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Complex Functions

Complex numbers were first used to simplify calculations. In the course of
time, it became clear that the theory of complex functions is a very effective
tool in engineering and sciences. Often the most elegant solutions of important
problems in heat conduction, elasticity, electrostatics, and hydrodynamics are
produced by complex function methods. In modern physics, complex variables
have even become an intrinsic part of the physical theory. For example, it is
a fundamental postulate in quantum mechanics that wave functions reside in
a complex vector space.

In engineering and sciences the ultimate test is in the laboratory. When
you make a measurement, the result you get is, of course, a real number. But
the theoretical formulation of the problem often leads us into the realm of
complex numbers. It is almost a miracle that, if the theory is correct, further
mathematical analysis with complex functions will always lead us to an answer
that is real. Therefore the theory of complex functions is an essential tool in
modern sciences.

Complex functions to which the concepts and structure of calculus can be
applied are called analytic functions. It is the analytic functions that dominate
complex analysis. Many interesting properties and applications of analytic
functions are studied in this chapter.

2.1 Analytic Functions

The theory of analytic functions is an extension of the differential and integral
calculus to realms of complex variables. However, the notion of a derivative
of a complex function is far more subtle than that of a real function. This
is because of the intrinsically two-dimensional nature of the complex num-
bers. The success made in analyzing this question by Cauchy and Riemann
left a deep imprint on the whole of mathematics. It also had a far reaching
consequences in several branches of mathematical physics.
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2.1.1 Complex Function as Mapping Operation

From the complex variable z = = + iy, one can construct complex functions
f(2). Formally we can define functions of complex variables in exactly the same
way as functions of real variables are defined, except allowing the constants
and variables to assume complex values.

Let w = f(z) denote some functional relationship connecting w and z.
These functions may then be resolved into real and imaginary parts

w = f(z+iy) = u(z,y) + iv(z,y)
in which both u(z,y) and v(x,y) are real functions. For example, if
w = f(z) = 2%,
then
w = (z +iy)? = (2 — y?) +i2zy.
So the real and imaginary parts of w (u, v) are, respectively,

u(z,y) = (2% — %), (2
v(z,y) = 2xy. (2.

1)
2)
Since two dimensions are needed to specify the independent variable z(z,y)
and another two dimensions to specify the dependent variable w (u, v), a com-
plex function cannot be represented by a single two- or three-dimensional plot.
The functional relationship w = f(z) is perhaps best pictured as a mapping, or
a transformation, operation. A set of points (z,y), in the z-plane (z = x +1iy)
are mapped into another set of points (u,v), in the w-plane (w = u + iv). If
we allow the variable x and y to trace some curve in the z-plane, this will
force the variable v and v to trace an image curve in the w-plane.

In the above example, if the point (z,y) in the z-plane moves along the
hyperbola 22 — y? = ¢ (where c is a constant), the image point given by (2.1)
will move along the curve u = ¢, that is a vertical line in the w-plane. Similarly,
if the point moves along the hyperbola 2zy = k, the image point given by
(2.2) will trace the horizontal line v = k in the w-plane. The hyperbolas
22 —y? = c and 2zy = k form two families of curves in the z-plane, each curve
corresponding to a given value of the constant ¢ or k. Their image curves form

a rectangular grid of horizontal and vertical lines in the w-plane, as shown in
Fig. 2.1.

2.1.2 Differentiation of a Complex Function

To discuss the differentiation of a complex function f (z) at certain point zg,
the function must be defined in some neighborhood of the point zy. By the
neighborhood we mean the set of all points in a sufficiently small circular
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Y 4

z-plane w-plane

Fig. 2.1. The function w = 2z? maps hyperbolas in the z-plane onto horizontal and
vertical lines in the w-plane

region with center at zg. If zg = xg + iyp and z = zg + Az are two nearby
points in the z-plane with Az = Az + 1Ay, the corresponding image points
in the w-plane are wg = ug + ivg and w = wo + Aw, where wy = f (20) and
w= f(z) = f (20 + Az). The change Aw caused by the increment Az in zy is

Aw = f (20 + A2) - f ().

These functional relationships are shown in Fig. 2.2.

Now we define the derivative f’(z) = 9% by the usual formula

. Aw f(z0+ Az) — f(20)
/ = —_—
filz) = Jim - = lim A

. (2.3)

It is most important to note that in this formula z = zy + Az can assume
any position in the neighborhood of zy and Az can approach zero along any
of the infinitely many paths joining z with zy. Hence if the derivative is to
have a unique value, we must demand that the limit be independent of the
way in which Az is made to approach zero. This restriction greatly narrows
down the class of complex functions that possess derivatives.

y

w=1(z) v

Z=zgtAz e a W =W+Aw

AW
AV
Ay W

wo=F(zy) .

Zo e
X u

Fig. 2.2. The neighborhood of zy in the z-plane is mapped onto the neighborhood
of wp in the w-plane by the function w = f (z)
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For example, if f(z) = |z|2 , then w = zz*, and

Aw |z + Az —|z]? (2 Az) (2" + AzF) — 22”
Az Az N Az
zAzZ*
Az

Ax —iAy
Az +iAy’

=2+ A" + =z —iy+ Az — iAy + (z + iy)
For the derivative f’(z) to exist, the limit of this quotient must be the same
no matter how Az approaches zero. Since Az = Az 4+ iAy, Az — 0 means,
of course, both Az — 0 and Ay — 0. However, the way they go to zero may
make a difference. If we let Az approach zero along path I in Fig. 2.3, so that
first Ay — 0 and then Az — 0, we get

. Aw . . . . . Az —iAy
Alggo Az Alglcgo {Algl;lgo [x ~iyt Ar—iAy+ (v +iy) Ax + iAy} }

= 2x.

But if we take path II and first allow Az — 0 and then Ay — 0, we obtain

. Aw . . . . . Az —iAy
i 3 =t L oo se i e

= —2iy.

These limits are different, and hence w = |z|2 has no derivative except possibly
at z =0.
On the other hand, if we consider w = 22, then

w+ Aw = (z+ Az)? = 2% + 22 Az + (Az)?,

so that
Aw 2z Az + (Az)?
—_—_— = =9 Az.
Az Az S
y
Il Z+Az
Ay

X
Fig. 2.3. To be differentiable at z, the same limit must be obtained no matter which
path Az is taken to approach zero
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The limit of this quotient as Az — 0 is invariably 2z, whatever may be
the path along which Az approaches zero. Therefore the derivative exists
everywhere and

0 = dim, 37 = fim, 25+ 29 =2
It is clear that not every combination of u(z,y) + iv(z,y) can be differ-
entiated with respect to z. If a complex function f(z) whose derivative f'(z)
exists at zgp and at every point in the neighborhood of zp, then the function
is said to be analytic at zg. An analytic function is a function that is analytic
in some region (domain) of the complex plane. A function that is analytic

in the whole complex plane is called an entire function. A point at which an
analytic function ceases to have a derivative is called a singular point.

2.1.3 Cauchy—Riemann Conditions

We will now investigate the conditions that a complex function must satisfy
in order to be differentiable.
It follows from the definition:

f()=f(z+iy) =u(z,y) +iv(z,y),
that

fz+Az2) = f((x + Az) +i(y + Ay))
=u(x+ Az,y + Ay) + v (x + Az, y + Ay).

Since w = f (2) and w+ Aw = f (2 + Az), so
Aw=f(z+Az)— f(2) = Au+iAv,
where

Au=u(z+ Az, y+ Ay) —u(x,y),
Av=v(z+ Az,y+ Ay) —v(z,y).
We can add 0 = —u(z,y + Ay) + u(z,y + Ay) to Au without changing its
value
=u(z+ Az, y + Ay) —u(@,y + Ay) + u(z,y + Ay) — u(z,y).

