : u; =
v;} and 0 < |A| = m < n, then dim(P(X)) < dim[v,u] = n—m. Thus, if m = n,
then dim(*p(X)) = 0 and u = v, which happens only when |X| = 1. For instance,
in Example 6.3 since u = z! and v = z*, dim[v,u] = 3 while dim(B(Z)) = 2,
which also shows that strict inequality dim(B(X)) < dim[v,u] is possible.
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,
A X, w2 / ,
20 7 |u /
s , ,
. s | w2 s
: Y / _u
' y ’ ' T/ /7
1) s 4) ——=1 7 | 4
/ // v I /wl
. [ e 7 d v | |
: | : i e //mz
10 v , w2 _u ’ ,
- . 7/ 4 7 7
9 s s s e 4 /
/ , s, 2
Y / w, u
8 , 1 -—— s
u, / v // W/ | //
7 2) % 5) ’ ’ 8) 1l ,
// Ve ) 7/ m W]
6 , e I_XV Zu 7 d
4 / A 7
5 // | Vi 7 4 m2
4 A v ’ s
/ / 7/ 1 /
7 w
s
3 k) I // 6) //
2 v // / 7
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1 Vs // X
>
12345678910 - e 20 e 30

Figure 6.2 Examples of various configurations of the polyhedron ‘B(X) in the
(x1,x2) plane. In the first column dim(P(X)) = 1, while in the remaining
examples dim(*B(X)) = 2. For the graphic representations (2), (3), and (5),
[v,u] = B(X), while for (1), (2), and (3) we also have (v,u) = B(X).

6.2.2.2 Thecasen=73

If X cR3is compact but the set A = {u; : u; = v;} # @, then 0 < dim(*P(X)) <
dim[v,u] < 3 and we are back to a k-dimensional problem with 0 < k < 2. For
this reason we shall assume that dim(*$(X)) = 3.

We begin our discussion by constructing the 3-dimensional analogue of
the example illustrated in Figure 6.2(5).

Example 6.4 Let X = (x!,x2,x3,x* x°,x%} c R3, where

14 10 12 14 12 10
x'=| 10 |,x*=]| 14 [,xX*=| 14 |.x*=| 12 |,x’=]| 10 |[,x0=| 12 |.
12 12 10 10 14 14

Then

0 -4 -4 0 4 4 14 10
Wy=| 4 0 -4 [Mx=]14 0 4 |,u=| 14 Jandv=] 10 [.

-4 -4 0 10
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while
14 10 10 10 14 14
W=| 10 14 10 [ and M=| 14 10 14 |,
10 10 14 14 14 10

In this particular example [v,u] N Fi1(d12) = ([v,u] N F,1 eHHn Foi(di2) =
(whm?), [v,ul N Fya(din) = ([v,ul N Fy2(e?) N F2(dy2) = (w?,m'), and
[v,ulNF,3(d;3) = ([v,u]NF3(e*)NF3(di3) = (w?,m!). We encourage the
reader to find the remaining edges generated by the intersections F1(d;3),
F,2(d23), and F3(dp3) with [v,u] and prove that [v,u] C S (X). Since [v,u] C
S (X), we have [v,u] = [v,u] NS (X) = P(X).

The location of the extreme points of PB(X) are shown in Fig-
ure 6.3. If x € {v,u}, then each of the sets {m',m?,m>,x}, {w', w2, w3, x},
{ml,mz,wl,x}, {ml,mz,w3,v}, and {wl,ml,mz,m3} is affine independent.
On the other hand, the elements of each of the following sets (m', m?, w3, u},
{ml,wz,w3,v}, or {Wl,ml,mz,wz} are coplanar. Thus each one of these sets
is affine dependent. To recapitulate, we can take any three extreme points in
one of the planar faces Ewi(ei) N [v,u] of [v,u] and any point in the opposite
parallel planar face E,i(e’) N [v,u] in order to obtain four affine independent

points of P(X).

As noted earlier, if n = 2, then any three points of ext(‘P(X)) are affine
independent. Since B(X) is convex and no three extreme points can be el-
ements of a line segment (x,y) C B(X), any three points of ext(P(X)) c R"
are affine independent for any integer n > 2. Additionally, we observed that
V = ext("B(X)). The next example answers the question as to whether or not
this equality holds in general.

Example 6.5 Let X = {x!,x%,x’} c R3, with

6 1 5 1 6
x'=| 1 |,x*=] 6 |,x’=| 5 |,thusv=| 1 |andu=| 6 |.
14 14 20 14 20

Here the corresponding matrices 2y and Nty are given by

0 -5 -15 0 5 -8
Wy=| -5 0 -15 JandWMx=| 5 0 -8 |.
15 15 0

8 8 0

Employing equation 6.8, one obtains the sets W and M or, equivalently, the
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Figure 6.3 The {-polytope P(X) with the properties B(X) = [v,u] € S(X) and
V =ext[v,u] = ext(P(X)).

6 1 5 1 6 6
W=l 1 6 5 [andM=| 6 1 6 |[.
14 14 20 16 16 14

It follows that W = X and the set V = WU M U {u, v}. However, as shown
in Figure 6.4, V # ext(*P(X)).

matrices

The polyhedron *3(X) shown in Figure 6.4 illustrates the fact that in di-
mensions n > 2 the equation V = ext(*P(X)) is generally not achievable. For
the set X of Example 6.5, V # ext(*f(X)) since the extreme points s', s2, and
p’ of B(X) are not elements of V. Even if the points s! and s? are included as
elements of the set X, the sets W and M in the example remain the same and
the additional elements s' and s* of X will not be elements of $H(V).

A consequence of equation 6.3 is that H(ext(P(X))) = B(X). Thus, for
a given data set X c R”, the geometry of (X) is completely dependent on
the set ext("P(X)). It is therefore imperative to determine procedures for ob-
taining all extremal points of P(X). To establish this goal we begin by ex-
amining Figure 6.4(b) as it provides a simple example of a 3-dimensional
¢-polytope. The first step in constructing the polytope B(X), where X is de-
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fE ¥ |

Figure 6.4 The shaded region in figure (a) indicates the polyhedron $H(V). Fig-
ure (b) shows the intersection of [v,u] with S (X); here the red lines indicate
the intersections of E1(d;3) and E3(d;3) with the cube [v,u], the blue lines
correspond to the intersections of Ei(d2) and E2(d2) with the cube, and
the green lines mark the intersections of E2(d»3) and E3(d23) with [v,u].
Since ext(B(X)) = VU (s!,s2,p*},BX) # H(V) [229].

fined in Example 6.5, is to compute the sets W, M, and {v,u}. These three
sets make up the basic extreme points that are used in deriving the addi-
tional extreme points s!, s?, and p>. The basic extremal points are the points
used in establishing the boundaries of the sets S(X) and [v,u], which in
turn define the boundary pieces of S(X)N[v,u]. As illustrated in the figure,
the corner point s! of B(X) is due to the intersection of F3(d;3) with the
line E2(e?) N E3(€®). Similarly, {s?} = F3(da3) N (Ey1(e') N Ey3(e?)), and
{p3 } = Fpe(daz)N (Eml(el) N Emz(ez)). What can also be deduced from the
drawing—and easily calculated—is that

5 6 1
wvw=| 6 |=s',wlvw'=| 3 |=s’andm!' Am?>=| 1 |=p’
20 20 18

(6.18)

Another pertinent observation is that p> € F m (d13) N F2(dos) = L(W3)

and p° = a+w?>, where a = —4 so that p> < w>. It follows that (p>, w?) c L(w?)
is an edge of H(X) with endpoints {p3,w3} = L(w3)NJI[v,ul.

More generally, suppose X C R" is a finite set, V= Axex X, and u = \/ycx X.
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If we R" and L(w) Nint[v,u] # @, then [L(w) N Jd[v,u]| = 2. Thus, if {p,q} =
L(w)Nd[v,u], then since p, q € L(w), either p < q or q < p. The lesser point
is called the entry point of L(w) and the larger point is called the exit point
of the line L(w) with respect to the hyperbox [v,u]. Assuming that L(w') N
int[v,u] # @, then since {w'} = Ey(e’) N L(W') and Y x € [v,u] N L(w') with
x #w', x <w, it follows that w’ is the exit point of L(w'). Henceforth we will
denote the corresponding entry point of L(w') by p'.

An analogous argument shows that if L(m/) N int[v,u] # @, then m/ is an
entry point of L(m/) into [v,u]. The corresponding exit point of L(m/) will
be denoted by qj . Since L(w)Nint[v,ul =@ fori=1,2in Example 6.5, nei-

ther w! or w? is an exit or entry point. The same is true for m’ with i € {1,2,3}.

Although |ext(P(X))| =11 > 8 = |WUM U{v,u}| in Example 6.5, the num-
ber of extreme points can be much higher. This is due to the observation that
for large randomly generated data sets, the sets M and W are generally well-
separated. Here the notion of separation does not refer to topological separa-
tion or disjointness, but is based on disjointness in terms of lattice structures.

Definition 6.3 Suppose (L, V, A) is a lattice and X, Y € L. The sets X and Y
are said to be lattice disjoint, or simply {-disjoint if and only if XNY = @ and
there does not exist a subset A C X or a subset B C Y, or both, such that

y:\/xory:/\xforsomeer, orx:\/yorx:/\yforsomexeX.
X€EA X€EA YEB yeB

Sets that are £-disjoint are also called lattice-separated or simply €-separated
while sets that are not ¢-separated are said to be lattice-connected or (-
connected.

If L is a lattice vector space and X and Y are {-separated, then X and Y
are strong lattice-separated if and only if L(x) # L(y) Y x€ X and y €Y.

For instance, the sets W and M in Example 6.2 are lattice disjoint. In
contrast, the sets W and M in Example 6.5 are {-connected since m> Am? =
w! and w! v w? = m? even though WN M = @. The following is an example
of a set X ¢ R3 for which the sets W and M are lattice-separated.

Example 6.6 Suppose X = (x! ,xz,x3,x4,x5,x6} C R3, where

10 8 9 1 2 1
x'=| 7 I.x*=| 12 |.x=| 8 [x*=|3 [.X=|1[.x°=| 2|
10 9 10 1 1 2
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The corresponding matrices Wy, Ny, and the vectors u and v are given by

0 -4 -1 0 3 1 10 1
Wy=| -3 0 -3 |,Mx=(4 0 3 [,u=]12 |,v=|1 |.
-1 -3 0 1 30 10 1

Using Algorithm 6.1 results in

10 8 9 1 4 2
wi=|l 7 |.w?*=| 12 |,w’=| 7 [m'=| 5 [ m?=|1 [ m’=]| 4 [
9 9 10 2 4 1

It is now an easy exercise to check that the sets W = {wh, w2, w3} and M =
{m',m?, m?} are not ¢-connected.
Following the rational that resulted in equation 6.10, we note that since
m' e Em,(e') = Ey(e)) and m’ e Em,(ej) = Ey(e/), it follows that m’ Am/ €
Ey(e))NEy(e)). Thus, m’ Am/ is always an edge point of the hyperbox [v,u].
The notation r = m’ Am’ is a reminder that l # { # j and important in the
generalization of this process. Similarly, st = wivw/ € Ey(e)) N Ey(e’). How-
ever, an edge pomt of [v,u] 1s not necessarily an extremal point of P(X).
That the points w* Vv w/ and m’ Am’ are indeed extremal points of P(X) is a

consequence of the following equations:

wvwh = (Ey(e) NEw(e®) N (Fyi(di3) N Fya(da3))  (6.19)
wvw = (Ege)NEu(e?)) N (Fi(di2) NFys(das)  (6.20)

W2V W = (Ey(€®) N Ey(€®) N Fy3(di3) (6.21)
m' Am? = (Ey(e')NEy(e®)NF,i(d3) (6.22)
m' Am® = (Ey(e')NEy(e®)NF,3(da) (6.23)
m>Am’ = (Ey(e?) N Ey(e®))NF,3(d;3) (6.24)
where
10 10 9
wivw?=| 12 |=, wivwl=| 7 |=s5, wPvw’ =] 12 [=s' and
9 10 10
1 1 2
m' Am?=]| 1 =r3,m1/\m3= 4 :rz,mz/\m3= 1 |=r'.
2 1 1
2 3

Accordingly, we now have a set V U (s, s%, 3, rl, r2, r3} of 14 easily



Extreme Points of Data Sets W 249

computable extremal points of P(X). However these are not all of the ex-
tremal points of P(X). Additional extremal points that need to be considered
are the entry and exit points generated by the lines L(w') and L(mj ).

Although the coordinate values of the points in set {s',s?,s°,r',r?,r’}
can be quickly computed in terms of the respective max and min opera-
tion w' vV w/ and m’ A m/, their more complex formulations expressed in
equations 6.19 through 6.24 provide additional geometric information. Note
that equations 6.19 and 6.20 represents the intersection of two lines, while
equations 6.21 through 6.24 represents the intersection of a line with a
plane. Also, since E1(d13) N Eg2(dp3) = E3(di3) N E3(d23) = L(m?) and
Ei(di2) N Eys(doz) = Epp(din) N Ep(dy3) = L(mz), it follows that s> =
a+m? and s> = b+m? with a = 8 and b = 6. Since the two points s> and s are
just translates of m> and m?, they correspond to the exit points q° = 8 + m?
and q2 = 6+m?2. We also have L(m') N d[v,u] = {m', w?} since 7+ m' = w?
so that q' = w? and p?> = m'. This holds whenever L(m’) = L(w/) or, equiva-
lently, whenever W and M are not strong {-separated.

We now know the extreme points generated by L(m’) for i = 1, 2,3, as
well as those associated with L(w?), but we have not yet explored possible
extreme points generated by L(w') and L(w?). Considering the line L(wh),
the first step is to find the shortest distance from w! along the line L(wh) to
the set of planes Ey(e’) for i = 1,2, and 3. This can be achieved by setting
a= \/?:1("1' - wil) and computing a + w'. In this case one obtains a=-6and
—6+w! =(4,1,3) =p'. In a similar fashion one obtains 6 +w3=(3,1,4) =
p>. This shows that ext(P(X)) = WU MU {p',p’,q%, ¢, r!,r?, 13 s',v,u} so
that |ext(*B(X))| = 16. The shaded region in Figure 6.4 represents the poly-
tope B(X) and shows the locations of the various extremal points. It is also
constructive to note that while |W U M| = 6, the polytope S (X) has only five
one-dimensional faces and five two-dimensional faces.

Example 6.6 demonstrates that lattice separation forces an increase in
distance between the sets W and M, culminating in the inequality m/ < w'.
The downside is that a large increase in the number of extremal points can
be expected whenever W and M are lattice disjoint. More important is the
method employed in Example 6.6 for determining any remaining extreme
points in ext(P(X)) \ (WU M U {v,u}) in case n = 3. This method reduces
to three simple steps and can also be employed to compute large subsets of
ext(P(X)) in case n > 3.

Algorithm 6.2 (Computing the Elements of ext(‘B(X)))
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Figure 6.5 The set P(X) C [v,u] and its extreme points [229].

SteP 1. Given X C R", apply algorithm 6.1 in order to obtain the set V from

the collection (wh,...,whm!,...,m" v, ul
SteP 2. For w/ and m’ € V, define
n . n .
ai=\/(i-w), b;= /\(u-—m?) and set pjza-+wj and qj=b<+mj.
J 1 i’ J 1 i/7° J J

i=1 i=1

LetW={p/:w eV}, Q={q/: m/ eV}, and set U =(FUQ)\V.

Step 3. For i, j € N, set
r/ = /\m’ and s’ = \/W‘,
i#j i#j

LetRi={r/: jeN,}, S;={s/: jeN,}, and set T = (R US )\
(VuU).

The computation of the points r’ and s’ in R? can also be accomplished by
defining r(i, j) = m’ Am/ and s(i, j) = w' Vw/. Then r’ = r(i, j) and s’ = s(i, j),
where ¢ ¢ {i, j}. The notation r(i, j) and s(i, j) is convenient when dealing with
extreme points generated by lower-dimensional faces of S (X) in dimension
n>4.

The points p/ and q/ generated in STep 2 are the entry points and exit
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points of the lines L(w/) and L(m/), respectively. The exit point of the line
L(w/) is w/, while the entry point of L(m/) is m/. In view of Example 6.6,
the points s and r’ obtained from Step 3 are the intersection of the respective
lines Equ(e’) N Ey(e/) with 2-dimensional faces of S(X) c R3, i.e., satisfying
equations 6.21 through 6.24 but not 6.19 and 6.20. Any point s’ or r’ that
is in the intersection involving more than one 2-dimensional face of S (X) is
superfluous as it is already an element of U U V.

Clearly, if n = 2, then only Step / is necessary and V = ext(P(X)). Fur-
thermore, if n > 2, then Step / of the algorithm can result in a maximum of
2n+2 vectors. If n > 3, Step 2 as well as Step 3 may each produce an ad-
ditional 2n distinct extremal points. Thus, the maximal number of extreme
points possible using this algorithm is 3(2n) +2 = 2(3n+1).

As can be deduced from equations 6.19 through 6.24, the elements of T
represent the points where the faces Fy,i(d;;) or F,i(d;;) cut an edge of [v,u].
These points could also be exit or entry points of a line L(w') or L(m?), while
the elements of the set U obtained from Step 2 are all entry and/or exit points.
Note that if for some j, a; =0 (or b; = 0), then p’ =w/ (or ¢/ =m/). However,
these points will not be members of U or T since by definition of U and T
we have that VNU =T NV =TNnU =T N(VUU) = 2. Consequently, if
n =3, then

VUUUT =ext(PB(X)) and |V|+|U|+|T | = lext(B(X))|. (6.25)
The case n = 4 verifies that for n > 3 it is very likely that VU U U T, #
ext(P(X).
Definition 6.4 If n > 3 and PB(X) c R”, then P(X) is said to be maximal if
and only if WU M| = |U| = 2n.

It follows that if B(X) is maximal, then for i € N,,, L(W') # L(m/) ¥ j =
1,2, ..., n. However, as Example 6.4 shows, the converse is not true since
|U| = 0. Nevertheless, P(X) is maximal if and only if |[WU M| =2n and W
and M are strong £-separated.

Example 6.7 Suppose X = {x',...,x%} c R?, where

10 9 5 3 3 1
x'=| 7 ,x2= 10 ,x3: 4 ,x4: 5 ,X5= 1 ,x6: 3|,
5 4 10 7 3 2

6 2 1 10
x' =| 2 ,ande: 9 |.Thusv=| 1 |, andu=| 10 |.

4 10
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SteP I of Algorithm 6.2 results in the set W U M consisting of the vectors

10 3 5 1 5 6
wi=|l 6 |,w*=| 10 |,w’=| 4 |[m'=| 8 [[m?=| 1 |[m’=| 7 [
5 4 10 6 7 1

Thus, |V|=8.
The first computation of Step 2 yields the following additive coefficients:

a1=—4,a2=—2, a3=—3, and b1=2, b2=3, b3=3.

Using these values in order to compute the points p/ = a j +w/and ¢/ =
bj+m/, results in

6 1 2
p1:—4+W1=[2]’p2:—2+W2:[8],p3:—3+w3:[1]and
1 2 7

3 8 9
q'=2+m'=| 10 [,@®=3+m?>=| 4 [ ¢*=3+m’=| 10 |.

8 10 4

In this case there are no duplicates, which means that U =Y U Q and |U| = 6.
Also, since [WU M| =|U| = 6, P(X) is maximal.
The final Step 3 produces

5 1 1
rlzmz/\m3:[ 1 ],rzzml/\m3:{ 7 ],r3:ml/\m2:{ 1 ]and

1

5 10 10
sl=w?vw’=| 10 ,SZZWIVW3= 6 ,S3=W1VW2= 10 |.

10 10 5

Again, there are no duplicates so that |T;| = 6. Therefore |ext(P(X))| = |V|+
|U|+|T1| = 20, which is the maximal number of extreme points possible for
an {-polytope P(X) c R3.

Although algorithm 6.2 computes all the extremal points of a given ¢-
polytope B(X) c R3, the algorithm does not directly provide a method for se-
lecting affine independent subsets of ext(*P(X)). For n = 2, this task is trivial,
while for n = 3 and dim(*B(X)) = 3, the task is still easy. Here we use the sim-
ple fact that any three elements of ext("B(X)) are affine independent and there-
fore define a plane. Thus, once three extreme points X, y, and z have been se-
lected, the remaining objective is the identification of a fourth extremal point
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w that is not an element of the plane generated by {x, y, z}. Of course, this ob-
jective depends on the selection of the initial three points. An easy method is
to simply choose a plane E,i(d;;) such that L(w") # L(m/) and select the two
extreme points w' and p’ from {w',p’} = L(w') Next(PB(X)) and one extreme
point z € {m/, ¢/} = L(m/) N ext(B(X)), or vice versa. Suppose P corresponds
to the plane generated by {w!, p, z}. Since Eyi(d;)) NEy;(d;;) = @, it follows
that for any point w € E;(d;;) Next(B(X)), w ¢ P.

This simple method of extracting four affine independent points can
be generalized by selecting any three points from Fyi(d;;) N ext(P(X))
and one point from ext(P(X)) \ [Fyi(d;;) N ext(*P(X))]. For instance, given
the set ext(*P(X)) of Example 6.6 and choosing any three elements
from {r!, m?, q3, wl, pl} = F1(d13) Next(*P(X)) and one from ext(*P(X)) \
{r', m?, ¢>, w!, p'}, results in a set of four affine independent points.

As demonstrated in the next section, the method just described can be eas-
ily generalized for extracting affine independent points from ext(¥(X)) Cc R"
for n > 3. Nonetheless, the method does not cover all possible combinations
of finding four extreme points that are affine independent. For example, the
set {w!, w2, w>, v} shown in Figure 6.5 is affine independent but would not be
extracted from ext(*f(X)) when using this method alone.

6.22.3 Thecasen=>4

As the preceding section corroborates, for 2 < n < 3 it is relatively easy to
visualize the various faces of B(X) in terms of the intersections of the faces
of [v,u] with those of S (X). However when n > 4 we leave the plane and
solid geometry of our early education. Although analogies with lower di-
mensional spaces can be useful, they can also lead us astray. For instance,
any two distinct non-parallel planes in R3 intersect in a line. Now con-
sider the two non-parallel planes Pj, P, C R*, defined by P; = {x e R* : x =
(xl,X2,0,0)’ and X1,X2 € R} and P, = {X S R4 X = (0,0,)63,)64)’ and X3,X4 €
R}. Then 0 € P; N Py with {0} = P; N P;. Thus P; N P, is a point and not a line.
However, any two distinct planes that are contained in a hyperplane E c R*
will intersect in a line.

Similarly we have the fact that a line can intersect a hyperplane in a single
point. For instance, if a = (-1,0,0,0)’, b = (1,0,0,0)’, L = L(a,b), and E =
{xeR*: x=(0,x2,%3,x1) and x; € R for i =2,3,4}, then LN E = {0}.

In the remainder of this chapter we reserve the letters L, P, L' and E
for denoting a line, a plane, an m-dimensional affine space and a hyperplane,
respectively. Care must be taken when considering intersections of two lin-
ear spaces in high dimensions. While properties of linear subspaces of R"
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for n = 2 and n = 3 rest on Hilbert’s axiomatic foundation of solid geome-
try [116], this section relies on the extended axioms of higher-dimensional
geometry (e.g., [243, 298, 299, 319, 181]). Thus, for instance, if n = 3, then
the intersection of two distinct planes is either empty or a line while in R*
the intersection can be either empty, a point, or a line. Nonetheless, if E;
and E, are two distinct hyperplanes in R” with n > 3 and E| N E, # @, then
E\NE,=L""2.

Algorithm 6.1 computes the elements of the set V =W U M U{v,u} for any
dimension n > 2, and the results serve as input to Algorithm 6.2. Step 2 of Al-
gorithm 6.2 computes the entry and exit points (if they exist) of the respective
lines L(w') and L(m/). The final Step 3 checks for possible intersection points
of the (n — 1)-dimensional faces Fi(d;;) of §(X) with the one-dimensional
faces of [v,u]. Thus, if n = 3, then Algorithm 6.2 accounts for all extreme
points of B(X). However, for n > 3 the algorithm ignores intersections of k-
dimensional faces of S (X) with [v,u] when 1 <k <n—1. Hence, if n =4, then
the extreme points that are due to the intersections of two-dimensional faces
of S (X) with d[v,u] will be disregarded by Algorithm 6.2. A straightforward
method for identifying additional extreme points in R* that are due to the
intersections of two-dimensional faces of S (X) with d[v,u], is simply to set
s(i, j) =w Vw/ and r(j, j)) = m’ Am/, where i, j € Ny and i < j. Then elimi-
nate all points s(i, j) and r(i, j) that are superfluous, i.e., already computed by
Algorithm 6.2.

Example 6.8 Suppose X = {x',...,x!%) c R* where

22 ] 20 3] 14
18 5 18 22 20
1 _ 2 _ 3 _ 4 _ 5 _
XFloa XT3 e T o ' T 2 |
26 11 8 12 3
5 8 15 10 3
4 17 25 2 5
6 _ 7 _ 8 _ 9 _ 10 _
XFlg P2 X 275 'Y T4
12 9 18 13 6

Applying Step / of Algorithm 6.2 one obtains the following matrices Wy,
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My, and the vectors u and v:

0 -10 =20 -10 0 9 2219 31 1
-9 0 -11 -11 10 0 13 17 25 2
§ —_ S — — —
W=l 13 0 =8 "™T|2011 023" ||V |al
-19 -17 =23 0 10 11 8 O 26 3
Computing the respective sets W = (wh,...,w*}and M = {m', ..., m*} re-
sults in
31 15 8 16
22 25 17 15
1_ 2 _ 3 _ 4 _
w = 9 ,Wo = 12 , W = 3 L, W= 13 , and
12 8 5 26
1 11 26 22
11 2 17 20
1_ 2 _ 3_ 4 _
M=o P™ T3 P™ T4 ™ T 26
11 13 12 3

In this case we have that V. = WU M U {v,u}, resulting in |V| = 10.
StepP 2 computes the additive coefficients

a1=—5,(12=—5,a3=—2, a4=—13 and b1=7, b2=13, b3=5, b4=2.

Using these values in order to compute the points p/ = a j +w/and ¢/ =
bj+m/, results in

26 10 6 3
17 20 15 2
1 _ 2 _ 3 _ 4 _
- 4 P = 7 P = 26 P = 5 ’ and
7 3 3 13
8 24 31 24

il s [ s s [ 22| 4 |22

18 26 17 5

It follows that U = YU Q with (WU Q)NV = @ so that |U| = 8.

STEP 3 computes the points 1/ = A ;. i m’ and s/ = Vigj w!, which in this
case are

11 1 1 1
2 11 2 2

1_ 2 _ 3 _ 4 _

r = 4 ,r° = 4 ,r = 13 LT = 4 , and
3 3 3 11
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16 31 3] 3]
25 22 25 25

1 _ 2 _ 3 _ 4 _

S =128 1" T 28 'S T 1g 'S T 28
26 26 26 12

In this case we have |Ti| =8 and |V|+|U|+|T| =26 and VUUUT; C
ext(B(X). o

Next compute r(i, j))=m' Am’/ fori=1,...,3and j=i+1,...,4, and set
Ry, ={r(1,2),...,r(3,4)}. In a like manner let S, = {s(1,2), ..., s(3,4)}. For
this example we obtain

i i i 1
r(1,2) = 123 r(1,3) = 141  r(1,4) = ; r(2,3) = i :
T 1 3 12
1 2 31 31
r(2,4) = 123 ,r(3,4) = f  s(1,2) = f; U s(1,3) = ;g ,
4 3 12 12
31 15 16 16
s(1,4) = f; ,8(2,3) = ig  s(2,4) = ?g . s(3.4) = ;;
26 8 26 26

Since none of the points r(i, j) and s(i, j) are elements of VU U U T, the set
Ry U S, provides for 12 additional extreme points.

To show that the elements of R, US; in Example 6.8 are indeed extreme
points, note that s(Z, j) is an element of the plane Py(i,j) = {x € R*: x; =
u; and x; = u;} and r(i, j) is an element of the plane Py(i, j) = {x € R*: x; =
viand x; = v;}, ie., s(i, ) € Ey(e)) N Ey(e’) and r(i, j) € Ey(e') N Ey(e/). In
fact, these points are points of the two-dimensional faces of [v,u], e.g. s(i, j) €
F,(i, j) = Pu(i, j))N[v,u]. Given s(i, j) and Py(i, j) we can determine the two-
dimensional face of S (X) that contains the point s(i, j). Specifically, the face
will be given by Fs(i, j) = Ps(i, j) N S (X), where Pg(i, j) denotes the plane to
be determined. For a point x € R* to be a point of Pg(i, j), it must first have
the property that x;,x; € R are the two variables of x. The two remaining
coordinates x; and x; of x are determined as follows: If the kth coordinate
of s(i, j) is w;'(, set x = x; — (u; — w;{), and if the kth coordinate of s(i, j) is

wi, set xp = xj—(uj— wi). Similarly, we construct the plane Py(i, j) by using
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r(i, j) as the starting point. In this case, set the kth coordinate of x € Py(i, j) to
xx = x; — (v;—my,) if the kth coordinate of r(i, j) is m; and if the kth coordinate

of (i, j) is m], set x, = x;— (v —my)).

Example 6.9 Let s(i, j) and r(i, j) be the points computed in Example 6.8
and consider s(1,2) = (31,25,12,12)’ = (u1,uz, w3, w)) € Py(1,2) = {x € R*:
X1 =uy, x» = up and x3, x4 € R}. Following the above mentioned rules in order
to describe the elements x € R* that define Pg(1,2), we need to have x;, x €R
to be the variables. Since the third component of s(1,2) is x3 = w%, the third
component of x € Pg(1,2) must be x3 = x3 — (up — w%) = xp — 13. Similarly,
x4 = x1— (U —wjr) = x1 —19. This shows that

X1
X2
xp—13
x1—19

xePy(l,2) &x= , Where x1, x, € R.

Thus, for x; =u; and x, = up results in s(1,2) € Ps(1,2) = E,1(d14) N E2(d23)
and {s(1,2)} = Ps(1,2) N Py(1,2) since no other point is common to both
planes. Note also that E1(d14) L Ey2(d23).

Using the same approach to find the plane P.(1,2) given s(1,2) =
(1,2,13,11)" = (v1,v2,m3,m})’, one obtains

X1
X2
X2 + 11
x1+10

where x|, x; € R and Pr(1,2) = Epyi(d14) N Ep2(da3)

xeP(l,2)ox=

Again, {r(1,2)} = Pr(1,2) N Py(1,2) and E,,;1(d14) L E2(d23).
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Continuing this approach results in

X1 X1

| x1-9 | x1-9

xe Py(1,3) o x = “ xePy(l,4) ex= -8
x1—19 X4

x2—10 x4—10

_ X2 _ X2

xePs2,3) ox= 3 x€ Py(2,4) &x= s
xo—17 X4

X4—10 X1

xePGhox=| 2| xepanox=| P10 e

X3 X3

X4 X1+10

Each plane Pg(i,j) and Py(i,j) represents the intersection of two hyper-
planes. These hyperplanes can be readily determined from the respective
points s(i, j) and r(i, j). For instance, since s(3,4) = (w‘l‘,wg,u3,u4)’ it fol-
lows that (W‘ll,xZ,X3,u4)' € Ew4(d14) and (xl,wg,ug,)u) € Ew3(d23). Hence
(W], w3,u3,us)’ € Ega(di4) N Ey3(do3) and, more to the point, X € Pg(3,4) &
X € Ea(dig) N Eys(ds) © Ps(3,4) = Eja(dig) N Es(daz). Also, since x €
P(i, j) = xi, x; € R and x € Py(i, j) whenever x; = u; and x; = u;, we have
that x € Ps(i, j) N Pu(i, j) © x = s(i, j). An analogous argument proves that
x € Pr(i, j)) N Py(i, j) © x = r(i, j). Therefore s(i, j) is the only point in the in-
tersection Py (i, j) N Py(i, j). An analogous argument shows that x € Py(i, j) N
Py(i, j) & X = 1, ).

