4

Determinants

Determinants are powerful tools for solving systems of linear equations and
they are indispensable in the development of matrix theory. Most readers
probably already possess the knowledge of evaluating second- and third-order
determinants. After a systematic review, we introduce the formal definition
of a nth order determinant through the Levi-Civita symbol. All properties of
determinants can be derived from this definition.

4.1 Systems of Linear Equations

4.1.1 Solution of Two Linear Equations

Suppose we wish to solve for x and y from the system of 2 x 2 linear equations
(2 equations and 2 unknowns)

a1x + bly = dl, (41)
asx + be = dQ, (42)

where ay,ag,b1,bs,d1, and dy are known constants. We can multiply (4.1) by
by and (4.2) by by, and then take the difference. In so doing, y is eliminated,
and we are left with

(b2a1 — blag)fﬁ = bad; — b1d2,

therefore d b dob
g =221 (4.3)

a1by — azby
where we have written bya; as ajpbs, since the order is immaterial in the
product of two numbers. It turns out that if we use the following notation, it

is much easier to generalize this process to larger systems of n x n equations

ay by

ol (4.4)

arby — agby =
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= ayb, — asby

)

Fig. 4.1. A schematic diagram for a second-order determinant

The 2 x 2 square array of the four elements on the right-hand side of this
equation is called a second-order determinant. Its meaning is just that its
value is equal to the left-hand side of this equation. Explicitly, the value of a
second-order determinant is defined as the difference between the two products
of the diagonal elements as shown in the schematic diagram (Fig.4.1).

With determinants, (4.3) can be written as

‘dl b1
da b
=== (4.5)
a1 b1
a9 b2
and with a similar procedure one can easily show that
ay dy
a9 d2
y= . (4.6)
ay b1
a9 b2
Example 4.1.1. Find the solution of
2z — 3y = —4,
6xr — 2y = 2.
Solution 4.1.1.
—4 -3
. 2 -2 846
23] —4+18 7
6 —2
2 —4
6 2 4+24

v= ’2—3‘ T 4118

6 -2
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4.1.2 Properties of Second-Order Determinants

There are many general properties of determinants that will be discussed in
later sections. At this moment we want to list a few which we need in the fol-
lowing discussion of third-order determinant. For a second-order determinant,
these properties are almost self-evident from its definition. Although they are
generally valid for nth order determinant, at this point we only need them to
be valid for second-order determinant to continue our discussion:

1. If the rows and columns are interchanged, the determinant is unaltered,

a1 a2 | . Rt b
bl b2 —albg b1a2 = ag b2 . (47)
2. If two columns (or two rows) are interchanged, the determinant changes
sign,
b ay :ba—ba:—(ab—ab):—alb1 (4.8)
by as 1a2 — b2a1 102 — az201 as by | .

3. If each element in a column (or in a row) is multiplied by m, the determi-
nant is multiplied by m,

ay by
a9 b2

maq bl
masg b2

= ma1b2 — ma2b1 = m(a1b2 — agbl) =m

4. Tf each element of a column (or of a row) is sum of two terms, the deter-
minant equals the sum of the two corresponding determinants,

+ b
EZ; + 23 b; = ((11 + Cl)bg — (CL2 + Cg)bl = a1b2 — a2b1 + Clbg — Cle
_|la by c1 by
- a9 b2 C2 b2 '

4.1.3 Solution of Three Linear Equations

Now suppose we want to solve a system of three equations

a1z + b1y + 1z = dy, (4.9)
asx + boy + coz = do, (4.10)
a3 + b3y + c3z = ds. (4.11)

First we can solve for y and z in terms of x. Writing (4.10) and (4.11) as

boy + coz = do — asx,

b3y +c3z = d3 — asx,
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then in analogy to (4.5) and (4.6), we can express y and z as

(dg — (12.%‘) C2
dn —
y = (s —as2) ca] (4.12)
bg C2
b3 c3
b2 (d2 7(12.%)
ba (da —
po 1l (s —aso)| (4.13)
b2 C2
b3 c3

Substituting these two expressions into (4.9) and then multiplying the entire
equation by

b2 C2
b3 C3 ’
we have
b2 C2 (dz — (LQIE) C2 b2 (d2 — GQ.’E) bQ C2
@1 b3 C3 I+b1 (dg —agac) C3 +cl b3 (dg —(lgLL') L b3 C3 ’ (414)
By properties 3 and 4, this equation becomes
bg Co d2 C2 a2 C2
%1 b363 x+b1{d303 N asg C3 x}
b2 d2 b2 ag o b2 C2
—|—Cl{ bs ds — bs as l‘} =d; by cs|° (415)
It follows:
Dz = N,, (4.16)
where
by o da 3 be da
Nx —dl b3 - dg c —C1 b3 d3 5 (417)
and ) )
_ 2 C2| az C2| 2 A2
D= 1 bg 1 as c3 C1 b3 as . (418)
Expanding the second-order determinants, (4.18) leads to
D = a1bycs — a1bscs — biascs + biaszca — ci1baas + c1bszas. (419)

To express these six terms in a more systematic way, we introduce a third-
order determinant as a short hand notation for (4.19)

aq b1 C1
D= a9 b2 Co|. (420)
as b3 C3
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= a4 b203 + b1 Codg + C4 azbs - asb201 - b3Cza1 - Csa2b1

Fig. 4.2. A schematic diagram for a third-order determinant

A useful device for evaluating a third-order determinant is as follows. We write
down the determinant column by column, after the third column, we repeat
the first, then the second column, creating a 3 x 5 array of numbers. We can
form a product of three elements along each of the three diagonals going from
upper left to lower right. These products carry a positive sign. Similarly, three
products can be formed along the diagonals from lower left to upper right.
These three latter products carry a minus sign. The value of the determinant
is equal to the sum of these six terms. This is shown in the diagram (Fig.4.2).

This is seen to be exactly equal to the six terms in (4.19).

Using the determinant notation, one can easily show that N, in (4.17) is
equal to

d1 b1 C1
Z\/Vm = dg b2 Co|. (421)
d3 b3 C3
Therefore
d1 bl C1
d2 b2 C2
d3 b3 c3
=121
ay b1 C1
ag b2 C2
as bg C3
Similarly we can define
a1 dl C1 ay bl dl
Ny=|axdyca|, N, = |az by da |,
as ds c3 asz b3 ds
and show
_Ny _ N
Yy = D y z = D .
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The determinant in the denominator D is called the determinant of the coef-
ficients. It is simply formed with the array of the coefficients on the left-hand
sides of (4.9)-(4.11). To find the numerator determinant N,, start with D,
erase the z coeflicients a1, as, and a3, and replace them with the constants
d1,ds, and ds from the right-hand sides of the equations. Similarly we re-
place the y coefficients in D with the constant terms to find IV,, and the 2
coefficients in D with the constants to find IV, .

Example 4.1.2. Find the solution of

3z +2y+ 2z =11,
2z + 3y + 2z = 13,
r+y+4z =12

Solution 4.1.2.

321
D=[231|=36+2+2-3-3-16=18,
114
11 2 1
N,=|13 3 1|=1324+24+13—36—11 — 104 = 18,
12 1 4
311 1
N,=|2 13 1|=156+11+24— 13 — 36 — 88 = 54,
112 4
32 11
N.=[2 3 13| =108+ 26+ 22 — 33 — 39 — 48 = 36.
11 12
Thus
18 54 36
:—:1 = — = :—:2_
TR VERTY AT

Clearly, with determinant notation, the results can be given in a system-
atic way. While this procedure is still valid for systems of more than three
equations, as we shall see in the section on Cramer’s rule, but the diagonal
scheme of expanding the determinants shown in this section is generally cor-
rect only for determinants of second- and third-orders. For determinants of
higher order, we must pay attention to the formal definition of determinants.
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4.2 General Definition of Determinants
4.2.1 Notations
Before we present the general definition of an arbitrary order determinant,

let us write the third-order determinant in a more systematic way. Equations
(4.19) and (4.20) can be written in the following form:

aq bl C1 3
aybyca| =D Y eijraibjc, (4.22)
as b c3 i=1 j=1k=1

where

€123 = €231 = €312 = 1,
€132 = €321 = €213 = —1, (4.23)

gijr = 0 for all others.

