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Eigenvalue Problems of Matrices

Given a square matrix A, to determine the scalars A\ and the nonzero column
matrix x which simultaneously satisfy the equation

Ax = Ax (6.1)

is known as the eigenvalue problem (eigen in German means proper). The
solution of this problem is intimately connected to the question of whether
the matrix can be transformed into a diagonal form.

The eigenvalue problem is of great interests in many engineering appli-
cations, such as mechanical vibrations, alternating currents, and rigid body
dynamics. It is of crucial importance in modern physics. The whole struc-
ture of quantum mechanics is based on the diagonalization of certain type of
matrices.

6.1 Eigenvalues and Eigenvectors

6.1.1 Secular Equation

In the eigenvalue problem, the value A is called the eigenvalue (characteris-
tic value) and the corresponding column matrix x is called the eigenvector
(characteristic vector). If A is a n X n matrix, (6.1) is given by

a11 a12 ... Qip T T

a1 a22 ... A2p T2 T2
=A

apl A2 ... Gpn T T

Since
T 10...0 T
i) 01...0 i)
Al =X .. .. . = \x,

Ty 00...1 Ty
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where I is the unit matrix, we can write (6.1) as
(A= X)x=0. (6.2)

This system has nontrivial solutions if and only if the determinant of the
coefficient matrix vanishes

ayl — A ai12 N A1n
as1 a9 — A a9n
=0. (6.3)
an1 Ap2 - Gy — A

The expansion of this determinant yields a polynomial of degree n in A, which
is called characteristic polynomial P (X). The equation

PO\ =|A—\|=0 (6.4)

is known as the characteristic equation (or secular equation). Its n roots
are the eigenvalues and will be denoted A1, As,...,A,. They may be real
or complex. When one of the eigenvalues is substituted back into (6.2), the
corresponding eigenvector x(x1,xs,...,%,) may be determined. Note that
the eigenvectors may be multiplied by any constant and remain a solution of
the equation.

We will denote x; as the the eigenvector belonging to the eigenvalue \;.
That is, if

then
AXZ' = )\iXi .

If n eigenvalues are all different, we will have n distinct eigenvectors. If
two or more eigenvalues are the same, we say that they are degenerate. In
some problems, a degenerate eigenvalue may produce only one eigenvector, in
other problems a degenerate eigenvalue may produce more than one distinct
eigenvectors.

Ezample 6.1.1. Find the eigenvalues and eigenvectors of A, if

A(;f)

Solution 6.1.1. The characteristic polynomial of A is

1-X 2

P()‘)_’ 21—\

‘—)\2—2)\—3,
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and the secular equation is
M-22-3=A+1)(\-3)=0.
Thus the eigenvalues are

M=-1, l=3.

Let the eigenvector x; corresponding to \y = —1 be (?1), then x; must
12

1-—X\ 2 T\ _ 22 T11\
(2 20) Gn)=o=(22) (3) o

This reduces to

satisfy

2x11 + 2w12 = 0.

Thus for this eigenvector x1; = —x12. That is, x11 : £12 = —1 : 1. Therefore
the eigenvector can be written as

i — -1
1=\ 41 )
Any constant, positive or negative, times it will also be a solution, but it will

not be regarded as another distinct eigenvector. With a similar procedure, we
find the eigenvector corresponding to Ay = 3 to be

. T21 o 1
== (22)-(1)
Example 6.1.2. Find the eigenvalues and eigenvectors of A, if

a=(313)

Solution 6.1.2. The characteristic polynomial of A is

3—-A =5

— —\2 _
P(A)—’ ] _1_A’ =\ -2\ +2,
so the secular equation is
A —2)\4+2=0.
Thus the eigenvalues are
A=14i.

Let Ay = 141, and the corresponding eigenvector x; be <§11 ) , then x; must
12
satisfy
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3—(1+19) =5 1)
1 —1-— (1 + i) T2 )

(2 — i)xu — 5%12 = O7

which gives

11 — (2 + 1)1'12 =0.
The first equation gives

5 5(2 + 1) 241
X = X = X =
Mot g TP

T12,

which is the same result from the second equation, as it should be. Therefore

X7 can be written as
< — 241
1= 1 .
Similarly, for A = Ay = 1 — i, the corresponding eigenvector is
< — 2—1i

So we have an example of a real matrix with complex eigenvalues and complex
eigenvectors.

Ezample 6.1.5. Find the eigenvalues and eigenvectors of A, if

-2 2 =3
A= 2 1 -6
-1-20

Solution 6.1.3. The characteristic polynomial of A is
-2-X 2 -3
PN =| 2 1-X —6|=-2—)\421)+445.
—1 -2 =
The secular equation can be written as
A+ A2 210 —45 = (A=5) (A+3)> =0.