Recall the definition of partial derivative

. 1 _ Ou
Jim = fue+ Az, y + Ay) —u(@y + Ay)l = o
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In this expression only x variable is increased by Az and y variable remains
the same. If it is implicitly understood that the symbol Az carries the meaning
that it is approaching zero as a limit, then we can move it to the right-hand

side

0
u(x + Az, y + Ay) —u(z,y + Ay) = FZA;E.

Similarly, in the following expression only y variable is increased by Ay, so:

ou

w(z,y + Ay) —u(z,y) = —Ay.
( )—ulwy) = 5
Therefore P P
u u
Au=—A —Ay.
“ Or S dy Y
Likewise,
ov ov
Av=—A —Ay.
Y Ox T oy 4

Hence the derivative given by (2.3) can be written as

dw . Au+iAv . (%Jri%)Aer(%Jri%)Ay

Az st Az +iAy ArDo Az +iAy

Dividing both the numerator and denominator by Az, we have

. cOuy A
dw _ (G2 T150) + (5 +i5) a0
dz  Az—0 1 4_1%

. du | ;0
(55 +i53) |, , (55 T15,)) Ay

1 -~
A .
Az=0 14igg (35 +ig) Az

(2.4)

There are infinitely many paths that Az can approach zero, each path is

Ay

characterized Dby its slope z. as shown in Fig. 2.4. For all these paths to give

the same limit, % must be eliminated from this expression. This will be the

case if and only if
(5o +i5) i
(52 +if2) 7
since then the expression becomes
dw o G tiG) [1 1Ay} _Qu o
dz  Ax—0 14+ i% Az Ox Ox’

which is independent of %.

(2.5)

(2.6)
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Z+Az

Fig. 2.4. Infinitely many paths Az can approach zero, each characterized by its
slope

From (2.5), we have

ou . Ov . Ou Ov

87y+187y_18x ox’

Equating the real and imaginary parts, we arrive at the following pair of
equations:

ou Ov ou ov

9 "9y oy 0w
These two equations are extremely important and are known as Cauchy-—
Riemann equations.

With the Cauchy-Riemann equations, the derivative shown in (2.6) can
be written as

dw Ov  Ou ou . 0Ov

The expression in (2.6) is the derivative with Az approaching zero along
the real z-axis and the expression in (2.7) is the derivative with Az approach-
ing zero along the imaginary y-axis. For an analytic function, they must be
the same.

Thus if u(z,y), v(x,y) are continuous and satisfy the Cauchy-Riemann
equations in some region of the complex plane, then f(z) = u(z,y) + iv(z,y)
is an analytic function in that region. In other words, Cauchy—Riemann
equations are necessary and sufficient conditions for the function to be differ-
entiable.

2.1.4 Cauchy—Riemann Equations in Polar Coordinates

Often the function f (z) is expressed in polar coordinates, so it is convenient
to express the Cauchy—Riemann equations in polar form.
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Since x = r cosf and y = r sin 6, so by chain rule

Ou Oudr Oudy Ou

0
— cosf + —usinﬂ,

or —ozor oyor  ow dy

Qu _Oudx udy _ Ou .. 0w
90 0x00  oyoh oz dy '

Similarly,

v _Ovdr  Ovdy Ov o 0v.og
or Oz or 8y8r_8xCOb 53/b ’
v _wdw Ovdy _ Qv o v
90 9ro0  oyoo oz ay

With the Cauchy—Riemann conditions
ou  Ov ou v

dx 9y’ 9y  0a’

we have
% = 7%COSQ+ %sin@,
@ = @r sin @ + @r cosf
0 oy T Br '
Thus

ou 10v 1 Ou ov

o —roe v o0 or
are the Cauchy—Riemann equations in the polar form.
It is instructive to derive these equations from the definition of the deriv-
ative

Aw
/ .
z)= lim —.
F'z) Az—0 Az
In the polar coordinates, z = re'?,

Aw = Au(r,0) +iAv (r,0),
Az = (r+ Ar) el (0FA0) _ . oi0

For Az — 0, we can first let A — 0 and obtain
Az = (r+Ar)e? —rel? = Arel?,
and then let Ar — 0, so
Au(r,0) +iAv (r,0) 1 <6u ,31))

/ o I et -
Fie) = Alirgo Arel? T elf \ 9r + 187‘
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But if we let Ar — 0 first, we get

i(6400) _ . i

Az=re e'’.

Since

. . del? .
el (0+A0) _ o0 — 59 Af = ie? A0,

so Az can be written as
Az =rie? Ag,
and when we take the limit Af — 0, the derivative becomes

. Au(r,0) +iAv (r,0) 1 ou ., Ov
’ o s 5 o ou ov
f@) = Jlim, ric? A ~iren \o0 Ta0)

For an analytic function, the two expressions of derivative must be the same,
1 [0u n .Ov 1 ou n .Ov
v 1— = T - 11— ] .
el \or “or irei? \ 96 00

ou 10v ov 10u

Therefore

o “ra0  or - ron
which is what we obtained by direct transformation.
Furthermore, the derivative is given by either of the equivalent expressions

o [ Ou ov
/ _—if :
Fiz)=e <3r+187“>

= ie*ie 9u —l—i@
Cir 09  "o0)°

2.1.5 Analytic Function as a Function of z Alone

In any analytic function w = wu(z,y) + iv(z,y), the variables z,y can be
replaced by their equivalents in terms of z, z*:

1 1
r==(2+2") and y=—=(2—2"),
S(+27) and y= (s 2")
since the complex variable z = x 4 iy and 2z* = x — iy. Thus an analytic
function can be regarded formally as a function of z and z*. To show that w
depends only on z and does not involve z*, it is sufficient to compute (f;’;ﬁ and
verify that it is identically zero. Now by chain rule
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ow _ O(u + iv) _ ou _H@v

0z* 0z* 0z* 0z*

_ (Ou dx  Ou Oy [ 0Ov Ox  Ov Oy
(&xé‘z* * 8@/82*) i (E)xaz* + 31/82*) )

Since, from the equations expressing = and y in terms of z and z*, we have

axilad dy i
dz* 2 . dzx 2’

dzr  \20x 20y 20x 20y
1 (0u v\ i (0w o
- 2\0z Oy 2\0y 0Ox)
Since w, by hypothesis, is an analytic function, u and v satisfy the Cauchy-

Riemann conditions, therefore each of the quantities in parentheses in the last
expression vanishes. Thus

we can write

ow
2+
Hence, w is independent of z*, that is, it depends on = and y only through
the combination = + iy.
Therefore if w is an analytic function, then it can be written as

w= f(z),

= 0. (2.8)

and its derivative is defined as

dw 49— )
dz Allrgo Az '

This definition is formally identical with that for the derivatives of a function
of a real variable. Since the general theory of limits is phrased in terms of
absolute values, so if it is valid for real variables, it will also be valid for
complex variables. Hence formulas in real variables will have counterparts in
complex variables. For example, formulas such as

d(w; £we)  dwy n dws

dz T A T d2
d(wiws)  dws dw,
= s +wa dz’

d (wy /ws) _ way(dwy /dz) — wq (dwe/dz)

0,
dz w% ) w2 7é
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are all valid as long as wy, we, and w are analytic functions.
Specifically, any polynomial in z

w(2) = apz" + apn_12"" - Farz+ag

is analytic in the whole complex plane and therefore is an entire function. Its
derivative is

w (2) = napz" '+ (0= Dap_ 12" 2+ +ay.

Consequently any rational function of z (a polynomial over another polyno-
mial) is analytic at every point for which its denominator is not zero. At
the zeros of the denominator, the function blows up and is not differentiable.
Therefore the zeros of the denominator are the singular points of the function.

In fact we can take (2.8) as an alternative statement of the differentiability
condition. Thus, the elementary functions defined in the previous chapter are
all analytic functions, (some with singular points), since they are functions
of z alone. It can be easily shown that they satisfy the Cauchy-Riemann
conditions.

Ezxample 2.1.1. Show that the real part v and the imaginary part v of w = 22

satisfy the Cauchy—Riemann equations. Find the derivative of w through the
partial derivatives of u and v.