Writing out term by term the right-hand side of (4.22), one can readily verify
that the six nonvanishing terms are exactly the same as in (4.19).

In order to generalize this definition for a nth order determinant, let us ex-
amine the triple sum more closely. First we note that €;;, = 0 if any two of the
three indices 4, j, k are equal, e.g., €112 = 0, €333 = 0. Eliminating those terms,
(4.22) is a particular linear combination of six products, each product contains
one and only one element from each row and from each column. Each product
carries either a positive or a negative sign. The arrangements of (4, j, k) in the
positive products are either in the normal order of (1,2, 3), or are the results
of an even number of interchanges between two adjacent numbers of the nor-
mal order. Those in the negative products are the results of an odd number
of interchanges in the normal order. For example, it takes two interchanges to
get (2,3,1) from (1,2,3) [123 (interchange 12)—213 (interchange 13)—231],
and asbscy is positive (231 = 1); it takes only one interchange to get (1,3,2)
from (1,2, 3) [123 (interchange 23)—132], and a1bzcs is negative (130 = —1).
The diagram (Fig.4.3) can help us to find out the value of ¢;;, quickly. If a
set of indices goes in the clockwise direction, it gives a positive one (+1), if it
goes in the counterclockwise direction, it gives a negative one (—1).

1
-1 / \ +1
3 2

NS

Fig. 4.3. Levi-Civita symbol €;;, where i, j, k take the value of 1,2, or 3. If the set
of indices goes clockwise, €1 = +1, if counterclockwise, €1 = —1
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These properties are characterized by the Levi-Civita symbol €;,i5...4,
which is defined as follows:

1 if  (i1,42,...,%,) is an even permutation
of the normal order (1,2,...,n)
Eivigin =\ _1 if (i1,12,...,4,) is an odd permutation
of the normal order (1,2,...,n)
0 if any index is repeated.

An even permutation means that an even number of pairwise interchanges
of adjacent numbers is needed to obtain the given permutation from the nor-
mal order, and an odd permutation is associated with an odd number of
pairwise interchanges. As we have shown, (2,3,1) is an even permutation,
and (1,3,2) is an odd permutation.

An easy way to determine whether a given permutation is even or odd
is to write out the normal order and write the permutation directly below
it. Then connect corresponding numbers in these two arrangements with line
segments, and count the number of intersections between pairs of these lines.
If the number of intersections is even, then the given permutation is even. If
the number of intersections is odd, then the permutation is odd. For exam-
ple, to find the permutation (2,3,4,1), we write out the normal order and
permutation in the diagram (Fig. 4.4, we call it “permutation diagram”):

There are three intersections. Therefore the permutation is odd and
€2341 = —1. The reason this scheme is valid is because of the following. Start-
ing with the smallest number that is not directly below the same number,
an exchange of this number with the number to its left will eliminate one
intersection. In the earlier example, after the interchange between 1 and 4,
only two intersections remain. Clearly two more interchanges will eliminate
all intersections and return the permutation to the normal order. Thus three
intersections indicate three interchanges are needed. Therefore the permuta-
tion is odd.

When we count the number of intersections, we are counting the intersec-
tions of pairs of lines. Therefore one should avoid to have more than two lines
intersecting at a point. The lines joining the corresponding numbers need not
to be straight lines.

17%&4 After one 1>‘$2<3 |4
D —
2 3 41 interchange 2314
Fig. 4.4. Permutation diagram. The permutation is written directly below the
normal order. The number of intersections between pairs of lines connecting the
corresponding numbers is equal to the number of interchanges needed to obtain the

permutation from the normal order. This diagram shows that one intersection point
represents one interchange between two adjacent members
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Ezxample 4.2.1. What is the value of the the Levi-Civita symbol €13572467

Solution 4.2.1. There are six intersections in Fig. 4.5, therefore the permu-
tation is even and e1357046 = 1.

12 34567 1234567
o< ) = R
1357 2 46 12 357 46
VALY NAY
1234567 1234567
— >'< —
12345 LG 1234567

Fig. 4.5. In this diagram, six intersections represent that six interchanges are needed
to obtain the permutation 1357246 from the normal order 1234567

4.2.2 Definition of a nth Order Determinant

In discussing a general nth order determinant, it is convenient to use the
double-subscript notation. Each element of the determinant is represented
by the symbol a;;. The subscripts ¢j indicate that it is the element at ith
row and jth column. With this notation, aibac3 becomes aiias2a33; azbscy
becomes agias2ai3, and a;bjc, becomes a;1aj2ax3. The determinant itself is
denoted by a variety of symbols. The following notations are all equivalent:

ail @12 -+ QAin
a?1 Cl.22 a?n = |ai;| = |A| = det |A] = D,,. (4.24)
Anl A2 **° Ann

The value of the determinant is given by
n

n n
Dn = E E e E Eiliz...i"aillaiﬂ s ainn. (425)
i1=1142=1

in=1

This equation is the formal definition of a nth order determinant. Clearly,
for n = 3, it reduces to (4.22). Note that for a nth order determinant, there
are n! possible products because i can take one of n values, i5 cannot repeat
i1, so it can take only one of n—1 values, and so on. We can think of evaluating
a determinant in terms of three steps. (1) Take n! products of n elements such
that in each product there is one and only one element from each row and
one and only one element from each column. (2) Attach a positive (4) sign
to the product if the row subscripts are an even permutation of the column
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subscripts, and a minus sign (—) if an odd perturbation. (3) Sum over n!
products with these signs.

Stated in this way, it is clear that the definition of a determinant is sym-
metrical between the rows and columns. The determinant (4.25) can just as
well be written as

n

n n
Dn = E E s E Eiliz...i"aulagiz s am". (426)
i1=1142=1

in=1

It follows that any theorem about the determinant which involves the rows is
also true for the columns, and vice-versa.

Another property that is clear from this definition is this. If any two rows
are interchanged, the determinant changes sign. First it is easy to show that if
the two rows are adjacent to each other, this is the case. This follows from the
fact that an interchange of two adjacent rows corresponds to an interchange
of two adjacent row indices in the Levi-Civita symbol. It changes an even
permutation into an odd permutation, and vice versa. Therefore it introduces
a minus sign to all the products.

Now suppose the row indices ¢ and j are not adjacent to each other and
there are n indices between them:

1 a1 Gz a3 -+ Qp J.

To bring j to the left requires n + 1 adjacent interchanges leading to
J i oay ax as --- Q.

Now bringing ¢ to the right requires n adjacent interchanges leading to
j ay az as -+ Qn 1.

Therefore all together there are 2n+1 number of adjacent interchanges leading
to the interchange of ¢ and j. Since 2n + 1 is an odd integer, this brings in an
overall minus sign.

Example 4.2.2. Let
a11 @12
a21 22

Dy =

)

use (4.25) to (a) expand this second-order determinant, (b) show explicitly
that the interchange of the two rows changes its sign.

Solution 4.2.2. (a) According to (4.25)

2 2
D, = E E Ei1ig Wi 1Gie2,
i1=1iy=1
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i1 =1, o =1: €4i,0i110,2 = €11011012
11 =1, 12 =2 £4,4,0410i,2 = €12011022
11 =2, 12 =1 €,4,04,10i,0 = €21021012
11 =2, 92 =2 £;i,0i;10i,2 = €22021022.