This equation has a single root of 5 and a double root of —3. Let

A =5, d=-3, A3=-3
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The eigenvector belonging to the eigenvalue of A\; must satisfy the equation

-2 — 5 2 73 Tr11
2 1-5 -6 T12 =0.
-1 -2 0-5 13

With Gauss’ elimination method, this equation can be shown to be equivalent

to
—72 -3 11

012 I12 :0,
000 X113

which means

—Tx11 + 2212 — 3213 = 0,
Z12 + 2x13 = 0.

Assign z13 = 1, then z19 = —2,217 = —1. So corresponding to A\ = 5, the
eigenvector x; can be written as

-1
X1 = -2
1

Since the eigenvalue of —3 is twofold degenerate, corresponding to this eigen-
value, we may have one or two eigenvectors. Let us express the eigenvector

Z1
corresponding to the eigenvalue of —3 as | 2 |. It must satisfy the equation
z3
—24+3 2 -3 X

2 1+3 —6 X9 =0.
71 72 0+3 I3

With Gauss’ elimination method, this equation can be shown to be equivalent
to

12 -3 I
00 0 zo | =0,
00 0 T3

which means
1+ 21}2 - 3I3 =0.

We can express x; in terms of x5 and x3, and there is no restriction on x»

and z3. Let x5 = ¢o and x3 = c3, then 1 = —2¢5 + 3c¢3. So we can write
T —2co + 3c3 —2 3
To | = Co =y 1 +c3| O

T3 C3 0 1



260 6 Eigenvalue Problems of Matrices

Since ¢ and c3 are arbitrary, we can first assign c3 = 0 and get an eigenvector,
and then assign ¢y = 0 and get another eigenvector. So corresponding to the

degenerate eigenvalue A = —3, there are two distinct eigenvectors
-2 3
X9 = 1 5 X3 = 0
0 1

In this example, we have only two distinct eigenvalues, but we still have three
distinct eigenvectors.

Example 6.1.4. Find the eigenvalues and eigenvectors of A, if

4 6 6
A= 1 3 2
-1 -5-2

Solution 6.1.4. The characteristic polynomial of A is
4—X 6 6
PO =] 1 3-X 2 |==X+5)2-8)\+4.

-1 =5 -2-2

The secular equation can be written as
A —BA2+8A—4=(A—1)(A—2)>=0.
The three eigenvalues are
A=1, d=A3=2

From the equation for the eigenvector x; belonging to the eigenvalue of \;

4—-1 6 6 11

1 3—1 2 T12 = 0,

-1 -5 —-2—-1 13

we obtain the solution



6.1 Eigenvalues and Eigenvectors 261

€

The eigenvector | x5 |, corresponding to the twofold degenerate eigenvalue
€3

2, satisfies the equation

4-2 6 6 1
1 3-2 2 zs | =0.
-1 -5 —2-2/ \ay

With Gauss’ elimination method, this equation can be shown to be equivalent
to

112 T
021 T2 :O,
000 T3

which means

1+ 22 + 223 = 0,
2$2+$3:O.

If we assign x5 = —2, then x5 = 1 and z; = 3. So

3
X9 =— 1
-2

The two equations above do not allow any other eigenvector which is not just
a constant times x5. Therefore for this 3 x 3 matrix, there are only two distinct
eigenvectors.

Computer Code

It should be noted that for large systems, the eigenvalues and eigenvectors
would usually be found with specialized numerical methods (see, for example,
G.H. Golub and C.F. Van Loan, Matriz Computations, John Hopkins Uni-
versity Press, 1983). There are excellent general purpose computer programs
for the efficient and accurate determination of eigensystems (see, for exam-
ple, B.T. Smith, J.M. Boyle, J. Dongarra, B. Garbow, Y. Ikebe, V.C. Klema,
and C.B. Moler, Matriz Eigensystem Routines: EISPACK Guide, 2nd edn.
Springer-Verlag, 1976).

In addition, eigenvalues and eigenvectors can be found with a simple com-
mand in computer packages such as, Maple, Mathematica, MathCad, and
MuPAD. These packages are known as Computer Algebraic Systems.