The intersections of the two hyperplanes that correspond to the planes
Pg(i, j) and P(i, j) are as follows:

Ps(1,2) = Ey1(d14) N Eyi(d23) Ps(1,3) = Egi(dp) N Egi(dyg)
Ps(1,4) = Eyi1(d12) N Eya(d3g) Ps(2,3) = Ey2(di2) N Ey2(dag)
Ps(2,4) = Ega(dia) N Ega(dss) Ps(3,4) = Ey3(da3) N Eya(dys)
Pr(1,2) = Epn(dig) NEi(das)  Pe(1,3) = Epn(din) N Ei(dig)
Pr(1,4) = Ei(dpp) NEgi(dis)  Pr(2,3) = Eyp(dia) N Eyp(dag), etc.

We leave the construction of the remaining planes Py(i, j) as an exercise for
the reader.

Example 6.8 introduced two new sets R, and S, consisting of the points
r(i, j) and s(i, j), respectively. Example 6.9 demonstrates that these points are
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indeed extreme points. It also follows from Example 6.8 that these points
are not elements of VU U UT). This means that for n > 3 Algorithm 6.2 is
incapable of discovering all extreme points of $(X) for various compact sets
X c R"™. Nevertheless, Examples 6.8 and 6.9 provide for a simple expansion
of Algorithm 6.2 for finding all extreme points of B(X) c R*.

Algorithm 6.3 (Computing the Elements of ext("B(X)))

Step 1. Given X C R" apply Algorithm 6.2.

SteP 2. For each sequence iy, i3, ..., in—2 €N, with 1 <i; <ip < -+ <ip—p <n,
set
n-2 n-2
VGt i,y in2) = [\ MY and s(in, i, ..., in2) =\ WY,
j=1 Jj=1
LetRy ={r(i1, iy, ..., ip2): 1<i1<ih<---<ipp<n}, So={s(i1,ip,...,0ip2):

1<ij<ih<:-<iyo<n},andsetTr =(RyUS))\T].

In this case we have that forn =4, VUUNT{ UT, C ext(B(X)).
We may now straightforwardly extend the three algorithms to the n-
dimensional case.

Algorithm 6.4 (Computing the Elements of ext("B(X)))

Step I. Given X C R" with n > 4, apply Algorithm 6.3.

Step 2. For € = 3,4,...,n—2 and every sequence {ii,i,...,In—¢} C
N,withl <ij<ip< -+ <iy_¢ <n, set

n—{ n—{
ri1, iny ... ing) = /\m’f and s(iy, ia, ..., ipg) = \/W’f.
Jj=1 Jj=1
Let Ry ={r(i1,ip, ..., In_¢): 1 <ii<in< -+ <ip_¢<n}l, Se={s(i1,i2, ..., In_¢):

1<ii<ib<: - <ipe<n},andset Ty=R,US)\Tr_1.

In view of Algorithms 6.2 through 6.4, it becomes obvious that the num-
ber of extreme points of type r and s increases dramatically as the dimension
n increases. For instance, for n = 3 the total number of points of type r(iy, i)
and s(iy, i) is 6 while for dimension n = 6 the maximal number is 30. More
generally, the maximal number of points of type r(i1,i>) and s(i1, i) for any
dimension n > 3 is @ + @ =n(n—1). Similar observations can be made
for the number of elements of R, and S, for any £ € {3, 4, ..., n—2}. Itis also
noteworthy that for n > 4, perpendicular hyperplanes entered the computa-
tions.
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The method for selecting n + 1 affine independent points from
ext(*B(X)) c R", where n = 3 and n < |U| < 2n, easily extends to n = 4. Here
one chooses any face Fyi(d;;) = Eyi(d;;) NS (X) satisfying the property that
L(w') # L(m/). The next step is to consider the plane

3
PG, j) = {xeR*: x= 1w + .Lrp' + Lsm’ and Z/i[ = 1) C Eyi(d;)),
=1

generated by the three points w,p' € L(w') and m’/ € L(m/). In order to
obtain another extremal point of Fy(d;;) that is not an element of P(i, j),
simply choose a plane Pg(i,{) C Eyi(d;;). Then Pg(i,€) N P(i, j) = L(w') and
w' v w! =5s(i,0) ¢ P(i, j). Consequently, the set of points {w', p’,m/,s(i,£)} is
affine independent.

To illustrate this process, suppose that X is as in Example 6.8 and con-
sider the plane P(1,2) C E,1(d2) generated by the three points wl, p1 e L(w))
and m? € L(m?). In this case Pg(1,3) C E,1(d12) and Ps(1,4) C Eyi(dy2).
Choosing Pg(1,3) we have P(1,2) N Pg(1,3) = L(w') and since s(1,3) =
(31,22,28,12)" ¢ L(w"), s(1,3) ¢ P(1,2) Therefore the set of points A =
{wl,pl,mz,s(l, 3)} is affine independent. An analogous argument shows that
the set of points B = {wl,pl,mz,s(1,4)} is affine independent had we cho-
sen the plane Pg(1,4) instead. Note also that the 3-dimensional affine space
generated by the points of either A or B is E,i(d2). Furthermore, since
E,2(di2) NEGi(d12) = @, we can choose either w2 or m! and add it to the
set A (or B) in order to have five affine independent extreme points.

The above example reveals the utility of the elements of R, and S, in
quickly finding sets of n+ 1 affine independent extreme points. Another reve-
lation is the fact that the intersection E1(di2) N Eyi1(d;3) does not appear in
the calculation of the various extreme points of Examples 6.8 and 6.9. Since
Ew!) E,i1(di2) N Eyi(d;3), the intersection is not empty and, therefore,
must be a plane. Letting Ps denote this plane, then Ps = E1(d12) NE1(d13) =
(xeR*: x1—x2 =u; — w; and x; —x3 =u; — w;}. Using the data from Exam-
ple 6.8, we obtain

X1
x1—-9
X1 -22

X4

xePsox= , Where x1, x4 € R.

The extreme points w'!, p', m?, and q? all satisfy the equation for elements
of Ps. By definition of P(1,2), the planar strip F%(1,2) = P(1,2)NS(X) is a
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2-dimensional face of §(X) with 0F>(1,2) = L(w') U L(m?). Similarly, let-
ting F2 = PsNS(X), then dF2 = L(w')U L(m?) and L(w') = P(1,2) N Ps =
FX(1,2)NF 52 Obviously, m? ¢ P. Therefore m? (or qz) and any three points
from the set {w!,p',m? q*} yields a set of four affine independent points.
For the same reason the point m> (or q*) and any three points from the set
{w!,p!,m?,q?} yields a set of four affine independent points. Finally, since
E,2(d12) NEG1(di2) = @, adding the point w2 (or m') to the set of the four
selected affine points results in five affine independent points.

Setting x; = u; = 31 one obtains (31,22,9,x4)" € Ps Yx4 € R and,
consequently, (31,22,9,26)" € Ps. Since (31,22,9,26) ¢ Eu(e") N Ey(e?) =
Pu(1,4), it follows that {(31,22,9,26)’} = PsN Py(1,4), which verifies that
(31,22,9,26)" is an extreme point. This extreme point is not accounted
for when using Algorithms 6.3 or 6.4. Since aFg = L(whH) U Lm?) and
(31,22,9,26)" ¢ L(w') U L(m?), (31,22,9,26) is an interior point of the
2-dimensional face F2 of S(X). This example shows that Algorithms 6.3
and 6.4 do not extract all extreme points from ext(*f(X)). In order to ex-
tract all extreme points, all intersections of the different k-dimensional faces
that were not in play (i.e., have not been used) when employing the algo-
rithms need to be examined. However, care must be taken when determining
lower-dimensional faces of S (X) derived from the intersections of higher-
dimensional affine spaces. As illustrated in Figure 6.6, Eyi(d;;) N Eyc(dg) #
@ whenever {i, j} # {£,k} does not imply that F:’le(d,-j) N F:’V;I(dgk) +0.

The points w' and m’ are translates of foundational elements w’ and m’
that determine the structure of S (X) and [v,u] and, hence, of ‘B(X). For this
reason, W, m’ and their respective entry and exit points are considered the
main information carriers among the extreme points of ‘B(X). For this reason
it is often preferable to establish sets of affine independent points consisting
of these extreme points.

We conclude this section with three theorems and a couple of exam-
ples that are instructive when assembling affine independent sets of extreme
points.

Theorem 6.9 Suppose that X C R" is compact and the set of points
v, vl vt e ELi(e) N [v,u] is affine independent. If v; < u;, then the
set of points (VO,v',... V" W} is affine independent for any point w €

E,i(e)N[v,ul.

Proof. To prove the theorem we must show that w is not a point of the affine
subspace generated by (vO,v!,..., v"}. Since Ewi(ei) I Em,-(e") and v; < u;,
Ei(e)NE,(e)=. Thus, w¢ Ei(e’). Also, since (v, v!, ..., v""} C E.i(e")
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Figure 6.6 The cut of the £-span S (X) by the plane Ex(e), where x € R3. The
blue line denotes the intersection of E3(dj3) with Ex(e) and the red line de-
notes the intersection E1(di2) N Ex(e). The line L represents the intersection
E3(d13)NEyi(di2). Since LNS (X) = @, L is not a one-dimensional face of
S (X).

is affine independent, the (m — 1)-dimensional affine space A = {x e R" : x =
0 A;vi and >t Ai = 1}, generated by (v9, vl, ..., v}, must also be a sub-
set of Ewi(ei). Therefore, w¢ A. 0O

Note that the assumption VO, vl ...,v"C wa(ei) N[v,u] is affine inde-
pendent implies that m < n, and if m = n— 1, then A = Ei(e’). It may also be
obvious that an analogous theorem exists for the planes of type Ei(d;;).

Theorem 6.10 Suppose that X c R" is compact and the set of points
VO, vl ..., v Eyi(d;j) N [v,u] is affine independent. If Ei(d;;) N
Eyi(d;j) = @, then the set of points VO, v, v w) s affine independent
for any point w € Ei(d;;) N[v,u].

We dispense with the proof of this theorem as it is analogous to the proof of
Theorem 6.9.
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Since any three points of ext(*B(X)) are affine independent, we also have
the following theorem that does not rely on the parallel planes approach.

Theorem 6.11 Suppose that X is a finite subset of R", uw = \/yexX, and
(W', w*, w'} ¢ W. If for some pair of distinct indices i, j € {r,s,t}, W{ * u;,
then the set {u,w", w*, W'} is affine independent.

Similarly, suppose that V= N\ycx X, and {m", m*, m'} C M. If for each pair
of distinct indices i, j € {r, s,t}, m{ # vj, then the set {v,m", m*, m'} is affine
independent.

Proof. To prove affine independence, we will show that the set {w" —u, w®—
u, w' —u} is linearly independent. Suppose a(w" —u) +b(w* —u) + c(W' —u) =
0. Then

a(wh—u,) + bW —u,) + c(W.—u,) =0 b(W! —u,) + c(Wh—u,) =0
a(wh—ug) + b(W) —ug) + (W —u) =0 or, a(W,—uy) + c(W,—us) =0

a(w} —u;) + bW, —u;) + c(Wh—u;) = 0. a(w} —u;) + b(w; —u;) = 0.

It follows from the theorem’s hypothesis that for i, j € {r, s,1} with i # j,
(W{ —u;) < 0. Obviously, if any one of the coefficients a, b, or c is equal to
zero, then the remaining two coefficients must also be equal to zero. Also, if
a > 0, then a(w; —uy) <0 and a(w; —u;) < 0, which implies that b < 0 and
¢ < 0. But then b(w? — u,) + c¢(W. —u,) > 0, contradicting the assumption that
a(wh —u,) + b(w? —u,) + c¢(w. —u,) = 0. The case for a < 0 is analogous and
also leads to a contradiction. Thusa=b=c=0.

The proof of the second part of the theorem is almost the same and left
as an exercise. O

The next example shows that the restriction i, j € {r, s,t} with w{ #* u; 18
necessary.
Example 6.10 Suppose X = (x!,...,x% cR3, where
10 8 8 1 1
x'=| 7 ,X2= 12 ,X3= 7 ,X4= 3 ,x5= ,X6: 1]
10 10 10 1 3
The set WU {u} C V consists of the vectors

10 8 8 10
wl=| 7 ,w2= 12 ,W3= 7 |, andu=| 12 |.
10 10 10 10

W W =
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These four vertices are not affine independent since they are points of the
same plane E,(e). However, v ¢ E,(e) which proves that (wh, w2, w3, v} is

affine independent.

Theorem 6.11 relies on the fact that any three elements of W C ext(*P(X))
are affine independent. Ergo, it is reasonable to ask if the theorem can be
generalized to more than three elements of W. The next example answers
this question in the negative.

Example 6.11 Suppose X = (x!,x2,x3,x*} c R*, where

1 : z 0
1 1 0 2
x'=| 3 |.x*= X0 = xt=1 3
5 0 1 3
0 z 1 1

In this case we have W =X, v=0, and u = 1, where 1 = (1,1,1,1)’. By
definition of affine independence (Section 4.4.1), W is affine independent if
and only if the set V = {w? —w!,w> — w!,w* —w!} is linearly independent.
Setting v\ = w'*! —w! fori =1, 2, and 3, and solving the equation av' +bv? +
cv? =0, one obtains @ = 1 = b and ¢ = —1. Thus V is linearly dependent since

V1 +V2 = V3.

Exercises 6.2.2
1. Construct the remaining hyperplanes P,(i, j) of Example 6.9.
2. Prove Theorem 6.10.
3. Prove the second part of Theorem 6.11.

4. Suppose [a,b] c R3, the interval defined by a = (10,4,8) and b =
(20,15,16)’. Randomly choose twelve points from [a,b] and let X =
{x',...,x!2} denote the set of these randomly chosen elements. Use Al-

gorithms 6.1 and 6.2 in order to obtain the set VU U U T of extreme

points of B(X).

5. Suppose [a,b] C R* is an interval defined by a=(10,4,8,5) and b =
(20,15,16,25)’. Randomly choose twelve points from [a,b] and let X =
{(x!,...,x!2} denote the set of these randomly chosen elements. Use
Algorithms 6.3 and 6.4 in order to obtain the set VU U U T, of extreme
points of P(X).



CHAPTER 7

Image Unmixing and
Segmentation

HIs chapter presents a lattice algebra approach to hyperspectral image
T unmixing and to color image segmentation. The first three subsections
are devoted to hyperspectral image unmixing and the last section covers color
image segmentation.

7.1 SPECTRAL ENDMEMBERS AND LINEAR UNMIXING

Due to their optimal absolute storage capacity and one step convergence, ap-
plications of matrix-based LAMs commenced rapidly after their initial speci-
fication in 1998 [218]. These applications varied widely and ranged from the
reconstruction of grayscale images, to databases, and hyperspectral image
segmentation [5, 84, 98, 99, 100, 213, 277, 288, 291, 295, 296, 307]. Most
of the early applications were concerned with the recall of objects associated
with exemplar patterns. The focus of this chapter will use the lattice auto-
associative memories Wy and Ny to unmix a hyperspectral image, a process
that may be considered a specific approach to the more general problem of
image segmentation.

Image segmentation refers to subdividing an image into regions of par-
ticular interest. The idea of employing the memories Wy and Ny in image
segmentation originated with M. Grana et al. [99, 100] in their efforts of
hyperspectral image unmixing. Since segmentation is data-dependent, it be-
came clear that a more thorough understanding of the distribution of various
data values within the {-span generated by the data was a necessity. The rela-
tionships between the data set X, the smallest interval (hyperbox) containing
X, and the dual standard bases for the £-span S (X), established in [226, 231],
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are essential for this understanding. Shortly thereafter, G. Urcid et al. applied
these new insights to hyperspectral image unmixing as well as to color image
segmentation [230, 288, 289].

Advances in remote sensing has resulted in imaging devices with ever-
growing spectral resolution. A pixel of a multispectral or hyperspectral image
can be expressed as a pair (p,x) € R* xR”, where p € R? denotes a position
or location on the ground, x = (x,...,x,) € R", and x; denotes the measured
reflected radiation, also called the reflectance, of the ith wavelength at loca-
tion p. The vector x is called the spectrum of the pixel. For a multispectral
image, the number n of spectral bands is usually small, with n < 20, while
the number of bands in hyperspectral images may consist of several hundred
bands. Figure 7.1 illustrates the fact that a hyperspectral image can be viewed
as a 3-dimensional rectangular box or as a “cube”.

The high spectral resolution produced by current hyperspectral imaging
devices facilitates identification of fundamental materials that make up a re-
motely sensed scene. In other words, hyperspectral resolution can improve
the discrimination between various different ground-based materials. How-
ever, a typical pixel of a multispectral image generally represents a region on
the ground consisting of several square meters. For example, each Landsat
Thematic Mapper pixel represents a 30 x 30 m? footprint on the ground. Con-
sequently, a hyperspectral image pixel can contain various different materials
or objects and its spectrum is, therefore, usually a mixture of various different
reflective objects. This raises the question as to whether or not it is possible
to know the percentage of objects that are most represented in the spectrum
of a given pixel. One widely used method for estimating these percentages
from the pixel’s spectrum is known as linear spectral unmixing (LSU). Lin-
ear spectral unmixing is based on the constrained linear mixing (CLM) model
that in turn is based on the fact that points on a simplex can be represented as
a linear sum of the vertices that determine the simplex [83, 140, 141]. There-
fore the LSU model assumes that the spectrum of a pixel (p,X) is a linear
combination of the endmembers present in X. The mathematical equations of
the model and its constraints are given by

m
x=Sa+n= ) a;s/+n, (7.1)

Jj=1
m

Dlaj=1 and a;>0Vi (7.2)
=

where x € R" is the measured spectrum over n bands of an image pixel,
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Figure 7.1 Counterclockwise from the top-left image: satellite imaging device
for push-broom image generation; the push-broom generated hyperspectral
(or multispectral) image cube; the spectrum of a hyperspectral pixel; the cor-
responding spectral bands of a multispectral image, where the pixel value
of the band is derived from the intensity of the radiance detected within the
band. The actual radiance at location p within the visible spectrum (from
near-ultraviolet to near-infrared) would be a continuous curve. The figure be-
tween the image cube and the hyperspectral data is the spectrum x of the pixel
with location indicated by the white square on top of the cube.
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S =(s',...,s™) is an n X m matrix whose columns are the m endmember spec-
tra assumed to be affinely independent, the entries of m-dimensional column
vector, a = (ay,...,a,)’, are the corresponding abundances or fractions of

endmember spectra present in X, and n € R” represents an additive noise vec-
tor.

This model has been used by a multitude of researchers ever since Adam
et al [2] analyzed an image of Mars using four endmembers. In the cited
reference and various other applications, hyperspectral image segmentation
and analysis takes the form of a pattern recognition problem, as the segmen-
tation problems reduces to matching the spectra of the hyperspectral image
to predetermined spectra stored in a library. In many cases, however, end-
members cannot be determined in advance and must be selected from the
image directly by identifying the pixel spectra that are most likely to repre-
sent the fundamental materials. This comprises the autonomous endmember
detection problem. Unfortunately, the spatial resolution of a sensor makes it
often unlikely that any pixel is composed of a single endmember. Thus, the
determination of endmembers becomes a search for image pixels with the
least contamination from other endmembers. These are also referred to as
pure pixels. The pure pixels exhibit maximal or minimal reflectance in cer-
tain spectral bands and correspond to vertices of a high dimensional simplex
that, hopefully, encloses most if not all pixel spectra.

There exist a multitude of different approaches to construct endmembers
and endmember abundances (percentages) in mixed pixels [18, 31,47, 48, 57,
126, 197, 317]. A large number of these approaches are based on the convex
polytope model. This model is derived from the physical fact that radiance is
a non-negative quantity. Therefore, the vectors formed by discrete radiance
spectra are linear combinations of non-negative components and as such must
lie in a convex region located in the non-negative orthant R} = {x e R" : x > 0}.
The vertices of this convex region, which can be elements of X or vectors that
are physically related to the elements of X, have proven to be excellent end-
member candidates. The reason for this is based on the observation that end-
members exhibit maximal and minimal reflectances within certain bands and
correspond to vertices of a high-dimensional polyhedron. The N-FINDR and
MVT (minimal value transform) algorithms are two classic examples of the
convex polytope based endmember selection approach [315, 57]. Since these
earlier methods, researchers have developed various sophisticated endmem-
ber extraction and endmember generation techniques based on the convex
polytope assumption [90, 91, 197, 317]. The WM-method described here
differs from those described by Grafa [101, 102] and Myers [194] as the
endmembers we obtain have a physical relationship to the pixels of the hy-
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perspectral image under consideration. The WM-method will always provide
the same sets of candidate endmembers based on theoretical facts already
exposed in Chapter 6. A brief comparison is made against two approaches
based on convex optimization, namely vertex component analysis [197] and
the minimal volume enclosing simplex [46].

7.1.1 The Mathematical Basis of the WM-Method

Here, we recall the mathematical concepts and expressions that serve as the
foundation to the Wy Nix method used to determine a set of endmembers in
a given hyperspectral image specified by the data set X. We denote by k the
number of pixel spectra belonging to X and display its elements as {x!,...,x*}
where each x¢ € R”. The reader is invited to review equation 4.46 of Sec-
tion 4.3.3 and the beginning paragraphs of Section 4.4.1 before equation 4.50.
From Section 5.2.2 about lattice auto-associative memories, equation 5.20 is

rewritten equivalently as follows,

k
mij=\/ (f =) = \/ (- (7.3)
xéeX é=1
k
w;j = /\ (X‘;E - Xj) = /\()C‘:’f - xi:)
xfeX é=1

The corner points v = min(X) and u = max(X) of the n-dimensional hy-
perbox [v,u] enclosing X can be computed directly by using the formulae
given in equation 6.6 of Section 6.1.2 and repeated here for convenience in
developed form (cf. Step 1 of Algorithm 5.1),

Q X (7.4)

=1 i=1 ¢=1 =1 i=1 ¢=1

Again, from Section 6.1.2 on lattice polytopes, we will use the collections
W and I with corresponding shifted or translated vector sets, respectively,
W and M defined as in equation 6.8,

W={w :w =uj+w/,j=1,...,n}, (7.5)

M={m/:m/=v;+m/,j=1,...,n)

From these equations, it is not difficult to see that the main diagonal of
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W equals u and, similarly, the main diagonal of M equals v. In relation to
equation 6.7, the reader should have in mind that X C [v,u] and X C S (X),
where S (X) denotes the £-span of X. Hence, the polytope B(X) = [v,u]NS (X)
has the property that X C H(X) C B(X). In addition, convexity of [v,u] and
S (X) imply the convexity of B(X), and P(X) is the smallest complete lattice
polytope containing X.

In various applications examples, one often obtains an overlap in the ele-
ments of W and M in that w’ = m/ without affecting the affine independence
of either set W or M. Furthermore, in order to ascertain that W or M is affinely
independent, all one has to do is to check that no two vectors of W or M are
identical. Thus, if w/ # w for any pair {j,£} C J, then any non-empty subset
of W can serve as a possible set of endmembers. If set X is such that w/ = w’
for several pairs {j,}, then an elimination algorithm of columns and rows
from W results in an affinely independent set of vectors as described in [231].
So far, in our tests with hyperspectral image data, the equalities w/ = w’ or
m/ = m’ for any j # € do not occur and therefore we can select subsets of W
or M as candidate sets of endmembers which are affinely independent.

In most endmember detection schemes, endmembers form a linearly in-
dependent set of m points in R’} and a dark point is chosen to obtain a large
m-simplex containing most or all of X. In order for the m + 1 points to be
affinely independent, one must assure that the dark point is not an element
of the hyperplane spanned by the (m — 1)-simplex defined by the m affine in-
dependent points. Generally, the subsets W = WUu and M = M Uv of set
V =WUMU{v,u} are affinely independent. Hence, the choice of v for the
dark point remains a good one, especially in view of the fact that it represents
the low values of actual data. Also, note that a vector w/ € W has the property
that its j-th coordinate corresponds to the maximum measured reflectance
within the j-th band of the data set X. In this sense, the elements of W can
be viewed as excellent representatives of endmembers of the data cube X.
However, it is important to remark that for any pair {w/ ,m"}.the inequalities

w/ <m’ or m’ < w/ are generally false even though m’] < w;. =u;= \/'g:1 xi

and /\§:1 xf =v;= mi < w{ . In fact, when using hyperspectral data, one usu-

ally obtains wf, < mi, for several indices ¢. For this reason various elements of

M may represent important endmembers as demonstrated in the test example
described in the next subsection. Geometrically, the elements of V are ver-
tices of the convex polytope B(X). Thus, the image data cube X, contained in
P(X), lends itself to convex hull analysis using the elements of V.

All previous mathematical expressions reviewed here that appear in dif-
ferent theoretical developments treated before in Chapters 4, 5, and 6, are
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TABLE 7.1 Representative minerals in the Cuprite site

[233].

Description Color Area %
Alunite GDS96 (250C) Red 4.2
Calcite CO 2004 Pink 22.6
Kaolinite KGa-2 (pxl) Green 10.8
Montmorillonite SCa-2.b  Seagreen 16.1
Muscovite CU93-1 low-Al Blue 27.1
Unclassified Black 19.2

combined in Algorithm 6.1 (Constructing the elements of V) that computes
the fundamental set of extreme points of the lattice convex polytope enclos-
ing X as derived from the LAAMs, Wy and Niy. Therefore, computing set V
with at most 2(n + 1) elements gives all potential endmembers and the steps
of Algorithm 6.1 are the core of what we call the WM-method used to find
endmembers in spectral imagery.

7.1.2 A Validation Test of the WM-Method

The aim of the following validation test, based on a hyperspectral image re-
motely acquired with the Airborne Visible and Infrared Imaging Spectrome-
ter (AVIRIS) of NASA’s Jet Propulsion Laboratory, is to provide enough de-
tail to demonstrate the effectiveness of using the dual lattice auto-associative
memories, Wy and My, to determine sets of endmembers from which a sub-
set of final endmembers is selected to accomplish hyperspectral image seg-
mentation.

One of the most studied cases in mineralogical and chemical composi-
tion has been the mining site of Cuprite, Nevada. The United States Geo-
graphical Survey (USGS) Laboratory has produced detailed maps of mineral
and chemical compound distribution at the Cuprite site. The left part of Fig-
ure 7.2, shows an approximate true color RGB image with wavelengths of
0.67 um (red), 0.56 um (green) and 0.48 um (blue). The right image in the
same figure displays a simplified 6-false color map, built with five represen-
tative minerals chosen from the mineral groups present in the original USGS
image map produced by Clark and Swayze in 1995. Table 7.1 lists specific
minerals whose assigned color is a visual aid to distinguish its distribution on
site.

The USGS source image map shows only the geographical region of
Cuprite where mineral distribution is prominent. It has a width of 534 pix-
els out of 614 pixels available in a scan line and is formed with the lower
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Figure 7.2 Left, RGB composite image of the mining site of Cuprite, Nevada.
Right, simplified 6-false color mineral distribution map. True size of each
image is 534 x 972 pixels [233].
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TABLE 7.2 AVIRIS & USGS spectrometers wavelength
scales (microns). AVIRIS channels not used for spectral
sample matching are marked with a cross “x” [233].

Channel AVIRIS USGS
212 2.388 2.386
213 2.398 2.400
214 2.408 X
215 2.418 2.418
216 2.427 X
217 2.437 2.440
218 2.447 X
219 2.457 X
220 2.467 2.466

358 scan lines of scene no. 3, followed by all 512 scan lines of scene no. 4,
and ends with the upper 102 scan lines of scene no. 5 as registered in flight
(1997). The first 80 pixels were dropped from each scan line to obtain the
region studied by USGS scientists. The AVIRIS device acquires hyperspec-
tral images in 224 channels; however, only 52 noiseless channels that fall
within the short wavelength infrared band are considered for mineral detec-
tion. Specifically, channels no. 169 (1.95 ym) to 220 (2.47 um) are used to
match remote spectra against subsampled ground or laboratory spectra, since
these last ones are obtained with higher spectral resolution [55]. However,
only 48 AVIRIS channels were selected for spectral matching due to the ex-
isting difference in wavelength scale between ground and remote spectrome-
ters. Table 7.2 gives the correspondence between the wavelength scale used
by AVIRIS imaging spectrometer and the reference scale of a USGS labora-
tory spectrometer, showing explicitly which channels at the end of the scale
were not considered. Therefore, a test data cube associated with the 6-false
color map is composed of “pure” pixel spectra corresponding to the minerals
listed in Table 7.1 and illustrated in Figure 7.3 where each pixel spectra is a
48-dimensional vector.

Computation of the lattice auto-associative memories 2By and Ny is quite
simple in this case. From equation 7.3, e.g., for i, j = 1,...,n with n = 48,

w;j = /k\(xf‘xf') = /m\ J\ G =) = K(x? -5 a9
&=1 ¢=1

é’=1 fEQ[

where k = Z’(”:l Q| = 419,390 (out of 519,048 = 534 x 972 vectors) is the
number of non-zero vectors in the data cube, m = 5 is the number of “pure”
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Figure 7.3 Spectral curves of the minerals given in Table 7.1 (true endmem-
bers).

pixels, each €, is the family of indices that correspond to pixels describing
the same mineral, and &, € {1,...,k} is the first sequential index in the data
cube equal to a different spectral vector. The first equality in Eq. (7.6) is a con-
sequence of the associative property of the minimum binary operation, and
the second equality follows by idempotency. With X reduced to {x¢!,...,x%5},
the shifted min- and max-memories are calculated in milliseconds, and the 48
columns of each memory matrix give all candidate endmembers. Since this
is a test data set for which a priori knowledge is available about the hyper-
spectral image, a simple matching procedure applied to the column vectors
w/ € W and m’ € M, together with the v and u bounds, immediately yields a
subset of final endmembers.

Consider W cVand,forp=1,...,5andg=1,...,49,letc,, :p(xfl’,yq),
where x¢7 € X and y? € ‘W, be the linear correlation coefficients between
true and LAAM determined endmembers. In addition, for all p, let u, =
max|<g<49{cpy} be the maximum correlation coefficient of each pure pixel
against all potential endmembers in Y, and compute

bpg = if(cpg = pp,if(cpy > ,1,0),0), 7.7)

where « is a parameter used to threshold correlation coefficient values and
the three argument function, if(condition, true, false) is the usual if-then-else
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Figure 7.4 The solid lines represent the final endmembers determined from
set V and the dashed lines correspond to the given true endmembers; the
mineral montmorillonite is abbreviated as m.m. [233]

programming construct. A binary value, b, = 1, gives the row and column
indices of a “very good” match between a true endmember (row index) and
the potential endmember marked as final (column index). A similar spectral
matching procedure is applied to M c V.

It turns out that all five “pure” pixels used to build the test data cube
are correctly determined from both LAAMs as final endmembers, a result
that is in agreement with the theoretical background developed earlier. Fig-
ure 7.4 displays the set of true and final endmembers, where the curve labels
give the specific element in V whose correlation coefficient, denoted by p,
is highest if compared to each true endmember (“pure” spectra). Final and
true endmember curves are superimposed if a perfect match exists (o = 1)
and, to avoid signature overlapping, the bottom two curves (muscovite) are
displaced —0.1 off their original normalized reflectances. As a final remark,
the set {v,m',m'®, m?®, w2, u}, where v is taken as the dark point, is affinely
independent and its convex hull forms a 5-simplex that encloses X.
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7.1.3 Candidate and Final Endmembers

In order to solve the constrained linear unmixing problem established in
Egs. (7.1) and (7.2) without a heavy computational burden, different tech-
niques have been developed to find a representative set of endmembers, i.e.,
“the purest pixels”, or otherwise reducing the number of potential endmem-
bers to a smaller subset. The benefit of having a small collection of final
spectral signatures lies in significant savings of computational effort to deter-
mine the fractional coefficients, a; > 0 for j=1,...,m, by means of numerical
matrix inversion operations or least square estimation methods. In the case of
hyperspectral imagery acquired with hundreds of bands sampled from the
continuous electromagnetic spectrum, the goal of any endmember detection
method is to find a subset S C X with m pure pixels such that m < 15.