Solution 2.1.1. Since
w=z" = (nc—i—iy)2 = (3;‘2 - y2) + i2zy,

so the real and imaginary parts are

w(z,y)=a"—y>  v(zy) =2y
Therefore

ou ov ou ov

U_gp =20 T gy Y

Ox dy dy Or

Thus the Cauch—Riemann equations are satisfied. It is differentiable and

dw Ou ov
e i —op iy =2
dz 8$+18x T+ 1%y i

which is what we found before regarding z as a single variable.
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Ezample 2.1.2. Show that the real part u and the imaginary part v of f (z) =
e” satisfy the Cauchy—Riemann equations. Find the derivative of f (z) through
the partial derivatives of u and v.

Solution 2.1.2. Since
e” = "MV = % (cosy + isiny)
the real and imaginary parts are, respectively,
u=¢ecosy and v=-e"siny.

It follows that:

9% &% cos *@ @*fezsin *f@
or yi@y’ oy LR
So the Cauchy—Riemann equations are satisfied, and
0 0
f(z) = a—z + ia—z =e” cosy + ie” siny = €7,

which is what we expect by regarding z as a single variable.

Example 2.1.3. Show that the real part v and the imaginary part v of Inz
satisfy the Cauchy—Riemann equations, and find % In z through the partial
derivatives of u and v. (a) use rectangular coordinates, (b) use polar coordi-
nates.

Solution 2.1.3. (a) With rectangular coordinates, z =z + iy,

/2 1Y

Inz =u(z,y) +iv(z,y) = In (2? —|—y2)1 +i(tan™" = + 2nm).
x
So

u=1In(z*+ y2)1/2 ,  v=(tan! % + 2nm),
Ou 1 2z B x
O 2(22+y?) (22 +y?)
du 1 2y oy
gy 2(a?+y?) (22 +y?)]
v _ -yt oy
ox 1+(y/x)2 (x2+y2)7
ov 1o x

oy 1+ (y/x)? (@242
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Therefore

Ou  Ov ou  Ov

ox 9y’ dy O

The Cauchy-Riemann equations are satisfied, and

ilnz—%—&—i@— z —1i Y
dz 7 Oz 9z (22+y?) (22 +y?)
T — iy T — iy 1 1

(22 +y?) (z+iy)(z—iy) (r+iy) 2

(b) With polar coordinates, z = rel?,

Inz=wu(r0)+iv(r,0) =lnr+i(0 + 2nmr).

u=Inr, v =0+ 2nm,
u_1
or r’ or
ou v
= = = =1
00 0 00
Therefore the Cauchy—Riemann conditions in polar coordinates
ou_1_lov  1ou_,
o r rdb’ ro — or’

are satisfied. The derivative is given by

ilnz = 1f (6u —I—'av) :e_w1 = 1 = 1

— i .
dz or or r  ref 2

as expected.
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Ezxample 2.1.4. Show that the real part u and the imaginary part v of 2™
satisfy the Cauchy-Riemann equations, and find %z" through the partial

derivatives of v and v.

Solution 2.1.4. For this problem, it is much easier to work with polar coor-

dinates with z = rel?,

2" = u(r,0) +iv (r,0) = r"e™ = 1" (cosnb + isinnb) .

u=r"cosnf, v=r"sinnd,
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Ou 1 ou n
o= nr’” " cosnb, 50 = nr’ sinn,
ov el . o

o nr’” " sinnd, 90 = nr' cosnd.

Therefore the Cauchy—Riemann conditions in polar coordinates

Ou ne1 10v

gy o cosnl =g
10u el . ov
rag = mrosinnd =g

are satisfied and the derivative of 2" is given by
d ,, _i(0u n .0v
—z" =e — 4i—
dz or Or

. IR BT gyn—1 _
—e 10nrn lemﬁ:nrn lel(n 1)0:n(rele) .

) =10 (m‘"_l cosnd + inr™ lsin n@)

)

as one would get regarding z as a single variable.

2.1.6 Analytic Function and Laplace’s Equation

Analytic functions have many interesting important properties and applica-
tions. One of them is that both the real part and imaginary part of an analytic
function satisfy the two-dimensional Laplace equation

¢ 0% —0
ox?2 = oy2
A great many physical problems lead to Laplace’s equation, naturally we are
very much interested in its solution.
If f(2) = u(z,y) +iv(z,y) is analytic, then w and v satistfy the Cauchy—
Riemann conditions

ou Ov ou ov

or  dy’ Oy Oz

Differentiate the first equation with respect to x and the second equation with
respect to y, we have

o _
0x2  Jzdy
0%u 0%v

o2 Oyox
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Adding the two equations, we get
Fu P P o
0z2 ' 9y2  Oxdy Oydx’
As long as they are continuous, the order of differentiation can be interchanged
v 0%
dxdy  Oydx’

therefore it follows that:
Pu o _
ox2  oy?

This is the Laplace equation for w. Similarly, if we differentiate the first
Cauchy—Riemann equation with respect to y, and the second one with respect
to x, we can show that v also satisfies the Laplace equation

Po ot
0x2 = Oy?

Functions satisfying the Laplace equation are called harmonic functions.
Two functions that satisfy both the Laplace equation and the Cauchy-—
Riemann equations are known as conjugate harmonic functions. We have
shown that real and imaginary parts of an analytic function are conjugate
harmonic functions.

A family of two-dimensional curves can be represented by the equation

u(z,y) = k.

For example if u(x,y) = 22 + 32 and k = 4, then this equation represents a
circle centered at the origin with radius 2. By changing the constant k, we
change the radius of the circle. Thus the equation z2 + y? = k represents a
family of circles all centered at the origin with various radii.

Each of the conjugate harmonic functions forming the real and imaginary
parts of an analytic function f(z) generates a family of curves in the z—y
plane. That is, if f(z) = u(z,y) +iv(x,y), then u(z,y) =k and v (z,y) = ¢,
where k and c are constants, are two families of curves.

If Au is the difference of u at two nearby points, then by (2.4)

0.

=0.

Now if the two points are on the same curve, that is
u(z+Av,y+Ay) =k, u(z,y) =k,
then

Au=u(r+ Az, y+ Ay) —u(z,y) =0.
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In this case

ou ou

To find the slope of this curve, we divide both sides of this equation by Ax
_ Ou  Ouldy
- 0r Oy Ax’

therefore the slope of the curve u (z,y) = k is given by

Ay Ou/0x

Az"™ T u/dy

Similarly, the slope of the curve v (z,y) = ¢ is given by

Ay ov/0x

Az dv/dy

Since u and v satisfy the Cauchy—Riemann equations

ou Ov ou ov

g oy oy o
the slope of the curve v (z,y) = ¢ can be written as

Ay, Ou/dy
Az Ou/oz’

which, at any common point, is just the negative reciprocal of the slope of the
curve u (z,y) = k. From the analytic geometry, we know that the two families
of curves are orthogonal (perpendicular) to each other. For example, the real
part of the analytic function 22 is u(z,y) = 2% — y?, the family of curves of
u = k is the hyperbolas asymptotic to the line y = +x as shown in the z-plane
of Fig. 2.1. The imaginary part of 22 is v(z,y) = 22y, the family of curves of
v = c is the hyperbolas asymptotic to the x and y axes, also shown in the
z-plane of Fig. 2.1. It is seen that they are indeed orthogonal to each other at
the points of intersections.

These remarkable properties of analytic functions serve as basis for many
important methods used in fluid dynamics, electrostatics and other branches
of physics.