This book is written with the software “Scientific WorkPlace,” which also
provides an interface to MuPAD (before version 5, it also came with Maple).
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Instead of requiring the user to adhere to a rigid syntax, the user can use
natural mathematical notations. For example, to find the eigenvalues and
eigenvectors of

5 —6—6
~14 2 |,
3 —6—4

all you have to do is (1) type the expression in the math-mode, (2) click on the
“Compute” button, (3) click on the “Matrices” button in the pull-down menu,
and (4) click on the “Eigenvectors” button in the submenu. The program will
return with

1 2 2
eigenvectors : —% — 1, 0,11 — 2.
1 1 0

You can ask the program to check the results. For example, you can type

5 —6-6\ /2
—1 4 2 1],
3 —6-4) \o0

and click on the “Compute” button, and then click on the “Evaluate” button.
The program will return with

5 —6 —6 2 4
-1 4 2 11=1(2]1,
3 —6—-4 0 0
2 2
which is of course equal to 2| 1 |, showing [ 1 | is indeed an eigenvector
0 0

belonging to eigenvalue 2. The other two eigenvectors can be similarly checked.

Computer Algebraic Systems are wonderful as they are, they must be
used with caution. It is not infrequent that the system will return with an
answer to a wrong problem without the user knowing it. Therefore answers
from these systems should be checked. Computer Algebraic Systems are useful
supplements, but they are no substitute for the knowledge of the subject
matter.

6.1.2 Properties of Characteristic Polynomial

The characteristic polynomial has several useful properties. To elaborate on
them, let us first consider the case of n = 3.



6.1 Eigenvalues and Eigenvectors 263

aip — A a2 a13
P()\) = a1 a9 — )\ a3
asy azy  asz — A
air  a12 a3 -\ a1 a3
=|a axx—A a3 |[+| 0 ax—XA a3
as1  aszy a3 — A 0 azg asz—A
a1 aiz a3 a1 0 a3
= |ag a2 a3 |+ |az —A a3
a1 asz asz — A az1 0 asz— A
-\ a2 ais -2 0 ais
+1 0 a9 a3 +1 0 =X\ ags
0 as9 0,33—/\ 0 0 a33—/\
a1 aiz a3 a1 a2z O a1 0 a3 a;;r 0 O
= |ag1 a2 a3 |+ |az aze 0 |+ |azr —A ag|+|az1 —A 0O
as1 asz as3 asy asx —A a3 0 ass az; 0 —A
- a2 as —Xap O A 0 ags A 0 O
+1 0 a9 ass|+| 0 aw 0 |+ 0 —Xax|+] 0 =X 0
0 aszg aszs 0] as2 —-A 0 0 ass 0 0 —A
a1l ai2 a1 ais a22 a23
— g+ (| ()
21 A22 asy ass aszz a33
+ (a11 —+ ago + 033) (—>\)2 + (—>\)3. (65)

Now let A1, A2, A3 be the eigenvalues, so P(A\1) = P(A2) = P(A3) = 0.
Since P()\) is a polynomial of degree 3, it follows that:

PO = (A = A(da = A)(As = A) = 0.
Expanding the characteristic polynomial,
P(X) = Moz + (A1A2 + XAz + A3A0) (—A) + (A1 + Az + A3)(—=A)% + (=A)°.
Comparison with (6.5) shows

Al + Ao+ A3 =aq1 +age +az3 =TrA.

This means that the sum of the eigenvalues is equal to the trace of A. This
is a very useful relation to check if the eigenvalues are calculated correctly.
Furthermore

a22 a23
a32 a33

a1l ais
a31 433

a1 ai2

A2 + Aod3 + A3\ = a1 2

9
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which is the sum of principal minors (minors of the diagonal elements), and
A1 A3 = |A].

That the product of all eigenvalues is equal to the determinant of A is also
a very useful relation. If A is singular |A| = 0, at least one of the eigenvalue
must be zero. It follows that the inverse of A exists if and only if none of the
eigenvalues of A is zero.

Similar calculations can generalize these relationships for matrices of
higher orders.

Example 6.1.5. Find the eigenvalues and the corresponding eigenvectors of the
matrix A if

57 =5
A=104 -1
28 -3
Solution 6.1.5.

5-X 7T -5
PN=[ 0 4-x -1
2 8 —3-2)

575
—loa—1|— (|2 42 3PP T+ sra—syaz—n
58 3 8-3|"|2-3|" |04

=6—1IA+6X2 =X =(1-XN)(2-N)(3-)) =0.
Thus the three eigenvalues are
AM=1 A=2, A3=3
As a check, the sum of the eigenvalues
AM+A+A3=14+24+3=6
is indeed equal to the trace of A
TrA=5+4-3=6.
Furthermore, the product of three eigenvalues
A1A2A3 =6

is indeed equal to the determinant

5 7 =5
04 —1|=6.
28 =3
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T11
Let the eigenvector x; corresponding to Ay be | z12 |, then
13
5— )\1 7 ) 11 4 7 =5 T11
0 47A1 -1 T12 = 03 -1 T2 =0.
2 8 -3 — )\1 I13 28 —4 13