Since €11 =0, €12 = 1, €91 = —1, €99 = 0, the double sum gives the second-
order determinant as

§ § Elllga”blla’LzQ = a11022 — A210412.
11=11i2=1

(b) To express the interchange of two rows, we can simply replace a;,1a;,2 in
the double sum with a;,1a;,2 (i1 and iy are interchanged), thus

= E E 62122a121a112

21—1 7,2—

a21 a22
a11 @12

Since i1 and iy are running indices, we can rename i; as jp and iz as ji, so

§ § €i1inUip1Qi2 = § , § €jag1 Aj11Ajp2 = § §:Ejzj1aj11ajz2

i1=11i2=1 Jj2=1j1=1 J1=1j2=1

The last expression is identical with that of the original determinant except
the indices of the Levi-Civita symbol are interchanged.

2 2
= E E | €521 01102

Jj1=1j2=1
= £11G11012 + €21011022 + €12a21012 + €22021022

a21 422
a1 @12

ail ai2

= —aj1092 + 21012 = —
azi a2

This result can, of course, be obtained by inspection. We have taken the risk
of stating the obvious. Hopefully, this step by step approach will remove any
uneasy feeling of working with indices.

4.2.3 Minors, Cofactors

Let us return to (4.18), written in the double-subscript notation this equation
becomes

a1l ai2 a13
D3 = |a91 a2 a3
a3l az2 a33
_ Qg2 23| a21 az23 a21 a22 (4 27)
az2 ass a3l ass a3l as2
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where we have interchanged the two columns of the last second-order deter-
minant of (4.18) and changed the sign. It is seen that

22 A23
a32 a33

is the second-order determinant formed by removing the first row and first
column from the original third-order determinant Ds3. We call it Mj; the
minor complementary to ai1. In general, the minor M;; complementary to a;;
is defined as the (n — 1)th order determinant formed by deleting the ith row
and the jth column from the original nth order determinant D,,. The cofactor
Ci; is defined as (—1)""7 M;;.

Example 4.2.3. Find the value of the minors M7, M3 and the cofactors C11,
(3 of the determinant

2 -113
-3 2 50
Da=11 o 29|
4 2 31
Solution 4.2.3.
ool ol PR ps
M11= 20—22, Mggz =110 2{.
x0—22 5 3 1 10 %2 491
x2 31 42 %1
250 2-13
Cii= (=DM 0—-22(; Coz=(-1)*"]1 0 2.
231 421

4.2.4 Laplacian Development of Determinants by a Row
(or a Column)

With these notations, (4.27) becomes

3
D3 = a1 My — a1oMio + a13My3 = Z(—l)lﬂalelj (4.28)
J=1
3
=a11Ci1 + a12C12 + a13C13 = Zalkclk- (4.29)
k=1

This is known as the Laplace development of the third-order determinant on
elements of the first row. It turns out this is not limited to the third-order
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determinant. It is a fundamental theorem that determinants of any order can
be evaluated by a Laplace development on any row or column

Dn = Z(—l)iJrjaijMij = ZaijC'ij for any i, (430)
j=1 j=1

= Z(*l)iJrjaijMij = Zaijcij for any ] (431)
i=1 i=1

The proof may be given by induction and is based on the definition of the
determinant. According to (4.25), a determinant is the sum of all the n! prod-
ucts which are formed by taking exactly one element from each row and each
column and multiplying by 1 or —1 in accordance with the Levi-Civita rule.

Now the minor M;; of a nth order determinant is a (n— 1)th determinant.
It is a sum of (n — 1)! products. Each product has one element from each
row and each column except the ith row and jth column. It is then clear
that Y 7, kijai;jM;; is a sum of n(n — 1)! = n! products, and each product is
formed with exactly one element from each row and each column. It follows
that, with the appropriate choice of k;;, the determinant can be written in a
row expansion

Dn =Y kijai M;; (4.32)
j=1
or in a column expansion
i=1

The Laplace development will follow if we can show:
kij _ (_1)i+k.

First let us consider all the terms in (4.25) containing a1;. In these terms
i1 = 1. We note that if (1,42,73,...,%,) is an even (or odd) permutation
of (1,2,3,...,n), it means (iz,?s,...,i,) is an even (or odd) permutation of
(2,3,...,n). The number of intersections in the following two “permutation
diagrams” are obviously the same:

123---n)\. 231
1i2i3"'in ’ i2i3"'in ’

Elig- iy = Eigrevip -

therefore
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So terms containing a;; sum to

n n n n
E E 811'2»--@‘,@11%22"'ainn=a11E E Eig-in Bin2 " * Aiym,

ia=1  ip=1 ia=1  in=1

which is simply a1; M11, where Mi; is the minor of a;;. On the other hand,
according to (4.32), all the terms containing a1; sum to ky11a11M11. Therefore

kll =+1.

Next consider the terms in (4.25) which contain a particular element a;;.
If we interchange the ith row with the one above it, the determinant changes
sign. If we move the row up in this way (i — 1) times, the ith row will have
moved up into the first row, and the order of the other rows is not changed.
The process will change the sign of the determinant (i — 1) times. In a similar
way, we can move the jth column to the first column without change the order
of the other columns. Then the element a;; will be in the top left corner of the
determinant, in the place of a11, and the sign of the determinant has change
(i —14 7 —1) times. That is

aiy --c Al -0 Aip Qij Qi1 QA2 - Qin
o a1j i1 @12 - QAin

— 1 i+j—2
Qi1 0 Qig 0 Qin =(-1) Q25 G21 A22 - A2n
Gpl * " Qpj **° Qpp Gpj Anl Gp2 Gnn

In the rearranged determinant, a;; is in the place of aq;, thus the sum of all
the terms containing a;; is equal to a;; M;;. But there is a factor (—1)””72
in front of the rearranged determinant. Therefore the terms containing a;; in
the right-hand side of the equation sum to (—1)"*7~2q;;M;;. On the other
hand, according to (4.32), all the terms containing a,; in the determinant of
the left-hand side of the equation sum to k;;a;;M;;. Therefore,

kij = (—=1)"772 = (=1)"17. (4.34)

This completes the proof of the Laplace development, which is very important
in both theory and computation of determinants. It is useful to keep in mind
that k;; forms a checkboard pattern:

+1-1+41
-11 -1
+1 -1+1

+1 -1
—1+1
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Example 4.2.4. Find the value of the determinant

3-2 2
Dy=|[12 -3
41 2

by (a) a Laplace development on the first row; (b) a Laplace development on
the second row; (c) a Laplace development on the first column.

Solution 4.2.4.

(a) D3 = a11Mi1 — a1oMiz + a13Miz = a11C11 + a12C12 + a13C13
2 -3 1-3 12
_312’_(_2)42 +2‘41

= 3(443) +2(2+12) + 2(1 — 8) = 35.

(b)
D3 = —ag1 Moy + ago Moo — a3 Moas
—22 32 3 -2
=11 2‘”‘42’_(_3) 401 ‘
— (~4-2)+2(6—8)+3(3+8) = 35.
(c)

D3 = a1 M1 — a1 May + az Ms;

2-3| _ |-22|, ,|-2 2
1 2 1 2 2 -3
=3(4+4+3)—(—4—-2)+4(6—-4) = 35.

=3

[+

Example 4.2.5. Find the value of the triangular determinant

a1y G12 13 -+ G1p
0 aszo azz -+ az,

D,=]0 0 azz- - as,
0 0 0 - apn
Solution 4.2.5.