Ezample 2.1.5. Let f(z) = wu(z,y) + iv(z,y) be an analytic function. If
u(z,y) = xy, find v(z,y) and f(z)
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Solution 2.1.5.

ou_ v o
axiyiay’ oy 7 ox’

Method 1: Find f(z) from its derivatives

ﬂ_@u LOv

ﬂ@:—%£+a

i , i
f(z) = —§(Jv+ly)2 +C=uay— 5(1‘2 -y’ +C,

1
o(r,y) = 5 ) +
Method 2: Find v(z,y) first
ov

_ _ _ 1y
Y = v(w,y)—/ydyf 59"+ k),
ov ov  dk(z) 1, _
e r = - de z, = k(z)= 2x + C;

1 1
v(z,y) = 52/2 - §$2 +C.

1
f(z) :my+i§ (y> — 2% +2C),

1 1 1
T = §(Z+ ZY), y= 5(2 —2%) implies f(z) = —52214—0’.

Ezample 2.1.6. Let f(z) = u(x,y) + iv(z,y) be an analytic function. If
u(z,y) = In(2? +y°), find v(z,y) and f(2)

Solution 2.1.6.

ou 2x ov ou 2y v

or @4y’ Gy @+ ox
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Method 1: Find f(z) first from its derivatives

df _Ou . Ov 2z _i 2y
(@2 +y%) (a2 +y?)

dz Oz l%_
_9 T — 1y _ ?L'—iy oy 1‘ 227
(22 + y?) (x —iy) (z + iy) r+iy z

f(z)=2Inz+C=mz*+C,

z=re?;  r= (224 y?V? = tan—1 2
x

)

SHES

In2? = In(z? + y?)e'?? = In(2? + y?) + i2tan~?

v(z,y) = 2tan™! % +C.

Method 2: Find v(z,y) first

ov 2z 2z Y
= = =/ —= dy=2tan"t'Z +k
o @) v(z,y) /(x2+y2) y=2tan"" = +k(),

ov(z,y) o (Y 1 n dk(z)  —2y n dk(x)
or T\ 2?2 ) (1+y2/x?) dr (22 +9?) dz ’
ov =2 dk(z) B
9 @10 = - 0, k(z)=0C,

v(z,y) = 2tan"! % +C.

f(2) = In(2® +y?) +i2tan"! % +iC
— h'l(fEQ + y2)ei29 + lC

f(z) =Inz? +C".

Ezample 2.1.7. Let f(2) = L = u(z,y)+iv (z,y), (a) show explicitly that the
Cauchy-Riemann equations are satisfied; (b) show explicitly that both real
part and imaginary part satisfy the Laplace equation; (c¢) Describe the family
of curves u (z,y) = k and v (z,y) = ¢ and sketch them; (d) show explicitly
that the curves u (z,y) = k and v (z,y) = ¢ are perpendicular to each other
at the points they intersect.
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Solution 2.1.7.

Y

£(2) 1 1 1 r —ly r — iy x )
zZ) = = = . = = —1 .
z x+ily w+iy -y 22+y? 22+ 2?2+ y?
Therefore
x Y

u(z,y) = ma v(z,y) = *m-
(a)

ou 1 222 B y? — z?

or x2 + y2 (x2 +y2)2 - (x2 +y2)2’

ou  —2xy

dy (22442

ov 2zy
or (22 +y2)?2’
v -1 29 y? —x?

ay 22 + y2 (x2 + y2)2 (.’E2 + y2)2

Clearly the Cauchy-Riemann equations are satisfied

ou Ov ou ov

dx 9y’ 9y  Ox

(b)
@ 2z n (y? —2?) (—2) (2z)  22° — 6ay?
922~ (a2 + y2)? (22 + 12)3 T @213
Pu 2 —2xy(—2) (2y)  —22° 4 6xy?
02 - (x2 + y2)2 (w2 + y2)3 - (x2 + yz)s ’

Thus the real part satisfies the Laplace equation

Fu  Pu_
ox2 oy
Furthermore,
Pv 2 (22y) (=2) 2z) _ 2y° — 627y
o2 (x2 + y2)2 (952 + y2)3 - (952 + y2)3 ’
Pv 2 (=2” +9%) (=2) (2y)  —2¢° +62%y
5y2 - (x2+y2)2 (x2+y2)3 - (x2+y2)3 )

The imaginary part also satisfies the Laplace equation.

79



80 2 Complex Functions

0%v N *v 0
oz oy2
(¢c) The equation
T
u(z,y) = ——s =
(@.9) = 5+ "
can be written as
2 2 X
ThH Yyt =+
Y 7%

or

1 2+ 2 1
T ok V' = 2

which is a circle for any given constant k. Therefore u (z,y) = k is a family
of circles centered at (i, O) with radius le This family of circles is shown in
Fig. 2.5 as solid circles. Similarly

Y

U(ﬂf,y):*mzc

can be written as

y 1\ 1
2,,2__Y 2 2) =
Therefore v (z,y) = c is a family of circles of radius 3, centered at (0, —3).
They are shown as the dotted circles in Fig. 2.5.
Y
X

Fig. 2.5. The families of curves described by the real part and imaginary part of
the function f(z) = %

z
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(d) On the curve represented by

x
= — = k’
ou ou
du=—d —dy =0
R e + Oy y=5
which is given by
1 222 2y

du =

— dz — dy=0
22 +y2 (22 +y2)2 z (22 + y2)2 Y
It follows that:

dy y? — 2

dx ™ 2zy
Similarly, with

___ ¥ _
d 2zy 1 2y d 0
v —_ =
(22 1 2)? 22+y? @2tz Y

and

dy 2zy

Since the two slopes are negative reciprocals of each other, the two curves are
perpendicular.

Those who are familiar with electrostatics will recognize that the curves
in Fig. 2.5 are electric field lines and equipotential lines of a line dipole.

2.2 Complex Integration

There are some elegant and powerful theorems regarding integrating analytic
functions around a loop. It is these theorems that make complex integrations
interesting and useful. But before we discuss these theorems, we must define
complex integration.

2.2.1 Line Integral of a Complex Function

When a complex variable z moves in the two-dimensional complex plane, it
traces out a curve. Therefore to define a integral of complex function f(z)
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X

Fig. 2.6. The Riemann sum along the contour I" which is subdivided into n segments

between two points A and B, we must also specify the path (called contour)
along which z moves. The value of the integral will be dependent, in general,
upon the contour. However, we will find, that under certain conditions, the
integral does not depend upon which of the contours is chosen.

We denote the integral of a complex function f(z) = u(z,y) + iv(z,y)
along a contour I" from point A to point B as

B
I= f(z)dz.
W

The integral can be defined in terms of a Riemann sum as in the real variable
integration. The contour is subdivided into n segments as shown in Fig. 2.6.
We form the summation

n n

I, = Zf (Cz) (Zz - Zifl) = Zf (Cz) Az;,

i=1 i=1

where zg = A, z, = B, and f ({;) is the function evaluated at a point on I’
between z;_1 and z;. If I,, approaches a limit as n — oo and |Az;| — 0, then
we can define the integral as

n

B
f(z)dz= lim Z f(z1) Az;.

AT |Az;|—0, n—oo 4 7
) i=

Since Az; = Az; + 1Ay; as shown in Fig. 2.6, the integral can be written as
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B B B
/ f(z)dz= / (u+iv)(de +idy) = / [(udx —vdy) +i(vdz + udy))

AT AT AT

B B
:/ (udzfvdy)Jri/ (vdz + udy). (2.9)

A, A,

Thus the complex contour integral is expressed in terms of two line integrals.

Example 2.2.1. Evaluate the integral [ = ff 22dz from z4 = 0 to zp = 1 +1,
(a) along the contour I': y = 22, (b) along y-axis from 0 to i, then along the
horizontal line from ¢ to 1 + 1, as I's shown in Fig. 2.7.