By Gauss’ elimination method, one can readily show that

47 =5 4 7 =5 47 =5
03 -1]=10 3 -1 = |03 -1
28 -4 0 45 —1.5 00 O

Thus the set of equations is reduced to

4211 + Tx19 — bx13 =0,
31’12 — T13 = 0.
Only one of the three unknowns can be assigned arbitrary. For example, let

x13 = 3, then x12 = 1 and x1; = 2. Therefore corresponding to the eigenvalue
A1 = 1, the eigenvector can be written as

2
X1 = 1
3

Similarly, corresponding to Ay = 2 and A3 = 3, the respective eigenvectors are

1 -1
xo=1]1 and x3 = 1
2 1

6.1.3 Properties of Eigenvalues

There are other properties related to eigenvalue problems. Taken individu-
ally, they are almost self-evident, but collectively they are useful in matrix
applications.

e The transpose A (AT) has the same eigenvalues as A.

The eigenvalues of A and AT are, respectively, the solutions of |4 — M| = 0
and |AT — )J’ = 0. Since AT — X[ = (A - )\I)T and the determinant of a
matrix is equal to the determinant of its transpose

A= M| =[(A=XD)T| = |AT — A1,

the secular equations of A and A" are identical. Therefore they have the same
set of eigenvalues.
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e If A is either upper or lower triangular, then the eigenvalues are the diag-
onal elements.

Let |A — M| =0 be

a1 - A a12 a1n
0 a22 —A... aon
= (a11 — )\)(QQQ — )\) ce (ann - A) =0.
0 0 : :
0 0 0 Gpp — A

Clearly A = a11,A = a22,..., A = ayn-
o If A1, A2, A3,..., A\, are the eigenvalues of A, then the eigenvalues of the
inverse A= are 1/\1,1/Xa,1/A3,...,1/\,.

Multiplying the equation Ax = Ax from the left by A~!
A7 Ax = A" x = 4"1x
and using A7'Ax = Ix = x, we have x = AMA~!x. Thus

1
A x = —x.

A

o If Ay, A2, A3,..., A, are the eigenvalues of A, then the eigenvalues of A™
are AT', AGH AR, L AT

Since Ax = \x, it follows:
A?x = A(Ax) = Adx = Mx = \*x.

Similarly
Adx = Nx,... , AMx = \"x.

6.2 Some Terminology

As we have seen that for a n X n square matrix, the eigenvalues may or may
not be real numbers. If the eigenvalues are degenerate, we may or may not
have n distinct eigenvectors.

However, there is a class of matrices, known as hermitian matrices, the
eigenvalues of which are always real. A n x n hermitian matrix will always
have n distinct eigenvectors.

To facilitate the discussion of these and other properties of matrices, we
will first introduce the following terminology.
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6.2.1 Hermitian Conjugation
Complex Conjugation

If A= (aij)mxn is an arbitrary matrix whose elements may be complex num-
bers, the complex conjugate matrix denoted by A* is also a matrix of order
m X n with every element of which is the complex conjugate of the corre-
sponding element of A, i.e.,

(A%)ij = aij-
It is clear that

(cA)* = c"A*.

Hermitian Conjugation

When the two operations of complex conjugation and transposition are car-
ried out one after another on a matrix, the resulting matrix is called the
hermitian conjugate of the original matrix and is denoted by AT, called A
dagger. Mathematicians also refer to A as the adjoint matrix. The order of
the two operation is immaterial. Thus

Al = (49T = (4)~. (6.6)

For example, if

A_((6+i) (1 — 6i) 1.>’ 6.7)

then
¢ et ((6=1) (146 1\ (6_? (8 ~1)
A(A)T<(3—i) L _3i> = (14;6) —431 , (6.8)
B 6+1) B3+1)\" (6—1i) (3—1)
At =(A)*=| (1-6i) 4 = (1+6i) 4 . (6.9)
1 3i 1 —3i

Hermitian Conjugate of Matrix Products

We have shown in Chap. 5 that the transpose of the product of two matrices
is equal to the product of the transposed matrices taken in reverse order. This
leads directly to the fact that

(AB)" = Bt AT,

since

(AB)' = (4*B*)T = B*A* = Bt Al (6.10)
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6.2.2 Orthogonality
Inner Product

If a and b are two column vectors of the same order n, the inner product
(or scalar product) is defined as a'b. The hermitian conjugate of the column
vector is a row vector

al = ) :(a’{a§-~-a),

therefore the inner product is one number

by

by n
a'b= (aja} -a) :Za;;bk.

b' k=1

There are two other commonly used notations for the inner product.