99 G23 - -+ Gop
D . ass -+ asn _ B
n =1L T G2 e = a11022033 * ** Onn.

0 0 - apn
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4.3 Properties of Determinants

By mathematical induction, we can now show that properties 1 to 4 of second-
order determinants are generally valid for nth order determinants. Based on
the fact that it is true for (n — 1)th order determinants, we will show that it
must also be true for nth order determinants. All properties of the determinant
can be derived directly from its definition of (4.25). However, in this section,
we will demonstrate them with Laplace expansions.

1. The value of the determinant remains the same if rows and columns are
interchanged.

Let the Laplace expansion of D,, on elements of the first row be

n

D, = Z(—n”ﬂ'alelj. (4.35)

j=1

Let DT (known as the transpose of D,,) be the nth order determinant formed
by interchanging rows and columns of the determinant D,,. The Laplace ex-
pansion of DT on elements of the first column (which are elements of the first
row of D,,) is then given by

n

Jj=1

where MlTJ is the minor complement to a1;, and is equal to the determinant
M;; with rows and columns interchanged. In the case of n = 3, the minors
are second-order determinants. By (4.7), MITJ = M;. Therefore D3 = Dj.
This process can be carried out, one step at a time, to any n. Therefore we
conclude

D, =D}, (4.37)

2. The determinant changes sign if any two columns (or any two rows) are
interchanged.

First we will verify this property for the third-order determinant Ds. Let
Ej3 be the determinant obtained by interchanging two columns of Ds. Suppose
column £ is not one of those exchanged. Using Laplace development to expand
D3 and FE3 by their kth column, we have

3

D3 = Z(_l)iJrkaikMik; (4.38)
i=1
3 .
Es =Y (=1)"a; M}, (4.39)

i=1
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where M/, is a second-order determinant and is equal to M;; with the two
columns interchanged. By (4.8), M/, = —M,;. Hence E5 = —D3. Now by
mathematical induction, we assume this property holds for (n—1)th order
determinants. The same procedure will show that this property also holds for
determinants of nth order.

This property is called antisymmetric property. It is frequently used in
quantum mechanics in the construction of an antisymmetric many particle
wave functions.

3. If each element in a column (or in a row) is multiplied by a constant m,
the determinant is multiplied by m.

This property follows directly from the Laplacian expansion. If the ith
column is multiplied by m, this property can be shown in the following way:

aiyp -+ May; -+ Ain
n n
Qg1 -+ Maz; -+ A2n
o R 2N "mauCh = m Yy a;Ci
J=1 Jj=1
Anl - MApg * - App
aiy -+ Q@13 -0 Qi
a21... a2n... a2
=m ! . (4.40)
Gnl = Qpg *°° Gpp

4. If each element in a column (or in a row) is a sum of two terms, the
determinant equals the sum of the two corresponding determinants.

If the ith column is a sum of two terms, we can expand the determinant
on elements of the ith column

ay -++ ay;+by - arg
+b a "
agy -+ ag; 2t A2n
oo DT =) (e byi) JZ—ZayzOJZ+ZszCﬂ
j=1
anl"'ani+bni"'ann
all... ali... alTL all... bli... aln
a21... a2-... a2 a21... bz-... a2
= ’ "4 ' . (4.41)
Apl " " Apg ** Apn anl"'bni"'ann

From these four properties, one can derive many others. For example:
5. If two columns (or two rows) are the same, the determinant is zero.

This follows from the antisymmetric property. If we exchange the two
identical columns, the determinant will obviously remain the same. Yet the
antisymmetric property requires the determinant to change sign. The only
number that is equal to its negative self is zero. Therefore the determinant
must be zero.
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6. The value of a determinant is unchanged if a multiple of one column is
added to another column (or if a multiple of one row is added to another
row).

Without loss of generality, this property can be expressed as follows:

a1 +maiz a2 - Gin a1 ai2 --- Qin mai2 @12 -+ Ain
G21 + Magy G2z -+ A2n _ | @21 G22 -+ A2np + magz G22 -+ A2n
Ap1 + Map2 n2 -+ Apn anl Anp2 **° Gnp man2 Gp2 *** Ann
a11 a2 -+ Gin a12 @12 *-* Qln a11 @12 -+ ° QAln

_ | Q21 G22 -+ G2p +m A22 G22 **+ A2n | _ | A21 Q22 " *° G2p (442)
Anl An2 *°* Gpn aAn2 An2 *°* Gpn Anl Anp2 **° Gpn

The first equal sign is by property 4, the second equal sign is because of
property 3, and the last equal sign is due to property 5.

Ezxample 4.53.1. Show that

1a bc 1aa?
1bac|=11bb?
1cab lec?

Solution 4.3.1.

1a bc be + a?) 1 a (be+ a® + ba)
1bac|= ac+ ab) | = b ac+ ab + b?)
c

a (
1b(
1lcab ¢ (ab+ ac) ab + ac + be)
1a(
b(

(
(
(

be + a? +ba+ca) 1aa? 1 a (be+ ba + ca)
Y| =11bb%|+|1b (ac+ ab+ cb)
) 1cc? 1 ¢ (ab+ ac+ be)

ac+ ab+b* + cb
¢ (ab+ ac+ be+ c?

1oza2 lal 1aa?
=|1bb% |+ (ab+bc+ca)|lb1l|=]|1b0b>
lcc? lcl 1ec?

First we multiply each element of the second column by a and add to the
third column. For the second equal sign, we multiply the second column by
b and add to the third column. Do the same thing except multiplying by ¢
for the third equal sign. The fourth equal sign is due to property 4. The fifth
equal sign is due to property 3. And lastly, the determinant with two identical
column vanishes.
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Ezxample 4.3.2. Evaluate the determinant

1+a1 as as -+ Gp

ai l4+ax az -+ ap

ai as l+ag--- a

Dn: 3 n
al as ag -+ 1+a,

Solution 4.3.2. Adding column 2, column 3, all the way to column n to
column 1, we have

I+artar+az+---+an a2 as o an
l4+a1+ax+az+---+apl+ax a3 -+ an
p _|ltatatat-Fa, a l4az-- an
n - . . . DRI .
l1+a1+ax+az+---+a, as az -+ 14+ay,
1 ao as -+ Qn
11+as a3z --- an
1 14+as -
=(+am+mtag+ota,)| 2 ST
1 ao az -+ 1+ay,

Multiplying row 1 by —1 and add it to row 2, and then add it to row 3, and
S0 on

layag -+ an
0100
001--0
Dp=(+a+ay+az+--+an)
000--1

={l+4ar+ax+az+---+an).

Ezample 4.3.3. Evaluate the following determinants (known as Vandermonde
determinant):

1oy a? - 2!
2 n—1
1 2 1z x5 -+ x4
. x% 1ag 22 - g0t
(a) D3=|1zq 25|, (b) D, = 3 3
1 w3 2%
Loy a2 - gt
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Solution 4.3.3. (a) Method I.

2 2
12 % 1 T 7

1 +
Lag 23| = |0 (x2 —x1) (23 —af) | = (w2 — 21)(23 — 21) 1 g2+z1§
1 23 23 0 (z3 — 1) (23 — 27) ’ 1

= (z9 — z1)(xz3 — x1) (23 — T2).

Method II. D3 is a polynomial in x; and it vanishes when z; = x5, since then
the first two rows are the same. Hence it is divisible by (21 — x2). Similarly,
it is divisible by (z2 — x3) and (z3 — z1). Therefore

D3 =k (171 — 132) (581 — $3) (1‘2 — 1‘3) .