,, B(1,1)

co.1) k

A(0,0) X

=0) to B (zB =1+1), I : along

Fig. 2.7. Two contours I and I> from A (za
(z¢ = 1), then along a horizontal line

the curve y = x2, I : first along y-axis to C
to B

Solution 2.2.1.
flz)=2%= (z+iy)2 = (zz—yQ) +i2zy = u + iv,
B

B B
(2)dz = / [(z? — y?)dx — 2zy dy] + i/ [2zy dz + (2% — y*)dy].
AT Wa Wa

(a) Along Iy, y =22, dy = 2z dx,

B 1 1
(2)dz :/ [(2? — 2)dr — 222722 do]+ i/ [2z2?dz+ (22 — 2*)22 da]
A 0 0

' ' 2 2
= / (z% — 52)dx +i/ (42° — 22°)dz = —= + =i
0 0 3 3
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(b) Let z¢ =1 as shown in Fig. 2.7. So

B c B
(2)dz = (2)dz + f(z)d=.
A,FQ A,FQ CyF2
From AtoC :z=0,dr =0
c 1 1
. 2 .
Fe)dz =i [ (-y)y =i
ATy 0 3
FromCtoB: y=1,dy=0
B

1 1
2
(z)dz=/ (m2—1)dx+i/ 2vdr = —= +1i.
C,Iy 0 0 3
B 1

2 2 2
f(R)dz=—Ci— S +i=—-7+31
AT 3 3 3 3

The integrals along Iy and I are observed to be equal.

2.2.2 Parametric Form of Complex Line Integral

If along the contour I, z is expressed parametrically, these line integrals can
be transformed into ordinary integrals in which there is only one independent
variable. For if z = z (t) , where ¢ is a parameter, and A = 2 (t4), B = z (t5),
then

B ts dz
/Af(z)dz:/tA £ (0) Sat (2.10)

For instance, on I of the previous example, y = 2%, we can set z (t) =

z (t) + iy (t) with z(t) = ¢ and y(t) = ¢2. It follows that 9 = 1 +i2¢, and

B 1
/ 22dz :/ (t+it2)% (1 +i2t) dt
0

A

1 2 2
= / [(¢% = 5tY) +i(4t® — 2¢°)]dt = —= + 1.
0 33

Similarly, on I of the previous example, from A to C, we can set z (t) = it
with 0 < ¢ <1, and % =1i. From C to B, we can set z (t) = (t — 1) +1 with

1<t<2, and %Zl.ThUS

B 1 2
/ z2dz:/ (it)QidH—/ (t—1-+1)dt
ATy 0 1

_ L 2.2 2
I T S
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Parametrization of a Circular Contour

A circular contour can be easily parameterized with the angular variable of
the polar coordinates. This is of considerable importance because through the
principle of deformation of contours, which we will soon see, other contour
integrations can also be carried out by changing the contour into a circle.

Consider the integral I = fC f (2)dz, where C is a circle of radius r cen-
tered at the origin. Clearly we can express z as

2(0) = rcosf +irsinf = re?,

dz
do

= —rsinf +ircosf =ire?.

This means dz = ire'?df, so the integral becomes
27 . .
I= / f(re?)ireds.
0

The following example will illustrate how this is done.

Ezxample 2.2.2. Evaluate the integral 550 z"dz, where n is an integer and C' is
a circle of radius r around the origin.

Solution 2.2.2.

2w o
% 2"dz = / (T ei@)nireie de = i,r,n+1 / ei(n+1)9d0.
C 0 0

For n # —1

27
. 1 . 2m 1
J et = gty [ ] = =0
0 i(n+1) 0 i(ln+1)

Forn = -1

27 27
/ (r eie)n irei?do = i/ df = 27i.
0 0

This means
f 2"dz =0 for n# -1,
c

d
& _oni.
C A

Note that these results are independent of the radius 7.
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Some Properties of Complex Line Integral

The parametric form of the complex line integral enables us to see immediately

that many formulas of ordinary integration of real variables can be directly

applied to the complex integration. For example, the complex integral from B

to A along the same path I" is given by the right-hand side of (2.10) with ¢4

and tp interchanged, introducing a negative sign to the equation. Therefore
B A

feyde=— [ f(z)de

A, B,
Similarly, if C is on I', then

B c B
fz)dz= [ [f(z)dz+ [ [(z)dz

AT A, c,.r
If the integral from A to B is along I} and from B back to A is along a
different contour I3, we can write the sum of the two integrals as
B

A
fE s [ f@de= ¢ £
A, I B,I» r

where I' = I + I and the symbol fp is to signify that the integration is
taken counterclockwise along the closed contour I'. Thus

B A
$oree= [ r@dr [ fea

A B.I»
A B
o R ICL IO LSy SIS
B,I'y A, I C.W.
where c.c.w. means counterclockwise and c.w. means clockwise.
Furthermore, we can show that
B

f(z)dz

AT

< ML, (2.11)

where M is the maximum value of |f (z)| on I" and L is the length of I'. This

is because
dz o
e )dt‘ /
ta

which is a generalization of |z1 + 22| < |21| 4 |22| . By the definition of M, we

have
tp
/ f(2) Slat < M/
ta ta

Thus, starting with (2. 10) we have

/ £

dz

ta

B
&:M/MFML
A

dz
dt

ﬂ)dﬂ<ML

ta
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2.3 Cauchy’s Integral Theorem

As we have seen, the results of integrations of z? along I'y and I of Fig.2.7
are exactly the same. Therefore a closed loop integration from A to B along
It and returning from B to A along I% is equal to zero. In 1825, Cauchy
proved a theorem which enables use to see that this must be the case without
carrying out the integration. Before we discuss this theorem, let us first review
the Green’s lemma of real variables.

2.3.1 Green’s Lemma

There is an important relation that allows us to transform a line integral into
an area integral for lines and areas in the zy plane. It is often referred to as
Green’s lemma, which states that

B 9Q(z,y) 9P(,y)] o
fPan+ Qe = [[ [2420 - 22D qray. 22

where C' is a closed curve surrounding the region R. The curve C' is traversed
counterclockwise, that is with the region R always to the left as shown in
Fig. 2.8.

To prove Green’s lemma, let us use Fig. 2.9, part (a) to carry out the first
part of the area double integral

[ 2%y - [ [ 20

d
~ [ Q= an

Fig. 2.8. The closed contour C of the line integral in the Green’s lemma. C is
counterclockwise and is defined as the positive direction with respect to the interior
of R
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(a) (b)

Fig. 2.9. Same contour but with two different ways to carry out the area double
integral in the Green’s lemma

Now

d d d
[ @iz aw= [ ewwui- [ Qo

d c
~ [ Q) wdv+ [ Qa0
. d

The contour of the last line integral is from y = ¢ going through g»(y) toy = d
and then returning through g; (y) to y = c. Clearly it is counterclockwise closed

loop integral
// de dy = % Q (z,y) dy. (2.13)
R oz c.c.w

Next we will use Fig. 2.9, part (b) to carry out the second part of the area
double integral

OP(x,y) /” /y‘fz“”) OP(z,y) /b y=1a(2)
G Y) 4z dy= LYyl de= [ [P(a, )"~ de.
/L 8y Y a y=r1(x) 83} Y a [ ( y)]y_fl @

b b b
| PG ar = [ Pap@yie- [ P pi@)

b a
_ / Plz, fo(z))dz + /b Plz, fi(x))dz.

In this case the contour is from = = a going through f(z) to x = b and then
returning to = a through fi(x). Therefore it is clockwise

//R de dy = ?{W Pw,y)de = - ]{W P(z,y)de.  (214)

In the last step we changed the sign to make it counterclockwise.
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Subtracting (2.14) from (2.13), we have the Green’s lemma

// [862 z,y) BPgZ y)} derdy = j{cw [Q(z,y)dy + P(z,y)dx].

2.3.2 Cauchy—Goursat Theorem

An important theorem in complex integration is the following:
If C is a closed contour and f(z) is analytic on and inside C, then

]{ f(z)dz =0. (2.15)
C

This is known as Cauchy’s theorem. The proof goes as follows. Starting with
f f(z)dz:?{(udvady)Jrij{(vderudy), (2.16)
c c c

making use of the Green’s lemma of (2.12) and identifying P as u and @ as

—v, we have
ov
%(udx—vdy // [ F ay} dzx dy.