In the case of the WM-method, the vector sets W and M derived from Wy
and 9y, contain always a fixed but large number of endmembers. As shown
before, |V| = 2(n+ 1); however, several techniques can be applied to V or se-
lected proper subsets S of V to have m < 2(n+1) if n > 100. Prior knowledge
of the desired number of endmembers or use of alternative endmember reduc-
tion methods can be applied to eliminate unimportant candidate endmembers.
Another possibility consists of a preprocessing stage where the hyperspec-
tral data cube dimensionality is diminished by specific conditions associated
with the type of resources to be extracted from a hyperspectral image or by
the application of known techniques such as Principal Component Analysis
(PCA), Minimum Noise Fraction Transform (MNFT), or Adjacent Band Re-
moval (ABR) of highly correlated bands [99, 141, 230]. Such reductions are
often necessary to eliminate undesirable effects produced during data acqui-
sition, as well as lowering computational requirements such as storage space,
available main memory, and processing hardware speed. For example, the
maximal storage space required for a single hyperspectral image scene, of
size 614 X 512 x 224 (pixels, lines & bands), captured by NASA-JPL’s Air-
borne Visible and Infrared Imaging Spectrometer (AVIRIS) is 134.3125 Mb
(megabytes) [294].

Other methods for autonomous endmember determination have been de-
scribed elsewhere, for example, hierarchical Bayesian models [73], minimum
mutual information [101], and pattern elimination based on minimal Cheby-
shev distance or angle between vector pairs [230]. At the end of the follow-
ing section, linear unmixing based on the vertex component analysis [197]
and the minimum volume enclosing simplex [46] approaches are described
briefly, including a comparison of algorithm characteristics between them
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and the proposed WM-method.

Exercises 7.1.3

1.

From the viewpoint of linear algebra, describe the type of system of
linear equations in several unknowns that correspond to equation. 7.1,
representing the LSU model, for a) n > m, b) n < m, and ¢) n = m; ex-
plain the relationship between n (vector dimensionality) and m (num-
ber of endmembers).

In relation to equations 7.1 and 7.2 representing the CLM model, let
J ={1,...,m} be an index set and let K C J such that, after solving
the given equations subject to the restrictions imposed, it turns out that
aj=0forall j € K. What is the physical meaning in that case?

Equation 7.1 can be simplified by considering that the noise vector
n = 0. Otherwise, what physical factors may contribute if n > 0? If,
I={1,...,n} and H C I is such that n; > (S a); for all i € H, how can the
CLM model be solved to avoid numerical instabilities?

. Computational complexity of sets W and M in equation 7.5 is linear in

n (in a sequential machine). Discuss the mean computational complex-
ity for equations 7.3 and 7.4.

. Search the AVIRIS website for free data hyperspectral “cubes” and

download the Cuprite Nevada data set. a) Describe the data structure
of the file, and b) propose a low-level programming pseudo-code to
visualize, interactively as a 256-grayscale image, the i-th spectral band
wherei € {1,...,n}.

With respect to equation 7.6, how much computer memory space oc-
cupies the test data cube with size 534 x 972 x 48 (pixels, scan lines,
and spectral bands)?

For the channels listed in Table 7.2, a) compute the wavelength differ-
ences in microns between consecutive channels for both AVIRIS and
USGS columns. b) Search the USGS website for the USGS spectral
library, download the spectral data of some mineral which has both re-
motely and laboratory (or field) sensed signatures, and compare them
graphically. Include in your comparison the number of wavelength
samples and the wavelength step size(s) between samples in each scale
(remote vs. laboratory).



278 m |Introduction to Lattice Algebra

Figure 7.5 Scene no. 4 of the Cuprite Nevada site. Enhanced grayscale im-
age obtained from an RGB pseudocolor composition of bands 207 (red), 123
(green), and 36 (blue) [230].

7.2 AVIRIS HYPERSPECTRAL IMAGE EXAMPLES

For our first application example, we consider a subcube corresponding to
scene no. 4 of the 1997 AVIRIS flight over the Cuprite mining site in Nevada,
displayed in Figure 7.2. With respect to the image format used by AVIRIS,
pixels 81 to 614 and bands 169 to 220, covering the wavelength range from
1.95 to 2.47 microns, where selected to compare our results with the USGS
(United States Geographical Survey) Cuprite 1995 mineral distribution made
by Clark and Swayze. Thus, the hyperspectral image subcube is of size 534 x
512 % 52 and the data set X has 273,408 vectors of dimension 52.

The first step is to form the memories Wy and Ny = W}, = W} based
on equation 7.3. Using the vectors v and u computed with equation 7.4, the
elements of Wy and My are then shifted, respectively, by u and v to obtain the
column vector sets W and M. Since W and M are square matrices of size 52 X
52, each provides 52 “candidate” endmembers. Since contiguous columns
are highly correlated, most of these potential endmembers can be discarded
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TABLE 7.3 Potential endmember groups and representatives (Rep).
Final endmembers are marked with an underline [230].

W columns Rep. w/ M columns Rep . m/
[1,...,15] 2,5} [1,...,10] {1}
[16,...,27] {25} [11,...,20] {16}
[28,...,35] {33} [21,...,32] {26,27}
[36,...,41] {39} [34,...,41] {38}
[42,...,48] {45} [42,...,48] {47}
[49,...,52] {51} [49,...,52] {51}

using appropriate techniques. Here, column vector elimination is realized by
computing the minimal Chebyshev distances or the angles between pairs of
vectors as explained next.

Given any two vectors x¢,x” € R”, the expressions given by

n U
£ V) = §_ Y £ V) = coe) 2 X
T(x°,Xx”) = x> —x]| and 6(x°,x)=cos” ———, (7.8)
X L (Rallbedl
where || - || denotes Euclidean norm, define, respectively the Chebyshev dis-

tance (left expression in equation 7.8), and the angle (in radians) between the
two vectors (right expression). Each formula is symmetric in its arguments
for y # £ and, if y = &, then 7 = 0 and 6 = 0. Two vectors are said to be “sim-
ilar” if T or @ are less than a given tolerance small value. In our application
example, to discard correlated potential endmembers, equation 7.8 was com-
puted between every pair of column vectors of W as well as between columns
of M,foré=1,...,5lTandy=£¢+1,...,52.

Vector grouping based on distance values and calculated angles is shown
in Table 7.3, where each set of indices indicates strong correlation between
corresponding columns. In a second step, representative endmembers were
selected from each group based on additional criteria such as, overall graphi-
cal shape, number of local minima and maxima, and amplitude range. The
third and last step involves a matching process between available library
spectra and representative endmembers from which the set of final endmem-
bers is obtained. As an example, Figure 7.6 displays the Chebyshev distance
curves of each final endmember selected from W. Notice that 7(w?, w/) for
je[1,15], 7(w?,w/) for j € [16,27], and 7(w>3,w/) for j € [28,52], are
all less than 0.4. Similarly, 7(m'®,m/) for j € [2,20] and 7(m?*’,m/) for
j €[21,46], are also less than 0.4.

Another aspect to note is that the scaling based on equation 7.5 generates
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Figure 7.6 Chebyshev distance curves for w2, w®, and w33 [230].

an “upward spike” in endmembers selected from W since w;; = u;, or a “down-
ward spike” if endmembers come from M because m;; = v;. The anomalous
spikes can be smoothed so that, the global shape of each final endmember
agrees with available library reference spectra. A simple smoothing proce-
dure [194] considers the nearest one or two spectral samples next to w;; or
mij, 1.e., for any i € {1,...,n}, we have

521 oi=1,
Sii = % [s(i—l)i + S(i+l)i] ol<i<n, (79)
S(n—1)n Si=n,

where the endmember vector s can be a selected column vector w or m.
Figure 7.7 displays five final endmembers extracted from scene no. 4 of
Cuprite. Note that a correspondence between endmembers and laboratory
spectra cannot be exact, since some wavelength values over the entire spec-
tral range are different between airborne imaging spectrometers and ground
instrumentation. Thus, small “displacements” of the absorption bands char-
acteristic of each mineral may be noticed in endmember curves. The approx-
imate mineral tags have the following endmember column correspondence:
w33 is alunite, m' is buddingtonite, w2 is calcite, w? is kaolinite, and m?’
is muscovite. In comparison, Figure 7.8 shows the subsampled spectra in the
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range 2.0 to 2.5 microns of similar minerals obtained from the USGS spec-
tral library (splibO6a, 2007) corresponding to: Alunite-al706, Buddingtonite-
gds85, Calcite-hs483b, Kaolinite-kga2, and Muscovite-gds108. We remark
that spectral characteristics are common to a family of minerals that are vari-
ants or mixtures, and hence, are not restricted to a single material. Therefore,
an abundance map calculated from a set of final endmembers usually repre-
sents a class of minerals with analogous spectral behavior.

For the unmixing stage, recall that equation 7.1 is an overdetermined sys-
tem of linear equations since n > m, subject to the restrictions of full additivity
and non-negativity of abundance coefficients as stated in equation 7.2. In the
present case, both matrices W and M have full rank, thus their columns are
linearly independent vectors. Also, it happens that, the set of final endmem-
bers, S = {(w>, m!6, w» w? m?’} c V, is a linearly independent set whose
pseudo-inverse matrix is unique. Although the unconstrained solution cor-
responding to equation 7.1, where n = 52 > 5 = m, has a single solution,
some coeflicients turn out to be negative for many pixel spectra and do not
sum up to unity. If full additivity is enforced, again negative coefficients ap-
pear. Therefore, the best approach consists of imposing non-negativity for the
abundance proportions and simultaneously relaxing full additivity by consid-
ering the inequality Z;”:l aj < 1. Specifically, we use the Non Negative Least
Squares (NNLS) algorithm that solves the problem of minimizing ||Sa —x]|>
(Euclidean norm) subject to the condition a > 0. The details related to the
NNLS algorithm can be found in [125, 160]. Figure 7.9 illustrates the abun-
dance maps corresponding to three of the five approximate endmembers. The
maps shown were obtained with the NNLS method as implemented in Mat-
lab. They have been enhanced for visual clarity by incrementing their bright-
ness and contrast in 15%. The maps correlate well with the standard USGS
reference map (after color thresholding) and with the results presented in
[316].

Our second example, Moffett Field, is a remote sensing test site on the
bay of San Francisco, a few kilometers north of the city of Mountain View,
California. The site includes the Naval Air Station Moffet Field, agriculture
fields, water ponds, salt banks, and man-made constructions including sev-
eral airplane hangars which today are museums. The hyperspectral data col-
lected by AVIRIS is ideal for water variability, vegetation and urban studies
[8, 158, 215]. Figure 7.10, shows an RGB color image of scene no. 3 with
wavelengths of 0.693 um (red, channel 36), 0.557 um (green, channel 20)
and 0.458 um (blue, channel 10). Several artificial and natural resources can
be extracted from the scene using only 103 noiseless channels that fall within
the visible and first half of the short wavelength infrared bands. Specifically,
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Figure 7.7 Final endmembers determined from sets W and M, computed with
data of the Cuprite site, scene 4 [230].
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Figure 7.8 Mineral reference spectra similar to the final endmembers shown
in Figure 7.7 [230].
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Figure 7.9 Top to bottom: abundance maps of alunite, kaolinite, and mus-
covite. Grayscale values indicate relative abundance proportion; brighter
zones signal high mineral content, darker zones signal low content or mineral
mixtures [230].
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Figure 7.10 RGB composite “true” color image of scene no. 3 of the Moffett
Field site in San Francisco, California. Real size of image is 614 X 512 pixels
[233].

channels no. 4 (0.40 um) to 106 (1.34 um) can be used for endmember de-
termination. Thus, the hyperspectral cube of reflectance data is formed by
314,368 pixel spectra (614 x 512) and each pixel is a 103-dimensional vector.

In this case, the specific format of the AVIRIS data file requires as a first
step the extraction of all pixel spectra line by line to form set X = {x!,...,x¥} c
R", where k = 314,368 and n = 103. The second step performs the computa-
tion of the vector bounds v,u of X as well as the entries of the shifted matrices
W and M for i, j=1,...,n in developed form (cf. equation 7.5),

k k
wi=\/ 5+ \(f =), (7.10)
é=1 é=1
k k
mij= [\ x5+ \/ 6 - x). (7.11)
é=1 é=1

As mentioned in the Cuprite example, the shifting operation that gener-
ates an “‘upward spike” in endmembers selected from W since w;; = u;, or a
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Figure 7.11  Spectral curves of final endmembers determined from ‘W, with
corresponding resource classification; p./f. means pigmented or fresh [233].

“downward spike” if endmembers come from M because m;; = v;, needs to
be smoothed to suppress the anomalous spikes using equation 7.9. Since ‘W
or M result in matrices of size 103 X 104, each one gives all 104 column
vectors as possible endmembers. The LAAMs method always gives a num-
ber of “candidate” endmembers which is either equal or slightly less than
the spectral dimensionality. However, several contiguous columns are highly
correlated and most of these potential endmembers can be discarded using
appropriate metric techniques.

As an alternative way to automate endmember screening, we calcu-
late a matrix whose entries are given by the linear correlation coefficients,
Cpq = p(sP,8%) for p,q=1,...,n, where s”,s7 € W (resp. in M). A threshold
7 value is then applied on ¢, to get a subset of selected endmember pairs
with low correlation coefficients. For scene no. 3 of the Moffett Field data,
7=0.005 was applied to W (resp., 7 = 0.0005 for M). The resulting set is first
sorted by ascending column index and after elimination of repeated or con-
tiguous indices, the number of potential endmembers is decreased from 104
to 10. On physical ground, it should be clear that a low correlation value be-
tween potential endmembers does not necessarily guarantee a clear cut crite-
ria to obtain “good” endmembers useful to match high-resolution laboratory
spectra. Nevertheless, the reduction in the number of LAAM column vectors
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Figure 7.12 Spectral curves of final endmembers determined from M, with
corresponding resource classification; s.s.c. means suspended sediment con-
centration [233].

is quite useful to find a smaller subset of final endmembers. Another sim-
pler but supervised technique for the lattice-based approach forms | Vi +1]
subsets, each with | Vn+ 1] column vectors taken from ‘W (resp. M), and
then, a representative from each group is selected at random as a final end-
member. Thus, in this scheme, the number of possible endmembers is always
diminished one order of magnitude. Both techniques provide a reasonable
number of approximate true endmembers without sacrificing spectral resolu-
tion, which, from a physical point of view, is an advantage if compared to
data dimensionality reduction techniques such as principal component anal-
ysis [76, 154] or alternative neural network techniques [196].

Figures 7.11 and 7.12 display the final endmember curves for scene no. 3
of the Moffett Field site determined, respectively, from the translated ver-
sions of Wy and M. Normalization of reflectance data values in spectral
distributions are linearly scaled from the range [-50,12000] to the unit in-
terval [0, 1]. For the problem at hand, the vector bounds v and u as well as
many other potential endmembers were rejected by the correlation coefficient
technique described earlier.

The unmixing procedure represented by equatiion 7.1 corresponds again
to an overdetermined system of linear equations with n > m, subject to the
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4 2

Figure 7.13 Combined abundances obtained from w*, w 8 and w*. Cyan
colors indicate artificial or man-made resources, e.g., urban settlements. Blue
colors show pigmented and fresh water distribution. The upper left bright
blue regions correspond to evaporation ponds pigmented by red brine shrimp.
Yellow colors indicate vegetation distribution, e. g., shore-line and in-land
vegetation [233].
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Figure 7.14 Combined abundances obtained from m!, m?*, and m’8. Cyan
and sea-green colors reveal both man-made resources and different kinds of
soil. Large irregular bright green regions with grooves correspond to golf
courses. Red colors show possibly algae-laden water with some concentration
of suspended sediment [233].
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restrictions of full additivity and non-negativity of abundance coefficients.
Here, in matrix W (resp. M), any two column vectors are distinct and there-
fore its columns form a linearly independent set of vectors. It turns out that
the set of final endmembers, S = {w*, w2 w* w8 m! m?>*m’8} c WU M, is
a linearly independent set whose pseudo-inverse matrix is unique. In similar
fashion to the Cuprite example, the unconstrained solution corresponding to
equation 7.1, where n = 103 > m = |S| =7, has a single solution but some
coeflicients are negative for many pixel spectra and their sum is not equal to
one. If full additivity is enforced, again negative coefficients appear. There-
fore, we chose to impose non-negativity for the abundance proportions and
simultaneously relaxing the full additivity constraint. Again, the NNLS al-
gorithm solves the problem of minimizing the Euclidean norm expressed by
IS a — x|, subject to the condition a > 0. Thus, abundance maps were ob-
tained using the NNLS numerical method as implemented in Matlab and, for
visual clarity, each image map has been contrast enhanced by the application
of a non-linear increasing function. Additionally, abundance fractions below
0.2625 were set to zero. Figures 7.13 and 7.14 display as false RGB color
images the combined abundance distribution associated to the final endmem-
bers shown in Figures 7.11 and 7.12. The abundance map obtained from w’8
was not incorporated in Figure 7.13 due to its similarity to the abundance
map generated from endmember w?8. In this case, both spectral distributions
provide information about the presence of pigmented water in wet soil or wet
vegetation areas.

In this example, there is no a priori knowledge about the hyperspectral
image content, and therefore, approximate resource classification is possible
after the abundance maps are computed. However, a minimal base knowl-
edge of hyperspectral image analysis as well as a fundamental background in
spectral analysis is required for proper recognition of spectral signature char-
acteristics in single, multiple or mixed resources. For example, in the abun-
dance distribution shown as cyan colors in Figure 7.14 (endmember m'), the
presence of man-made or soil is clearly differentiated. Thus, the identification
labels that appear in Figures 7.11 and 7.12 are the result of an overall spec-
tral scrutiny, aided by a visual match between an RGB “true” color reference
image and each final endmember corresponding abundance map obtained by
constrained linear unmixing. Precise resource identification would require an
exhaustive matching procedure between each final endmember that belongs
to S against high-resolution signatures available in professional spectral li-
braries [55, 120]. Table 7.4 shows the time spent by a standard personal com-
puter (2.5 GHz quad-processor, 4 GB RAM, 8 GB virtual memory space, and
500 GB hard disk) for each computational task performed in the analysis of
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TABLE 7.4 Processing times for Moffett Field hyperspectral image.

Task Minutes
1 Pixel spectra extraction 1.522

2 Vector bounds & LAMs computation 0.717

3 LAAMs linear independence test 0.005

4 Correlated endmembers elimination 0.358

5 Final endmember selection -

6 NNLS abundance map generation 3.864

7 General resource classification -

scene no. 3 of the Moffet Field hyperspectral image. Note that tasks 5 and 7
in the analysis process are of an interactive nature but rely, respectively, on
tasks 4 and 6 which are completely automatic. Specifically, tasks 2, 3, and
4 are the fundamental steps of the lattice auto-associative memories based
technique whose computational effort is minimum in comparison to the pro-
cessing times needed to perform the other tasks.

For a hyperspectral image of size k = p X g pixels acquired over n spec-
tral bands, the computational effort required for pixel spectra extraction (task
1) is linear in k since n < k. The overall computational complexity of the
WM based technique (tasks 2,3,4) is n?(k +3), which for values of n of a few
hundreds is in the order of few minutes (see Table 7.4). Endmember determi-
nation (task 5) relies on a subset of 2| Vn + 1] candidate extremal vectors gen-
erated after task 4 is completed and, although interactive in nature, m o | y/n]
“final” endmembers can be selected in a lapse of minutes. On the other hand,
the NNLS method needs about nm> arithmetical operations to find a unique
set of abundance coeflicients for each pixel spectra. Since m represents the
number of final endmembers and m < k, it turns out that for hyperspectral
image segmentation the computational complexity of the non-negative least
square method (task 6) is nm> per pixel. Finally, general resource classifica-
tion (task 7) may also be accomplished within minutes whenever a working
knowledge in spectral identification or prior experience in hyperspectral im-
age analysis is available for the problem at hand [129].

Two recent approaches to linear spectral unmixing, comparable in per-
formance to N-FINDR and based on the geometry of convex sets and convex
optimization algorithms are Vertex Component Analysis (VCA) [197] and the
Minimum-Volume Enclosing Simplex (MVES) [46]. Vertex component anal-
ysis is an unsupervised technique that relies on singular value decomposition
(SVD) and principal component analysis (PCA) as subprocedures, and as-
sumes the existence of pure pixels. Specifically, VCA exploits the fact that
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TABLE 7.5 Five characteristics of three autonomous linear unmixing techniques: 1) input
data, 2) endmember search numerical methods, 3) endmember search computational
complexity, 4)abundance map generation algorithm, and 5) system type [233].

VCA MVES WM
1) X,m X,m X
2) SVD & PCA APS & LPs LAAMs & CMs
3) 2m’k am?k!> n*(k +3)
4) M-P inverse M-P inverse LNNS
5) unconstrained unconstrained constrained

endmembers are vertices of a simplex and that the affine transformation of
a simplex is again a simplex. This algorithm iteratively projects data onto a
direction orthogonal to the subspace generated by the endmembers already
determined. The new endmember spectrum is the extreme of the projection
and the main loop continues until all given endmembers are exhausted. Sim-
ilarly, the minimum-volume enclosing simplex is an autonomous technique
supported on a linear programming (LP) solver but does not require the exis-
tence of pure pixels in the hyperspectral image. However, when pure pixels
exist, the MVES technique leads to unique identification of endmembers.
In particular, dimension reduction is accomplished by affine set fitting, and
Craig’s unmixing criterion [57] is applied to formulate hyperspectral unmix-
ing as an MVES optimization problem. Table 7.5 gives the main characteris-
tics of the VCA and MVES convex geometry based algorithms as well as the
lattice algebra approach based on the W & M vector sets derived respectively
from the Wy and Nty LAAMs.

Note that the proposed lattice algebra based method does not require to
know in advance the number of endmembers as specified in row 1 of Ta-
ble 7.5. Inrow 2 of the same table, the numerical procedures used by VCA are
SVD for projections onto a subspace of dimension m and PCA for projections
onto a subspace of dimension m — 1. Algorithm MVES first determines the
affine parameters set (APS), solves by LP an initial feasibility problem with
linear convex constraints, and iteratively optimizes two LP problems with
non-convex objective functions. The WM algorithm computes first the scaled
min- and max LAMs and their corresponding correlation coefficient matrices
(CMs) for further endmember discrimination. Abundance coeflicients are de-
termined in the VCA and MVES algorithms using the Moore-Penrose (M-P)
pseudoinverse and, as explained earlier, the WM algorithm makes use of the
non-negative least squares method (LNNS). Computational complexity given
in row 3 is expressed as a function of the number of endmembers m, the
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number of pixels or observed spectra k, the number of iterations «, and the
number of spectral bands n. These expressions assume that k > n ~ m? and
consider only the computations required by the numerical endmember search
methods. Although the M-P inverse operation is faster than the LNNS numer-
ical method for the calculation of the abundance coefficients for all pixels in
the input image X, we favored the LNNS algorithm since it enforces fraction
positivity and consequently allows for a better rendering of the corresponding
abundance maps.

We remark that since VCA and MVES require to know in advance the
number m of endmembers to be found, their application to a real hyperspec-
tral image must probe all values of m in a specified interval, e. g., from 1
to mmax. Hence, if no a priori information is known about the number of
pure pixels existing in a hyperspectral image, the computational performance
for finding endmembers and determining their abundance fractions increases
respectively, to 2k ZZ‘;“{X m? and ak'? ZZ‘:‘;" m?, which are proportional to
m3.. k and am? . k'>. Therefore, in practical situations, overall complexity
of our proposed WM-method is lower by one order of magnitude than VCA,
though better in performance to MVES. Furthermore, the VCA and MVES
Matlab codes provided by their respective authors were applied to specific
subimages of the given examples producing similar results to those obtained
by the WM technique.

Exercises 7.2

1. In reference to Figure 7.5, showing the 4th scene of the mining site in
Cuprite Nevada, a) reproduce the results listed in Table 7.3, b) repro-
duce the distance curve graphs displayed in Figure 7.6, and c) build a
figure that displays the selected final endmembers from M.

2. Following the explanation after equation 7.9 of the unmixing stage
based on the NNLS algorithm, complete Figure 7.9 with the abundance
maps corresponding to minerals buddingtonite and calcite.

3. Equations (7.10) and (7.11) show directly the dependence of w;; and
m;; in terms of data entries x‘j. and xf, for all ¢ = 1,...,k. Explain why
both expressions, as written, are not computationally efficient and give
an already stated equation that is a better way to calculate the W and
M matrices.

4. Based on the Cuprite Nevada and the Moffett Field site examples, make
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a similar hyperspectral image analysis based on the W-M method fol-
lowed by the application of the NNLS algorithm for the linear unmix-
ing stage using the data of Indian Pines. Specifically, a) Find, down-
load, and prepare the numerical data extracted from the image “cube”,
b) compute W and M and determine an adequate set of final endmem-
bers, and c¢) produce an image panel displaying the corresponding re-
source abundance maps in grayscale.

7.3 ENDMEMBERS AND CLUSTERING VALIDATION INDEXES

The lattice algebra approach to hyperspectral imagery described in the pre-
vious two sections, mainly the WM-method [102, 230, 231, 232], always
gives a fixed set of potential endmembers. Specifically, for an n-band hyper-
spectral image X, m is equal to 2(n + 1), which in most cases is redundant
since column vectors of W and M are highly correlated. Measures between
n-dimensional vectors such as the spectral angle, the Chebyshev distance, or
the correlation coeflicient matrix, can be considered supervised or semisuper-
vised techniques since these numerical criteria were oriented towards spec-
tral identification of selected endmembers against known spectral libraries.
These tools have seen useful in the examples provided to obtain a smaller set
of representative endmembers without sacrificing spectral resolution.

Another possibility for reducing the cardinality of V is the application
of well-established unsupervised clustering techniques such as the crisp and
fuzzy c-means algorithms. It is generally recognized that c-means clustering
is fundamental to pattern recognition where, as a rule of thumb, it has been
accepted that an upper bound to the number of clusters specified by c is given
by | vnJ, where n denotes feature space dimensionality. In fact, supervised
extraction of final endmembers obtained with the WM-method suggested the
same criterion as an alternative way to reduce the cardinality of the vector
sets W and M equal to n+ 1 to | Vn+1]. Therefore, given a hyperspectral
image data cube X, computation of the augmented matrices ‘W and M lowers
data size from kn to 2(n + 1)n, (where k > n), and application of c-means
clustering to V reduces data size from 2(n + 1)n to 2cn, where ¢ € [2, cpax]
and cpax = | Vo + 1.

Without any a priori knowledge concerning possible data structure
present in pixel spectra, such as those drawn from particular joint proba-
bility distributions or specific n-dimensional cluster shapes, crisp and fuzzy
partitions of ‘W and M were randomly seeded. All ¢ values in the inter-
val ¢ € [2,cmax] Were used to generate partitions to which selected validation
indexes were computed to draw quantitative information about the intrin-
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TABLE 7.6  Crisp and fuzzy validation indexes; || - || denotes Euclidean norm [290].

Name Definition Related quantities
Dunn Vp(e) =1/ Ve A X 0ij = /\aex; 6(a,b)
bEXj
(crisp) i1 N\ j2i0ij Ak = Vapex, 6(a,b)
6(a,b) =|la—bl|
Davies-Bouldin  Vpg(c) = (1/¢)x ;= \/erx,- X — vilI/1X;]
(crisp) Yict Vjzilai+ap)/Ivi=vill - vi= Yyex, x/IXil
Araki et al. Vanw(c) = (1/c)x Bi= i ug
(fuzzy) SV @i+ ap)/Ivi=vjil e = (X, udlixie - vill?) /i
vi=(1/B) X Xh_, ub X
Xie-Beni Vxg(c) =(1/n)x
(fuzzy) S aif Nigjlvi— vl @i = Y uglix —vil?

sic agglomeration structure for potential endmembers determined from the
scaled lattice memories W and M. The clustering validation indexes serve
the purpose of finding an “optimal” value of ¢ and hence suggest the best
possible choice for correctly grouping the data patterns under analysis. The
validation indexes used in the present study and defined in Table 7.6 include
Dunn’s (‘Vp) and Davies-Bouldin (‘Vpg) indexes for crisp partitions [77, 67],
and Araki-Nomura-Wakami (‘Vanw) and Xie-Beni (‘Vxp) quantitative crite-
ria for fuzzy partitions [11, 322]. An optimal value of ¢ occurs in a subinterval
of [2,cmax] if Vp is maximum and any of the other three validity indexes is
minimum. It is not surprising that different validity indexes can give different
values for ¢ and this is enough reason to consider not just a single value of ¢
but possibly a neighborhood of ¢ or even other relative extrema.

In reference to Table 7.6, {Xi,...,X.} denotes the collection of subsets
forming a c-partition of X, {vy,...,v.} denotes the set of prototype or centroid
vectors (crisp or fuzzy), u € [0, 1] denotes the membership value of the k-th
sample vector with respect to the i-th cluster, X; and X; denote two different
clusters, Ay stands for the diameter of the k-th cluster, and 6;; is the inter-
cluster distance matrix. Also, memberships appear squared since we used a
fuzzy exponent equal to 2 in the fuzzy c-means algorithm. Further details on
c-means algorithms and validity measures can be found in [24, 25]. More
recent developments on cluster validation and comparison appear in [201,
142, 321].
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TABLE 7.7 Validation index values for AVIRIS hyperspectral images [290].

V subset —Image Vb VbB VYVanw  Vxs c — values
W — Cuprite 0.156 1.334 0.036  0.939 6,6,6,6
M —Cuprite 0.200 1.578 0.026  0.328 7,6,3,3

W —Moffett Field 0.141 1496 0.175 0319  6,10,4,3
M —Moffett Field 0.115 1.512 0.163 0358  7,10,4.3
‘W —Jasper Ridge  0.141 1.825  0.037 0512 4,10,64
M —Jasper Ridge  0.111 1539  0.046  0.220 3,13,3,3

In our computational experiments, we have used particular scenes (512
scan lines and 614 pixel spectra per line) of several hyperspectral images
acquired by the AVIRIS sensor such as the mining site of Cuprite (scene
4), urban settlements in Moffett Field (scene 3), and biological preserve at
Jasper Ridge (subimage of scene 3). Although the AVIRIS sensor captures
spectral information in 224 bands, analysis of each image requires specific
wavelength ranges, e.g., Cuprite needs only 52 bands and Moffett Field as
well as Jasper Ridge use only 194 bands. Hence, the empirical interval for ¢
in the case of Cuprite is [2,7] since cpax =7 = Lx/ﬁj, and for the other two
hyperspectral images is [2,13] since cpax = 13 = L\/19_4J. Nevertheless, to
exhibit the behavior of the selected validation indexes, we perform clustering
of W and M for all three images in the common interval ¢ € [2, 15] because
V224 ~ 15. As an example, Figures 7.15 and 7.16 display the validation index
graphs for crisp and fuzzy partitions of ‘W and M of Cuprite’s hyperspectral
image. For ‘W observe that, on [2,7], Vp(c) is maximum at ¢ = 6 and Vpg(c)
is minimum at the same ¢ value. However, for M, Vp(c) is maximum at
¢ =7 whereas Vpg(c) is minimum at ¢ = 6. On the other hand, for W, the
minimum values of the fuzzy indexes Vanw(c) and Vxg(c) occur at ¢ = 2
and the next relative minimum of both indexes occur at ¢ = 6 matching what
the crisp indexes give. In the case of M, both fuzzy indexes point to ¢ = 3 as
the best number of clusters.

It turns out that the prototype vectors, v; for i = 1,...,c, of the partition
suggested by each validation index are approximations to true endmembers
as shown in Figure 7.17. From the centroid graphs displayed in Figure 7.17,
it can be seen that further simplification is possible if additional knowledge
is available regarding the nature of some spectral signatures, as is the case for
the dashed curves, which are highly correlated with the corresponding solid
line curve of the same color. Thus, the complete set or a proper subset of the
v; can be used as final endmembers for unmixing a hyperspectral image. We
close this section with Table 7.7 that gives the number of clusters c suggested
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Figure 7.15 Crisp index graphs obtained from Cuprite hyperspectral image
data. Top: Dunn’s index for LAAMs derived subsets ‘W and M; bottom:
Davies-Bouldin index for the same subsets. Empirical interval for c is [2,7]
(vertical dashed line) [290].
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Figure 7.17 Approximate endmembers of the Cuprite hyperspectral image
suggested by a) the max and min values of Vp and Vpg, resp., from W,
b) the max and min values of Vp and Vpg, resp., from M, c) the next lowest
rel. min of Vanw and Vg, resp., from W’, d) the min values of Vanw and
Vxp from M’ (axes: wavelength vs. reflectance) [290]

by the crisp and fuzzy validation indexes found by partitioning the ‘W and
M subsets for three AVIRIS example hypespectral images. We point out that
variations of ¢ values for the same image clearly depend on the way valida-
tion indexes are defined.