Furthermore, since D3 is of degree 3 in x1, 2, 3, kK must be a constant. The
coefficient of the term xox3 in this expression is k(—1)(—1)2. On the other
hand, the diagonal product of the D3 is +x523. Comparing them shows that
k(—1)(=1)% = 1. Therefore k = —1 and

D3 = — (33‘1 — 1‘2) (331 — xg) (mg — l‘g) = (1‘2 — 1‘1)(1‘3 — 1‘1)(.133 — .732).
(b) With the same reason as in Method II of (a),
D, =k(x; —x2)(x1 —x3) - (1 — xp)(T2 —23) -+ (T2 — Tp) -+ (X1 — Tp)-

The coefficient of the term z9x3 - 277! in this expression is k(—1)(—1)2---

(—1)"~t. Compare this with the diagonal product of D,,, we have
1=k(-1)(=1)2-- (=1)" ! = k(—1)1+2+3+'"+(n—1)’
Since
1+2+3+"‘+(”—1)=%n(n—1),
therefore

Dy =(—1)"""V2 (g — @) (1 — @3) -+ (21 — ) (w2 — 33) -+ (T2 — T) -

(Tpn—1 — Tn).

Example 4.53.4. Pivotal Condensation. Show that

a1 @12 ail a13
a1 a12 ai3 1 az1 @22 a1 @23
D3 = |az1 a2 a3 | = —
agz1 az2 a33 an a1l ai2 a1l a3
asi a32 asi ass

Clearly, a;; must be nonzero. If it is zero, then the first row (or first column)
must be exchanged with another row (or another column), so that a;; # 0.
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Solution 4.3.4.

a11 @12 413 1 a11 a11012 @11013
a1 G22 G23 | = aT a21 11022 G11G23
a3y azz ass I tagy aiiase aiiass
1 o (a11012 — aina12) (a11013 — asias3)
=~ |an (a11a22 — az1a12) (ai1az3 — az1a13)
It agy (a11a32 - a31a12) (a11a33 - a31a13)
1 a1 0 0
= o |an (ar11a22 — az1a12) (ai1azs — az1a13)
I agy (a11a32 - a31a12) (a11a33 - a31a13)
1 |(anag —aziai2) (aiiazs — aziais)
a1y | (anasz —aziaiz) (aiiass — asiais)
a1l ai2 a1 a3
1 a21 a22 a21 23
a1
ail @12 a11 @13
a3l as2 a3y a3s3

This method can be applied to reduce a nth order determinant to a (n — 1)th
order determinant and is known as pivotal condensation. It may not offer any
advantage for hand calculation, but it is useful in evaluating determinants

with computers.

4.4 Cramer’s Rule

4.4.1 Nonhomogeneous Systems

Suppose we have a set of n equations

a11%1 + a12%2 +

2171 + Q22T +

An1T1 + Ap2Ts +

The constants dq, ds, . .

and n unknowns

"'+a1nxn:dl
"'+a2nxn:d2

., dy, on the right-hand side are known as nonhomoge-

neous terms. If they are not all equal to zero, the set of equations is known
as a nonhomogeneous system. The problem is to find z1, o, ..., z, to satisfy
this set of equations. We will see by using the properties of determinants, this
set of equations can be readily solved for any n.

Forming the determinant of the coefficients and then multiplying by 1,
with the help of property 3 we have
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a11 @12 *° Aln 1171 @12 * - Aln
a21 G22 *-+ A2p | _ | Q211 A22 ~ - A2n
aAnpl Ap2 *** Qpn Anp1T1 Ap2 = Apn

We multiply the second column of the right-hand side determinant by z2 and
add it to the first column, and then multiply the third column by z3 and add
it to the first column and so on. According to property 6, the determinant is
unchanged

a1l a1z --- Qin 01171 + @12T2 - - - + A1pTy Q12 -+ A1n
Q21 Q22 *+ G2n | | G21T1 + G22T2 - - + A2pTy Q22 -+ A2p
Anpl A2 *** Gpn Ap1T1 + Ap2T2 -+ Qpp®y Ap2 - Gpp

Replacing the first column of the right-hand side determinant with the con-
stants of the right-hand side of (4.43), we obtain

@11 12 - Qin di a1z -+ aip

a1 Q22 - Q2p | _ dy azo -+ agp
T =

anl Gp2 ** Apn d3 Ap2 *** Gpn

Clearly if we multiply the determinant of the coefficients by x2, we can analyze
the second column of the determinant in the same way. In general

2D, =N;, 1<i<n, (4.44)

where D,, is the determinant of the coefficients

a11 @12 *-* Qin

a21 a2 *-+ G2
D, = "

Anl Gp2 **° App

and N; is the determinant obtained by replacing the ith column of D,, by the
nonhomogeneous terms

aip -++ G1i—1 d1 ari41 0 Aig
a cee Qoi_ d ao; e a

Nz _ 21 2i—1 02 U241 2n ) (445)
Ap1 -+ Qpi—1 dp Gni+1 *°° Ann

Thus if the determinant of the coefficients is not zero, the system has a
unique solution

1<i<n. (4.46)
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This procedure is known as Cramer’s rule. For the special cases of n = 2
and n = 3, the results are, of course, identical to what we derived in the first
section. Cramer’s rule is very important in the development of the theory of
determinants and matrices. However, to use it for solving a set of equations
with large n, it is not very practical. Either because the amount of computa-
tions is so large and/or because the demand of numerical accuracy is so high
with this method, even with high speed computers it may not be possible to
carry out such calculations. There are other techniques to solve that kind of
problems, such as the Gauss-Jordan elimination method which we will discuss
in the chapter on matrix theory.

4.4.2 Homogeneous Systems
Now if dy,ds,...,d, in the right-hand side of (4.43) are all zero, that is

1171 + a2 + -+ + a1, T, =0

a2171 + agxa + -+ + a2, Ty, =0

p1T1 + Ap2T2 +* + GppTy = 0,

the set of equations is known as a homogeneous system. In this case, all N/s
in (4.45) are equal to zero. If D,, # 0, then the only solution by (4.46) is a
trivial one, namely 1 = 292 = --- = z, = 0. On the other hand, if D, is
equal to zero, then it is clear from (4.44), x; do not have to be zero. Hence
a homogeneous system can have a nontrivial solution only if the coefficient
determinant is equal to zero. Conversely, one can show that if

a11 @12 - ° QAln
a a PRI a

ST = (4.47)
Gpl Ap2 *** Gpn

then there is always a nontrivial solution of the homogeneous equations. For
a 2x2 system, the existence of a solution can be shown by direct calculation.
Then one can show by mathematical induction that the statement is true for
any n X n system.

This simple fact has many important applications.

Example 4.4.1. For what values of A do the equations

3z + 2y = Az,
4z + by = My

have a solution other than x =y = 07
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Solution 4.4.1. Moving the right-hand side to the left gives the homogeneous
system

B-—XNz+2y=0,
dz+ (5— Ny =0.

For a nontrivial solution, the coefficient determinant must vanish:

’3_A 2 ‘—A28/\+7—(A1)(>\7)—0.

4 5-A

Thus the system has a nontrivial solution if and only if A=1o0or A =7.

4.5 Block Diagonal Determinants

Frequently we encounter determinants with many zero elements and the
nonzero elements which form square blocks along the diagonal. For example
the following fifth-order determinant is a block diagonal determinant:

a1 ai2 0 0 0
a21 Q22 0 0 0

Ds=|Al=| x % as3 azs ass

* * Q43 Q44 Q45

* k(53 G54 G55
In this section, we will show that

a3 as4 ass
a11 ai2
D5 = | a43 ag4 ass |,
a1 a2
as3 as4 ass

regardless the values the elements * assume.
By definition

Since a13 = a14 = a15 = as3 = agq = ags = 0, all terms containing these
elements can be excluded from the summation. Thus
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D5:

H M o
H M ot
“ M .
n M o
S M o

™

&

=

2.

N

2.

w

2.