Since f(z) is analytic, so u and v satisfy Cauchy—Riemann conditions. In
particular

ov  Ou

“oe = 3y’

therefore the area double integral is equal to zero, thus

]{)(udx—udy) =0.

Similarly, identifying v as @ and v as P, from Green’s lemma we have

j{(udx+udy // [au_y} dz dy.

Because of the other Cauchy—Riemann condition

ou Ov

e = oy

the integral on the left-hand side is also equal to zero

]{(vdx—&—udy) =0.
c
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Thus both line integrals on the right-hand side of (2.16) are zero, therefore

fcf@dz:a

which is known as Cauchy’s integral theorem.

In this proof, we have used Green’s lemma which requires the first partial
derivatives of u and v to be continuous. Therefore we have implicitly assumed
that the derivative of f (z) is continuous. In 1903, Goursat proved this theorem
without assuming the continuity of f (z) . Therefore this theorem is also called
Cauchy—Goursat theorem. Mathematically Goursat’s removal of the continu-
ity assumption from the proof of the theorem is very important because it
enables us to rigorously establish that derivatives of analytic functions are
analytic, and they are automatically continuous. A version of Goursat’s proof
can be found in Complex Variables and Applications, by J.W. Brown and
R.V. Churchill Complex Variable and Applications, 5th edn. (McGraw-Hill,
New York 1989).

2.3.3 Fundamental Theorem of Calculus

If the closed contour I' is divided into two parts I7 and I%, as shown in
Fig. 2.7, and f (2) is analytic on and between I'y and I3, then Cauchy’s integral
theorem can be written as

B A
$ = [ e [ g
I ATy B Iy
B B
= (z)dz — f(z)dz =0,
A Fl A F2

where the negative sign appears since we have exchanged the limit on the last
integral. Thus we have

B B
(z)dz = f(z)dz, (2.17)
A AT,
showing that the value of a line integral between two points is independent
of the path provided that the integrand is an analytic function in the domain
on and between the contours.
With this in mind, we can show that, as long as f(z) is analytic in a region
containing A and B

B
/A f(z)dz=F(B) - F(4),

where

dF (2) . F(z+Az)—F(2)
dz Alggo Az A
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The integral
Fe) = / () de (2.18)
20

uniquely define the function F (z) if 2o is a fixed point and f (2’) is analytic
throughout the region containing the path between 2y, and z. Similarly, we
can define

z+Az z z+Az
F(z+Az):/ f(z’)dz’:/ f(z’)dz’+/ £(z)d,

20

Clearly
z+Az
F(z+Az)7F(z):/ f(z)d.

For a small Az, the right-hand side reduces to

z+Az
[ e e

which implies that

Thus

dz

and the fundamental theorem of calculus follows:

B B
/f(z)dz:/ dF (z) = F (B) — F (A).
A

A

Example 2.3.1. Find the value of the integral f01+i 22 dz.
Solution 2.3.1.
1+i 1+i
1 1 2 2
2 3 3 .
dz = |= =-(1 S
/0 z°dz [32’]0 3( +1) 3—i—31

Note that the result is the same as in Example 2.2.1.

Ezxample 2.3.2. Find the values of the following integrals:

i 4—3mi
I :/ cos zdz, I :/ e*/2dz.
—i 4+47i
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Solution 2.3.2.

L = / cos zdz = [sinz]™ . = sin (i) — sin (—i)

= 2sin (i) = 2 (07 —e707)) = (" — ") i  23.097h

1

4—3mi 4—3mi
I = / 0?/2dy = |:2ez/2] —9 (6271371'/2 - e2+ifr/2)
44-7i 447i

= 2¢? (e—i3”/2 - ei”/Q) = 26%(i — i) = 0.

Example 2.3.3. Find the values of the following integral:

b dz
ot

—i

Solution 2.3.3. Since z = 0 is a singular point, the path of integration must
not pass through the origin. Furthermore

/%zlnz—i—C’,
z

where In z is a multivalued function, therefore there is a branch cut. To eval-
uate this definite integral we must specify the path of z going from —i to i.
There are two possibilities as shown in (a) and (b) of the following figure:

(a) (b)

4
"o _1_i/1 2 2 _1\.1 2

(a) To go from —i to i in the right half of the complex plane, we must take
the negative real axis as the branch cut. In the principal branch, —7 < 6 < 7.
Thus

Pz i g10=1n o=ix 1 1
/ — =[lnz]_, = [lne }Q:i%ﬂ— = [16’]0:i%7r =lgm+ign =i

—i
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(b) To go from —i to i in the left half of the complex plane, we must take the
positive real axis as the branch cut. Therefore 0 < # < 27. Thus

i dz i i0 =17 . 0=%m ]- 3 .
/ — =[lnz]_; = [lne ]9:§7r = [1(9]6,:§Tr =igm —igm = —im.

—i

2.4 Consequences of Cauchy’s Theorem

2.4.1 Principle of Deformation of Contours

There is an immediate, practical consequence of the Cauchy Integral Theorem.
The contour of a complex integral can be arbitrarily deformed through an
analytic region without changing the value of the integral.

Consider the integration along the two contours shown on the left side of
Fig. 2.10. If f(z) is analytic, then

% f(z)dz =0, (2.19)
7{ f(z)dz = 0. (2.20)

Naturally the sum of them is also equal to zero
7{ F()dz + 74 f(z)dz = 0. (2.21)
abeda efghe

Notice that the integrals along ab and along he are in the opposite direction.
If ab coincides with he, their contributions will cancel each other. Thus if the
gaps between ab and he, and between cd and fg are shrinking to zero, the
sum of these two integrals becomes the sum of the integral along the outer

e a C1

hp
gc

fd
o X o X

Fig. 2.10. Contour deformation
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contour C7 and the integral along the inner contour Cs but in the opposite
direction. If we change the direction of C5, we must change the sign of the
integral. Therefore

j{ f(z)dz + f f(z)dz = 7§f<z)dz—j{f(z)dz 0.
Cy Co

abcda efghe

It follows:
}{f(z)dz: j{f(z)dz (2.22)
Cy Ca

Thus we have shown that the line integral of an analytic function around any
closed curve (' is equal to the line integral of the same function around any
other closed curve Cs into which C; can be continuously deformed as long as
f (2) is analytic between C7 and Cs and is single-valued on Cy and Cs.

2.4.2 The Cauchy Integral Formula

The Cauchy integral formula is a natural extension of the Cauchy integral
theorem. Consider the integral

I = Mdz, (2.23)

Cy Z— 20
where f(z) is analytic everywhere in the z-plane, and C; is a closed contour
that does not include the point zy as shown in Fig. 2.11a.
Since (z — z9) ! is analytic everywhere except at z = zg, and zq is outside
of C, therefore f(z)/(z — 2o) is analytic inside Cj. It follows from Cauchy’s
integral theorem that

Y A (GO N
I = fc dz = 0. (2.24)

1Z—Z0

(a) (b)

Fig. 2.11. Closed contour integration. (a) The singular point zo is outside of the
contour Ci. (b) The contour C> encloses zg, C2 can be deformed into the circle Co
without changing the value of the integral
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Now consider a second integral

I = Md,z, (2.25)

CQZ_ZO

similar to the first, except now the contour Cs encloses zj, as shown in
Fig.2.11b. The integrand in this integral is not analytic at z = zy which
is inside (', so we cannot invoke the Cauchy integral theorem to argue that
I, = 0. However, the integrand is analytic everywhere, except at the point
z = 2p, so we can deform the contour into an infinitesimal circle of radius e
centered at zg, without changing its value

I> = lim Mdz. (2.26)
e—0 Co zZ— 20

This deformation is also shown in Fig. 2.11b.

This last integral can be evaluated. In order to see more clearly, we enlarge
the contour in Fig. 2.12.