Exercises 7.3

1. Using the mathematical expressions given in Table 7.6 for crisp and
fuzzy validation indexes, draw the corresponding graphs related to W
and M, as shown in Figures 7.15 and 7.16, based on the hyperspectral
image analysis realized for the Indian Pines site (see last exercise of
Section 7.2).

2. Discuss the use of clustering validation indexes for datasets X of low
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to medium dimensionality, i.e., where 2 < n < 25, which includes color

or multispectral images, or in a more general setting for problems in
pattern recognition.

7.4 COLOR IMAGE SEGMENTATION

In several image processing and analysis applications, image segmentation is
a preliminary step in the description and representation of regions of inter-
est[13, 16, 109, 128]. Segmentation techniques, first developed for grayscale
images [45, 202, 255, 330], have been extended, enhanced or changed to
deal efficiently with color images coded in different color spaces. Color im-
age segmentation has been approached from several perspectives that cur-
rently are categorized as pixel, area, edge, and physics based segmentation,
for which early compendiums appeared in [211, 261] and state-of-the-art sur-
veys are given in [53, 173]. For example, pixel based segmentation includes
histogram techniques and cluster analysis in color spaces. Optimal threshold-
ing [42] and the use of a perceptually uniform color space [247] are exam-
ples of histogram-based techniques. Area-based segmentation contemplates
region growing as well as split-and-merge techniques, whereas edge-based
segmentation embodies local methods and extensions of the morphological
watershed transformation. This transformation and the flat-zone approach to
color image segmentation were originally developed, respectively, in [189]
and [58]. A seminal work employing Markov random fields for splitting
and merging color regions was proposed in [172]. Other recent develop-
ments contemplate the fusion of various segmentation techniques, such as
the application of morphological closing and adaptive dilation to color his-
togram thresholding [207] or the use of the watershed algorithm for color
clustering with Markovian labeling [92]. Physics-based segmentation relies
on adequate reflection models of material objects such as inhomogeneous
dielectrics, plastics, or metals [111, 144]. Nevertheless, its applicability has
been limited to finding changes in materials whose reflection properties are
well-studied and modeled properly.

Recently, soft computing techniques [262] or fuzzy principal compo-
nent analysis coupled with clustering based on recursive one-dimensional
histogram analysis [82], suggest alternative ways to segment a color im-
age. In order to quantify the results obtained from different segmentation
schemes, the subject of color image segmentation evaluation has been briefly
exposed in [205]. Basic treatment of image segmentation performed in both
Hue-Saturation-Intensity (HSI) and RGB color spaces is given in [96, 327];
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for a more complete and systematic exposition of color image segmentation
methods see [206] or [155].

In this chapter, we present a lattice algebra based technique for image
segmentation applied to RGB (Red-Green-Blue) color images transformed
to other representative systems, such as the HSI (Hue-Saturation-Intensity),
the 1,113 (principal components approximation), and the L*a*b* (Lumi-
nance - redness/greenness - yellowness/blueness) color spaces. The proposed
method relies on the min Wy and max Ny lattice auto-associative memo-
ries (LAAMs), where X is the set formed by 3D pixel vectors or colors. The
scaled column vectors of any memory together with the minimum or max-
imum bounds of X form the vertices of tetrahedra enclosing subsets of X,
and will correspond to the most saturated color pixels in the image. Image
partition into regions of similar colors is realized by linearly unmixing pixels
belonging to tetrahedra determined by the columns of the scaled lattice auto-
associative memories W and M, and then by thresholding and scaling pixel
color fractions obtained numerically by applying a least squares method, such
as the linear least squares (LLS) method also known as generalized matrix
inversion [108], or the non-negative least squares (NNLS) method [160]. In
the final step, segmentation results are displayed as grayscale images. The
lattice algebra approach to color image segmentation can be categorized as a
pixel based unsupervised technique. Preliminary research and computational
experiments on the proposed method for segmenting color images were re-
ported in [286, 287].

7.4.1 About Segmentation and Clustering

Although there are several approaches to segment a color image, as briefly
described before, a mathematical description of the segmentation process,
common to all approaches, can be given using set theory [16, 128, 13, 96]. In
this framework, to segment an image is to divide it into a finite set of disjoint
regions whose pixels share well-defined attributes. We recall from basic set
theory that a partition of a set is a family of pairwise disjoint subsets covering
it. Mathematically, we have

Definition 7.1 Let X be a finite set with k elements. A partition of X is a
family P = {R;} of subsets R; of X, each with k; elements for i = 1,...,q, that
satisfy the following conditions:

1. RiNR; =@ fori# j (pairwise disjoint subsets) and

2. Uiq=1 R; = X where Z,-q=1 k; = k (whole-set covering).
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Note that the only attribute shared between any two elements of X with
respect to a given partition # is their membership to a single subset R; of
X. Unfortunately, the simple attribute of sharing the same membership is
not enough to distinguish or separating objects of interest in a given image.
Therefore, Definition 7.1 must be enriched by imposing other conditions re-
quired for image segmentation. Additional attributes shared between pixels
or elements of X can be, for example, spatial contiguity, similar intensity or
color, and type of discrete connectedness. All or some of these quantifiable
attributes can be gathered into a single uniformity criterion specified by a
logical predicate. A mathematical statement of our intuitive notion of seg-
mentation follows next.

Definition 7.2 Let X be a finite set with k elements. A segmentation of X is a
pair ({R;}, p) composed of a family {R;} of subsets of X each with k; elements
for i =1,...,q, and a logical predicate p specifying a uniformity criterion
between elements of X satisfying the following conditions:

1. The family {R;} is a partition ¥ of X.
2. Vi, R; is a connected subset of X.

3. Vi, p(R;) is true; i.e., elements in a single subset share the same at-
tributes.

4. For i # j, p(R; UR)) is false or in words, elements in a pairwise union
of subsets do not share the same attributes.

Since finite sets are topologically totally disconnected, the reader needs to
be mindful that with respect to condition 2.) of Definition 7.2, a discrete con-
nected subset R; is a set where every pair of elements {x;, x;} € R; is connected
in the sense that a sequence of elements, denoted by (xg,..., X, Xpi15---»Xr)s
exists such that {x,,x,1} belong to the same spatial neighborhood and all
points belong to R;. A weaker but still useful version of Condition 4) in Def-
inition 7.2, requires that R; and R; should be neighbors. Loosely speaking,
a subset R; € X is commonly referred to as an image region. Whether re-
gions can be disconnected (2nd condition of Definition 7.2 is not imposed),
multi-connected (with holes), should have smooth boundaries, and so forth,
depends on the application’s domain, segmentation technique, and goals. Per-
ceptually, the segmentation process must convey the necessary information
to visually recognize or identify the prominent features contained in the im-
age such as color hue, brightness or texture. Hence, adequate segmentation
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is essential for further description and representation of regions of interest
suitable for image analysis or image understanding.

Here, we consider only images coded in the Red-Green-Blue (RGB) color
space, and segmentation of an image in that space is performed in stages in-
cluding: 1) computation of the scaled lattice auto-associative memories, 2)
linear unmixing of color pixels using least square methods, and 3) thresh-
olding color fractions to produce color segmentation maps represented as
grayscale images. These stages are explained in detail in the following para-
graphs.

Given a color image A consisting of p X g pixels, we build a set X contain-
ing all different colors (3-dimensional vectors) present in A. If |X| = k denotes
the number of elements in set X, then k < pg = |A|, where pq is the maximum
number of colors available in A. Then, using the right expressions of equa-
tion 7.3, the memory matrices min-2y and max-MNiy are computed and to
make explicit their respective column vectors, we rewrite them, respectively,
as W = (w!, w2, w?) and M = (m!', m2, m?). By definition, the column vectors
of MW may not necessarily belong to the space [0,255]3 since 2 usually has
negative entries. The general transformation given in Egs. (7.4) and (7.5) will
translate the column vectors of 2 within the color cube. After additive scal-
ing, we obtain the matrices W = (w!,w?2,w3)and M = (m',m?, m?). Note that
for j=1,...,3, w;; =u; and m;; = v;. Hence, diag(W) = u and diag(M) = v.

Thus, the first stage of the segmentation process is completed by applying
Egs. (7.4) and (7.5) to X, Wy, and Nx. Continuing with the description of the
proposed segmentation procedure, use is made of the underlying sets W and
M of scaled columns, respectively, (wh,w?, w3} and {m',m2, m?3}, including
the extreme vector bounds v and u. Note that, the vectors belonging to the
set WU M U {v,u} provide a way to determine several tetrahedra enclosing
specific subsets of X such as, e. g., WU {u} and M U {v}.

The second stage in the segmentation process is accomplished using con-
cepts from convex set geometry. These concepts make it possible to mix
colors in any color space. Recall that X is said to be a convex set if the
straight line joining any two points in X lies completely within X; also, an
n-dimensional simplex is the minimal convex set or convex hull whose n + 1
vertices (extreme points) are affinely independent vectors in R”. Since the
color cube is a subspace of R?, a 3-dimensional simplex will correspond to
a tetrahedron. Thus, considering pixel vectors in a color image enclosed by
some tetrahedron, whose base face is determined by its most saturated colors,
an estimation of the fractions in which they appear at any other color pixel
can be made. Observe that the model commonly used for the analysis of spec-
tral mixtures in hyperspectral images, the constrained linear mixing (CLM)
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model [141], can readily be adapted to segment noiseless color images by
representing each pixel vector as a convex linear combination of the most
saturated colors. As a particular case of Egs. (7.1) and (7.2), its mathematical
representation is given by

X=SC=C1$1+C2S2+C3S3,Cl,Cz,C3ZO and ci+c+ez3=1. (7.12)

where, x is a 3 X 1 pixel vector, § = (s',s%,8%) is a square matrix of size 3 x 3
whose columns are the extreme colors, and ¢ is the 3 X 1 vector of “saturated
color fractions” present in X. Notice that the most saturated colors in a given
image may easily be equal to the set of primary colors (red, green, blue)
or to the set of complementary colors (cyan, magenta, yellow). Therefore,
the linear unmixing step consists of solving equation 7.12 to find vector ¢
given that § = W or S = M for every x € X. As mentioned earlier, in the case
of hyperspectral images, to solve the constrained linear system displayed in
equation 7.12, one can employ the LLS or NNLS methods imposing the full
additivity or the positivity constraint, respectively.

In the third and last stage of the segmentation process, once equation 7.12
is solved for every color pixel x* € X, all c‘{c fraction values are assembled

to form a vector associated with the saturated color s/, and the final step is
carried out by applying a threshold value, in most cases, between 0.3 and 1 to
obtain an adequate segmentation depicting the corresponding image partition
(see Definition 7.2).

Of the many existing approaches to image segmentation [261, 211, 173,
53], clustering techniques such as c-means and fuzzy c-means can be ap-
plied to color images provided the number of clusters is known beforehand.
When using any of these techniques a cluster is interpreted as the mean or
average color assigned to an iteratively determined subset of color pixels be-
longing to X. For an explanation of the basic theory and algorithmic variants
concerning the c-means clustering technique cf. [178, 76, 80] and similarly,
for the fuzzy c-means clustering technique see [23, 169]. In relation to our
proposed method based on LAAMs, a comparison with both clustering tech-
niques is immediate since the maximum number of saturated colors deter-
mined from Wy, My, and possibly {v,u} is always 8, thus the number of
clusters is bounded by the interval [1, 8]. Furthermore, since any member in
the set WU M U {v,u} is an extreme point, we are able to select any two dis-
joint subsets of three column vectors to form a 3 X 3 system in order to obtain
unique solutions to equation 7.12. Therefore, once a pair of triplets is fixed,
the number of clusters ¢ can be restricted to the interval [6, 8].
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Figure 7.18 1st column: test RGB color image; 1st row, 2nd to 4th cols.:
grayscale images depicting segmented regions containing proportions of red
(wh), green (w?), and blue (w?) colors; 2nd row, 2nd to 4th cols.: grayscale
images with regions composed of cyan (m'), magenta (m?), and yellow (m?)
colors. Brighter gray tones correspond to high fractions of saturated colors
[289].

7.4.2 Segmentation Results and Comparisons

Example 7.1 (Flat color image) Figure 7.18 shows in the left column a test
RGB color image (primary colors additive mixtures) of size 256 x 256 pixels
that has only 8 different colors. Hence, X = {x!,...,x3} out of a total of 65,536
pixel vectors. The minimum and maximum vector bounds are v = (0,0,0)
and u = (255,255,255)’, respectively, whereas the scaled lattice memory ma-
trices given by

255 0 0 0 255 255
W= 0 255 O and M= 255 0 255 |. (7.13)
0 0 255 255 255 O

For this trivial color image, a simple algebraic analysis yields a closed
solution for unmixing color pixels obeying equation 7.12. In this case we
have

L (100 S I
wl=—|o0 10| and M'=—]| 1 -1 1| (714
25{0 0 1 SOU 1 4

From equation 7.14, W~! = I/255 where [ is the 3 x 3 identity matrix and
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TABLE 7.8 Fraction values for unmixing pixels of the test RGB color image [289].

Saturated Pixel Values From W From M
Color (x1,x2,x3) (c1,¢2,¢3) (c1,¢2,¢3)
Black (0,0,0) (0,0,0) (0,0,0)
Red (255,0,0) (1,0,0) 0,55
Green (0,255,0) (0,1,0) (3,0,%)
Blue (0,0,255) (0,0,1) (1,1.0)
Cyan (0,255,255) 0,4, (1,0,0)
Magenta (255,0,255) (3,0, (0,1,0)
Yellow (255,255,0) (1,1,0) (0,0,1)
White (255,255,255) (§, § ) EXR

considering that xj.c € {0,255}, ¢; = x;/255 verifies trivially the inequalities

0<c¢ <1foralli=1,2,3 and € € {1,...,8}. Full additivity is satisfied if

21.3:1 ci= 21.3:1 x;i/255 = 1, therefore color pixel values x1, xp, and x3 lie in the

plane x| + x» +x3 = 255 which occurs only at the points (255,0,0), (0,255,0),

and (0,0,255). However, letting s = x1 + x2 + x3, the color fractions obtained

from the scaled min memory W are readily specified by the simple formula
Xi Xi

ci=—=—"-—"-—6s5%#0, (7.15)
S X1+ X2+ X3

otherwise if s = 0 let ¢; = 0. Similarly, from the inverse matrix M~! given
in equation 7.14, one finds that ¢; = [(X j»; x;) — x;]/510 for i = 1,2,3. How-
ever, since xj.c € {0,255} we have ¢; € {-0.5,0,0.5, 1}; thus, non-negativity is
not satisfied for all i. Full additivity is verified if ;| c; = 30 [(X i X)) —
x;]1/510 = 1, implying that color pixel values x;, x», and x3 belong to the
plane x| + x2 + x3 = 510, and this can occur only at the points (0,255,255),

(255,0,255), and (255,255,0). Therefore, making s = x| + x + x3, the color
fractions obtained from the scaled max memory M are given by the formula

.- i ) = Xi (X ji X)) — i 520, (7.16)
S X1+ X2 +Xx3

otherwise if s = 0, then ¢; = 0; also, if ¢; = —1 (for some i), then set ¢; = 0 and
change c; to ¢;/2 for j # i. Table 7.8 displays the correspondence between

pixel color values and color fractions derived from the scaled LAAMs.
Using the mapping established in Table 7.8, the color fraction solution
vector ‘¢’ is quickly determined for each one of the 65,536 pixels forming the
image, using for S, first the W matrix that unmixes the primary colors, then
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the M matrix that unmixes the secondary colors. To the right of the test RGB
color image in Figure 7.18, the color fraction maps displayed as grayscale
images are associated to the saturated colors derived from the column vectors
of the scaled LAAMs, except black, considered the image background, and
white that results from additive mixture of the three primary colors. Each
color fraction segmented image s/ is visible after a linear scaling from the
interval [0, 1] to the grayscale dynamic range [0,255].

Example 7.2 (Gradient color image) In Figure 7.19, the left column shows
a synthetic RGB color image composed by a gradient of primary and sec-
ondary colors of size 256 x 256 pixels with 2,400 different colors. Thus,
X ={x!,...,x2%00) (again, from a total of 65,536 color pixels). It turns out that
the scaled LAAM matrices and the minimum-, maximum vector bounds are
almost the same as those computed in the previous example, equation 7.13,
except that the numeric value 255 is replaced by 254. Although the given im-
age is rather simple, an algebraic analysis would be impractical for finding a
color fractions formula applicable for unmixing every different color present
in the image. However, fast pixel linear decomposition can be realized, e.g.,
by generalized matrix inversion (LLS) enforcing full additivity and adequate
thresholding of numerical values.

From equation7.12 any ¢, = 1 —c,—c,, whereg=1,2,3and g # p<r #gq,
can be selected to reduce the size of matrix S and vector c¢. Consequently,
computations are simplified by solving for each color pixel the linear system
given by x, = S ,¢,, where ¢, = (cp.c,)', Sy =W, or S, = My, and

S1p — S1g S1r— S1gq X1 = S81q
Sq=| $2p— 52 S—82 |, Xg=| x2-524 |- (7.17)
$3p — 53¢ 83, = 83¢ X3 = 83¢

In this example we let ¢ = 1 and equation 7.17 is solved only for S| = M.
Hence, ¢; = 1—c¢2 —¢3 and ¢; = (¢, c¢3). Also, each i-th row of S and en-
tries of the transformed input color vector x;, for i = 1,2,3, are given by
(mip —mj1,mj3 —myy) and x; —myp, respectively. Thresholds applied to frac-
tions values for generating segmented images were computed as

k
T; .
uj=52-\/cl, (7.18)
é=1

where k = 2,400 and by setting the user-defined grayscale threshold 7; = 85
for all j. The first row in Figure 7.19 shows the segmentation produced using
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Figure 7.19 1st column: test RGB color image; 1st row, 2nd to 4th cols.:
grayscale images of color fractions obtained by linear unmixing showing the
segmentation of cyan (m"), magenta (m?), and yellow (m?) (CMY) colors;
2nd row, 2nd to 4th cols.: fuzzy c-means grayscale images depicting mem-
bership distribution in regions of CMY color gradients; 3rd row, 2nd to 4th
cols.: c-means binary images depicting uniform segmented regions labeled
from CMY centroids [289].
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M (secondary colors), where the brighter gray tones correspond to high frac-
tions of saturated colors. Hence color gradients are preserved as grayscale
gradients. Additionally, original color regions composed of some proportion
of the saturated colors m', m?, and m® appear as middle or dark gray tones.
The second row displays the results obtained by applying the fuzzy c-means
technique with ¢ =7 and the thresholds values u; used to cut fuzzy member-
ships were calculated with equation 7.18 setting 7; = 64 for all j=1,...,7.
Observe that the brighter gray tones are associated with pixels near to fuzzy
centroids (high-membership values) whereas darker gray tones correspond to
pixels far from fuzzy centroids (low-membership values); note that original
color gradients are not preserved. The third row depicts as black and white
binary images the clusters found using the c-means algorithm with ¢ = 7 and
initial centroids given by the set W U M U {v}. In this last case, thresholds are
not needed since the c-means algorithm is a labeling procedure that assigns
to all similar colors belonging to a cluster the color value of its centroid. Con-
sequently, a simple labeling procedure is implemented to separate regions of
different color.

If W, is selected instead of M| for the system matrix S| in equation 7.17,
similar segmentation results are obtained except that, in this case, red, green,
and blue regions would be extracted from the corresponding saturated colors
w!, w?, and w?. We remark that Example 2 clearly shows the fundamental
difference between the three segmentation methods compared: c-means and
fuzzy c-means clustering are statistical and iterative in nature whereas the
LAAM’s approach coupled with the CLM model is a non-iterative geometri-
cal procedure.

Example 7.3 (Real color images) Next, we provide additional segmentation
results for three realistic RGB color images of size 256 X256 pixels displayed
in the first column of Figure 7.20 (see Table 7.9 for image information). For
each of these color images, we create a set X, = (x!,...,x*} c[0,255] where
{ = a,B,y, and each vector x¢ € X, is distinct from the others, i.e., xX* # x¢
whenever & # {. This is achieved by eliminating pixel vectors of the same
color (k¢ is given in Table 7.9). After application of Egs. (7.3) (LAAMs)
and (7.4) (vector bounds), the scaled matrices W and M are computed. The
numerical entries for the scaled LAAM matrices (3rd column, Table 7.9) of

the sample images are explicitly given below:
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Figure 7.20 1st column: sample RGB color images; 2nd col.: scatter plot of a
subset of X showing 256 different colors including the most saturated colors
determined from W and M; 3rd and 4th cols.: tetrahedra determined from
proper subsets of WU M U {v,u} [289].

TABLE 7.9 Information of sample real RGB color images

[289].

Image Pixels, pg Colors, |X/| =k; Scaled LAAMs
circuit 65536 35932 Wy, M,
parrot 65536 55347 Wg, Mg

baboon 65536 63106 Wy, M,
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255 80 101 19 203 228
W,=| 71 255 135 |, M,=| 194 19 120 |
46 154 255 173 139 19
255 121 35 0 200 254
We=| 55 251 128 |, Mg=| 130 0 228 |,
1 23 255 220 127 0
255 129 72 0 200 255
W,=| 55 255 156 |, M,=| 126 0 165
0 90 255 183 99 0

Notice that the corresponding minimum and maximum vector bounds
{ve,up} for € = @,B,y are readily available from the main diagonals of the
corresponding LAAM matrices. A 3D scatter plot of each set X showing only
256 different colors, including the extreme points of the set WU M U {v,u},
is depicted in the second column of Figure 7.20 for each sample image. Two
tetrahedra enclosing points of X are illustrated in the third column of the
same figure. The vertices of the left tetrahedron belong to the set W U{v} and
those of the right tetrahedron are in W U {u}; similarly, in the fourth column
of Figure 7.20, the left tetrahedron has its vertices in the set M U{v} and the
right tetrahedron is formed with the points of M U {u}.

Again, for each RGB color image in Figure 7.20, equation 7.12 was sim-
plified to equation 7.17 setting g = 1 and solving it using LLS for each x € X,
by taking first W, and then M, as the S matrix for £ = @,8,y. It turns out
that for the sample images selected, the corresponding 3 x 3 computed scaled
LAAMs are non-singular matrices (full rank) and, therefore, the solutions
found by the linear unmixing scheme are unique. Since the minimum and
maximum bounds {v¢,u,} correspond, respectively, to a “dark” color near
black and to a “bright” color near white, it is possible to replace a specific
column in W or M with one of these extreme bounds in order to obtain seg-
mentations of dark or bright regions. Thus, final satisfactory segmentation
results are produced by an adequate selection of saturated colors s/ from
the set WU M U {v,u}. Figure 7.21 displays the segmentation produced by
applying the clustering techniques of c-means, fuzzy c-means, and our pro-
posed LAAMS plus linear unmixing based technique. Results are shown as
quantized grayscale images where specific gray tones are associated with se-
lected colors corresponding to cluster centers or extreme points. Table 7.10
provides the technical information relative to each segmenting algorithm; for
example, “runs” is the number of times an algorithm is applied to a given
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Figure 7.21 1st column: sample RGB color images; 2nd, 3rd, and 4th cols.:
quantized grayscale segmented images composed from results obtained, re-
spectively, with c-means clustering, fuzzy c-means clustering, and scaled
LAAMs & LLS linear unmixing techniques [289].
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TABLE 7.10 Technical data used for RGB color image segmentation [289].

Image

circuit

parrot

baboon

c-means
kmeans (Matlab)
c=8, runs=5

squared Euclidean
5th run, 58 iterations
57 seconds

RGB values:
255,128,192

¢=8, runs=5

city block

5th run, 20 iterations
32 seconds

RGBCY values:
255,128,160,192,216

c=7, runs=5

city block

5th run, 39 iterations
38 seconds
RGB|B,Y values:
255,128,160,176,216

fuzzy c-means

fcm (Matlab)

c=7, runs=3
exp(U)=2, OFC=107
3rd run, 108 iterations
720 seconds

RGG;,B values:
255,128,160,200

¢=6, runs=3
exp(U)=2, OFC=1072
3rd run, 134 iterations
238 seconds

RG|G,Y values:
255,128,160,216

¢c=6, runs=3
exp(U)=2, OFC=10"2
3rd run, 94 iterations
270 seconds
RGB|B,Y values:
255,128,160,176,216

LAAMs & LLS
geninv (Mathcad)
c=6, runs=1

W(l/’ M(ls q = 1
non-iterative

30 seconds

RGB values:
255,128,192

¢=6, runs=1
Wg, Mg, q =1
non-iterative
30 seconds
RGB values:
255,128,192

c=6, runs=1

Wy, My, q=1
non-iterative

30 seconds

RGBCY values:
255,128,160,192,216

image. Specifically, in the Matlab environment, “runs” is equivalent to the
“replicates” parameter used for c-means clustering; exp(U) and OFC refer
to, respectively, the partition matrix exponent and the minimum amount of
improvement needed for the objective function to converge in fuzzy c-means
clustering. Also, e.g., “RGB values: 255,128,192”, gives the gray levels as-
signed to the red, green, and blue colors or additional colors.

Exercises 7.4.2

1. Given a color image X of size p X g pixels coded in RGB space, a)
propose an algorithm that counts the different colors contained in X,
knowing that each color pixel is a three-dimensional vector. Hence, if
k denotes the number of different colors, then k < pg, though for many
images, k < pg. b) As a way to speed up color counting, define two
maps, the first map must assign a 3D vector to a unique positive inte-
ger and the second map assigns to a given positive integer, belonging
to the range of the first map, a unique 3D vector in RGB space (also
belonging to X). Once you find both mappings, use the first one to map
X to a list of integers that you can sort with an algorithm such as heap-
sort or quicksort. Then, eliminate from the ordered list of integers those
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that are repeated, and finally remap the reduced list to X’ containing all
different colors from X. Note that, in general, X’ C X and that X’ can
be interpreted as the color palette of X (without quantization).

. Search and select three public domain 24-bit color images of size 256 X
256 coded in RGB space. Based on the WM-method repeat the steps
explained in Example 7.3 and reproduce for the chosen images the
results presented in Figure 7.20, Table 7.9 (show the numerical values
for the scaled LAAMs), Figure 7.21, and Table 7.10.



CHAPTER 8

Lattice-Based
Biomimetic Neural
Networks

URRENT artificial neural network (ANN) models are intimately associ-
C ated with a particular learning algorithm or learning rule. Thus, we have
multi-layer perceptrons (MLPs), kernel function based learning such as radial
bases function (RBF) neural nets, support vector machines (SVM), kernel
Fisher discriminant (KFD) neural networks, Boltzmann machines, and many
others. The latest ANNs in vogue are deep neural networks (DNNs), that is
networks with more than one hidden layer between the input and output layer.
The word “deep” refers to the learning algorithms affecting the hidden lay-
ers, with each layer training on a distinct set of features. In addition, learning
at a given hidden layer also depends on the output of the preceding layer as
is the case for the aforementioned ANNs. As a consequence, the biological
approach to ANNSs has been largely abandoned for a more practical approach
based on well-known mathematical, statistical, and signal processing meth-
ods. One basic goal of dendritic computing is the return of ANNS to its roots
in neurobiology and neuro-physics.

8.1 BIOMIMETIC ARTIFICIAL NEURAL NETWORKS

The term biomimetic refers to man-made systems of processes that imitate
nature. Accordingly, biomimetic artificial neurons are man-made models of
biological neurons, while biomimetic computational systems deal with infor-
mation processing in the brain. More specifically, biomimetic computational
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systems are concerned with such questions as how do neurons encode, trans-
form and transfer information, and how can this encoding and transfer of
information be expressed mathematically.

8.1.1 Biological Neurons and Their Processes

In order to imitate biological neural structures, one has to first understand
some very basic concepts concerning the morphology and function of the
fundamental component of the structure, namely the neuron. A neuron (or
nerve cell) is a cell in the animal kingdom and as such contains numerous
components common to all animal cells. These include a cell membrane, a
cell nucleus, mitochondria, Golgi apparatus, ribosomes, and so on. Just as
there are many different type of cells making up the overall structure of an
animal, there are many different types of nerve cells making up the nervous
system of an animal. These different types of neurons are classified according
to their morphological differences such as their dendritic structures as well as
their functionality. Nevertheless, every neuron consists of a cell body, called
soma, and several processes. These processes are of two kinds and are called,
respectively, dendrites and axons. The dendrites, which are usually multiple,
conduct impulses toward the body of the cell; the axon conducts from the
cell body. Dendrites typically have many branches that create large and com-
plicated trees. Many (but not all) types of dendrites are studded with large
numbers of tiny branches called spines. Dendritic spines, when present, are
the major postsynaptic target for the synaptic input. The soma and the den-
drites constitute the input surface of the neuron. When a neuron fires, then all
neurons receiving the fired signal are called the postsynaptic neurons while
the firing neuron is called the presynaptic neuron. When the voltage profile
of a fired signal is recorded, it usually consists of a sequence of short elec-
trical pulses known as a spike train. It has been conjectured that the number
of and distances between the spikes in a train represents the encoded infor-
mation that the neuron is transmitting to the recipient postsynaptic neuron
[68]. In humans, and most vertebrates, spike trains initiate in the axonal ini-
tial segment (AIS) near the soma. For our purposes a spike train is simply a
combination of spikes and silences which can be expressed in binary form,
namely a one for a spike and a zero for the absence of a spike. In this inter-
pretation a spike train may look like 1111001111111000001.

The axon, which usually arises from the opposite pole of the cell at a
point called the axon hillock, consists of a long fiber whose branches form
the axonal arborization or axonal tree. For some neurons the axon may have
branches at intervals along its length in addition to its terminal arborization.
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Figure 8.1 Merged color image of a biological neuron cell showing dendrites,
dendritic trees, soma, axon, and thin terminal branches [162], and schematic
drawing of biological neuron cells (pre- and postsynaptic) showing dendrites,
dendritic trees, soma with nucleus, axon, myelin sheath, synaptic cleft, and
terminal branches with boutons [164]
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The tips of the branches of the axon are called nerve terminals or boutons
or synaptic knobs. The axon is the principal fiber branch of the neuron for
the transmission of signals to other neurons. Figure 8.1 shows an image and
a typical schematic representation of a biological neuron with its branch-
ing processes. An impulse traveling along an axon from the axon hillock
propagates through the axonal tree all the way to the nerve terminals. The
terminals of the branches make contact with the soma and the many den-
drites of other neurons. The sites of contact are the synaptic sites where the
synapses take place. The synapse is a specialized structure whereby neurons
communicate, but there is no actual structural union of the two neurons at
the synaptic site. The synaptic knob is separated from the surface of the den-
drite or soma by an extremely narrow space called the synaptic cleft. The
exact mechanism of synaptic structures is fairly well-understood and there
exist two kinds of synapses; excitatory synapses, which tend to depolarize the
postsynaptic membrane and consequently excite the postsynaptic cell to fire
impulses, and inhibitory synapses that try to prevent the neuron from firing
impulses in response to excitatory synapses. In brief, it is at the synaptic cleft
where the presynaptic neuron communicates with the postsynaptic neuron.
This communication takes place via neurotransmitters. Neurotransmitters are
small molecules that are released by the axon terminal of the presynaptic
neuron after an action potential reaches the synapse. There exist various dif-
ferent types of neurotransmitters that have been identified [198, 301]. These
transmitter molecules can bind with the dendritic receptors and create an ex-
citatory electrical potential that is then transmitted down the cell membrane
or it may block (inhibit) the signal from being carried to the soma.