S

S

ot

S

£

S

=

IS

5

N

[\

Q

£

w

w

S

S

'S

e

S

£

5

U"

Furthermore, the summation over i; and iy can be written as from 1 to 2,
since 3,4, and 5 are taken up by i3,44, or i5, and the Levi-Civita symbol is
equal to zero if any index is repeated. Hence

5

2 2
E § E E E Ei1i2igi4i5a111a222a133a244a’b55

2= 13—3 14= 3 15—

Under these circumstances, the permutation of i1, 42, i3, 4, i5 can be separated
into two permutations as schematically shown later:

1 2 3 4 5
i1=1,2 io=1,2 i3 =3,4,5 iy = 3,4,5 i5=3,4,5

(1 2\ (3 45
=\ i ) g ig i5 )

The entire permutation is even if the two separated permutations are both
even or both odd. The permutation is odd if one of the separated permutations
is even and the other is odd. Therefore

€iyigigiais —  Cipio ~ Eigigis-
It follows
2 2 5 5 5
Ds = Z Z Z Z Z €iriy * Eigigisbiy10is20iz30i440is5
i1=1is=1i3—=3i4=3i5—=3
2

[

5 5 5
61'11'2&111%22'5 E g €igigis Aiz3Wialiss

’Ll:liQ:l i3:3i4:3i5:3
a33 as4 G35
ail a2
= @43 Q44 Q45
a21 Q22

453 Aas54 G55

When the blocks are along the “antidiagonal” line, we can evaluate the
determinant in a similar way, except we should be careful about its sign. For
example,

0 0 a3 aus

0 0 ao3 axy az1 az2| |aiz ai
- : , (4.48)

a31 asz * * 41 Q42 a23 a24

41 Q42 * *
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and

0 0 0 aiq4 a5 as

0 0 0 ao azs ag

0 0 0 asq4 ass asg
a41 Q42 0A43 * * *

as1 G52 As3 * ok ok

g1 A2 A3 * * *

a41 G42 Q43| |a1a ais aie
= —|as1 as2 as3|-|a2s azs ag|. (4.49)

a1 Ae2 A63 a34 ass a3e

We can establish the result of (4.48) by changing it to a block diagonal deter-
minant with an even number of interchanges between two rows. However, we
need an odd number of interchanges between two rows to change (4.49) into
a block diagonal determinant, therefore a minus sign.

Solution 4.5.1. Ezample 4.5.1. Evaluate

02071

10300

Ds=1]00051].

10400

00010

Solution 4.5.2.
02071 02071
10300 10300
D;=|00051|— (Rowd —Row2)=1[00051
10400 00100
00010 00010
09 051

= 100]=-2-1=-2.

10

010

4.6 Laplacian Developments by Complementary Minors

(This section can be skipped in the first reading.)
The Laplace expansion of D3 by the elements of the third column is

aiy a1z a13
D3 = |a21 azs a3 | = a3

asi as2 ass

a1 a2
asi as2

a1l @12
as1 a32

a11 @12

a21 22
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The three second-order determinants are minors complementary to their re-
spective elements. It is also useful to think that the three elements a13, as3, ass3
are complementary to their respective minors. Obviously the expansion can
be written as

ail ai2
D3 = asz —
a1 a2

a21 22
a3l a32

a1l @12
asy a32

(4.50)

In this way, it is seen that the determinant D3 is equal to the sum of the signed
products of all the second-order minors contained in the first two columns,
each multiplied by its complementary element. In fact, any determinant D,,,
even for n > 3, can be expanded in the same way, except the complementary
element is of course another complementary minor. For example, for a 4th
order determinant
a1l @12 a13 414
D, = 21 G22 A23 G424 7 (4.51)
az1 a3z a3z 434

a41 Q42 Q43 A44

six second-order minors can be formed from the first two columns. They are

a1 a12 as1 a3z

41 Q42

a21 a22
Q41 Q42

a21 22
a3y @32

a1l ai2
41 Q42

a11 a12
asy a32

) ) ) )

a21 422

Let us expand Dy in terms of these six minors. First expanding Dy by its first
column, then expanding the four minors by their first columns, we have

Dy = a11C11 + a21C21 + a31C31 + a41C41, (4.52)
where
@22 @23 @24 a33 a34 a23 G424 a23 G24
Ci1 = |a32 az3 azs | = aoo - + as
43 Q44 Q43 Q44 a33 a34
(42 Q43 Q44
ai2 a13 G14
Coi — _ a33 a34 a13 a14 a13 A14
21 = — |A32 A33 (34 | = —A12 a32 -
43 44 43 Q44 a33 as4
A42 Q43 (44
a12 @13 Q14
Cay — _ 23 24 a13 14 a13 G14
31 = | G22 Q23 G24 | = Q12 + a42
(43 Q44 Q43 Q44 a23 G24
42 (43 Q44
@12 @13 Q14
Cur — _ a23 a24 a13 @14 @13 Q14
41 = — | G22 23 G24 | = —Q12 + a2 — as2 .
a33 a34 a33 a34 a23 424

a32 (33 a34
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Putting these cofactors back into (4.52) and collecting terms, we have

D, — as3 as34 @23 (24
4 = (011022 - 021012) - (a11a32 - 631012)
43 Q44 (43 Q44
a23 24 a13 ai4
+(a11a41 — aa1012) + (ag1a32 — ag1a22)
ass3 as4 (43 44
a13 G414 ai3 ai4
—(az1a42 — ag1G22) + (az1042 — ag1asz)
a33 a34 a23 (24
Clearly,
Dy = ailr @i2 | | @33 434 | | A11 Q12| |023 A24
a21 a22 (43 44 a3l as2 43 44
aip @iz | | Q23 a24 + a21 G22 a13 G14
41 42 a33 a34 a31 as2 43 Q44
_ | Q21 G22| |0G13 Q14 + asz1 azz| |0a13 ai4
Q41 Q42 as3 as4 41 Q42 a23 G424

If D, is a block diagonal determin

ant,

a11 @12 A13 A14

Dy = 0

0

G21 Q22 A23 A24

0 as3as
0 a3 asy

then only the first term in (4.54) is nonzero, therefore

D, =

a11 G12
a21 a22

a33 34
43 Q44

)

in agreement with the result derived in the last section.

If we adopt the following notation

Ai1i27j1j2 =

Qi1 Qi jo

Qiyjy Qigjo

l

’ . (4.53)

(4.54)

and M;, s, j,j, as the complementary minor to A;,;, j,4,, the determinant Dy
in (4.51) can be expanded in terms of the minors formed by the elements of

any two columns,

3 4
_ § E _1\atietiitiz Ao, . . L
Dy = ( 1) A11127]1]2M11127]1]2'
11=1142>11

(4.55)
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With j; = 1, jo2 = 2, it can be readily verified that (4.55) is, term by term,
equal to (4.54). The proof of (4.55) goes the same way as in the Laplacian
expansion by a row. First (4.55) is a linear combination of 4! products, each
product has one element from each row and one from each column. The coef-
ficients are either +1 or —1, depending on whether an even or odd number of
interchange are needed to move iy to the first row, is to the second row, and
j1 to the first column, jo to the second column, without changing the order
of the rest of the elements. Obviously, the determinant can also be expanded
in terms of the minors formed from any number of rows.

For a nth order determinant D,,, one can expand it in a similar way, not
only in terms of second-order minors but also in terms of kth order minors
with k& < n. Of course, for k = n — 1, it reduces to the regular Laplacian
development by a column. Following the same procedure of expanding Dy,
one can show that

_ _1\atiet+tigtjitietotie 4. 0 o
D, = § ( 1) Ahlzmlk,Jljg--~]kM2122~~-Zk,]112-~~J;«7
(1)

where the symbol Z(i) indicates that the summation is taken over all possible
permutations in the following way. The first set of subscripts i1is .. .4 is from
n indices 12...n taken k at a time with the restriction iy < i5--- < ix. The
second set subscripts jijo...Jjr are chosen arbitrarily but remain fixed for
each term of the expansion. This formula is general, but is seldom needed for
the evaluation of a determinant.