Since z is on the circle Cy, with the notation shown in Fig. 2.12, it is clear
that

z =z + 1y,
x = xog+ecosh,

Yy = yo + esinéb.

Therefore
z = (20 +iyo) + e(cos B + isin ). (2.27)

Since

20 = xo + iyo,

e’ = cosf + isin,
y
z
€
X, zZ, 6

Fig. 2.12. Circular contour for the Cauchy integral formula
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we can write .
2= 29 +eel. (2.28)

On Cy, € is a constant, and 6 goes from 0 to 27. Therefore
dz=ice?df (2.29)

and

2m i0
+ce
f) o, [ Gt ed)
Cy 2~ 20 0 ee

2m
ieei‘)de:i/ f(z0+c€?)do. (2.30)
0

Ase—0, f (zo + 5ei9) — f(20) and can be taken outside the integral

I, = Mdz = lim Mdz
Cs Z— 20 e—0 Co # — 20
27 ) 27
= lin%i/ f(zo+ee?)do = if(zo)/ df = 27i f(z0), (2.31)
e 0 0

where C' is any closed, counterclockwise path that encloses zg, and f(z) is
analytic inside C'. This result is known as Cauchy’s integral formula, usually
written as

f(z0) = L Mdz. (2.32)

C2m Joz— 20

2.4.3 Derivatives of Analytic Function

If we differentiate both sides of Cauchy’s integral formula, interchanging the
order of differentiation and integration, we get

f’(zO>:i7€f<) d_ 1 4,14 e 4

2mi ? dzo (z—20)  2mi Jo (2 — 20)2

To establish this formula in a rigorous manner, we may start with the formal
expression of the derivative

. flzo0+ Azo) — f(20) . 1
! _ _ _
f'(z0) = ALIOHLO Az = AIZIOIEO Az [f(z0 + Azp) — f(20)]
T Lyf NS N S (I
Azo—0 Azg |27 Jo 2 — 20 — Az 21 Jo 2z — 2o
Now

/) O i |
jiz—zo—Azodz_ Cz—zodz_jif(z) (z—zO—Azo B z—z())dz

_ - AZO 2= Az f(Z)dZ
_%Cf()(z—zo—Azo)(Z*Zo)d Aoj{c(zfzo—Azo)(zfzo)'
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Therefore

Flz) = lim — [AZO f[g : F(2)dz }

Azloﬂo Azg | 27 z— 20 — Azp)(z — 20)

— lim f(z)dz R G (G
N Alzlon—l>0 2mi j{; (2 — 20 — Azp)(z — 20)  2nmi j{; (z — 20)? dz.

In a like manner we can show that

neo v _ 2 f(2)
and in general )
oy M f)
f (ZO) = 27(1?% (Z — ZQ)”'HdZ' (2'34)

Thus we have established the fact that analytic functions possess derivatives of
all orders. Also, all derivatives of analytic functions are analytic. This is quite
different from our experience with real variables, where we have encountered
functions that possess first and second derivatives at a particular point, but
yet the third derivative is not defined.

Cauchy’s integral formula allows us to determine the value of an analytic
function at any point z interior to a simply connected region by integrating
around a curve C surrounding the region. Only values of the function on the
boundary are used. Thus, we note that if an analytic function is prescribed
on the entire boundary of a simply connected region, the function and all its
derivatives can be determined at all interior points. The Cauchy’s integral
formula can be written in the form of

1) = 5§ 194

= 2.35
27 Jos— 2 © (2.35)

where z is any interior point inside C'. The complex variable ¢ is on C' and
is simply a dummy variable of integration that disappears in the integration
process. Cauchy’s integral formula is often used in this form.

Ezxample 2.4.1. Evaluate the integrals

22sinmz CoS z
(a) \%\ Z_ildz, (b)% 23 dZ

2

around the circle |z| = 1.

Solution 2.4.1. (a) The singular point is at z = % which is inside the circle
|z| = 1. Therefore

2?sinmz 1\2 1 1
% 27% z mi [z sm7rzL:1/2 771<2> sin (7r2> 2771
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(b) The singular point is at z = 0 which is inside the circle |z| = 1. Therefore

CcoS z 27 [ d2 . .
jé 3 dz = o1 [sz cos z] . mi[— cos (0)] = —i.

Ezxample 2.4.2. Evaluate the integral
2
-1
7{ L
(z-2)
around (a) the circle |z| = 1, (b) the circle |z] = 3.

Solution 2.4.2. (a) The singular point is at z = 2. It is outside the circle of

|z| = 1, as shown in Fig. 2.13a. Inside the circle |z| = 1, the function 221 g

(=—2)?
2
-1
§ 2t
(2 —2)

(b) Since z = 2 is inside the circle |z| = 3, as shown in Fig. 2.13b, we can write

the integral as
221 _ f(Z) —orif
%(2_2)2d2—%(2_2)2dz—2 if (2),

analytic, therefore

where
f()=22-1, f(2)=2z and [f(2)=4

Thus

2
—1
z —

D
.,

Fig. 2.13. (a) |z|] =1, (b) |2| =3
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Ezxample 2.4.3. Evaluate the integral

2
z
—d
%zQ +1 i
(a) around the circle |z — 1| = 1, (b) around the circle |z —i| = 1, (c¢) around
the circle |z — 1| = 2.

Solution 2.4.3. Unless the relationship between the singular points and the
contour is clear as in previous examples, to solve problems of closed contour
integration, it is best to first find the singular points (known as poles) and
display them on the complex plane, then draw the contour. In this particular
problem, the singular points are at z = =i, which are the solutions of 2241 =
0. The three contours are shown in Fig. 2.14.

(a) It is seen that both singular points are outside of the contour |z — 1] = 1,

therefore
2
z
—Z _dz=0.
]{z2—|—1 z=0

(b) In this case, only one singular point z = i is inside the contour, so we can

write
2 2 f(2)
[ a T e T B
where
2
z
F) = z4+1i

Thus, it follows:
22 f(z) s (0)*
%22 +1dz = jQ{ z—idz =27 f(i) = Zﬂli—_'_i = —7.

(a) (b) (c)

Fig. 2.14. (a) [z—1]=1,(b) |z—i|=1, (¢c) |z — 1| =2
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(c) In this case, both singular points are inside the contour. To make use of
the Cauchy integral formula, we first take the partial fraction of ﬁ,

1 1 A B

S Sl P oy Sl ey S PO
A(z+0)+ B(z—i) _(A+B)z+(A- B)i

(z=D)(z+1)  (z—D(z+i)

So

A+B=0, (A-B)i=1,
B=—A4, 24i=1,
A:l,:—l, B=_.

2 2 2

It follows that:
2 . .
]{Zidz:y{zz L I.Jrl 1. dz
2241 2(z—1)  2(z+1)
. 2 . 2
:,l% : _dz+l}{ : -dz.
2 z—1 2 zZ+1

Each integral on the right-hand side has only one singular point inside the
contour. According the Cauchy integral formula

22
f{ ~dz = 27i(i)? = —2mi,

zZ—1

22 . N2 .
-dz = 27i (—1)" = —27i.
z4+1
Therefore

fZZd — L Comy+ L (Comiy =0
22+1 z = 9 Tl 2 1) = U.

Ezxample 2.4.4. Evaluate the integral
z—1
—d
% 2224+ 32—2 i
around the square whose vertices are (1,1), (-1,1), (-1,-1),(1,-1).
Solution 2.4.4. To find the singular points, we set the denominator to zero
2:24+32-2=0,

which gives the singular points at
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1

(-3+£V9+16) = { 2

z =

R

The denominator can be written as
9 1
22°+32—-2=2 =g (z+2).

The singular points and the contour are shown in the following figure:

Since only the singular point at z =  is inside the contour, we can write the

2
integral as

R e b e R B R O

where

f(z) = Q(Z;fz) f (;) =

Therefore

fZ;ldz__li
9:243.-2°" 5™

Several important theorems can be easily proved by Cauchy’s integral
formula and its derivatives.