The common belief that only one type neurotransmitter (i.e. either exci-
tatory or inhibitory, but not both) is released at the various axon terminals of
a single presynaptic neuron was challenged in 1976 [34]. It is now widely ac-
cepted that cotransmission is an integral feature of neurotransmission. Here
cotransmission refers to the release of several different types of neurotrans-
mitters from a single nerve terminal. Recent research has demonstrated that
most, if not all, neurons release different neurotransmitters [35, 199, 281].
Another interesting synapse discovered in 1972 is the autapse. The autapse
is a synapse formed by the axon of a neuron on its own dendrites [21, 300].

8.1.2 Biomimetic Neurons and Dendrites

The number of neurons in the human brain lies somewhere around 85 billion,
with each of the neurons having an average of 7,000 synaptic connections to
other neurons [74, 78, 117, 302]. The number of synapses on a single neu-
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ron in the cerebral cortex ranges between 500 and 200,000, while the cere-
bral cortex of an adult has an estimated range of 100 to 500 trillion (10'* to
5x10'%) synapses [74, 133, 183, 332]. Dendrites make up the largest compo-
nent in both surface area and volume of the brain. Part of this is due to the fact
that pyramidal cell dendrites span all cortical layers in all regions of the cere-
bral cortex [79, 148, 244]. Thus, when attempting to model artificial neural
networks that bear more than just a passing resemblance to biological brain
networks, one cannot ignore dendrites (and their associated spines) which
can make up more than 50% of the neuron’s membrane. This is especially
true in light of the fact that some brain researchers have proposed that den-
drites and not the neuron are the elementary computing devices of the brain.
Neurons with dendrites can function as many, almost independent, functional
subunits with each unit being able to implement a rich repertoire of logical
operations [33, 148, 188, 214, 244, 312]. Possible mechanisms for dendritic
computation of such logical functions as XOR, AND, and NOT have been
proposed by several researchers [12, 119, 148, 150, 180, 187, 214, 244, 251].

In account of the above observations it is apparent that a more realistic
biomimetic model of a neuron needs to include both dendrites and an axon
with arborization. Also, the operations of AND, OR, NOT, and XOR are oper-
ations common to lattice theory and can be achieved in the dendrites starting
at the synapses and accumulating in branches of the dendritic tree. They are
just as easy to implement on the gate array level and therefore provide for
fast computational results. Additionally, for additive lattice groups the op-
eration of multiplication is generally absent and thus yields extremely fast
convergence in most lattice-based learning algorithms.

8.2 LATTICE BIOMIMETIC NEURAL NETWORKS

In the dendritic lattice-based model of ANNs [54, 221, 222, 224], a set of
presynaptic neurons Nji,...,N, provides information through its axonal ar-
borization to the dendritic trees of some other set of postsynaptic neurons
My,...,M,,. Figure 8.2 illustrates the neural pathways from the presynaptic

neurons to the postsynaptic neuron M, whose dendritic tree is assumed to
Tk, that contain the synaptic sites upon which

the axonal fibers of the presynaptic neurons terminate. The location or ad-
dress of a specific synapse is defined by the quintuple (i, j,k,h,£), where
ief{l,...,n}, je{l,...,m},and k€ {1,...,K;} that a terminal axonal branch of

N; has a bouton on the k™ dendritic branch T,]{ of M;. The index h € {1,...,p}

J
k

consist of K; branches T{, ...

denotes the i synapse of N; on 7/ since there may be more terminal ax-
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onal branches of N; synapsing on Ti. The index ¢ € {0, 1} classifies the type
of the synapse, where ¢ = 0 indicates that the synapse at (i, j,k,h,€) is in-
hibitory (i.e., releases inhibitory neurotransmitters) and £ = 1 indicates that
the synapse is excitatory (releases excitatory neurotransmitters).

The strength of the synapse (i, j,k,h,{) corresponds to a real number,
commonly referred to as the synaptic weight and customarily denoted by
ijkh' Thus, if § denotes the set of synapses on the dendritic branches of
the set of the postsynaptic neurons My,...,M,,, then w can be viewed as
the function w : § — R defined by w : (i, j,k,h,{) — ijkh € R or, equiva-
lently, by w(i, j,k,h,{) = ijkh‘ In order to reduce notational overhead, we
simplify the synapse location and type as follows: (1) (j,k,h,£) if n =1 and
set N=Ni, (2) (i,k,h,€)if m=1, set M = M; and denote its dendritic branches
by 71,7%,..., 7% or simply 7 if K = 1, and (3) (i, .k, £) if p = 1.

The axon terminals of different presynaptic biological neurons that have
synaptic sites on a single branch of the dendritic tree of a postsynaptic neu-
ron may release dissimilar neurotransmitters which, in turn, affect the recep-
tors of the branch. Since the receptors serve as storage sites of the synaptic
strengths, the resulting electrical signal generated by the branch is the re-
sult of the combination of the output of all its receptors. As the signal trav-
els toward the cell’s body it again combines with signals generated in the
other branches of the dendritic tree. In the lattice-based biomimetic model
the various biological synaptic processes due to dissimilar neurotransmitters
are replaced by different operations of a lattice group. More specifically, if
O ={V, A, +} represents the operations of a lattice group F, then the symbols
®, ®, and © will mean that ®,®,0 € O but are not explicitly specified op-
erations. For instance, if @:’:1 a;=a®---da, and & =V, then EB?:I a; =
Vijai=aV---Vay,andif ® = +, then @:’zlai =" ai=ayi+---+ay.

The total response (or output) of a branch TI{ to the received input at its
synaptic sites is given by the general formula

p
1) = pi P R) =D (iowl), (8.1)

iel(k) h=1
where x = (x1,...,x,) € F", x; € F denotes the information propagated by N;

via its axon and axonal branches, I(k) C {1,...,n} corresponds to the set of
all presynaptic neurons with terminal axonal fibers that synapse on the k-th
dendritic branch of M, and r denotes the number of synoptic knobs of N; on
the branch d ;. The value pj; € {—1,1} marks the final signal outflow from
the k-th branch as inhibitory if p = —1 and excitatory if pj = 1. The value
Ti(x) is passed to the cell body of M and the state of M; is a function of the
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Figure 8.2 Illustration of the neural pathways from the presynaptic neurons
N; to the postsynaptic neuron M;. An open circle o means that the synaptic
weight is inhibitory, while a solid circle e indicates an excitatory synapse.
The value x; denotes information transferred from neuron N; to the synaptic
sites of neuron M ;. Terminal branches of axonal fibers originating from the
presynaptic neurons make contact with synaptic sites on dendritic branches
of M Jj*

combined values received from its dendritic structure and is computed as

K;

v =p; () 1), (8.2)

k=1

where p; = 1 denotes the response of the cell to the received input. Here
again p; = —1 means rejection (inhibition) and p; = 1 means acceptance (ex-
citation) of the received input. This mimics the summation that occurs in the
axonal hillock of biological neurons.

In many applications of LNNss, the presynaptic neurons have at most one
axonal button synapsing on any given dendritic branch ‘ri. In these cases
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equation 8.1 simplifies to

7] = pi P D (wowy). (8.3)
iel(k)

As in most ANNSs, the next state of M is determined by an activation function
fj» which—depending on the problem domain—can be the identity function,
a simple hard-limiter, or a more complex function. The next state refers to
the information being transferred via M;’s axon to the next level neurons or
the output if M; is an output neuron. Any ANN that is based on dendritic
computing and employs equations of type 8.1 and 8.2, or 8.3 and 8.2, will be
called a lattice biomimetic neural network or simply an LBNN. In the techni-
cal literature there exist a multitude of different models of lattice-based neural
networks, usually abbreviated as LNNs. The matrix-based lattice-associative
memories discussed in Chapter 5 and LBNNs are just two examples of LNNS.
What sets LBNNs apart from current ANNSs are the inclusion of the following
processes employed by biological neurons:

1. The use of dendrites and their synapses.

2. A presynaptic neuron N; can have more than one terminal branch on
the dendrites of a postsynaptic neuron M.

3. If the axon of a presynaptic neuron N; has two or more terminal
branches that synapse on different dendritic locations of the postsy-
naptic neuron M, then it is possible that some of the synapses are
excitatory and others are inhibitory to the same information received
from N;.

4. The basic computations resulting from the information received from
the presynaptic neurons takes place in the dendritic tree of M.

5. Asinstandard ANNs, the number of input and output neurons are prob-
lem dependent. However in contrast to standard ANNs where the num-
ber of neurons in a hidden layer as well as the number of hidden layers
are pre-set by the user or an optimization process, hidden layer neu-
rons, dendrites, synaptic sites and weights, and axonal structures are
grown during the learning process.

8.2.1 Simple Examples of Lattice Biomimetic Neural Networks

Substituting specific lattice operations in the general equations 8.1 and 8.2
results in a specific model of the computations performed by the postsynaptic
neuron M. For instance,
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K .

. p . J .
) =pi » (NEDT@+wly) 5 P®=pi\/t®,  (84)
iel(k) h=1 k=1
or
. P _ Kj
t@=pi [\ (N (m+wly)) + d@=p\/7l®. ©5)
iel(k) h=1 k=1

are two distinct specific models. Unless otherwise mentioned, the lattice
group (R, A,V,+) will be employed when implementing equations 8.1 and
8.2 or 8.3 and 8.2. In contrast to standard ANNs currently in vogue, we al-
low both negative and positive synaptic weights as well as weights of value
zero. The reason for this is that these values correspond to positive weights if
one chooses the algebraically equivalent lattice group (R*, A, V, X) (see The-
orems 4.4 and 4.5). Having defined the computational model of an LBNN,
it will be instructive to provide a few simple examples in order to illustrate
several basic properties of LBNNs. The simplest examples are, of course,
single-layer neural networks.

Example 8.1

1. The simplest examples are one input and one output neuron LBNNs.
For instance, given the interval [a,b] C R, the problem is to devise a
network such that for any x € R, the output neuron can decide whether
or not x € [a,b]. Let N denote the input neuron and M the output
neuron. In this case, there is no need for the two labels i and j. Fur-
thermore, only one dendrite T with two synaptic sites is necessary for
this simple network, making the label k redundant. Let w‘; and wg
denote the synaptic weight for the two synapses on d. Thus, equa-
tion 8.1 reduces to 7(x) = ®i:l(—1)1_f(x+ wfl). Letting ® = A results
in 7(x) = (=D (x+wi) A (=D'{(x + wh). Finally, set w! = —a with
¢=1and wg = —b with £ = 0. Then 7(x) = (x —a) A (b — x). Using the
hard-limiter activation function

letx) >0

S = { 0 & (x) <O0. (8.6)

The network is shown in Figure 8.3a. Note that the problem of assign-
ing the numeric values is self-evident when starting with the knowledge
that x € [a,b] © (x—a)A(b—x) > 0.
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a)

X f (@)

b)

Figure 8.3 a) Sketch of the LNN constructed in Example 8.1(1), and b) depicts
the LNN constructed in Example 8.1(2).

If instead the neuron M is asked to decide whether or not x € (a,b),
then the same network can be used by simply changing the activation

function to
letx)>0

0o 1(x)<0. ®.7)

f(r(x) = {

2. Suppose (a,b) and (c,d) are two disjoint open intervals and the problem

is to construct the dendritic/synaptic makeup of the output neuron M

so that for x € R, M can decide whether or not x € (a,b)U(c,d). In view

of the LNN model constructed in the preceding example, all one needs

to do is add another branch with two synaptic sites on the postsynaptic

neuron M. Let 71 and 7, denote the two branches and let wfl, w‘{z and

wgl, wgz, denote the respective synaptic weights. Observe that in this

case the notation di and wyy, is being used since i and j are redundant.

Mimicking Example 1, let wf =—awithl{=1, wfz =—b with £ =0,

and wgl =—cwithf{=1and wéz =—-dwith£=0.Then7{(x) =(x—a)A

(b—=x), T2(x) = (x—c)A(d—x), and 7(x) = 71(x) V 12(x). A sketch of

this LNN model is shown in Figure 8.3b. The final activation function
is the one defined by equation 8.7.

3. Let E ¢ R? denote the line defined by the equation %xl —Xxp = —% and
suppose that the goal is to construct a construct an LNN that can decide
whether or not a point x € R? is a member of the half-space E+. Note
that x e E* © x; 30 +4>0.x€ X & x; —3x,+4 > 0. Decompos-
ing the variables and constants in this inequality provides the key in
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f(z(x))

Figure 8.4 Sketch of the LNN that decides whether or not a point x € R?
belongs the half-plane E+ = {x € R?: x;—3x2+4 >0}
assembling the desired LNN. Explicitly, we have
A) 0<x1-3x+4=(x1+D)-(x2—-D—(x2—-1)—(x2—1).

Using two dendritic branches 7| and 7,, simply set /(i) = {i} for i =
1,2, h=1for k=1, and h € {1,2,3} for k = 2. Thus, if i = 1, then

wfkh = w{;“ and if i = 2, then wfkh = W§2h’ where h = 1,2,3. Finally, set
wh  =wi,, =landw), =—1with £=0for h=1,2,3. Then 7;(x) =

xp+wlh =x+1and 120 = ) (=D +wh,,) = —( = 1) -
(xp — 1) = (x2 — 1). It now follows that the LNN consisting of two input
neurons N; and N; and one output neuron M with 7(x) = 71(X) + 72(x)
satisfies inequality A) above. Applying the activation function f(7(x))
defined in equation 8.6 completes the construction of the desired LNN
shown in Figure 8.4.

The general formulas expressed in equations 8.1 and 8.2—as well as the
lattice properties of associativity, absorption, and distributivity—enable dif-
ferent morphologies of LNNs for solving a specific problem. For instance,
consider constructing an LNN that recognizes whether or not a point x € R"
is an element of the n-dimensional interval [a,b] C R". Generalizing the ap-
proach discussed in Example 8.1(1), one needs » input neurons Ny, Na,...,N,
so that for x € R" the input to N; is x;. Following the example, let M denote
the output neuron with one dendritic branch having 2n synaptic sites and set
n 2 n
=110 = N\ (A" @+wi) = Ali-a) Abi-x)],  (8.8)
- = i=1

i=1 h=1
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where wfl = wl.l1 = —qa; and wfz = W?z = —b; Vi € N,.. An alternative route is
to adorn M with a dendritic tree consisting of n branches 7y,...,7,, with
each branch having two synaptic sites, and defining 7;(x) = /\i:l(—l)l_f (x;i+
wfh) = (x;—a;) A(b; — x;). Then 7(x) = \/I_, 7i(X).

Analogous to the single-layer feed-forward ANN or single-layer percep-
tron with one output neuron, the single-layer LNN with one output neuron
also consists of a finite number of input neurons that are connected via axonal
fibers to the output neuron. However, in contrast to the single-layer ANN,
the output neuron of the single-layer LNN has a dendritic structure and per-
forms the lattice computations embodied in equations 8.1 and 8.2. In fact,
the biggest differences between traditional single-layer ANNs with one out-
put neuron and a single-layer LNN with one output neuron are given by the
following theorem:

Theorem 8.1 Suppose d is an £, metric on R". If X CR" is compact and
€ >0, then there exists a single-layer LNN with one output neuron that assigns
every point of X to class Cy and every point x € R" to class Cy whenever
dx,X)=inf{d(x,y):ye X} > €.

It follows from Example 2.8 and Section 2.2.2 that any two different £,
metrics d), and d,; generate topologically equivalent Euclidean space R" since
for x € R" and any basic neighborhood N, (x) with r € R*, there exists r € R*
such that N, ,(x) C N, -(x) and vice versa (see Figure2.1). Consequently, we
may use any one £, in order to prove the theorem. For our objectives it will
be convenient to use the £o, metric d(x,y) = \/'_, |x; = yil.

Proof. It follows from the paragraph preceding equation 4.37 that given
a compact set X C R”, then there exists a smallest interval [v,u] such that
X C [v,u]. Thus, if X = [v,u], then the LNN model defined in equation 8.8
and endowed with the activation function given in equation 8.6 proves the
theorem for this special case.

For X # [v,u], let Y = [v,u]\ X and let Y denote the closure of Y in R”.
Since Y C [v,u], Y is both closed and bounded and hence compact. For each
y € Y define the neighborhood N(y) = {x € R" : d(x,y) < %}. The collection
9N ={N(y) :ye€ Y} is an open cover for Y. Since Y is compact, there exists
a finite subcollection N, = {N(y*) : k = 1,...,m} of N which also covers Y.
There are two specific cases that can occur in relationship to 9,,, X, and e.
The first case happens when N(y*)N X # @ Vk € N,,,. In this case, any point
X € N(y") N X still satisfies equation 8.8. If, on the other hand, x € R" and
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d(x,X) > €, then x ¢ [v,u]. To prove this claim, suppose that x € [v,u]. Then
x € Y ¢ ¥, which means that there must exist a member N(y*) € %,, such that
XeN (yk). Since by our assumption N (yk) N X # @, there must exist a point
z € XN N(yX). Therefore d(x, X) < d(x,z) < d(x,y*) +d(y*,z) < 5+5 =€ But
this contradicts the fact that d(x,X) > € and proves that x ¢ [v,u]. It follows
that for each x ¢ [v,u], there exists an index i € N,, such that x; < v; or x; > u;.
Hence either x; —v; = x; +wl.11 <0or—(xj—u;)=—(x; +w?2) <0. Thus, 7(x) <0,
where 7(x) is defined in equation 8.6 and f(7(x)) = 0, where f is the activation
function mentioned above. This proves the theorem if case one occurs.

The second case occurs if the first case does not happen. In this case,
some elements of 9, do not intersect X. Let {V (yk’) :r=1,...,R—1} denote
the maximal sub-collection of 9,, for which N (ykf) NX =@. ForeachieN,
and each » = {1,...,R — 1} define the bounds

€ . €
vir =i =5 = inf(pi(x) : X € N5 iy =77+ 5 = sup{pix) : x € N(y)).
As before, let N; denote the input neurons and let d1,...,dg denote the den-

dritic branches of the output neuron M. Define the LNN model so that each
N; has two axonal branches that synapse on d, for each r € Ng, and define the
weights of the two synaptic sites by setting

0 —upeor=1 1 —-vier=1
Wira = > Wirl =
—Uj_1r=2,...,R V.1 er=2,...,R

where v; and u; correspond to the ith component of v and u, respectively.
Finally, set

| +tler=1
Pr=\ -1ere(2.3.....R).
We now show that the LNN model defined by

R n 2
T(X)Z/\Tr(x) where 71(x)= /\ ( /\(—l)l_f(xi+wflh)) and
r=1 i=1 h=1
n 2
11 = prot N\ (N\ED T itwl,, ) for r=1,.,R-1
i=1 h=1

satisfies the conclusion of the theorem.

Suppose that x € X. Then since N(yk’) NX=0=>Xx¢ N(yk’) for r €
{1,...,R—1}, it follows that for any given r there must exist an index i € N,
such that either x; < v;, or u; < x;. Hence, either

1

LD <0or —(xi—uy)=—(x;+w’, ;) <0.

C. (xi—vi)=(xi+w ir+12
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But this implies that A (A7_ (-D'“(x+w! ) <O0forr=1,....R-1.
Since p,4+1 =—1,wehave 1,41 (x)>0forr=1,...,R—1. Also, since X C [v,u],
it follows that 71(x) > 0 and, hence, 7(x) > 0. Therefore f(7(x))=1Vxe€ X,
where f denotes the hard-limiter defined in Example 8.1(1).

Now suppose that d(x,X) > €. Then two cases may occur, namely X ¢
[v,u] orx € [v,u]. If x ¢ [v,u], then—as before—there must exist an index i €
N,, such that the ith coordinate of x satisfies one of the inequality of equation
C. As aresult, 71(x) < 0 and 7(x) < 0. Therefore f(7(x)) = 0.

If d(x,X) > € and x € [v,u], then since x ¢ X, x € Y. But this means
that x € N(yk) for some k € N,,. If N(yk) N X # @, then there exists a point
z € N(y*) N X so that d(x,X) < d(x,z) <d(x,y") +d(y*,z) < (5)+5) = €, con-
tradicting the fact that d(x, X) > e. Therefore N(y*)N X = @ and, consequently,
k=k, forsome re{l,...,R—1}. Since x € N(¥*), vir < x; < u;, Vi € N,,.. Equiv-
alently, /\:’:1(/\%:1 (=D (x; +wfr+] h)) >0, but p,,1 =—1, hence, 7,,1(x) <0.
It follows that 7(x) < 0 and f(7(x)) = 0. Therefore f(r(x)) = 0 whenever
dx,X)>e. 0O

According to Theorem 8.1 all points of X will be classified as belonging
to class C; and all points outside the banded region of thickness € will be
classified as belonging to class Cq (see also Figure 8.5). Points within the
banded region may be misclassified. Accordingly, any compact set, whether
it is convex or non-convex, connected or not connected, contains a finite or
infinite number of points, can be approximated to any desired degree of ac-
curacy € > 0 by a single-layer LNN with one output neuron.

Example 8.2 Consider the interval [a,b] C R2, where a = (%) and b = (1?5)’

and the quarter disk C with center ¢ = (é) defined by C ={x € R? : d(c,x) <
2,1 <x1 £3,3<xp <5}. The set X = CU[a,b] is a disconnected compact
set in R?, with X c [v,u] = [(}),(g)]. In this case, XUY C [v,u]l = XUY as
indicated in Figure 8.5. Since the parameters v and u are known, then for any
€ > 0 one can cover the interval [v,u] in a systematic way with a finite number
of £ neighborhoods of diameter § such that no two open squares intersect,
but the union of the closed squares cover the interval. For instance, if € = }‘,
then for s =1,2,...,20and r = 1,2,...,16 set x(s,7) = (v{ + 2s8—1’v2+ %)’,
Z ={x(s,t) : s € Nyg and 1 € Nyg}, r = %, and let N,(x(s,?)) denote the {w
neighborhood of radius r. Then

voul= | M)

x(s,1)eZ

By definition of . neighborhoods we have N,(x(s,t)) = [a(s,?),b(s,1)],
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Figure 8.5 The set X = C U[a,b]. All points in the shaded region will be clas-
sified as belonging to X.

where a(s,1) = (v1 + 258_1 —rvy+ 2%1 -ry =1+ @, 1+ @)’ and, sim-

ilarly, b(s,?) = (1 + %,1 + %t)’ when adding r to the components of x(s,?).
Setting U = {(s,1)) : N.(x(s,t))N X # @} and

X= | Mtxts)= | [a(s,0),b(s,0)]

(s,nHelU (s,nNeU

results in X ¢ X c [v,u] with X\ X c Y. Figure 8.5 illustrates these relation-
ships. Also, since X is the finite union of intervals and recalling the LNNs in
Example 8.1 and equation 8.6, it becomes an easy task to construct a two-
layer LNN with two input neurons and one output neuron that can decide
whether or not x € X ¥x € R%. Any point x € X \ X will be misclassified.

The set X in this example consists of two distinct compact components.
In a myriad of applications, it is important to distinguish between various
components by assigning them to different classes. More precisely, given a
collection X1,..., Xy of mutually disjoint compact subsets of R", then the goal
is to construct an LNN with » input neurons and k output neurons My, ..., My
that assigns each point x € R” to class C; whenever x € X;. In order to prove
that this goal is achievable with a single-layer LNN we need to employ the
following distance function for compact subsets of R”":

Definition 8.1 If d is a metric on R”, then the Hausdorff distance (based on
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d) between any two bounded subsets X and Y of R” is denoted by dy(X,Y)
and defined by

dg(X,Y) =sup{d(x,Y):x e X} Vsup{d(y,X):yeY},

where d(x,Y) = inf{d(x,y) : y € Y} and d(y, X) are the distances from a point
to a set as defined in Theorem 8.1.

It follows that d(X,Y) > 0 and dy(X,Y) =0 if and only if XNY # @. The
Hausdorff distance is key in the generalization of Theorem 8.1.

Theorem 8.2 Suppose X1,Xa,..., Xy are compact subsets of R*. If XiNnX; =
@ for all distinct pairs of integers i, j € Ny, then there exists a positive number
0 € R such that for any number € > 0 with € < 0, there exists a single-layer
LNN with k output neurons that for i € Ny, assigns every point of X; to class
C; and no point x e R" to C; if d(x,X;) > €.

Proof. Since the proof of this theorem mimics the proof of Theorem 8.1, we
only outline the proof and let the reader fill in the obvious details. In order to
prove the generalization of Theorem 8.1,let A ={(i, j): i, je N2 1 <i< j<k},
P =V jeadu(X;,X;), and 6 = g Since X;NX; =@ Y (i,j) €A, 6 > 0. The
remainder of the proof follows in the steps of the proof of Theorem 8.1.
To explicate, for each integer j € {1,2,...,k} let [v/,u/] denote the smallest
interval containing X, and let ¥; = [v/,u/] \ X; and follow the steps in the
proof of Theorem 8.1 in order to obtain the parameters

R .

n 2
Px) = \ti(x) where T{(X)=/\( AEDT itwly,))  and

i=1 h=1

<

~
Il
—_

n 2
Tﬁﬂ(x)=pj,+1/\(/\(—1)1—"(xi+wfjr+lh)) for r=1,...,Rj—1
i=1 h=1

that define the parameters of the output neuron M ;. Here the activation func-
tion f; for M; is the hard-limiter fj(Tj (x)) = 0 whenever d(x,X;) > € and
fj(Tj (x)) = jif x € X;. A point x € R" will be said to belong to class Cp when-
ever fi(t'(x)) = H(T* (X)) = -+ = fil?"(x)) = 0 .

The XOR, or exlusive or, problem is a classic problem in the develop-
ment of ANNs. The domain of the problem is the set of binary numbers
Zg ={(0,0),(0,1),(1,0),(1,1)} and the task is to construct an ANN that for
X € Z% can decide whether x € X; or x € X,, where X; = {(1,0),(0,1)} and
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Xo =1{(0,0),(1, }. This simple problem served as an example that a single-
layer perceptron can only separate different classes that are linearly separable
[192]. This means that no supervised or machine learning algorithm can teach
a single-layer perceptron to solve the XOR problem. In view of Theorem 8.2,
this is not a problem for single-layer LNNs. More to the point, since Zg cR?
one can simply follow the steps outlined in the proof of Theorem 8.2 in order
to obtain a single-layer LNN with the sought after decision for each input
X € Z%. Nevertheless, there are even more elementary methods for obtaining
such LNNS.

Example 8.3 Given x = (x1,x3) € Z% one needs two input neurons N; and
N, whose input is x; € N1 and x; € N,, and one output neuron M such that

[ 1exe(0,1),(1,0)
fa) = { 0. x€{(0,0),(1,1))

It is obvious that the simple lattice algebra expression (x; — x3) V (x2 — x1)
solves the XOR problem since for x € X,(x; —x2) V(xp —x1) =1 and for x €
X0, (x1 —x2) V (x2 — x1) = 0. Knowing this fact, it easy to construct the desired
LNN. According to the lattice expression, we want 7(X) = (x] —x2) V (x2 —x1)
and the above activation function f representing the identity function. Next
decompose the expression for 7(x) into two more basic elements 7(x) = (x; —
x2) and 13(X) = (x — x1), so that 7(x) = 71(X) V 72(x), which also implies that
M must have two dendritic branches d; and d>. The final task is to assign
weights and synaptic sites to the dendrites. It follows from the definition of
the functions 74 for k = 1,2 that the weights need to be of equal strengths.
That is, if x; —x2 = (=DTO0x; + w{ ) + (=DTO(xz + wh)) and x, — x| =
(DI O +wi,) + (DT (xz +wi,), then w!, = wi, with only £ depending
on i and k. More precisely, choosing any number r € R and setting wfk =r,
then x; —xp = (x1+7r)—(xp+7r) =(x; +wil)—(x2 +wgl) and xp —x1 = —(x1 +
W(I)Z) +(x + wéz). Note that £ =1 if i = k and £ = 0 if i # k. It now follows that

2 2
TX) = pi » (=D +wh) and 10 =p\/ 7i(x),
i=1 k=1

where py = 1 = p. This LNN corresponds to the model defined by equa-
tion 8.4. An alternative approach for generating a single-layer LNN model
that solves the XOR problem is given in Example 4 of [221].

It follows from the definition of boxes (or intervals) determined by two
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points v,u € R” with v < u that a point v € R" can also be thought of as a 0-
dimensional box [v,v] = {x e R" : v; < x; <v; for i = 1,...,n}. Consequently,
given a point x € R”, then

x=ve N (=) AWi-x)) =0, (8.9)
i=1

Equation 8.9 helps in identifying specific points in R"” when using LNNS.

Example 8.4 Suppose the task is to construct an LNN that classifies an ar-
bitrary point x € R? as belonging to class C if x € Xp, to class C; if x € X;
and to class Cy if x € R?\ (Xo U X)), where X, and X are the sets defined in
Example 8.3. Since the dimension n = 2 and the task is a three-class differen-
tial problem, the desired LNN requires two input neurons N and N, and two
output neurons M and M,. As before, the activation functions for the two
output neurons will be a hard-limiter, namely

ley>0

fj(y):{ 0ey<0,

where j=1,2 and y € R. Thus, goal is to construct M, for j = 1,2, so that x
belongs to class C; & fj(Tj(X)) =1.
Taking advantage of equation 8.9 we have for x € R?

0 > (qA=x)A(2A—Xx2)
= [ +wi) A= W DIA TG +wyy ) A=(x2 + W), )]
2 2
= ACAED" G+ why ) =11,
i=1 h=1
where wfl =T for £ =0,1 and r € R. The number r can be chosen by the user.

The weight » = 0 is the weight of choice as it represents direct signal transfer
at the synapse and reduces computational cost. It follows from equation 8.9
that 7{(x) = 0 © x = 0. Similarly,

0

[\

[ =DAA=xDIA T2 = DA = x2)]
2

2

A\ CA\ED ™ i wli) = 750, (8.10)
i=1 h=1

where w!, = —1 for £=0,1 and i = 1,2. Here 7)(x) = 0 & x = (1,1). Thus,
if rl(x) = Ti(X) \Y Té(X), then 7' (x) = 0 © x € X. Finally, defining establishes
the morphology and function of the output neuron M.



332 m |Introduction to Lattice Algebra

The construction of the output neuron M, is analogous. Here

2 2
02 [(x1 = DA =xDIA [ A=x)] = N\ (/D' G+ wly ) = 10,
i=1 h=1

where w‘;m =—-1for¢=0,1 and wgm =0 for £ =0, 1. Furthermore, T%(X) =

0 & x = (1,0). In the same way set

2 2
0> [0 A=xDI AT = DA =x2)] = A\ (D' 0+ why) = 1300,
i=1 h=1
where W{Z% =0 and wgﬂ = —1 for £ =0,1. Here T%(X) =0 x=(0,1).
Defining 77(x) = T%(X) v T%(X), then 72(x) = 0 © x € X;. It now follows that

fi@(x)) =1 xeC; for j=1,2 and x € Cyp whenever fi(r!(x)) =0 =
ST (X))

Theorems 8.1 and 8.2 have proven to be useful in the development of
algorithms for constructing various LNNs for applications in pattern recog-
nition and related tasks. Two approaches, referred to as the elimination
and merge procedures, were early techniques for training single-layer LNNs
[222, 224, 227]. However, a major problem encountered by these LNNSs train-
ing algorithms is that many shapes cannot be modeled exactly and may re-
quire an unreasonable large number of synaptic sites for a close approxima-
tion. For instance, the triangle T = {x € RZ:xj—x;>0and0<x;<2,i=1,2)
shown in Figure 8.6 is bounded by only three lines, but its points cannot
be classified exactly by either the elimination or merging techniques derived
from the proof of Theorem 8.1. Using the elimination algorithm described
in Chapter 9, then for € = %, the algorithm eliminates all points in the white
region of the interval [v,u], where v = (0,0) and u = (2,2). Similarly, the
right-hand figure in the illustration shows the gray area obtained by merging
four maximal rectangles containing only points of 7', but not all points of 7.
The reason that these early elimination and merging methods are unable to
exactly model the simple figure of a triangle is that both employ only inter-
vals and their support hyperplanes in order to construct LNNs. In order to
expand the capabilities of LNNs, it is imperative to include lines, planes, and
hyperplanes whose orientations are not parallel to E(e/) Vi € N,,.