Ezxample 4.6.1. Evaluate

2131
1025
2113
1302

Dy =

by (a) expansion with minors formed from the first two columns, (b) expansion
with minors formed from the second and fourth rows.

Solution 4.6.1. (a)

D, - |21] [13] _[21] |25 21| 125
47 110| |02 21| (02 13| (13

+10.31710.31 21] |31
21 |02 13 13 13| |25

=—-2-0+5+6—-24+65=50.
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(b)

D= (CDPE gl

1 O’ ) ‘3 1 ’ §(—1)2FLes

12 |11
10| |13

(—1) T

15 |13 \2+4+2+43
12‘ ’11‘” 2

02 |21
30| (23
25] |21
02 |21

+(7 1)2+4+2+4

05| |23 _1\2+4+3+4
32‘ ’21‘” 2

=-24-4-6+24+60—-0=50.

4.7 Multiplication of Determinants of the Same Order
If |A| and |B| are determinants of order n, then the product
Al -[B| = |C]

is a determinant of the same order. Its elements are given by

n
Cij = E aikbkj.
k=1

(As we shall show in Chap. 5, this is the rule of multiplying two matrices.)
For second-order determinants, this relation is expressed as

b11 b2
b1 bao

(a11b11 + a12b21) (a11b12 + a12ba2)
(a21b11 + a22b21) (a21bi2 + azaba) |”

a11 @12
a21 422

1Al - |B| =

To prove this, we use the property of block diagonal determinants.

a1 A12 0 O

a11 12| |bi1 bi2 az1 a2 0 0
Al-|B| = : _ .
4]+ 15| a1 a2 | |b21 b2 —1 0 b1 b2

Multiplying the elements in the first column by b1 and the elements in the
second column by by; and then add them to the corresponding elements in
the third column, we obtain

a1 a1z (a11bi1 + aigbai) 0

a21 agz (a21b11 + agebar) 0
Al-|B| = .
[Al-1Bl=121 0 bio

0 -1 0 boa
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In the same way, we multiply the elements in the 1st column by b12 and the
elements in the second column by bs2 and then add them to the corresponding
elements in the fourth column, it become

aiil ai2 (anbn + a12521) (a11b12 + a12522)

) _ |a21 a2 (a21b11 + az2b21) (a21b12 + ag2ba2)
4] 1B] = -10 0 0 ’
0 -1 0 0
By (4.48)
1A] - |B| = =1 0 | |(a11b11 + ai2ba1) (a11bi2 + a12be)
0 —1| |(a21b11 + azzbo1) (az1bi2 + agzbo)

(a11b11 + a12b21) (@11b12 + a12b22)
(a21b11 + a22b21) (az1biz2 + azsbas)

)

which is the desired result. This procedure is applicable to determinants of
any order. (This property is of considerable importance, we will revisit this
problem for determinant of higher order in the chapter on matrices.)

Example 4.7.1. Show that

24+ ab ca
ab  a®+b*  be = 4a%b*2.
ca be  a®+b?
Solution 4.7.1.
4+ ab ca becO bao
ab a®>+b> be |=la0c|-|c0a|=(—2abc)* = 4a’*b*c>.

ca be a®>+4b? Oabd Ocbd

4.8 Differentiation of Determinants

Occasionally, we require an expression for the derivative of a determinant. If
the derivative is with respect to a particular element a;;, then

oD,

8aij 7

where Cj; is the cofactor of a;;, since

n
j=1
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Suppose the elements are functions of a parameter s, the derivative of D,
with respect to s is then given by

0D, da; da;
Zza% = >y, o

i=1 j=1 i=1 j=1

For example

ail ai2 a3 3 3
D3 = |ag1 ags a3 | = g a1;Cj = E a2;Co; = E a3;C3;,

a31 az2 ass j=1

dDg - dalj dagj 3 dagj
ds Z Gt Zd Coi 2 =g, O

J=1

du“ don La“” ai; a2 @13 aip a2 G13

ds ds ds da da da
=|az1 a2 aG23 |+ |3 G2 22|+ | a1 azx azs
das1 dass dass

as1 az2 as3 az; as2 ass s ds ds
cosr sinx dD
FExample 4.8.1. If Dy = . find =2
ple 4 2 —sinz cosx |’ dz
Solution 4.8.1.
dDs | —sinz cosz cosx sinx
dx —sinx cosT —cosx —sinz

2

This is an obvious result, since Dy = cos® z + sin® z = 1.

4.9 Determinants in Geometry

It is well known in analytic geometry that a straight line in the xy-plane is
represented by the equation

ax + by +c=0. (4.56)

The line is uniquely defined by two points. If the line goes through two points
(z1,11) and (z2,y2), then both of them have to satisfy the equation

ary +by; +¢ =0, (4.57)
azrs + bys + ¢ = 0. (4.58)
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These (4.56)—(4.58) may be regarded as a system in the unknowns a, b, ¢ which
cannot all vanish if (4.56) represents a line. Hence the coefficient determinant
must vanish:

z y 1

x2 Y2 1

It can be easily shown that (4.59) is indeed the familiar equation of a line.
Expanding (4.59) by the third column, we have

z y 1l
z1 91 1| = (2192 — Tay1) — (vy2 — 72y) + (2y1 — 71Y) = 0.
T2 Yo 1

This equation can be readily transformed into (4.56) with a = y1 — yo2, b =
To — T1, ¢ = x1Y2 — x2y1. Or it can be put in form

Y = mx + Yo,

where m = ¥2=2 ig the slope and yg = y1 — mx; is the y-axis intercept.

It follows from (4.59) that a necessary and sufficient condition for three
points (z1,41), (2,y2), and (z3,ys) to lie on a line is

X1 yl 1
x3 ys 1

Now if the three points are not on a line, then they form a triangle and
the determinant (4.60) is not equal to zero. In that case it is interesting to
ask what does the determinant represent. Since it has the dimension of an
area, this strongly suggests that the determinant is related to the area of the
triangle.

The area of the triangle formed by three points A(x1,y1), B(x2,y2),
and C(x3,ys) shown in Fig. 4.6 is seen to be

Area ABC = Area AA'C'C + Area CC'B’'B — Area AA'B’'B.

The area of a trapezoid is equal to half of the product of its altitude and the
sum of the parallel sides:

1

Area AA'C'C = 5(333 — 1) (Y1 + y3),
! / 1

Area CC'B'B = 5(562 —3)(y2 + y3),

Area AA'B'B = %(932 —x1)(y1 + y2)-
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C (x3,¥3)

B (X,¥2)

’ ’ ’

A o B

Fig. 4.6. The area of ABC is equal to the sum of the trapezoids AA'C’'C and
CC’'B’B minus the trapezoid AA’B’B. As a consequence, the area ABC can be
represented by a determinant

Hence

Area ABC = —[(z3 — z1)(y1 + y3) + (22 — 23) (Y2 + ¥3)

N

—(z2 — 1) (y1 + y2)]
[(z2ys — x3y2) — (w1y3 — 23y1) + (T1y2 — T2y1)]

x1y 1
x3 Y3 1

N~ N

Notice the order of the points ABC' in the figure is counterclockwise. If
it is clockwise, the positions of B and C' are interchanged. This will result in
the interchange of row 2 and row 3 in the determinant. As a consequence, a
minus sign will be introduced. Thus we conclude that if the three vertices of
a triangle are A(x1,y1), B(z2,y2), C(x3,ys3), then

1 Y1 1
o yo 1| = £2 x Area of ABC, (4.62)

x3 Y3 1

where the + or — sign is chosen according to the vertices being numbered
consecutively in the counterclockwise or the clockwise direction.