Gauss’ Mean Value Theorem

If f(2) is analytic inside and on a circle C' with center at zg, then the mean
value of f (z) on C'is f (2p) -
This theorem follows directly from the Cauchy’s integral formula:

f(z0) 1 MdZ.

27 Joz— 2
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Let the circle C be |z — 29| = r, thus
z=z20+re? and dz=ire?ds.

Therefore

f(z0) = 1 f(z fzo—i—re

21 Jo 2z — zo rei?

—7{]” zo-i-re

2T Jire?de

which is the mean value of f(z) on C.

Liouville’s Theorem

If f(2) is analytic in the entire complex plane and |f (z)| is bounded for all
values of z, then f(z) is a constant.
To prove this theorem, we start with

oy L [
f(z)—%fc(zl_z)zdz.

The condition that |f(z)| is bounded tells us that a nonnegative constant M
exists such that | f(z)| < M for all z. If we take C to be the circle |2/ — z| =

then
1 |f( Ol
() < 5= j'{ 2|
2ri| Jo |(2' = 2)?]
11
< ——M21R = —.
=or Rz R
Since f (2’) is analytic everywhere, we may take R as large as we like. It is

clear that 3 — 0, as R — oo. Therefore |f’(z)| = 0, which implies that

f'(2) =0 for all z, so f(z) is a constant.

Fundamental Theorem of Algebra

The following theorem is now known as the fundamental theorem of algebra.
In the last chapter we mentioned that this theorem is of critical importance
in our number system.

Every polynomial equation

P,(z)=ap+a1z+ - +a,z"=0

of degree one or greater has at least one root.
To prove this theorem, let us first assume the contrary, namely that
P, (z) # 0 for any z. Then the function

f(z) =
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is analytic everywhere. Since nowhere will f (z) go to infinity and f (z) — 0
as z — 00, 80 | f (z)| is bounded for all z. By Liouville’s theorem we conclude
that f(z) must be a constant, and hence P, (z) must be a constant. This is a
contradiction, since P, (z) is given as a polynomial of z. Therefore, P, (z) =0
must have at least one root.

It follows from this theorem that P, (z) = 0 has exactly n roots. Since
P, (z) = 0 has at least one root, let us denote that root ;. Thus

Po(2) = (2= 21)Qn-1 (2),

where @,,—1(z) is a polynomial of degree n — 1. By the same argument, we
conclude that @,,—1(z) must have at least one root, which we denote it as zs.
Repeating this procedure n times we find

P,(z)=(z—z1)(z—22) (2 —2n) =0.

Hence P, (z) = 0 has exactly n roots.

Exercises

1. Show that the real and the imaginary parts of the following functions f(z)
satisfy the Cauchy—Reimann conditions

(a) 2%, (b)e*,  (c) 5.

2. Show that both the real part u(z,y) and the imaginary part v (x,y) of
the analytic function e* = u (z,y) +iv (z,y) satisfy the Laplace equation

Po 06 _

@—F@T/Q 0.

3. Show that the derivative of 2%_2 calculated in the following three different
ways gives the same result:
(a) Let Ay =0, so that Az — 0 parallel to the z-axis. In this case

T ox oz

(b) Let Az = 0, so that Az — 0 parallel to the y-axis. In this case

f'(2)

oy
f(z)iiﬁy—i_@y'

(¢) Use the same rule as if z were a real variable. That is

_df

=L
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2 Complex Functions

Let 22 = u (z,y)+iv (z,y) , find the point of intersection of u (x,y) = 1 and
v (x,y) = 2. Show that at the point of intersection the curve u(z,y) = 1
is perpendicular to v (x,y) = 2.

. Let f(2) = u(z,y) +iv(x,y) be an analytic function. If u(z,y) is given by

the following function:
(a)z? — o (b) eYsinuz,

show that they satisfy the Laplace equation. Find the corresponding
conjugate harmonic function v(z,y). Express f(z) as a function of z
only.

Ans. (a) v(z,y) = 2zy +¢, f(2) = 22+c (b) v(x,y) = eYcosx +

e, f(z)=ie"*+ec

. In which quadrants of the complex plane is f (z) = |z| —i|y| an analytic
function?
Hint: In first quadrant, z > 0, so g—g = % = % = 1, in the second
quadrant, z < 0, so % = %ﬁ‘ = 8(8;;:) = —1, and so on.

Ans. f(z) is analytic only in the second and fourth quadrants.

Express the real part and the imaginary part of (z +1)? in terms of polar
coordinates, that is, find w (r,0) and v (r,0) in the expression

(z4+1)° =u(r,0) +iv(r,6).
Show that they satisfy the Cauchy—Riemann equations in the polar form:
Ou(r,0) _10v(r,0) 10u(r,0) _ Ov(r,0)

or r 00 r 00 or
Show that when an analytic function is expressed in terms of polar coordi-
nates, both its real part and its imaginary part satisfy Laplace’s equation
in polar coordinates

2¢ 10¢ 1 0%
o Tror o

To show that line integral are, in general, dependent on the path of inte-
gration, evaluate
i
/ |z)* dz
-1

(a) along the straight line from the initial point —1 to the final point i, (b)
along the arc of the unit circle |z| = 1 traversed in the clockwise direction
from the initial point —1 to the final point i.

Hint: (a) Parameterize the line segment by z = —1+ (1+1i)t, 0<¢t<1.
(b) Parameterize the arc by z = e 7 > 0 > 7 /2.

Ans. (a) 2(1 +1)/3, (b)1 +1i.
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To verify that the line integral of an analytic function is independent of

the path, evaluate
3+i
/ 22dz
0

(a) along the line y = x/3, (b) along the real axis to 3 and then vertically
to 3 +1, (c) along the imaginary axis to i and then horizontally to 3 + i.

Ans. (a) 6+ 2, (b) 6+ i, (c) 6+ L.

Verify the Green’s lemma
_ OB(z,y) OA(z,y)
Flaw s+ By = [[ |22 - 240 gy
R

for the integral

]{ [(2? +y)dz — zy*dy]
taken around the boundary of the square with vertices at (0,0), (1,0), (0,1),
(1,1).

Verify the Green’s lemma for the integral

Flie = p)e + (2 + )y

taken around the boundary of the area in the first quadrant between the
curve y = 22 and y? = x.

Evaluate

3+i
/ 22dz
0

with fundamental theorem of calculus. That is,

dF (z)
dz

B
if = f(z), then/ f(zx)dz=F(B)-F(A),
A
provided f (z) is analytic in a region between A and B.
Ans. 6 + %i.

What is the value of

32247 1
]{ﬂdz

z+1
c

(a) if C' is the circle |z + 1| = 1?7 (b) if C' is the circle |z +i| = 17 (c) if C
is the ellipse 22 + 2y? = 8?
Ans. (a) —6m7i, (b) 0, (¢) —67i.
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15. What is the value of
%Ziﬂdz
2242245
c
(a) if C is the circle |z| = 17 (b) if C is the circle |z + 1 —1i] =27 (¢) if C
is the circle [z 4+ 1 +1i| = 27
Ans. (a) 0, (b) $(3+2)m,  (c) 3(-3+2i)m.

16. What is the value of
eZ
d
% z+12”
C

around the circle |z — 1| = 37

Ans. 27mie 1.

17. What is the value of
z+1
% 23 — 222 dz
c
(a) If C' is the circle |z] = 17 (b) If C is the circle |z — 2 —i| = 27 (¢) If C
is the circle |z — 1 — 2i| = 27
Ans. (a) =371, (b) 37, () 0.
18. Find the value of the closed loop integral
3 .
%z + s.mzdz
(z—1)?
taken around the boundary of the triangle with vertices at +2, 2i.
Ans. w(e—e!) /2 — 6.

19. What is the value of

if C is the circle |z| = 17

Ans. 27i.

20. What is the value of

Inz
% - 2)de
c

if C is the circle |z — 3| = 27

Ans. i.