Example 8.5

1. Let T be the triangle defined in the preceding paragraph. The vertices
of the triangle determine three lines whose equations are given by x| =
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— 3y
T > T [

0 1 2 Xi 0 1 2 X

Figure 8.6 The shaded region in the left figure is generated when using elim-
ination and the right-hand figure when using merging [236].

2, x=0,and x; = xp. Thus, xe T © x; <2 and 0 < x and x» < x;.
Equivalently, 0 <2 —x; and 0 < x; and 0 < x; — x. Therefore 0 < (2 —
X)) Axa A(x; —x2) & x €T. It is now easy to construct an LNN that
can classify the set T exactly. The first term of the inequality can be
expressed as x| + w‘l)l, where £ = 0 and w(l)1 = =2, while the second
term corresponds to x; + wgl with £ =1 and wél = 0. This means that
there are two synaptic sites on a dendritic branch d;. To combine the
information generated by the two synapses, simply set 7{(x) = —(x] +
w(l)] YA (X2 + wél).

In similar fashion, define W%z =0= W(z)z and 7(x) = Z?:I(xi + wfz) =
(x1 +w},) = (2 +w),) = (x1 —x2) = 0 & x| > x5. Finally, set 7(x) =
71(x) AT2(x) and let f denote the hard-limiter activation function for
the output neuron M defined in Example 8.4. Then f(r(x)) =1 &
T(X) >0 xeT.

2. The classical 3-dimensional XOR problem assumes that the patterns
under consideration are Boolean; i.e., the patterns are elements of Zg.
For a point x = (x1,x2,x3) € Zg, define its index & by setting & = 4x; +
2xy+x3+ 1 sothatx! =(0,0,0), x> =(0,0,1),...,x3=(1,1,1). The class
pattern of x¢ = (xf,xg,xg) for £ € {1,...,8} is defined by the addition
@ of its coordinates by setting ¢ = xf @xg eBxg, where & denotes the
binary addition of the group (Z3,®). Specifically, the class C; is given

by C; ={x¢€ Zg i =11 ={x ,X2,x°,x%), while Cp = {x € Z; tCg =

0} = {x!,x* x%x’}. Figure 8.7(a) shows that the four elements of C
(black dots) corresponding to the vertices of four triangles with any

two triangles sharing an edge. Each triangle is a subset of a unique
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Figure 8.7 (a) The black vertices of the unit cube correspond to the elements
of C;. (b) A sketch of the LNN capable of solving the 3-dimensional XOR
problem.

plane, where the planes are given by the equations

Ex)={x:x1+x+x3—1=0},
{(X:=x1—x+x3+1=0},
Esx)={x:=-x1+x0—-x3+1=0},
Es(x)={x:x1—xp—x3+1=0}
The expressions x| +xp +x3—1, —x; —x2+x3+1, —x; +xp —x3+1, and
X1 —x3—x3+ 1 defining the planes provide a simple solution for solving

the 3-dimensional XOR problem using a single-layer LNN with one
output neuron M. Specifically, the four expressions can be rewritten as

1 1 1y, 1 1 1
T1(X) = (X1 +w )+ (2 +wy ) +(x3+w30); wi; =0=w,,wy =1
0 0 15, .0 0 1
T2(X) = —=(x1 +Wi,) — (X2 + Wyy) + (X3 + W3y); Wi, =0=wys, w3, =1
0 1 0. .0 1 0
T3(X) = —(x1 + wig) + (2 + wyz) — (X3 +w33); Wiz =0 = w3, w33 =—1

1 0 0y. .1 0 0
T4(X) = (X1 +wiy) — (2 +wyy) — (X3 +wiy); wiy =0 =wy,,wy, = —1.
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Thus, Tx(x) = 37, (-D'=“(x; + w’) for k = 1,2,3,4 with each branch
having three synaptic sites. Finally, defining 7(x) = /\i:1 Tr(x) results
in7(x)=-1exeCpand 7(x) =0 & x € Cy. A graphical representation
of this network is shown in Figure 8.7(b).

Note that the equation associated with 7{(x) in Example 8.5(2) could just
as well have been expressed as 71(x) = (x] — %) + (xp — %) + (x3 — %) so that
T1(X) = Zle(xi + wl.ll), where wl.l1 = —%. Similar distributions of fractions of
the number 1 for the replacement of zero weights at synapses on 74(x) for k =
2,3,4 can be easily established. This avoids the zero weights, but increases
the number of additions.

Another meaningful observation is the absence of spike trains in the ex-
amples of this section. More to the point, all input neurons N; transfer the in-
puts x; directly to the dendrites of the presynaptic neurons. For instance, the
two inputs in x; and x; in Example 8.1(3) transfer to the two respective den-
dritic branches 7| and 7, of the output neuron M, with x; being transferred to
three separate synaptic sites in order to express the polynomial x; —3x, + 4.
A simpler method would be to have N, send a spike train directly to one
synapse using the expression (11)x;, where the spike train represents the bi-
nary number 11,(= 31¢) generated by the AIS of N, in response to the input
x. Consequently, only one synapse on 1, with weight W(z)z = —4 suffices.

Exercises 8.2.1

1. Let I = [(0,-2),(2,3]], I, = [(-2,0),(0,2)], I5 = [(-3,-2),(2,0)] and
I, =[(-1,-1),(1,1)] denote three intervals and let X = (I; UL, U I3)\ 4.
Construct a biomimetic neural network with a single output neuron
with output f(7(x)) =0ifx e RZ\ X and f(r(x)) =1V¥xeX.

2. Suppose that X = {x € RZ: x%+x§ <landO0<x;fori=1,2}and € =
0.3. Construct a single-layer LNN with one output neuron that assigns
every point of X to class C; and every point x € R? to class Co whenever
dx,X) =inf{d(x,y):ye X} > €.



CHAPTER 9

Learning in Biomimetic
Neural Networks

EARNING rules for ANNs are dependent on specific data environments

(inputs) and on the problem to be solved (the desired outputs); e.g. clus-
ter detection, face recognition, etc. The rules for learning are expressed in
terms of algorithms based on mathematical logic. The goal of these algo-
rithms is to improve the performance and/or the training time of the network.
The ANN is constructed before training begins. The number of input neurons
(input nodes) are known, as they are data-dependent. The number of output
neurons are known as well since they are derived from the problem to be
solved. However, the number of hidden layers as well as the number of neu-
rons in the different hidden layers needs to be approximated. Deep learning
requires k > 2 hidden layers where k is either approximated using optimiza-
tion methods or established by trial and error. The same holds for the number
of nodes (neurons) in each of the hidden layers. This chapter provides sev-
eral different types of LBNNs and learning methods for these networks. Since
LBNNSs are significantly different from the ANNs currently in vogue, it is not
surprising that learning algorithms for LBNNs are drastically different from
ANN learning methods.

9.1 LEARNING IN SINGLE-LAYER LBNNS

Initial learning rules were designed for single-layer LBNNs with one or more
output neurons in order to solve one-class and multi-class problems. These
rules were based on the proofs of Theorems 8.1 and 8.2. During the learning
phase the output neurons grow new dendrites and synaptic sites, while the
input neurons expand their axonal branches to terminate on the new dendritic
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synaptic sites. The algorithms always converge and have rapid convergence
rate when compared to backpropagation learning in traditional perceptrons.
Training can be realized in one of two main strategies, which differ in the
way the separation surfaces in pattern space are determined. One strategy is
based on elimination, whereas the other is based on merging. In the former
approach, a hyperbox is initially constructed large enough to enclose all pat-
terns belonging to the same class, possibly including foreign patterns from
other classes. This large region is then carved to eliminate the foreign pat-
terns. Training completes when all foreign patterns in the training set have
been eliminated. The elimination is performed by computing the intersec-
tion of the regions recognized by the dendrites, as expressed by the equation
x)=p j /\fi { T,];(x) for some neuron M.

The latter approach starts by creating small hyperboxes around individ-
ual patterns or small groups of patterns all belonging to the same class. Iso-
lated boxes that are identified as being close according to a distance measure
are then merged into larger regions that avoid including patterns from other
classes. Training is completed after merging the hyperboxes for all patterns
of the same class. The merging is performed by computing the union of the
regions recognized by the dendrites. Thus, the total net value received by out-
put neuron M is computed as in equation 8.4, namely T/(x)=p j \/f:’ 1 TZ(X).

The two strategies are equivalent in the sense that they are based on
the same mathematical framework and they both result in closed separa-
tion surfaces around patterns. The equivalence follows from the equation
\/llleak = - A,le(—ak) as proven in [227]. The major difference between
the two approaches is in the shape of the separation surface that encloses
the patterns of a class, and in the number of dendrites that are grown during
training to recognize the region delimited by that separation surface. Since
the elimination strategy involves removal of pieces from an originally large
hyperbox, the resulting region is bigger than the one obtained with the merg-
ing strategy. The former approach is thus more general, while the latter is
more specialized. This observation can guide the choice of the method for
solving a particular problem.

Figure 9.1 illustrates two possible partitions of the pattern space R? in
terms of intersection (a) and, respectively, union (b), in order to recognize
the solid circles (o) as one class Cy. In part (a), the C; region is determined
as the intersection of three regions, each identified by a corresponding den-
drite. The rectangular region marked D is intersected with the complement
of the regions marked D, and D3 so that C; = Dp \ (D, U D3). This means
that we need three dendrites, one for each region plus one output neuron M
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Figure 9.1 Two partitions of the pattern space R? in terms of intersection (a)
and union (b), respectively. The solid circles (o) belong to class C1, which is
recognized as the shaded area. Solid and dashed lines enclose regions learned
by excitatory and, respectively, inhibitory dendrites [225].

for differentiating class Cy from —Cj. In order to recognize all the solid cir-
cles as belonging to class C|, we need one dendrite with excitatory output
to recognizes the interior of an enclosed region and the other two dendrites
with inhibitory output to recognizes the exterior of a delimited region. Since
there is only one output neuron, we can simplify the expressions 7/(x) and
Ti(X) to 7(x) and T(x), respectively. In this example, the dendrite 7 will
provide the excitatory output, while the dendrites 7, and 73 provide the in-
hibitory outputs. More precisely, using equation 8.5 to compute 7;(X) results
in Te(x) = AL (=D (x; + '), where for k = 1, € = 1, while for k = 2,3,
¢ = 0. Finally, using the equation 7(x) = p /\2:1 T¢(x) with p = 1 and the hard-
limiter f one obtains the output value y; = f[7(x)] = f[ /\2:1 Tr(x)] of M.

In part (b) the C; region is determined as the union of four regions
Dy,,...,D4, each identified by a corresponding dendritic branch 71, ..., 74.
This time, all the dendritic branches have excitatory synapses. Thus, £ = 1 for
each synapse and py = 1 for k=1, ..., 4. Again, employing eqn. 8.5 one ob-
tains the output value y = f[t(x)] = f [\/;{1:1 Tr(X)]. As noted above, the output
value can be equivalently computed with minimum instead of maximum as
y = flt(x)] = flp* /\2:1 P, Tk(x)] by conjugating the responses p* = —p and
Py = ~Dk-
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9.1.1 Training Based on Elimination

A training algorithm that employs elimination is given below. In the training
or learning set T = {(x%,c¢) : € = 1,...,m}, the vector x* = (xé;,...,xﬁ) eR”
denotes an exemplar pattern and c¢ € {0, 1} stands for the corresponding class
number in a one-class problem, i.e., ¢g = 1 if x¢ € Cy, and ce=0if xteCpy=
—C;. Numbered steps are prefixed by S and comments are provided within
brackets.

Algorithm 9.1 (Single-Layer LBNN training by elimination)

St.Letk=1Z={1,....m}, [={1,...,n}, L={0,1}; forie I do
1 £..0 _ :
Wik =~ Xis Wik =~ X;
ce=1 ce=1

[Initialize parameters and auxiliary index sets; set weights for first dendrite
(hyperbox enclosing class C1); k is the dendrite counter:]

S2. Let py = (-1)8"*=D- foriel, e Ldo rfk =(=D"9; for £e€Edo

Tk(Xg) = Pk /\ /\ rfk(xf + Wfk)

i€l teL

[Compute response of current dendrite; sgn(x) is the signum function.]

S3. For £ e Edo 1(x%) = /\’;.=1 7(x¢)
[Compute total response of output neuron M.)

S4. If f(r(x)) = ce V6 €Ethen let K =k, fork=1,...,K and

Joriel, (e Ldo print network parameters: k, wfk, rfk, Dk STOP
[If with k generated dendrites learning is successful, output final weights and
input-output synaptic responses of the completed network; K denotes the final
number of dendrites grown in neuron M upon convergence (the algorithm
ends here). If not, training continues by growing additional dendrites (next

step).]

S5. Letk=k+1,I=I'=X=E=H=@,and D=C,

[Add a new dendrite to M and initialize several auxiliary index sets, initially,
set D gets all class 1 patterns.)]

S6. Let choice(x”) € Cy such that f(r(x*)) =1
[Select a misclassified pattern from class Co, vy is the index of the misclassi-
fied pattern and function choice(x) is a random or sort selection mechanism.]
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S7. Let

n
u= /\{\/le?/—xfl :xt € D}
E#y =1
[Compute the minimum Chebyshev distance from the selected misclassified
pattern X’ to all patterns in set D; since D is updated in step S12, u changes

during the generation of new terminals on the same dendrite.]
S8. LetI ={i: Ix;.y—xfl =u,xteD,E+y) and
X ={Gx): 1] = xfl=p,x € D, £+ y)
[Keep indices and coordinates of patterns in set D that are on the border of

the hyperbox centered at X" ]
S9. For (i,xf) €X, ifx‘;E < xiy then W,-lk = —x‘f , E={1} and
ifxf.f > x:.y then w?k = —x‘f , H={0}
[Assign weights and input values for new axonal fibers in the current dendrite
that provide correct classification for the misclassified pattern.)

S10. Let I=1VUI' ; L=FUH
[Update index sets I and L with only those input neurons and fibers needed
to classify X” correctly.]

St11.LetD' ={xeD:Viel, —wgk < x‘f and xf.': < —w?k}
[Keep Cy exemplars X (¢ # ) that do not belong to the recently created
region in step S9; auxiliary set D’ is used for updating set D that is reduced

during the creation of new possible axonal fibers on the current dendrite.)

S12. If D’ = @ then return to S2 else let D = D’ and loop to step S7
[Check if there is no need to wire more axonal fibers to the current dendrite.
Going back to S2 means that the current dendrite is done, no more terminal
fibers need to be wired in it but the neuron response is computed again to
see if learning has been achieved; returning to S7 means that the current
dendrite needs more fibers.]

To illustrate the results of an implementation of the training algorithm
based on elimination, we employed a data set from [310], where it was used
to test a simulation of a radial basis function network (RBFN). The data set
consists of two nonlinearly separable classes of 10 patterns each, where the
class of interest, C1, comprises the patterns depicted with solid circles (o). All
patterns were used for both training and testing. Figure 9.2 compares the class
C regions learned by a single-layer LBNN with dendritic structures using
the elimination-based algorithm (a) and, respectively, by a backpropagation
multi-layer perceptron (b).
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Figure 9.2 The closed class C; region (shaded) learned by a single-layer
LBNN with dendritic structures using the elimination algorithm (a), in com-
parison to the open region learned by an MLP (b), both applied to the data set
from [310]. During training, the LBNN grows only 3 dendrites, one excita-
tory and two inhibitory (dashed). Compare (a) to the output in Figure 9.3 of
the merging version of the single-layer LBNN training algorithm [225].

The first step of the algorithm creates the first dendrite, which sends an
excitatory message to the cell body of the output neuron if and only if a point
of R? is in the rectangle (solid lines) shown in Figure 9.2(a). This rectangle
encloses the entire training set of points belonging to class C;. Subsequent
steps of the algorithm create two more dendrites having inhibitory responses.
These dendrites will inhibit responses to points in the carved out region of
the rectangle as indicated by the dashed lines in Figure 9.2(a). The only “vis-
ible” region for the output neuron will now be the dark shaded area of Fig-
ure 9.2(a).

The three dendrites grown in a single epoch during training of the single-
layer LBNN are sufficient to partition the pattern space. In contrast, the multi-
layer perceptron created the open surface in Figure 9.2(b) using 13 hidden
units and 2000 epochs. The RBFN (Radial Basis Function NN) also required
13 basis functions in its hidden layer [310]. The separation surfaces drawn by
the single-layer LBNN are closed, which is not the case for the multi-layer
perceptron, and classification is 100% correct, as guaranteed by the Theorems
8.1 and 8.2. Additional comments and examples related to Algorithm 9.1 are
discussed in [221].

Exercises 9.1.1

1. Use training based on elimination in order to solve the following prob-
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lem. Suppose A = {xeR": x%+x% =1}and B={xeR": x%+x% =1}= %.
The goal is to separate A from B, where every element x € A belongs to
class c¢g = 1 and every element x € B belongs to class ¢ = 0. Making use
of Algorithm 9.1, randomly choose m members from X = AU B in order
to obtain the training set 7' = {(x¢ ,¢¢) :é=1,...,m}. What is the small-
est integer m that will separate A from B when using the elimination
approach? Sketch the final single-layer neural network that separates A
from B.

9.1.2 Training Based on Merging

A training algorithm based on merging for a BLNN is given below. The algo-
rithm constructs and trains an BLNN with dendritic structures to recognize
the patterns belonging to the class of interest C;. The remaining patterns in
the training set are labeled as belonging to class Co = =Cj. As in the preced-
ing section, the input to the algorithm consists of a set of training patterns
T ={(xf ,c¢) 1 E=1,..., m} with associated desired outputs y¢ with y¢ = 1 if
and only if x¢ € Cy, and y* = 0 if x¢ is not in class C. In the form provided
below, the algorithm will construct small hyperboxes about training patterns
belonging to C and then merge these hyperboxes that are close to each other
in the pattern space. For this reason, the number of dendrites of the output
neuron M created by the algorithm will exceed the cardinality of the number
of training patterns belonging to class C;. Besides having one dendrite per
pattern in class C1, M may also have dendrites for some unique pattern pairs
of patterns in Cj.

Algorithm 9.2 (Single-layer LBNN training by merging)

S1. Let k = 0 and set all n-dimensional pattern pairs {x¢, x"} from Cy
as unmarked; let

n
dpin = /\d(xf,xy) = A{\/ ¢ —x:xE € C1,xY € Co);

E+Fy &y =1

let € = 0.5dy,; fori=1,...,n choose a/il,al.o €(0,¢)

[k is a dendrite counter, the a’s are 2n accuracy factors where d,,;y is the min-
imal Chebyshev interset distance between classes C and Cy, € is a tolerance
parameter for merging two hyperboxes. |

S2. For x¢ € Cy do step S3
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S3.Letk=k+1; fori=1,...,ndo w} = —(x —a}), w9 = ~(x{ +a?)
[Create a dendrite on the neural body of the output neuron M and for each
input neuron N; grow two axonal fibers on the kth dendrite by defining their
weights. ]

S4. For x¢ € C do steps S5 to S10 [Outer loop. ]

S5. Mark each unmarked pattern pair {x¢,X”}, where X is fixed by step S4
and do steps S6to S10

[The pattern pair can be chosen in the order X* appears in the training set or

at random. ]

S6. If d(x¢,X") < din + &, do steps S7 to S10 else loop to step S5

S7. Identify a region R in pattern space that connects patterns x* and X",
fori=1,...,ndefine a set of merging parameters &;
such that 0 < g; < dyin+&
[This ensures a user defined merging size for each dimension. If Ixf —-x/| > &,
region R will be bounded by the hyperplanes xf and x; or by the hyperplanes
O.S(Xf +x! —¢&;) and O.S(xf +x! +&;) otherwise.]

S8. If x” € Cy and x” ¢ R then do step S9 else do step S10
[R is the merged region determined in step S7.]

S9 Letk=k+1;fori=1,...,ndo
if 15 - x| 2 &
1 _ 0 _ £y
ik = ik = —maxix;, x;
else wl.lk = —O.S(Xf + x:.y - &), w?k = —O.S(xf + xiy +&)
[Create a new dendrite and axonal branches that recognize the new region.]

&y

then w, = —min{x;,x’}, w

S10. If there are unmarked pattern pairs remaining, loop to step S5; if all
class Cy pattern pairs {x¢,X"} with the fixed x* have been marked, then loop
to step S4; when outer loop exits, let K = k and stop

According to this algorithm, the output neuron M will be endowed with
K dendrites. If |C;| denotes the number of training patterns belonging to class
C1, then K —|Cq| corresponds to the number of dendrites that recognize re-
gions that connect a pattern pair, while |C1| of the dendrites recognize regions
around individual class one patterns. We need to point out that this training al-
gorithm as well as the previously mentioned algorithm starts with the creation
of hyperboxes enclosing training points. In this sense, there is some similarity
between this algorithms and those established in the fuzzy min-max neural
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Figure 9.3 The class C| region (shaded) learned by a single-layer LBNN with
dendritic structures using the merging-based algorithm, applied to the data
set from [310]. During training, the LBNN grows 20 dendrites, 19 excitatory
and 1 inhibitory (dashed). Compare to the results in Figure 9.2(a) obtained
with the elimination version of the algorithm [225].

networks approach, which also uses hyperboxes [259, 260]. However, this is
also where the similarity ends as all subsequent steps are completely different
since the approach presented here does not rely on fuzzy set theory.

Figure 9.3 illustrates the results of an implementation of the single-layer
LBNN training algorithm based on merging, applied to the same data set as
in Figure. 9.2. Again, all patterns were used for both training and test. During
training 19 excitatory dendrites are grown, 10 for regions around each pattern
from class C; and 9 more to merge the individual regions. The separation
surface is closed and recognition is 100% correct, as expected.

There is one more region in Figure 9.3, drawn in dashed line, corre-
sponding to an inhibitory dendrite, and its presence is explained as follows.
The merging algorithm outlined above creates regions that are sized to avoid
touching patterns belonging to class Cy or approaching them closer than a
certain distance. In a more general version, larger hyper-boxes are allowed to
be constructed. In this case, an additional step would identify foreign patterns
that are approached or touched, and create inhibitory dendrites to eliminate
those patterns. This more general approach is being used in the experiment of
Figure 9.3 and explains the presence of the inhibitory dendrite whose region
is depicted with dashed line.
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Exercises 9.1.2

1. Use training based on merging in order to solve the same problem
posed in Exercises 9.1.1.

9.1.3 Training for Multi-Class Recognition

For better clarity of description, the training algorithms described thus far
were limited to a single non-zero class, which corresponds to a single output
neuron. This subsection presents a straightforward generalization to multiple
classes by invoking either one of the two procedures (elimination or merging)
as a subroutine.

The generalized algorithm consists of a main loop that is iterated m times,
where m represents the number of non-zero classes as well as the number of
output neurons. Within the loop, the single-class procedure is invoked. Thus,
one output neuron at a time is created and trained to classify the patterns
belonging to its corresponding class. The algorithm proceeds as follows.

Algorithm 9.3 (Multi-class Single-layer LBNN training)

S1. For j=1,...,mdo steps S2 through S4
[j is a non-zero class index.)

S2. Generate the output neuron M ;
[Create a new output neuron for each non-zero class.]

S3. For each pattern X¢ of the training set do
If X% is labeled as belonging to class C |
then temporarily reassign x¢ as belonging to C;
else temporarily reassign x¢ to class C
[The assignment is for this iteration only; original pattern labels are needed
in subsequent iterations.)

S4. Call a single-class procedure to train output neuron M on the
training set modified to contain patterns of only one non-zero class
[Algorithm 9.1 (elimination) or 9.2 (merging) can be used here.)

Single and multi-class training sets used in applications are finite and
mutually disjoint subsets of Euclidean space. Consequently, we have that if
p denotes the minimal Hausdorff distance (based on the d., metric) between
the training sets, then p > 0. In accordance with Theorem 8.2, the tolerance
factor € guarantees the existence of a single-layer LBNN with multiple output
neurons that will correctly identify each training class. However, a training
set T'; is generally only a subset of C;. Specifically, a training set 7; C C;
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may consist of only 60% of randomly chosen elements of C;. It is therefore
probable that the LBNN defined in terms of a training set will misclassify
data points that are elements of C;\ T;.

A way of modifying the algorithm based on training sets is to draw re-
gions of controlled size - based on minimum interset distance - in such a way
that two regions that belong to different classes cannot touch. A similar idea
was mentioned in the training algorithm based on merging. An alternative
method is to take into account current information during training about the
shape of the regions learned so far, and using this information when growing
new dendrites and assigning synaptic weights. The algorithm discussed next
provides more refined boundary shapes of regions and can be appended to
the algorithms discussed thus far.

Exercises 9.1.3

1. Suppose that,

(NS TRATRIEA
= CEICHICCIE

where A, B and C belong to class Cy, Cy, and Cs3, respectively. Let
X =AUBUC and use Algorithm 9.3 in order to obtain a single-layer
neural network that separate these three classes. Draw a sketch of the
network.

9.1.4 Training Based on Dual Lattice Metrics

Algorithms 9.1 and 9.2 were respectively based on the removal of intervals
containing points not belonging to a desired class or joining intervals contain-
ing only members of the desired class. These intervals where computed using
the Chebyshev distance d(x,y) and represent a generalization of the closed
N neighborhood discussed in Section 2.2.3. As noted in Section 8.2.1, it is
imperative to include lines, planes, and hyperplanes whose orientations are
not parallel to E(e/)Vi € N,. An interval is a special type of polytope, as
any given interval [a,b] C R"” can also be viewed as the intersection of the
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half-spaces ﬂ;’zl[E_;(ei) mE_,;(e")]. Using the dot product, we also have that
x € Ef(e)NE, (¢) & Ex(e') C Ef(e)NE, (¢') since e -a=q; <x; =€ X
and €' -x = x; < b; =€ -b Vi e N,. Another type of polytope, known as the
cross polytope or hyperoctahedron in dimension n > 3, represents the gen-
eralization of the closed Ny neighborhood. In R?, they correspond to the in-
tersections of the half-planes generated by two types of lines. Explicitly, let
E|(x) = x1 + xp and E»(x) = x| — xp and suppose that fori =1, 2, a;, b; e R. If
a; < b;, then the cross polytope in R? is defined by

P> ={xeR?:q; <E{x)<b;,i=1,2}. 9.1)

Note that if a; = —1 and b; = 1, then P% = m(()).

If the dimension n = 3, then— in a likewise fashion—setting E((x) = x| +
Xy +x3, E2(X) = x1 + x2 — x3, E3(X) = x1 — x2 + x3, E4(X) = x1 —xp — x3, and
a; <b;fori=1,...,4, one obtains the cross polytope

PP={xeR:aq;<Eix)<b;i=1,...,4). 9.2)

Equations 9.1 and 9.2 readily generalize to any dimension n > 3. Observe
that the vector p1 =(1,1) =(1,0)+(0,1) = el +€2 is perpendicular to the
two lines E1(x) = a; and E(x) = b; in eqnuation 9.1, while the vector p2 =
(1,-1) = (1,0)+(0,-1) =e! —e? is perpendicular to the two lines E»(x) = a»
and E»(x) = by. Similarly, the vector pl=(,1,1)= el +e2+eis orthogo-
nal to the two planes E;(x) = a; and E|(x) = by, the vector p> = (1,1,-1) =
el+e—¢e’is orthogonal to the two planes E»>(x) = a» and E»(x) = by, the
vectorp® =(1,-1,1)=e' —e? +€’ is orthogonal to the two planes E3(x) = a3
and E3(x) = b3, and the vector the vector p4 =(l,-1,-1) =el —e2-¢€> is
orthogonal to the two planes E4(x) = a4 and E((X) = b4.

The vectors p’ are bipolar with components p; €{1,—1}, and they are key
in defining the hyperplanes E;(x) = a for i € N,,. Consider the set of integers
Zy ={0,1,...,2" = 1} modulo 2" and the Cartesian product set Z; = {z
7j € Zyp, for j=1,2,..., n}. Both sets have 2" elements and if z' denotes the
elements of Zg for i = 1,2,...,2", then the function S : Zy» — Zg defined
by B(i—1) = Zz' is a bijection. For i = 1,...,2" and je N,, set 8(i—1,j) =
z’] Equivalently, the bit value of the jth coordinate of the binary number z’
representing the integer (i — 1) € Zp» is given by

BGi—1,j) = mod{(i—1)2/,2} = 2} € {0, 1). 9.3)

For i = 1,...,2"!, the bipolar vectors p’ can now be defined by pj. =
1 if z; =0, and p; =1 if zj. =1, where j = 1,...,n Thus, p' =
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(=DBELD - (=1)BELm) If Ei(x) is defined as the dot product E;(x) =
p' - x, then setting E;(X) = a, where a is an arbitrary constant, results in a
hyperplane with p’ orthogonal to this hyperplane. The n-dimensional cross
polytope is now defined

P'={xeR": q;<E(x)<bsi=1,...,2""}, 9.4)

where a;, b; € R, Ei(x) = a; and E;(x) = b; are parallel hyperplanes with p'
orthogonal to both.

Finding the smallest cross polygon containing a given data set T = {x{ €
R": &= , r} is equivalent to finding, foreach i€ {1, 2, ... , 2"}, the two
constants a; < b such that Pn {xeR": q; <Ej(X)<b;}is the smallest region
containing 7 for any pair of hyperplanes parallel to E;(x) = b;. It follows that

= ﬂ?gl P’ is the desired cross polygon. The sought-after constants a; and
b; can be quickly computed using the following equations:

a; = AE,(xf) = /\(pi~xf) and b; = \7Ei(xf) = V(pf'xﬁ (9.5)
= &=1 &=1 =

Example 9.1 Let 7 = {x eR>: £ =1, ..., 13}, where

() G-y
(-}

Applying equation 9.5 results in the four lines

13 13
ar= NG+ =11, b =\/({+x) =15,
é=1 é=1

a) = /\(x1 —x2 3, by= \/(x1 —x2

It follows that x € P> & 11 < x; +x2 < 15 and =3 < x; — xp < 7. The first
inequality is equivalentto 11 < xj+x; and x; +x <15 0<x;+x— 11 and
0 < —x1 —xp + 15. Thus, x satisfies the inequality equation 11 < x; +xp < 15
if and only if x satisfies the inequality 0 < (x| +x, — 11) A (—x; — xp + 15).
In a likewise fashion, one can rewrite the second inequality equation as 0 <
(x1 —x2+3) A(—=x1 + x + 7). Consequently,

A)XEP2 =4 [(x1 +x2—11)/\(—x1 —x2+15)]/\[(x1 —XQ+3)/\(—)C1 +)C2+7)] >0.
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Figure 9.4 (a) The boundary lines of P? containing the data set. (b) Sketch of
the single-layer LNN capable of differentiating between the points of P> and
the points of R?\ P2

In lockstep with Example 8.5(2), this last inequality can be used to define a
single-layer LNN with one output neuron M that classifies the elements of P2
as belonging to class C; and all elements of R?\ P? as belonging to class Cy.
Specifically, the four planes in equation A. can be rewritten in terms of four
dendritic branches—with each branch having two synaptic sites—as follows:

1 1. 1 _ 1 _
T1(X) = (X1 +w )+ (2 +wy); wy; =0, wyy =—11,

0 0 y. 0o _ 0 _
T2(X) = —(x1 + W) — (2 +wy,);  w), =0, wy, =15,

1 0 y. 1 _ 0 _
73(X) = (X1 +wy3) — (2 +wyy); w3 =0, wyy =3,

0 1 0 1
T4(X) = —(x1 twi )+ (2 +wy,); wiy =0, wy =7.

Equivalently, 7,(x) = ¥ (=1)'~{(x; + wf) for k = 1,2, 3, 4. The and sign A
in equation A. presupposes that 7(x) = /\2:1 Tr(x). Utilizing the hard-limiter
of equation 8.1 as the activation function for M results in f[7(x))] =0 &
x € R?\ P? and f[r(x))] = 1 © x € P?. Figure 9.4(b) depicts a geometric

representation of this neural network.

The dual metric approach is derived from a simple observation: If
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Figure 9.5 The error Areal(P2 N[v,i]) - nr2, represented by the shaded regions,
is drastically less than Area([v,u]) — ar? = r2(4-n).