Ezample 4.9.1. Use a determinant to find the circle that passes through (2,6),
(6,4), (7,1).

Solution 4.9.1. The general expression of a circle is

a(x® +y?) +br +cy+d=0.
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The three points must all satisfy this equation

a(xf —|—yf) +bxy+cyr +d=0,

a(x2 +y3) +bry+cys +d =0,

a(x3 +y3) +brz +cyz +d =0.

207

These equations may be regarded as a system of equations in the unknowns
a,b,c,d which cannot all be zero. Hence the coefficient determinant must

vanish

x2+y2 T
2, .2
1+ Yyi T
2, .2
Ty + Yy T2
2 .2
T3+ Y3 T3

Put in the specific values

x2+y2 x

40 2
52 6
50 7

Y1
Y2
Ys

e SN SR

— = =

1
1
1 =0.
1

Replacing the first row by (row 1 — row 2), and the third row by (row 3 —
row 2) and the fourth row by (row 4 — row 2), we have

224+y? zy 1 (22 +y? —40) (v —2) (y—6)
0 261] 40 2 6
52 6 4 1| 12 4 -2
50 711 10 5 -5

(z? +y*> —40) (z—2) (y—6)
= 12 4 -2
10 5 -5

or

22 +y® — 40 — 4(x —2) — 2(y — 6) = 0.

which can be written as

(x—2)*+ (y — 1)* = 25.

S o= O

—10(2? + y* — 40) + 40 (z — 2) + 20 (y — 6) = 0,

So the circle is centered at x = 2, y = 1 with a radius of 5.
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Ezample 4.9.2. What is the area of the triangle whose vertices are (—2,1),
(4,3),(0,0)?

Solution 4.9.2.

—-211
Area=| 4 31| = -10.
001

The area of the triangle is 10 and the order of the vertices is clockwise.

Exercises

1. Use determinants to solve for x,y,z from the following system of

equations:
3z + 6z = 51,
12y — 6z = —6,
r—y—z=0.

Ans.x =7, y=2, z=5.

2. By applying the Kirchhoff’s rule to a electric circuit, the following equa-
tions are obtained for the currents i1, 45,43 in three branches

WR1 +igRs =V,
1oRo +13R3 = Vi
i1+ 9 — i3 =0.
Express i1,192,i3 in terms of resistance Ri, Ro, R3, and voltage source
Vi, Ve.
Ans.
_ (R2+ R3)Va — RsVe
" 7 RiRy+ RiRs + RoR3’
_ (R1 + R3)Vo — R3Vy
® 7 RiRy + RiRs + RyR3’
B RoVa+ R Ve
RiRy + RiR3 + RoR3’

13
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. Find the value of the following fourth-order determinant (which happens
to be formed from one of the matrices appearing in Dirac’s relativistic
electron theory)
0
-1

0
0

o O O

Dy =

S O O
O = OO

Ans. 1.

. Without computation, show that a skew-symmetric determinant of odd
order is zero

0 a b c¢cd
—a 0 e fg
Dy=|-b—-e 0 h i|=0
—c—f—-h 0 j
—d—g —1 —j0
[Hint: DT = D and (-1)" Dy, = DZ.
ad2a—3d
. Show that | b e 2b — 3e | = 0.
cf2c—3f
1 2 -3
. Determine x such that |-z 14+ 3z 3 — = | = 36.
0 -6 5

Ans. 13.

. The development of the determinant D,, on the ith row elements a;j is
ZZ:1 a;Cir, where Cjj, is the cofactor of a;,. Show that

> ajxCix =0 for j #i.
k=1

[Hint: The expansion is another determinant with two identical rows.]

. Evaluate the following determinant by a development on (a) the first
column, (b) the second row

111 1
123 4
Di=113¢6 10|
1410 20
Ans. 1.

. Use the properties of determinants to transform the determinant in prob-
lem 6 into a triangular form and then evaluate it as the product of the
diagonal elements.
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10.

11.

12.

13.

14.

4 Determinants

Evaluate the determinant in problem 6 by expanding it in terms of the
2x2 minors formed from the first two columns.

Evaluate the determinant

I
—_

W= oOoto O

D5

I
cCoorw
coon

o oo
—No oo

Ans. 3080.
[The quickest way to evaluate is to expand it in terms of the 2x2 minors
formed from the first two columns.]

Without expanding, show that

y+zz+rox+y
T Y z =0.
1 1 1

[Hint: Add row 1 and row 2, factor out (z +y + 2).]
Show that (a)

Ty z Ty z
2?2 y? 22 | = (zy +yz + 2x) |22 y? 22
Yz 2T Y 1 11

[Hint: Replace row 3 successively by x - row 1 + row 3, then by y - row 1 +
row 3, then by z - row 1 + row 3. Express the result as a sum of two deter-
minants, one of them is equal to zero.]

(b) Use the result of the Vandermonde determinant to show that

Ty z
a? y? 2% | = (zy +yz + 22)(z — y)(y — 2)(z — @)
Yz 2x TY

State the reason for each step of the following identity:

a—-b—-a b 2a —2b —a b
ba —-b—-a| |2b 2a —b—a
c—d c —d| |0 0 ¢ —d
d c d c 0 0 d c

2a —2b
2b 2a

.c—d
d c

‘ =4(a® +b*)(* + d?)



15.

16.

17.

18.
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State the reason for each step of the following identity

abcd (a+b)b(c+d)d (a+b) b (c+d) d
badc| |(b+a)a(d+c)c| 0 a—-b 0 c¢c—d
cdab| |(c+d)d(a+b)b| |(c+d) d (a+b) b
dcba (d+c)c(b+a)a 0 ¢c—d 0 a-b

(a+b) (c+d) b d

_|(e+4d) (a+b) d b

N 0 0 a—-bec—d

0 0 c—da-0

=[(a+b)* = (c+d)’[(a—b)* — (c —d)’].

Show and state the reason for each step of the following identity

0 1 2 3 ---n-—-1

1 0 1 2 - n—-2

2 1 0 1 ---n—-3|_ n—2

5 2 1 0 op_4|= T
n—1n—-2n—-3n—4--- 0

[Hint: 1. Replace column 1 by column 1 + last column. 2. Factor out
(n — 1). 3. Replace row i by row ¢ — row(i — 1), starting with the last
row. 3. Replace row ¢ by row i + row 2. 4. Evaluating the triangular
determinant. |

Evaluate the following determinant

1 2 3 ceen
n+1 n+2 n+3 - 2n
D, = 2n+1 2n + 2 2n+3 - 3n.

(n—l')nJrl(n—l')n+2(n—1')n+3::: n.2

Ans. Forn=1, D=1, n=2, Dy =-2; n>3, D, =0.
[Hint: For n > 3, replace row ¢ by row ¢ — row(i — 1).]

Use the rule of product of two determinants of same order to show the

B4+ ab ca b2 + ac be 2
ab  a®+b  be = ab  2ac be
ca be  a?+b? a? ab b® + ac

[Hint:
becO bao bcO bcO
alOc|-|cOa|=|a0c|-|alc]|.
Oab Ocbd Oabd Oabd
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19. If f(s) is given by the following determinants, without the expansion of

f(e) find 3 f(2)

e’ e 1 cosz sinz In|z|
(a) f(z)=|e" —e®0[; (b) f(z)=|-sinz cosz 1
e’ —e Tz —cosz —sinw fx%

Ans. (a) —2; (b) 1/z +2/x3.

20. The vertices of a triangle are (0,t), (3t,0), (¢,2¢). Find a formula for the
area of the triangle.
Ans. 2t.

21. The equation representing a plane is given by az + by + cz +d = 0. Find
the plane that goes through (1,1,1),(5,0,5),(3,2,6).
Ans. 3x +4y — 2z —5=0.