P? N [v,u] represents the intersection of the smallest cross polygon and the
smallest 2-dimensional interval containing the triangular data set 7 illustrated
in Figure 8.6 and discussed in Example 8.5(1.), then T = P2N[v,u]. Com-
pared to most data sets, the triangle provides an ideal setting for the dual
(d,dy) metric approach. Nonetheless, the dual metric approach does reduce
the error rate that occurs when using only one metric. For example, consider
a data set that is densely packed in a circular region of radius r. Enclosing
the set with smallest interval [v,u], an error of more than 27% in extraneous
area occurs. In comparison, using the dual approach P? N [v,u] reduces the
error to less 5.5% in extraneous area as indicated by the shaded region in
Figure 9.5.

The dual metric approach has its own downside in that it requires the
growth of more dendrites and additional synapses, thus increasing compu-
tational complexity. For instance, applying the dual metric approach on the
data set 7' of Example 9.1 results in [v,u] = [(4,3)’,(10,8)’]. Taking advan-
tage of equation 8.8, simply attach an additional dendritic branch 75 with four
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(a) (b) y

Figure 9.6 (a) The intersection I = P> N [v,u] containing the data set T. (b)
Sketch of the single-layer LBNN capable of differentiating between the
points of 1 and the points of R?\ 1.

synaptic sites to the network shown in Figure. 9.4(b) by setting

2 2
500 = /\ (D G+ wly),

i=1 h=1

1

where wi., = Wis; = —Vi and wi_, = W?sz = —u;. In this case wl., = -4,

f51 i52 151

wéﬂ =-3, w(l)52 =-10, and Wgsz = —8. The final computation by the output
neuron is given by 7(X) = /\2:] Tr(x) and the corresponding LBNN is shown
in Figure 9.6

More often than not, the various intersection and unions of hyperboxes
and hyperoctahedrons, constructed during the learning process, provide for
far more synaptic connections than are necessary for correct classification.
For instance, consider the triangle 7 of Example 8.5(1). The single-layer
LNN constructed in the example is capable of classifying all points of 7" and
points of R\ T correctly. The output neuron M has two dendritic branches
with each branch having two synaptic sites. Applying the dual metric method
instead results in a network with M having five branches and twelve synaptic
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@ (b)

Figure 9.7 (a) The dual [v,u] of P? and (b) representing the dual P2 of [v,ul.

sites. Except for having different synaptic weights, the diagram of the LNN
is identical to the one in Figure 9.4(b).

There is a simple method for reducing the number of synapses and den-
dritic branches when using the dual metric approach. The simplicity is due
to the fact that a hyperbox is the dual of a cross polyhedron and vice versa.
More precisely, if P c R" and V denotes the set of vertices of P", then the
polyhedron [v,u] is called the dual of P" if and only if the vertices of P" cor-
respond to the faces of [v,u] or, equivalently, P* Ng[v,u] = V as shown in Fig-
ure 9.7(a). The polyhedron [v,u] is unique in that v = Ay X and u = /4y X.

Conversely, given some n-dimensional interval [v,u] with vertex set S,
then [v,u] c P", where P" ={x e R": ¢; < E;(X)<b;j,i=1,....,2" 1}, q; =
Nxes Ei(X) and b; = \/xeg Ei(X). As illustrated in Figure 9.7(b), here again
the vertices define the faces since [v,u]NdP" =S and P" is the dual of [v,u].

Suppose that X c R" is a finite data set and [v,u] and P" are smallest
hyperbox and cross-polytope containing X. If [v,u] is the dual of P", then
[v,u] N P* = P" and [v,u] can be eliminated from the dual metric approach.
Similarly, P" can be eliminated if it is the dual of [v,u]. Unfortunately, these
cases are extremely rare. In the typical case, neither of the two polytopes is a
dual of the other. If this is the case, then for each i € N, the hyperplane H; €
{Ey(e'), Ey(e)} has the property that H; N\ P" # @. It is also easy to prove that if
H;nP" ={x}, then x is a vertex of P". Likewise, if H; € {E;(X) = a;, E{(X) = b;},
then H;N[v,u] # @, and if H;N[v,u] = {x}, then X is a vertex of [v,u].

Knowing the vertices of [v,u] and P" is key in eliminating extraneous hy-
perplanes and, hence, extraneous dendritic branches and synaptic sites. The
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set of vertices of [v,u] is given by S = {x e R" : x; € {v;,u;} Vi € N,;}. Thus,
given a data set X C R” and computing the vectors v and u also determines
the 2" = |§| vertices of [v,u]. The ease of computing the elements of S is due
to the fact that n of the 2n support hyperplanes contain v and n contain the
vertex u. As an aside, note that each face of [v,u] is an (n — 1)-dimensional
interval.

Although P" has only 2n vertices, their determination is based on the var-
ious intersections of the 2" support hyperplanes E;(x) = a; and E;(x) = b;.
Here each face (E;(x) = ¢;) N P", where c; € {a;,b;}, 1s an (n— 1)-dimensional
simplex. To provide a simple systematic method for deriving the vertices of
P", consider the case where X c R? and let q;, b; are derived from equa-
tion 9.5. In this case P? has four distinct support lines as long as (E;(X) =
a;) N (E;j(x) = b;) = @, and four vertices corresponding to the intersections
(Ei(x)=ci)N (Ej(X) = dj), where ¢; € {a;,b;}, d]‘ € {aj,b‘,-}, andi # j.

Example 9.2 Consider the four lines E{(x) = 11, E1(x) = 15, E>(x) = -3,
and E»(x) = 7 computed in Example 9.1. To find the four vertices terms of
the intersections reduces to solving the following four sets of simple linear
equations:

x1+x=11 x1+x=11 X1+x2=15 X1+X2=15

X1 —x3=-3 x1—xp=17 X1 —xp=-3 X1—xp="7

The respective solutions are the vertices (é’), (g), (g), and (L{l) Note that (x1 —
x =7 N[v,u] = (10,3) = (u1,v2) and (x; =4) NP> = (4,7)’.

The method for obtaining the vertices of P? remains the same for any
n > 2. For example if n = 3, then the six vertices of P* require the solutions
of six sets of linear equations with each set consisting three linear equations.
One straightforward method is to divide the six sets of linear equations into
two classes, where the first class is given by

X1 +XxX2+x3 =aq
X1+X2—Xx3=ap

X1 —X2+Xx3=a3
and the second class by

X1+ X2 +Xx3 =b1
X1+X2—X3 =b2

X1 — X2+ X3 =b3

X1+XxX2+Xx3 =a;
X1+X2—X3=a

xl—x2+X3=b3

X1+xZ+X3=b1
X1+XQ—X3=b2

X1—X2+X3=a3

X1 +XxX2+x3=aq
X1+ X2 —Xx3 =b2

X1 — X2 +Xx3 =b3

X1+ X2 +X3 =b1
X1 +X2—X3=a)

X1 —X2+X3=a3
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Let A and B denote the first class and second class, respectively. The three
columns of equations of A and B are denoted as Aj,A3,A3 and By, B3, B3 in
the order shown above. Considering the columns of equations for n = 2 in
Example 9.6 and for n = 3 above, it becomes transparent that for n > 2, class
A and class B each consist of n columns with each column consisting of n
linear equations. More explicitly, for i, j € {1,...,n}

Ei(x) =c; i j<n—(i-1)
o ) _Joajifj<n-(i-
A= : where cj—{ biif j>n—(i-1) ° (9.6)
E,(x)=cy
and
Ei(x)=c biif j<n—(i-1)
o . o jif j<n—(-
B; = : where cj—{ ajif j>n—(i-1) 9.7)
E,(X)=cy,

If 9N represents the LBNN obtained from Algorithm 9.4 for a data set
X cR", then % classifies all points in P" N [v,u]” as belonging to one class C
and all points in R"\ P"N[v,u]" as not belonging to C. The dendritic branches
and synaptic sites of the output neuron M are created from the support hy-
perplanes of the polyhedron P" N [v,u]". As remarked earlier, this can result
in encoding extraneous branches and synapses. Knowing the vertices of P”
and [v,u]” provides the means of eliminating the extraneous hyperplanes.
The elimination is based on a simple rule: for i = 1,...,n let ¢; € {a;,b;} and
¢ € {v,u} remove E;(x) = ¢; if (E;{(X) = ¢;) N [v,u] = {x} an remove E(e) if
Ec(e)NP" = {x}.

For an example, consider the intersection / shown in Figure 9.6(a). There
the intersection (x1 — x, = 7) N [v,u] is the vertex (10,3)’ = (u1,v,) of [v,u],
while the intersection (x; = 4) N P2 is the vertex (4,7)" of P2. Considering the
sketch 9.6(a), it is obvious that eliminating the lines x; —x; =7 and x; =4
does not affect the intersection, as the remaining lines are sufficient in sup-
porting the structure of the polytope. Expressing mathematically this reduced
support proves that it is indeed sufficient:

(XER?: x; <up, vy <xp <up, 11 <x1+x <15,x1—x2 < =3} = P> N [v,ul.

Elimination of the line x; = 4 reduces the number of synaptic sites on
branch 75 of Figure 9.6(b) to three, while the elimination the line E»(x) =7
eliminated all synaptic sites on branch 74 and, hence, the elimination of the
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branch.

Exercises 9.1.4

1. Suppose X c R? denotes the set defined in Exercise 2 of Exercises
8.2.1. Using the dual lattice metrics approach, construct the convex
polytope containing X.

2. Let P denote the polytope obtained in Exercise 1. Construct a single-
layer LBNN with output neuron M such that f[7(x))]=0 & x € RZ\ P
and f[r(x))]=1oxeP.

3. Let X ={xeR*:0 < x;fori=1,2,3 and x} + x5 +x3 < 1}. Using the dual
lattice metrics approach, construct the convex polytope P containing
X and the associated single-layer LBNN with output neuron M with
output f[7(x))] =1 @ xe Pand f[r(x))]=0 & xcR>\P.

4. Create a single-layer LBNN training algorithm based on the dual met-
ric approach.

9.2 MULTI-LAYER LATTICE BIOMIMETIC NEURAL NETWORKS

Current artificial neural networks do not take into account the development
of the various neurons and neural pathways during the prenatal period. Neu-
ral production in humans begins very early in the embryo; roughly 42 days
after conception [36]. Stem cells generate the various types of neurons. When
neurons are produced they migrate to different regions in the developing brain
and make connections with other neurons to establish elementary neural net-
works. The brain must grow at a rate of approximately 216,000 neurons per
minute in order to reach the 85 billion neurons at birth (section 8.1.2). These
processes in the fetal brain are genetically controlled and do not require or de-
pend on specific learning methods. Nevertheless, these elementary networks
do carry out important tasks such as muscle movement and control of fetal
heart beats.

In lockstep with the biological generation of elementary neural networks,
the goal of this section concerns the construction of elementary LBNNs that
are capable of solving various tasks. Different tasks require different net-
works and different types of neurons. Tasks such as associated memory, de-
cision making, speech recognition, face recognition, etc, cannot be achieved
by single-layer networks and require deeper networks.
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9.2.1 Constructing a Multi-Layer DLAM

As discussed in Chapter 5, a special task for associative memories is the per-
fect recall of exemplar patterns that are distorted by different transformations
or corrupted by random noise. This section introduces a two hidden layer
LBNN associative memory, called a dendritic lattice associative memory (or
DLAM), which provides for direct and fast association of perfect or imperfect
input patterns with stored associated exemplar patterns without convergence
problems. In this subsection the focus is on auto-associative memories.

The proposed DLAM consists of four layers of neurons: an input layer,
two intermediate layers, and an output layer. The number of neurons in each
layer is predetermined by the dimensionality of the pattern domain and the
number of stored exemplar patterns. Explicitly, if Q = {ql, e, qk } ¢ R”, then
the number of neurons in the input and output layers is n whereas each hid-
den layers consists of k neurons. The neurons in the first hidden layer will be
denoted by Ajy,...,Ag, the second hidden layer neurons by By, ..., By, and in
the output layer by M, ..., M,,. For a given input pattern x = (x,...,x,) € R",
the input neuron N; assumes as its value the ith coordinate x; of x and prop-
agates this value through its axonal arborization to the dendrites of the first

hidden- layer neurons. The dendritic tree of each neuron A; has n branches

{, ..., 7, and each neuron N; will have exactly two axonal fibers termi-

nating on the synaptic sites located on the corresponding dendrlte of Aj.
The synaptic weights at these two synaptlc sites are given by w’. . where

ijkh
h=1,2,¢{=0,1 and k = i. Thus, Wz]kh = szzh The assumption that £ =0, 1

implies that there are two synaptic sites. This makes 4 superfluous so that
fjl 0= wfﬂ = w i where the last equality follows from the redundancy of the

second i.
It is helpful to rename the synaptic weights for the A-layer neurons by

setting afj = wfj as illustrated in Figure 9.8. In order to store the exemplar
patterns in the synaptic weights, set a/fj = —qu for £ =0, 1. The total response

or output of the branch T{ to the received input at its synaptic sites can be
computed by using the first equation of either equation. 8.4 or the first equa-
tion of equation. 8.5. Since I(k) = I(i) = {i} and pjx = pj;, either of these
choices reduce to TJ (x)=pji i\l r=0(— Hi- [(x, +a; ) Setting the postsynaptic
dendrite response to pji = 1 results in

1
Tl = \ D" (xi+af)) = (gl = x) A (i - g)). ©.8)
=0

In equation 9.8, T{ X)) =0 x; = q{ and T{ X)<0ex # qu . The value
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T{ (x) is passed to the cell body of A ; and its state is a function of the combined
values received from its dendritic structure and is given by

n

T =p; Yy Tix) = Z[(q —x) A (xi = q))]

i=1 i=1
—Z[(xl ahV (g - x)l = Zm gll. 9.9)

Note that by setting p; = —1 to inhibit the received input, the minimum of
differences is changed to a maximum of differences. Thus, the rotal response
Ti of the A; neuron provides the d; distance between the input pattern x and
the j-th exemplar pattern ¢/, i.e., Tf;(x) = d(x,q/). Since pattern recall will
be accomplished using the minimum distance obtained between the input
pattern and all memorized exemplar patterns, the activation function used for
the A-layer neurons is the identity function f4(7) = 7. Thus, the output of A,
denoted by s;?, is equal to Ti‘ (x). In some cases it has proven advantageous

to use the squared Euclidean distance d%(x, q/) instead. In this case Tf‘ (x) is
defined by
. n . n . .
T ®) =p; > 7l®) ==Y (g - x A xi—q))?)

i=1 i=1
= Z[(xi—qbz V(g - x)’1= Z(x,-—q{f. 9.10)

The output of the A-layer neurons serves as 1nput to the B-layer neu-
rons. Here, each neuron B; has two dendntes Tl and 1'2 The dendrite TJ has
only one synaptic site and the dendrite 7'2 receives input from all the remain-
ing neurons of the A-layer, i.e., {A1,...,Ax} \ {A;}. Accordingly, T{ has k—1
synaptic sites. As before, rename and simplify the weights at the synaptic
sites by setting ij = wfj, where r =1, ..., k refers to the presynaptic neuron
Ay, j=1,..., k refers to the postsynaptic neuron B}, and the corresponding
weight values of the synaptic target sites for A, onto B; are given by ,ij =0.
As shown in Figure 9.8, the weight of the single synapse on 7;; is inhibitory
and connects with a terminal axonal branch of A;. All synapses on 7, are
excitatory. Consequently, ij = ﬁ(r)j & r=jand ﬁfj = ,Bij & r# j. Next, set
pj1 =1 = pj so that the computation performed by the first dendrite of each
Bj neuron is given by

7)) = pj (=)' (s7+ %) = -5 (9.11)
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Figure 9.8 The network of the two-layer lattice auto-associative memory
based on the dendritic model. The network is fully connected; all axonal
branches from input neurons N; synapse via two fibers on all dendrites of
A j-neurons, which in turn connect to all Bj-neurons via a single inhibitory
synapse on one dendrite and multiple excitatory synopses on a second den-
drite. Finally, the B-neurons synapse with output nodes M; on a single den-
drite having only inhibitory synapses.
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In similar fashion, set p;» = 1 in order to obtain

") =pp [\ (57 +85) = N\ st (9.12)

r#j r#j

The values T{ (s¥) and Té(s“) flow to the cell body of B; and its state is a
function of the combined values received from its dendritic structure and is
given by

2
Th(s?) = Z () = 7] (s") + 7L (s%)
k=1

=57+ /\s;’ = /\dl(x,q’)—dl(x,qj). (9.13)

r#j r#j

Note that if a distorted input vector X is nearest to the exemplar q/ than
to the remaining exemplar patterns q” for all » # j, then Té(s“) > 0 since
Nrzj Sy > s‘]’.‘. Otherwise, if x is nearest another exemplar, say q" with r # j,

then Té(s“) <Osince A\ ,4;sy = sy <s7. In the first case, a firing signal will be
J

passed from B; to the output neurons; in the second case, no signal is passed

from B; to the output layer. Hence, the lattice-based hard-limiter defined by

Der>0

—0 & 750 ©-14)

fB(1) = {
is used as the activation function for B; to obtain the desired response. There-
fore, the output of B; given by sf = fB[Té,(s“)] serves as input to the output
neurons. Here, each neuron M; has a single dendrite d; receiving inhibitory
input from all k neurons in the B-layer. The weights of these synaptic sites are
defined as w(}i =Wji = q{ fori=1,...,n. To compute the recalled pattern note
that I(j) = {1,...,k}, and £ = O for all synapses. Setting p;; = —1 one obtains

n k k

vty =pi \/ DTS wl) == A=+l =\ +g). ©9.15)
j=1 j=1 j=1

The activation function for each output neuron M; is again the identity func-

tion so that the total output y of the output layerisy = (yq,...,Vn)-

Recall from perfect input. To verify the capabilities of the DLAM model,
the first step is to show that the model provides perfect recall for perfect
inputs. Let the input pattern x be one of the exemplars stored in the memory,
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ie, letx = qj for some j € {1,...,k}. In this case it follows from eqn. 9.13
that

M = \di@.a)-di(@’.q) = )\ di(@’,q)>0. (9.16)
r£j r£j

Since d;(q/,q") > 0 for each r # j, it follows that
Ji = falrj(sM1 = 0. 9.17)
Likewise, if h # j, then

M) = N\ di(d,q)-di(@’.q") = di(@’.a) A /\ di(d’,q)-di(q’.q")
r#h r#h,j

=0A /\ dild’.a)-di(d’.q") = -di(a’.q") (9.18)
r#h,j

= 5 = falTh(s)] = —c0 Vh# |

With the outputs computed in equations 9.17 and 9.18, the proof is complete
after evaluating equation 9.15 as follows:

k
36 =\ (] +a) = (+ahv \/ (5 +4)
J=1 h#j
=0+g)v\/(~otgh)=q]. (9.19)
h#j

Since the previous argument is true for all i € {1,...,n}, the recalled pattern y
matches exactly the exemplar ¢’ given as input x.

Recall from imperfect input. For a noisy or imperfect input two general
situations may occur. An exemplar pattern can be distorted in such a way as to
be still recognizable by the network in the sense that it will associate the input
to the exemplar that most resembles it. A second possible scenario could
happen if an exemplar pattern is affected by a large amount of distortion and
consequently the network will not be able to establish the correct association
by giving as output a different exemplar. Thus, for highly corrupted inputs the
memory loses its capability to associate. We first show that the DLAM model
can give perfect recall for imperfect input. Let the distorted input pattern
X be closest to one of the exemplars stored in the memory, i.e., let X ~ q/
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for only one j € {1,...,k}. Then based on eqn. 9.12 results in the following
approximation

T = \d&a)-d&ah~ Aai&q)>0 (920

rj rj
= o = fplTh(sM)] =0. (9.21)

Equation 9.20 follows from the assumption that any distance d;(x,q") >
di(X,q’) ~ 0 for each r # j. Similarly, for & # j we have

) = N\d&d)-d&d)=da&a)r N\ a&q)-d&q"

r#h r#h,j

oA N\ di®a)-di&q")=-diXq") 9.22)
r#h,j

= = fleh(s)] =0 Vh#].

Q

With the outputs computed using eqnuations 9.21 and 9.22, this synopsis ends
with the evaluation of equation 9.15 in order to again obtain the output given
by equation 9.19. Since the preceding argument is true for all i € {1,...,n},
the recalled vector y = x is the pattern that most resembles the given input
X. In the next section, the second scenario is illustrated by means of a visual
example using a small number of grayscale images as exemplar patterns.

Storage and recall for image associations. Training a DLAM to recognize
associations in the presence of imperfect input patterns is fairly straightfor-
ward. For a finite set of auto-associations, {(q,q®) : & =1,...,k} c R*xR",
the network’s topology is as described earlier in this section. All weights are
preassigned using the exemplar patterns and all that remains is to test the
network using as imperfect inputs any imprinted exemplar pattern that has
been transformed or corrupted a finite number of times, respectively, with
different parameter values or with increasing noise levels to measure its re-
call capability or robustness to noise. We point out that the following com-
putational experiment using “grayscale images” has been devised as a visual
test to grasp how the network performs in the presence of imperfect input.
Obviously, other potential applications are not restricted to images.

Example 9.3 In this example we consider recall from transformed images,
where the set X of exemplar patterns consist of 10 grayscale images of size
128 x 128 pixels displayed in Figure 9.9. After scanning by rows, each image

matrix A is converted into a vector x* of dimension 16384; i.e. foS(r—l) e =
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Figure 9.9 Set of 10 exemplar grayscale images of size 128 x 128 pixels used
as example. 1st row, left to right: x' to x°; 2nd row: x° to x!° [234].

Afc where r,c=1,...,128 and ¢ = 1,...,10. Hence, X = {Xl,xz,...,xg,xlo} C
R16384 For this example, each exemplar image x¢ was changed by apply-
ing specific effects or transformations to produce imperfect inputs %¢ that are
very similar to its corresponding exemplar. The selected effects include, for
example, opaque horizontal and vertical blinds, black pencil, soft illumina-
tion from different directions, texturization, and wind blowing from left or
right. Other image transformations include morphological flat dilation and
erosion, Gaussian and motion blur, and pixelation. Figure 9.10 displays some
of the listed effects applied on image exemplar x* (‘mountain’). More specif-
ically, a total of 33 digital effects and transformations were applied to each
exemplar image in X. The response of the DLAM model outputs perfect re-
call for each imperfect input, a result that was expected from the explanations
of equations. 9.21 and 9.22.

The next example examines the recall from noisy data.

Example 9.4 Suppose X is the set of images given in example 9.3. In this
complementary example each exemplar image x¢ is being corrupted by im-
pulse, uniform and Gaussian noise. The production of imperfect inputs is
arranged so that if the exemplar is contaminated with high levels of noise it
tends to become more dissimilar from its original form, and the memory fails
to perform the correct association. Incremental values of impulse noise level
percentage p (%) with a step size of Ap = 2% was added to each exemplar
image, e.g., Figure 9.11 shows some noisy instances of the exemplar image
x? corrupted with increasing percentages of impulse random noise. The uni-

form probability density function was evaluated with incremental values of
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Figure 9.10 Exemplar image x* (‘mountain’) subject to different effects and
transformations. 1st row, left to right: opaque blinds (width=10 px, opac-
ity=80), black pencil (detail=90, opacity=50), 5 X 5 morphological dilation,
5 x5 morphological erosion, and Gaussian blur (radius=3). 2nd row: 5 x5
pixelation, right illumination (intensity=65), gravel and stripes texturization
(depth=1, angle=315°), and wind blowing from the right (velocity=10 px)
[234].

interval length ¢ = b —a around a mean of 128, i.e., by setting its parameter
values to a = 128 —2i and b = 128 +2i, hence £ =4ifori=1,...,64. Similarly,
the normal probability density function was computed by coupling its mean
and standard deviation to the uniform density; thus, u = (a+b)/2 = 128 and
o=(b-a)/2V3=2i/V3 fori=1,...,64. Figure 9.12 displays some noisy
instances also of exemplar image x> contaminated with increasing length in-
terval and standard deviation parameter values of uniform and Gaussian ran-
dom noise respectively.

The DLAM’s mean behavior is quantified in the presence of any type
of random noise described by a probability density function (PDF) using as
a measure the average fraction of perfect recalls (AFPR) which for brevity
we denote by ¢. Hence, for each noisy version X* of a given exemplar im-
age x* used as imperfect input, the output y,(x¢) obtained with the DLAM
model is verified for perfect recall and all hits are counted and averaged
over a finite number T of trials. Specifically, the computed ¢-quantities are
given by, &) = + XL, di(vi(¥)).x6), &5, = + 31 di(y,(X, ).x6), and &, =
% Z,T: 1 di (yt(if,,o_), x¢), where the subindex labels 7, U, and G refer to the im-
pulse, uniform, and Gaussian noise PDFs respectively, and £ = 1,...,10, and
T = 50 is the number of times an exemplar image x¢ is corrupted with each
type of random noise. In the case of impulse noise, (Z)f =1 for every ¢ for
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Figure 9.11 Exemplar image x> (‘lion’) subject to different percentages of
impulse random noise. 1st row, left to right: p = 10%,20%,30%,40%, and
50%; 2nd row: p = 60%,70%,80%,90%, and 100%. Perfect recall begins to
fail when p > 95% [234].

Figure 9.12 Exemplar image x> (‘lion’) subject to different amounts of uni-
form and Gaussian random noise. 1st row, left to right: uniform interval
length is £ = 16,32,48,64, and 80. 2nd row: Gaussian standard deviation is
0 =4.62,9.24,13.86,18.48, and 23.1 [234].
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AFPR - Uniform random noise

0 16 32 48 64 80 9 112 128 144 160 176
Interval length /=56 - a
Figure 9.13 High rates of perfect recall hits occur for £ < 96 for any &, oth-

erwise non-perfect recall occurs (exemplar images x> and x’); here, & # 3,7
[234].

AFPR - Gaussian random noise

Standard deviation o

Figure 9.14 High rates of perfect recall hits occur for o < 13 for any &, oth-
erwise non-perfect recall occurs (mainly exemplar images x> and x’); here,
& +#3,6,7,10 [234].
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noise percentages up to 95% and for uniform and Gaussian noise, Figs. 9.13
and 9.14, respectively, give the overall response of the DLAM. The memory
robustness can be seen by comparing, e.g., the parameter noise values shown
in Fig. 9.12, with the corresponding values ¢ and o on the horizontal axis of
these two figures.

9.2.2 Learning for Pattern Recognition

The focus of this section is on hetero-associative memories that assign a
class number, ¢ € {1,...,m} C Z*, to a stored prototype pattern q € R”, where
q is associated with ¢ by some predefined relationship. More precisely, if
0=1{q',...,q*} cR" denotes the set of prototype pattern vectors, then the de-
sired class association can be expressed as {(q/, ¢ D:j=1,....,kand c; eN,}.
The goal is to store these pairs in some memory M such that for j=1,...,k,
M assigns a class number c¢; with a prototype pattern ¢’. As in Section 5.2.1,
we use the notation ¢/ — M — ¢ ; in order to express the association. Addi-
tionally, it is desirable for M to be able to assign the correct class number c;
to a non-stored or validation test pattern x known to belong to the same class
as q’.

The utilization of LBNNs for multi-class pattern recognition was dis-
cussed in Section 9.1.3. There the methodology was based on either elimi-
nation or merging of interval neighborhoods. Furthermore, no hidden layers
were required. A very different and simple approach to multi-class pattern
recognition is the construction of a DLAM that is very similar to the DLAM
shown in Figure 9.8. Explicitly, the proposed DLAM consists of four lay-
ers of neurons: an input layer, two intermediate layers, and an output layer.
Assuming that, for any j € {1,...,k}, qf €R" and c;j € {1,...,m}, the number
of neurons in the input layer is n and the output layer has a single neuron,
whereas, the number of neurons in both intermediate layers is k. We denote
the neurons in the input layer by Ny,...,N,, in the A-layer (first intermediate
layer) by Ay,...,Ak, in the B-layer (second intermediate layer) by By, ..., By,
and in the output layer by M. As illustrated in Figure 9.15, with exception of
the single output neuron M, the weights and synapses are the same as those
shown in Figure 9.8 and discussed in Section 9.2.1. In fact, equations 9.8
through 9.13 define the dendritic branches and their associated synapses for
the A-neurons as well as the B-neurons. The only difference of the proposed
DLAM model is the single output neuron M and its synaptic weights. Here
the single output neuron M has a single dendrite with k synaptic sites (j,£)
with weight w(]). =cjfor j=1,..., k. The input received at (j,{) is given by
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y

Figure 9.15 The topology of the two-layer lattice hetero-associative memory
based on the dendritic model. With the exception of the output layer the net-
work configuration is identical to the network illustrated in Fig.9.8. Here the
B-neurons synapse with the output node M on a single dendrite.
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yﬁ? = fB[Té(SQ)]. This changes equation 9.15 to

k k
&) == \CDE ) =\ (5 +e)). 9.23)

j=1 j=1

The activation function for the output neuron M is again the identity function
and the output y gives a class number.

Testing the DLAM network for correct classification when using proto-
type patterns as input is basically the same as testing the DLAM of Section
9.2.1 for recall from perfect input. As before, let the input pattern x = q/
be one of the prototypes patterns stored in the memory and apply equations
9.16, 9.17, and 9.18. With the outputs computed in equations 9.17 and 9.18,
the argument ends by evaluating equation 9.23 as follows:

k
&) = \[Erep=Hepv\/(f+an
j=1 hj
= (0+cp)V\/(-0ten) =c;V(-) = c;. (9.24)

h#j

Thus, the class number y = ¢; is assigned to the prototype q’ given as input
X.

Classification of test patterns. For an input that is a non-stored or test pat-
tern, two cases may occur. The test pattern is known to belong to one of the
given m classes and will be correctly classified by the memory network in the
sense that it will associate the input to the class pattern that most resembles
a stored prototype pattern. A second possible scenario could happen if the
test pattern is an unknown input and as such the network will not be able to
establish the correct class association by giving as output an arbitrary class
pattern. Thus, in the case of ambiguous inputs the memory loses its capability
as a classifier. More specifically, we show that the dendritic model can give
correct classification in the first case mentioned above. Let the test input pat-
tern x be closest to one of the prototype patterns stored in the memory (same
j-thclass), i.e., let x = qj for only one j € {1,...,k}. Then, from equation 9.13,

M= \dixa)-dixa)~ [\ dix.q) >0
r#j r#j

= 5} = falr(sM)] = 0. 9.25)
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Equation 9.25 follows from the assumption that any distance d;(x,q") >
di(x,q/) ~ 0 for each r # j. Similarly, for 4 # j we have

s = N\dxg)-dxd)=dxg)r N\ dxg)l-dxg"
r#h r#h,j
~ [0A N\ dix.q)]-di(x.q") = ~di(x.q") (9.26)
r#h,j

= s = flrh(s)] = —c0 Vi)

With the outputs computed in equations 9.25 and 9.26, the argument ends by
evaluating equation 9.23 in order to obtain equation 9.24. Consequently, the
recalled scalar y = ¢; is the class label corresponding to the given test input
X.

It is noteworthy to observe that the output vector ¥ = (slf oS ) from
layer B, obtained by applying the hard-limiter defined in equation 9.14 to
equation 9.13, provides numerical information equivalent to what a mini-
mum distance classifier [76, 25] such as a 1-NN (1-Nearest Neighbor) or
k-NN (k-Nearest Neighbor) algorithm computes. Note, for example, that the
lattice operation expressed in equation 9.15 - computed after applying acti-
vation function (equation 9.14) - should not be confused with the majority
vote procedure used with a k-NN classifier and does not entail any search for
a fixed number « of nearest prototypes. Nonetheless, the proposed DLAM
model can be categorized as a dynamic multiple 1-NN classifier that stores
a variable number of prototypes of each class during training and due to its
layered structure it computes distances in parallel.

Recognition Capability of DLAMs. Let {(q/,c D j=1..k CR"x
{1,...,m} be a set of hetero-associations, where Q = {ql, e qk } denotes the
datasetand c; € {1, ..., m} denotes the associated class index. For training the
network, one starts with a reduced number of A and B neurons and adds new
A and B neurons during training. More precisely, given the data set Q, select a
family of prototype subsets, denoted by P, by randomly selecting predefined
percentages p% of the total number & of samples in Q. We denote the com-
plement of P, with respect to Q by O, = O\ P),. In the four examples given
below, the p percentages where considered in the range {10%,20%,...,90%}.
Also, a finite number of runs were realized in order to compute the average
fraction of hits for each selected percentage of all samples. Thus, if |Q| = &,
|Ppl, 10!, represent the set cardinality of data, prototype, and test sets, re-
spectively, p denotes the number of runs, and y, denotes the number of mis-
classified test patterns in each run, then the average fraction of hits is given
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by

. i 1&
f]};lts =1- %, where ,El = - § HMrs (927)
T
r=1

and k = |Pp|+|Qpl|. In equation 9.25, we set p = 20 and use the same number
of runs for every percentage p. If p € {10%,20%,...,90%}, then for each run
refl,..., 20}, create the set P, by randomly choosing sample points. Thus,
if P}, and P}, denote the set of randomly generated sample points at run r
and run s, respectively, then |P;| = |P‘;,| but P;, * P‘;). It follows that Q,, will
have the same number of elements for each run with the same value of p, but
0, # Q). Also, observe that a DLAM net trained with the prototype subset
P, can be tested either with the complete data set Q = P, U Q), or with the
partial set Q,. However, since the DLAM is a perfect recall memory for all
patterns in P, as shown by equations 9.16 through 9.18, only Q, is needed
to test and measure network performance with the advantage of considerably
reducing the amount of time required to compute f[l}its for all selected values
of p.

In the subsequent four examples of DLAM learning and classification of
patterns, the example data sets are displayed in table format. Each table has
seven columns: the 1st column gives the percentage p of sample points used
to build the prototype and test subsets, the 2nd column provides the number
of randomly selected prototype data patterns, and the 3rd column gives the
number of test data patterns. The 4th column shows the average number of
misclassified inputs obtained using the city block distance d;. Similarly, the
Sth column shows the average number of misclassified inputs obtained with
the squared Euclidean distance d%. The last two columns, 6th and 7th, give the
corresponding average fraction of hits or correct classifications, respectively,
for the d; and d% distances.

Example 9.5 This example uses an artificial data set consisting of 55 sam-
ples forming an ‘X’ shape in the plane, two features, the x and y coordinates,
and two classes, ¢ € {1,2}. The corresponding two-dimensional point set is
shown in Figure 9.16 and Table 9.1 shows the numerical results.

Example 9.6 Here we use the ‘Iris’ data set [25, 86] with 150 samples where
each sample is described by four flower features (sepal length, sepal width,
petal length, petal width) and is equally distributed in 3 classes correspond-
ing, respectively, to the subspecies of Iris setosa (¢ = 1), Iris versicolor (¢ = 2),
and Iris virginica (¢ = 3). Table 9.2 displays the classification results.

Note that for the data sets ‘X-shape’ and ‘Iris’, a high average fraction of
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Figure 9.16 The ‘X-shape’ data set has 55 samples, described by 2 features (x
and y coordinates), and is distributed in 2 classes. Class 1 has 28 points (blue
circles) and class 2 has 27 points (red disks).

TABLE 9.1 DLAM classification performance for the ‘X-shape’ data set.
Data set characteristics: k = 55 (samples), n = 2 (features), and m = 2
(classes)

PPl Q) e S )
10% 6 49 12 8 0.769 0.837
20% 11 44 5 3 0.897 0.931
30% 17 38 1 0 0.965 0.984
40% 22 33 1 0 0.975 0.991
50% 28 27 0 0 0.987 0.999
60% 33 22 0 0 0.996 0.998
70% 39 16 0 0 0.999 1
80% 44 11 0 0 1 1
90% 50 5 0 0 1 1
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TABLE 9.2 DLAM classification performance for the ‘Iris” data set. Data
set characteristics: k = 150 (samples), n = 4 (features), and m = 3 (classes)

p Pol 10l i i fESd) D)
10% 15 135 12 11 0915 0.920
20% 30 120 7 6 0.953 0.958
30% 45 105 5 4 0.963 0.967
40% 60 90 5 4 0.964 0.968
50% 75 75 3 3 0.974 0.978
60% 90 60 3 2 0.979 0.984
70% 105 45 2 2 0.983 0.986
80% 120 30 1 1 0.989 0.991
90% 135 15 0 0 0.996 0.996

hits such as f},’its > 0.95 is obtained for percentages p as low as 30% and that
the use of the squared Euclidean distance gives slightly better results than the
use of the city block distance. For instance, in the case of the ‘Iris’ data set,
the DLAM net used as an individual classifier delivers similar performance
against Linear or Quadratic Bayesian classifiers [320] for which, ]gh(i)“ =0.953
and fshéts = 0.973, respectively, or in comparison with an Edge-effect Fuzzy
Support Vector Machine [165] whose fé‘é‘s =0.978.

Example 9.7 The ‘Column’ data set in The ‘Column’ data set [86] has 310
patient samples. Each sample is specified by six biomechanical attributes de-
rived from the shape and orientation of the pelvis and lumbar spine. Attribute
one to six are numerical values of pelvic incidence, pelvic tilt, lumbar lordosis
angle, sacral slope, pelvic radius, and grade of spondylolisthesis. Class one
of patients diagnosed with disk hernia has 60 samples, class two of patients
diagnosed with spondylolisthesis has 150 samples, and class three of normal
patients has 100 samples. In this case, a high average fraction of hits occur
for percentages p greater than 75% which is due to the presence of several
interclass outliers. However, the DLAM response is still good if compared
with other classifiers such as an SVM (Support Vector Machine), MLP (Mul-
tilayer Perceptron), and GRNN (General Regression Neural Network)[237]
which give, correspondingly, fii® = 0.965, fii's = 0.987, and fii* = 0.965
(with all outliers removed!). Table 9.3 lists the corresponding numerical re-
sults.

Example 9.8 The ‘Wine’ data set in [86] has 178 samples resulting of the
chemical analysis of wines produced from three different cultivars (classes)
of the same region in Italy. The features in each sample represent the quanti-
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TABLE 9.3 DLAM classification performance for the ‘Column’ data set.
Data set characteristics: k = 310 (samples), n = 6 (features), and m =3

(classes)

PPl Q) e @ S )
10% 31 279 66 65 0.786 0.790
20% 62 248 57 55 0.815 0.819
30% 93 217 47 46 0.848 0.852
40% 124 186 38 37 0.876 0.881
50% 155 155 31 29 0.889 0.904
60% 186 124 24 23 0.919 0.923
70% 217 93 19 17 0.937 0.943
80% 248 62 11 11 0.963 0.963
90% 279 31 5 5 0.983 0.983

ties of 13 constituents: alcohol, malic acid, ash, alcalinity of ash, magnesium,
phenols, flavanoids, nonflavanoid phenols, proanthocyanins, color intensity,
hue, diluted wines, and proline. Class one has 59 samples, class 2 has 71
samples, and class 3 has 48 samples. For this last example, since attribute 13
(proline) has a greater numerical range than the other attributes the DLAM
model computes the d; and d% partial distances using the first 12 attributes.
Thus, in equations 9.9 and 9.10, the subindex i goes from 1 to n—1. Table 9.4
shows the classification results. In this last example, a high average fraction
of hits occur for percentages p greater than 70% and the DLAM performance
is quite good if compared with other classifiers, based on the leave one-out
technique, such as the 1-NN (1-Nearest Neighbor), LDA (Linear Discrimi-
nant Analysis), and QDA (Quadratic Discriminant Analysis) [3] which give,
correspondingly, /5 = 0.961, ' = 0.989, and £ = 0.994 where p > 99%
and training must be repeated 178 times. Although not shown in Table 9.4,
the DLAM net gives f9h9itS ~ 1, since almost all samples in the given data set
are stored by the memory as prototype patterns. However, the DLAM model
is outperformed by a short margin of misclassification error if compared to
a FLNN classifier (Fuzzy Lattice Neural Network) that gives f7hsits = 0.997
(leave-25%-out) [209].

9.2.3 Learning Based on Similarity Measures

. This section introduces an example and performance of learning methods
for LBNNs based on the similarity measures. Recall that the mapping S de-
fined in equation 4.28 is a similarity measure for any sublattice L of R” that
has a least element. Since the similarity measure is defined in terms of a val-
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TABLE 9.4 DLAM classification performance for the ‘Wine’ data set.
Data set characteristics: k = 178 (samples), n = 13 (features), and m = 3

(classes)

PPl Q) e @ S )
10% 18 160 30 48 0.813 0.700
20% 36 142 19 27 0.869 0.815
30% 53 125 12 18 0.909 0.863
40% 71 107 8 12 0.929 0.896
50% 89 89 5 7 0.945 0.923
60% 107 71 3 5 0.960 0.935
70% 125 53 2 3 0.968 0.956
80% 142 36 1 2 0.978 0.972
90% 160 18 0 0 0.993 0.988

uation function, it is also called a valuation similarity measure. Likewise, the
similarity measure defined in equation 4.27 is called a norm similarity mea-
sure. The application of learning algorithms based similarity measures are
again within the realm of pattern recognition. Adopting the symbols used in
the preceding sections, we let O C R" denote the data set consisting of & ele-
ments, P, C Q with |Py| <k and Q, = O\ P, where p denotes the percentage
of the number of elements of P, with respect to k = 100%.

Learning based on valuation similarity measure We employ the lattice
L= (R{’va), V, A) in order to satisfy condition S| of Definition 4.4 and since
the coordinates of the pattern vectors used in this section are non-negative.
Since data sets are finite, data sets consisting of pattern vectors that are sub-
sets of R"” have always an infimum z and a supremum a. Thus, if Q c R" is
a data set whose pattern vectors have both negative and nonnegative coordi-
nates, simply compute z = inf(Q) = A\qep Q and a = sup(Q) =/ ¢ep Q- Note
that the hyperbox [z,a] = {x € R": z; < x; <a; for i=1,2,...,n}is acomplete
lattice. Setting L = [z,a] and X =x—-zVxe€ L, thenz=0 and Xe ]R" Vx elL.
Finally, define the mapping s : L — [0, 1] by setting s(x,y) =S (X y) It fol-
lows that s(x,z) = S ((x—z),0) = 0, which proves that condition S | is satisfied,
and the remaining two conditions are just as easy to prove.
Suppose that Q = {q', ¢?, ..., ¢"} ¢ L is a data set consisting of prototype
patterns, where each pattern q/ belongs to one of m different classes so that
=1{(q’,c;): ¢/ € Q and ¢; € N,,}. As before, let P, ={q*', q*2,...,q*} C Q
denote the training set obtained, where the elements q°/ have been randomly
chosen from Q C Rﬁ)’m) and t = |P,|. If Q consists of m classes, the user must
assure that all m classes are represented in P,. After selecting the training
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set P, precompute the values v(q*/) for j=1,2,...,t. These values will be
stored at the synaptic sites of the LBNN. Knowing the dimension »n and the
size of the training set P, it is now an easy task to construct the network.
As illustrated in Figure 9.17, the network has n input neurons denoted by
Ny, ..., N,, two hidden layer neurons, and a layer of output neurons. The
first hidden layer neurons consist of two different types of neurons denoted
by Ajand B;, where j=1,2, ..., t. Each neuron A; and B; will have a single
dendrite with each dendrite having n synaptic sites. For sake of simplicity,
we denote the dendrite of A and of B; by a’ and b/, respectively. The second
hidden layer has 7 + 1 neurons denoted by C;, where j =0,1,...,z. Here Cy
has ¢ dendrites, denoted by T?, with each dendrite having two synaptic sites
for j=1,2,...,t. For j=1,2,...,t, each neuron C; has only one dendrite,
with each dendrite having two synaptic sites. The output layer is made up of ¢
neurons, denoted by M; for j=1,...,t, with each neuron M having a single
dendrite 7/ and each dendrite having two synaptic sites.

Knowing the network’s shell, the final step is describe the internal work-
ings of the network. For a given x € RE‘O,W), the input neuron N; receives the
input x; and this information is sent to each of the neurons A ; and B;. For each
i=1,2,...,n, the axonal arborization of N; consists of 2¢ terminal branches

with one terminal on each a/ and b/. The synaptic weight a/f/. at the i"" synapse

on a’ is given by afj =g, with £ = 1. Each synapse on @/ at location (i, j)
results in x; V q:j upon receiving the information x;. The total response of the
dendrite a/ is given by the summation a/(x) = 3} (x; V ql.s'f ) = (X V q%).
. . . . . [ ‘t]’l i

In a similar fgshlon, the synaptic weight ﬂij at the i synapse on b/ is
given by ,ij = q;’ with ¢ = 1. However, here each synapse on b/ at location
(i, j) results in x; A qu upon receiving the information x;, and each the neuron
Bj computes bl(x) = A qis’ ) = (X A ¢*/). This information a/(x) and
b’(x) travels through the soma towards its axon hillock of the respective neu-

rons where the corresponding activation functions for neurons A; and B, are
given respectively by

v(q*/)

_v(xAqY)
v(xV q¥)

and g;(x)= @) (9.28)

fix) =

The information fj(x) and g;(x) is being transferred via the axonal ar-
borization of the first hidden layer neurons to the dendrites of the second
layer neurons. The presynaptic neurons of Cy are all the neurons of the first

hidden layer. A terminal axonal fiber of A; and one from B; terminate on T?.

{  _n—
ajO_O_W

The weight at each of the two synapses is w where £ = 1 and

¢
bj0’
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Figure 9.17 Diagram of the two hidden layer neural network for learning
based on measures. The number of neurons in the two hidden layers will
change during learning process.
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aj, bj are address labels for the respective terminal axonal fibers from A ; and
Bj. Thus, each synapse accepts the information fj(x) and g ;(x). The total re-
sponse of the dendrite is given by T?(X) = fj(x) A g j(x). The total response of
the neuron Cy is given by

(x) = v °<x>_vf,<x>Agj<x>—v<v(;<3;>,)ﬂ<j(fl;})’> ). 9:29)
j= j= '

For j=1,2,...,t, the presynaptic neurons for the neuron C; are the two
neurons A; and B;. Denoting the single dendrite of C; by 7/, then a terminal
axonal fiber of A; and one from B; terminate on /. In lockstep with Cy, the
weight at each of the two synapses is w =0= wb where £ =1 and aj,
bj are address labels for the respective termlnal axonal fibers from A; and
Bj. Again, the two synapses accept the information f;(x) and g;(x) and the
response of the single dendrite is

. v(q®i v(xX A i
T(x) = fi(X) A g(X) = V(X(\(} qz'f) A (v(q:}) ). (9.30)
The identity function f(x) =xV je€ {0,1,...,7} activates C;. For the output
layer, the presynaptic neurons for M are the two neurons C; and C. As men-
tioned earlier, each output neuron M; has one dendrite d/ with two synaptic
regions, one for the terminal axonal bouton of C; and one for Cy. The synap-
tic weight at the synapse of C; on d’ is given by wf where £ =1 and w} =0,

while the synaptlc weight at the synapse of Cy on d’ is given by w , with
¢=0and WO 0.

Because the activation function of C; is the identity function, the in-
put at the synapse with weight w! is 7/(x), and since wjl. = 0, the synapse
accepts the input. Likewise, the input from neuron Cy at the synapse with
weight w0 is 70(x). However, because £ = 0 the weight negates the input
since (-DO(79%x) + wo) = —79(x). The dendrite d’ adds the results of the
synapses so the d/(x) = Tf (x) — 7°(x). This information flows to the hillock
of M, and the activation function of M is the hard-limiter fdx)=1e
d’(x) >0 and f(d/(x)) = 0if d/(x) < 0.

Since 7/(x) < 79(x) for j =1,2,...,¢, it follows that f(d/(x)) =1 &
7/(x) = 79(x). Thus, if f(d/(x)) =1 and Yk € {1,2,...,1}\{j} we have that
f (d*(x)) = 0, then we say that x belongs to class Csjs 1.e. winner takes all. The
case that x belongs to class c; is enhanced if there are any other possible win-
ners f(d*(x)) = 1, with cs, = cs;. However, if there is another winner that is not
a member of ¢, then repeat the steps with a new randomly obtained set P,,.
If after several tries a single winner cannot be found, it becomes necessary to
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TABLE 9.5 Similarity valuation classification performance for the
‘X-shape’ data set. Data set characteristics: k = 55 (samples), n =2
(features), and m = 2 (classes)

p |P,| 10,1 fip e
10% 6 49 11 0.798
20% 11 44 4 0.916
30% 17 38 1 0.978
40% 22 33 0 0.989
50% 28 27 0 0.994
60% 33 22 0 0.998
70% 39 16 0 1
80% 44 11 0 1
90% 50 5 0 1

increase the percentage of points in P,. The method described can be sim-
plified by eliminating the neuron Cy and using the C; neurons as the output
neurons. If there is one 7/(x) such that 7°(x) < 7/(x) ¥ s¢ € {1,2,...,m} \ {s;},
thenx € ¢ 5j> where Cs; is the class of q°/. If there are more than one winners
where the other winner does not belong to class cy;, then repeat the steps with
anew set P, as described earlier.

Recognition capability of the BLNN based on the valuation similarity
measure defined by equation 9.30, and applied to the data sets described ear-
lier in Examples 9.5 through 9.8, follows an analogous rationale with respect
to computational tests. Tables 9.5 through 9.8 show the classifications results
corresponding to the ‘X-shape’, ‘Iris’, ‘Column’, and ‘Wine’ datasets. In each
one of these tables, the first three columns give the same information as the
tables in Examples 9.5 through 9.8. However, only two columns reporting
the average value of misclassified patterns fi,, and the average fraction of hits
f[l}‘its, where s denotes the similarity measure being used. In relation to (9.27),
we set p = 50 for the number of trial runs so that r € {1,...,50} and the com-
plete data set Q = P, U Q,, is used to test the BLNN for each percentage p of
randomly generated training pattern subsets P,.

Comparison between table entries for the datasets considered in the ex-
amples reveal that the classification performance of the BLNN based on met-
rics f},ﬁ“(d]), f;,’its(dg), and the valuation similarity f;,’its, are all competitive
and data-dependent. For the X-shape data, the scores for f},‘its(d 1) are slightly
lower than those of f};}ts and fg}its(dg), and for p > 60%, f},‘éts = f;‘its(dg).

For the Iris data set both f},‘i“ and f}}its(dg) are basically equal, and both

N

are slightly better than f},‘i“(dl). In contrast, the scores of f;‘its(dl) and f[g‘i“

N
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TABLE 9.6  Similarity valuation classification performance for the
‘Iris’ data set. Data set characteristics: k = 150 (samples), n = 4
(features), and m = 3 (classes)

hits

p IPp| IQP| /“_l[J ps
10% 15 135 11 0.921
20% 30 120 7 0.952
30% 45 105 5 0.960
40% 60 90 4 0.969
50% 75 75 3 0.975
60% 90 60 2 0.980
70% 105 45 1 0.987
80% 120 30 1 0.991
90% 135 15 0 0.997

TABLE 9.7 Similarity valuation classification performance for the
‘Column’ data set. Data set characteristics: k = 310 (samples), n = 6
(features), and m = 3 (classes)

P P, 10,1 fip i
10% 31 279 71 0.770
20% 62 248 56 0.818
30% 93 217 47 0.845
40% 124 186 39 0.872
50% 155 155 33 0.891
60% 186 124 25 0917
70% 217 93 19 0.938
80% 248 62 12 0.958
90% 279 31 6 0.979

TABLE 9.8 Similarity valuation classification performance for the
‘Wine’ data set. Data set characteristics: k = 178 (samples), n = 13
(features), and m = 3 (classes)

p 1P| 10, iy hits

10% 18 160 51 0.[; 13
20% 36 142 42 0.764
30% 53 125 34 0.804
40% 71 107 28 0.843
50% 89 89 22 0.871
60% 107 71 17 0.901
70% 125 53 12 0.930
80% 142 36 7 0.956

90% 160 18 3 0.978
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are very close when using the Column data set. Nonetheless, f},‘i“(d%) and
f},‘i“(dl) are both better than f},‘i“, with f},‘i“(dg) being the clear winner. In
case of the Wine data set, the BLNN using the metric d; is the clear winner
with f715(dy) >hi (d3) and £11(dy) > f7i for p = 10% through p = 90%.

N

Exercises 9.2.3

1. Use the three similarity measures resulting from Exercise 3 of Exer-
cises 4.2.1 for similarity learning and apply them to the four data sets
employed in this section. Compare your results with those in Tables 9.5
through 9.8.



Epilogue

The work presented here is certainly not conclusive with respect to lattice
algebra and its applications. We selected various lattices and theorems from
Birkhoff’s lattice theory that were needed for the mathematical foundation of
lattice algebra. Thus, we had to forego discussing Borel lattices, o--lattices,
Boolean o-algebras, von Neumann lattices, and many others. Considering
applications, lattice algebra is at an extraordinary point in its development.
Although the mathematical formulation of lattice theory and associated al-
gebras began in the late 19th Century, their applications in other scientific
fields started flourishing with the rise of the computer age. The number of
researchers active in lattice-based applications has increased accordingly.
These applications involve modeling methods, strategies, and procedures in
a wide variety of scientific fields such as engineering, computer and infor-
mation science, and applied mathematics. When surveying these widespread
applications, one discovers a variety of different terminology and notations
for the same objects, often causing some initial confusion.

It is our hope that researchers in lattice-based applications will continue
expanding the field of lattice algebra. In order to have a coherent algebra, it
is crucial to have consistent terminology and notation such as the two lattice-
based matrix multiplications ¥ and @Al. A mea maxima culpa for having
introduced the term morphological matrix products for these two operations
in 1992 [217]. The same holds for morphological memories and morpholog-
ical neural network instead of /attice neural networks or lattice-based neu-
ral networks. Current morphological neural networks have little—if anything—
to do with mathematical morphology. Another example is the name tropi-
cal neural networks, where the max-semring (R, V,+) and the min-semring
(R, A, +) are called tropical semirings [49, 329].

Another very interesting branch of lattice theory, that has not been dis-
cussed in this treatise, is Formal Concept Analysis (FCA). The main reason
for this is that FCA evolved around the same time as the lattice algebra de-
scribed in this book. Formal concept analysis is based on concept lattices and
has proven to be an excellent tool for certain types of data analysis. It is a
method which takes binary relations and produces a complete lattice. The

381
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current FCA theory is based on the pioneering efforts in the early 1980’s by a
research group led by Rudolf Wille, Bernhard Ganter, and Peter Baumeister
at the Technical University of Darmstadt [313, 88, 89]. The motivation and
goals of FCA and lattice algebra are the same, namely to expand lattice the-
ory for utilization of real-world applications based on a solid mathematical
foundation. There already exist examples where these two branches of lattice
theory overlap [41]. We can foresee that in the future FCA could be added to
an expanded version of lattice algebra by additional chapters devoted to FCA.
This would be similar as in adding numerical linear algebra to linear algebra.
It would also expand this book from a one-semester to a two-semester study.
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automorphism, 85
autonomous endmember detection,
268
AVIRIS (Airborne Visible and
Infrared Imaging
Spectrometer), 271
axon, 171
axon hillock, 314
axonal arborization, 314

BAM (bidirectional associative
memory), 211
basic extreme point, 246
basic neighborhood, 63, 65
binary operation
associative, 17
closed, 16
commutative, 17

411
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definition of, 16, 82
inverse, 17
left distributive, 18
pseudoinverse, 18
resultant, 16
right distributive, 18
biomimetic
computational system, 314
definition of, 313
neuron, 313
Birkhoff, Garrett, 81
Bolzano-Weierstrass Theorem, 44,
66
Borel measurable space, 101
Borel set, 101
boundary, 40
boundary point, 40
bounded minimax-semifield, 117
bounded set, 37, 66
bouton, see nerve terminal

Cantor set, 47, 70, 104
Cartesian product, 4
Cauchy-Schwartz Inequality, 55
center deleted neighborhood, 59
centroid vector, 294
Chebyshev distance, 54, 279, 293
CLM (constrained linear mixing),
266, 302

clopen set, 99
closed neighborhood, 59
closed set, 41, 57
closure of a set, 42, 57
clustering

c-means, 293

unsupervised, 293
clustering validation index, 293
color palette, 312
compact set, 44, 68
component subset, 52

conjugate, 95
connected set, 50, 70
continuous function, 48, 49
convex hull
definition of, 230
finitely generated, 230
convex polytope model, 268
convex set, 157, 302
convex sublattice, 109
corner point, 231
correlation coefficient, 275, 285
cosine distance, 53
cross polytope, 346
Cuninghame-Green, 82
Cuprite mining site, 271

dark point, 270

deep learning, 73

deep network, 78

dendrite, 314

diagonally max dominant, 134

diagonally min dominant, 134

diameter of a cluster, 294

digital topology, 58

dilated version pattern, 186

dilation, 169, 172

disconnected set, 70

discrete set, 43

discrete topology, 57

DLAM (dendritic lattice associative
memory), 355

DNN (deep neural network), 313

dual lattice metric based training,
345

elimination procedure, 331
endmember, 268, 285
entry point, 247

eroded version pattern, 186
erosion, 169, 172



Euclidean distance, 54
Euclidean norm, 55
Euclidean topology, 60
event, 105

event space, 105
excitatory synapse, 316
exclusive or problem, 328
exit point, 247

exterior point, 40
extreme point, 230

field
definition of, 23
quasi-field, 23
function
bijection, 8
characteristic, 9
composite of, 9
constant, 8
counting, 14
definition of, 8
domain, 10
identity, 8
image, 10
injective, 8
order preserving, 85
pre-image, 10
projection, 9
range, 10
restriction of, 8
surjective, 8
fuzzy interval number, 109
fuzzy set
definition of, 107
degree of membership, 107
membership function, 107

greatest lower bound, 37

group
abelian, 20

Index W 413

definition of, 20
groupoid, 18
monoid, 19
semigroup, 18
subgroup, 20
translation, 21

half-space, 157
closure, 157
Hasse diagram, 88
Hausdorff distance, 124, 327
Hausdorff space, 63, 99
Heine-Borel Theorem, 46, 68
hetero-associative memory, 173
hidden layer model, 78
homomorphism
definition of, 31
Hopfield
net algorithm, 181
network, 181
Hopfield, J.J., 170
hyperbox, 233, 336

hyperoctahedron, see cross polytope

hyperplane
definition of, 157
orientation, 158
parallel, 159
perpendicular, 159
support, 158
hyperspectral image, 266

image segmentation, 265, 298
imperfect input, 359
indiscrete topology, 57
induced topology, 63
infimum, 37
infinity

negative, 6

positive, 6
inhibitory synapse, 316
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inter-cluster distance matrix, 294
interior, 40
interior point, 40
interval
closed, 40, 65
generalization of, 109
non-degenerate, 65
open, 40, 65
isolated point, 41
isomorphism
definition of, 31
duality, 117
order preserving, 85
isotone valuation, 121

kernel, 191, 202

kernel method, 190
kernel vector, 191
Khalimsky topology, 58
Kohonen, T., 170

LAAM (lattice auto-associative
memory), 299
LAM (lattice associative memory),
172
lattice
Boolean, 95
complemented, 95
complete, 89
conditionally complete, 89
convex sublattice, 109
definition of, 89
distributive, 93
fuzzy, 107
interval, 109
modular, 94
outer product, 175
semilattice, 92
sublattice, 89
valuation, 121

lattice algebra, 110

lattice disjoint, see ¢-disjoint

lattice independence, 143

lattice metric, 123

lattice polytope, 233

lattice-connected, see {-connected

lattice-separated, see £-disjoint

LBNN (lattice biomimetic neural
network), 320

learning, 79

rules, 335

least upper bound, 37

Lernmatrix, 170

limit point, 41, 57

line segment, 157

linear max sum, 139

linear min sum, 139

linear minimax combination, 139

linear subspace, 156

linear transformation, 34

linear unmixing, 302

LNN (lattice-based neural network),
320

lower bound, 37

LSU (linear spectral unmixing), 266

Manhattan distance, 54
manifold, see n-dimensional
manifold
mapping, see function
max dominant, 199
max independence, 143
max-polynomial, 142
max-semifield, 117
max-semiring, 115
max-sum of matrices, 127
maximal (polytope), 251

maximum measured reflectance, 270

measurable set, 100
measurable space, 100



measure
definition of, 102
inclusion, 108
similarity, 108
merge procedure, 331
metric
definition of, 53
distance, 53
Jaccard, 54
pseudometric, 54
quasimetric, 54
space, 53
metric lattice, 123
min dominant, 199
min independence , 143
min-polynomial, 142
min-semifield, 117
min-semiring, 115
min-sum of matrices, 127
minimal representation, 192
minimax principle, 94
minimax-semiring, 115
Moffett Field, 281
morphological independence, 195
morphologically strongly
independent, 199, 201
multi-class recognition training, 344
multispectral image, 266

natural order, 5
neighborhood
basis, 63
center deleted, 40, 59
closed, 40, 59
open, 40, 59
nerve terminal, 316
nested set property, 43, 67
neural network
artificial model, 171
deep, 78
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hidden layer model, 78
neuron, 171
postsynaptic, 314
presynaptic, 314
next state, 320
NNLS (non-negative least squares)
algorithm, 281
noise term, 174
norm, 55
norm similarity measure, 373

open cover, 44

open disc, 62

open neighborhood, 59

open set, 41, 56

optimality, 177

order relation, 5

overdetermined linear system, 281,
286

parallel direction, 159
partial order, 83
partially ordered set

chain, 87

definition of, 84

dual, 85

height, 88

length, 87

maximal element, 86

minimal element, 86
pattern, 74, 169

dilated version, 186

eroded version, 186
pattern vector

definition of, 173

non-negative, 203
PCA (principal component analysis),

290

perfect recall, 174, 177, 355
perfect set, 41
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pixel

pure, 268

spectrum, 266
polyhedron

definition of, 158

dual of, 351
polytope

definition of, 158

interval, 345
positive valuation, 121
prismatic beam, 166
probability measure, 105
probability space, 105
property, 2
propositional function, 2
prototype vector, 294
pure pixel, 268

quadratic integer, 15

radius, 40, 59
RBFN (radial basis function
network), 339
reflectance, 266
region of an image, 301
relatively open set, 49
ring
abelian, 23
Boolean, 23
characteristic zero, 23
definition of, 22
division, 23
isomorphism, 33
semiring, 22
von Neumann, 23
with unity, 23

robust in the presence of noise, 170

sample space, 105
scalar, 27
scalar multiplication, 27

seed component, 190
segmentation of a set, 300
semifield, 117
semiring
abelian, 117
definition of, 116
division, 117
null element, 117
with unity, 117
semisupervised, 293
separated sets, 71
set
cardinality, 13
complement, 3
countable, 12
denumerable, 12
difference, 3
elements, 1
empty set, 2
equivalent, 12
family, 6
finite, 12
identity, 17
indexing, 6
infinite, 12
intersection, 3
power set, 2
proper subset, 2
sequence, 6
subset, 2
uncountable, 12
union, 3
universal, 3
similarity measure, 108, 372
simplex, 158, 302
single-layer LBNN, 335
smoothing procedure, 279
soma, 314
spectrum, 266
spike train, 314



spine, 314
Steinbuch, Karl, 170
Stone Representation Theorem, 99
strong lattice-separated, 247
supervised, 293
support hyperplane, 158
supremum, 37
SVD (singular value
decomposition), 290
synapse
cleft, 316
definition of, 316
excitatory, 316
inhibitory, 316
location, 317
site, 316
weight, 318

taxicab distance, see Manhattan
distance

test data cube, 273

topological space
definition of, 56
subspace, 63

topology
basic open set, 60
basis, 59
definition of, 56
discrete, 57
Euclidean, 60
indiscrete, 57

total order, 5

total response, 356

totally disconnected, 52

universal bounds, 90
unsupervised clustering, 293
upper bound, 37

VCA (vertex component analysis),
290
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vector, 27

vector lattice, 137

vector space
basis, 29
definition of, 27
dimension, 30
generators, 29
isomorphism, 34
linearly dependent, 28
linearly independent, 28
normed, 55
span, 29
subspace, 28

vertex, 231

WM-method, 269, 271, 276, 293
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