The notation most often used in quantum mechanics is the bracket nota-
tion of Dirac. The row and column vectors are, respectively, defined as the
bra and ket vectors. Thus we may write the column vector

b =[b)
as the ket vector, and the row vector
al = (a
as the bra vector. The inner product of two vectors is then represented by
(alb) = a'b.
Notice that for any scalar c,
(alcb) = c(alb),

whereas
(calb) = c* (a|b).

Another notation that is often used is the parenthesis notation:
(a,b) =a'b = (alb).

If A is a matrix, then
(a, Ab) = (ATa, b)
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is an identity, since
(A'a,b) = (A'a)' b =al (4")' b =al4b = (a, Ab).

Thus if
(a, Ab) = (Aa,b),

then A is hermitian. Mathematicians refer to the relation AT = A as self-
adjoint.
Orthogonality
Two vectors a and b are said to be orthogonal if and only if
a'b=0.

Note that in three-dimensional real space

n
aTb = Z (l;’;bz = a1b1 —+ (lng + a3b3
k=1

is just the dot product of a and b. It is well known in vector analysis that if
the dot product of two vectors is equal to zero, then they are perpendicular.

Length of a Complex Vector

If we adopt this definition of the scalar product of two complex vectors,
then we have a natural definition of the length of a complex vector in a
n-dimensional space. The length ||x|| of a complex vector x is taken to be

n n
el = xPx =" ajan = Y Jaxl*.
k=1 k=1

6.2.3 Gram—Schmidt Process

Linear Independence

The set of vectors x1,Xas, . ..,X, is linearly independent if and only it

n
E a;X; = 0
i=1

implies every a; = 0. Otherwise the set is linearly dependent.
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Let us test the three vectors

1 0 1
X1 = 0 , X2 = 1 , X3 = 0 )
1 0 0

for linear independence. The question is if we can find a set of a;, not all zero
such that

3 1 0 1 a1 + as 0
Z aiXi=a1 | 0 ) 4+ax 1] 4+a3| 0] = as =10
i=1 1 0 0 aq 0

Clearly this requires a; = 0, ag = 0, and a3 = 0. Therefore these three vectors
are linearly independent.

Note that linear independence or dependence is a property of the set as a
whole, not of the individual vectors.

It is obvious that if xi,X2,x3 represent three noncoplanar three-
dimensional vectors, they are linearly independent.

Gram—Schmidt Process

Given any n linearly independent vectors, one can construct from their linear
combinations a set of n mutually orthogonal unit vectors.

Let the given linearly independent vectors be x1,Xs,...,x,. Define
X1
u = ——
(x4l

to be the first unit vector. Now define
u, = x5 — (X2,u1) ug.
The inner product of u)y and u; is equal to zero,
(uh,ur) = (x2,u1) — (x2,u1) (ug, u1) =0,

since (uy,uy) = 1. This shows u} is orthogonal to u;.

We can normalize u,
!

uy = ——
]

to obtain the second unit vector uy which is orthogonal to u;.
We can continue this process by defining

k—1

W =Xp = Y (X, W) u,

i=1
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and ,
Uy
U = TR
[Jag ]
When all x;, are used up, we will have n unit vectors uy, us, ..., ux orthogonal

to each other. They are called an orthonormal set. This procedure is known
as Gram—Schmidt process.

6.3 Unitary Matrix and Orthogonal Matrix
6.3.1 Unitary Matrix
If the square matrix U satisfies the condition
Utu =1,
then U is called unitary. The n columns in a unitary matrix can be considered

as n column vectors in an orthonormal set.
In other words, if

Uil U1 Un1
U2 U22 Un2
u; = ,Ug = ) yUp = ’
Uln U2n Unn
and
ujl
Uio 1if =
T * * * J 1 Z_]
u,u; = | U;qy Ui 0 Us = AP .
(] (11 12 ML) : Olfl#j,
an
then
U1 U21 ... Upi
U12 U292 ... Up2
U:
Uln Unp2 - .. Upn

is unitary. This is because

* * *
Uy Uqg -+ Upy
* * *
UT Ugy Ugg - .. Ugy

* *
Uyq Upg - U
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therefore
UTIUTQUTn U111 U21 - .. Upi 10...0
* * *
; Uy Uy - .. Uy, U2 U9 ... Up2 01...0
U'U = L L =
* * *
Upq Uy -« - Uy Uiy U2p - - - Upn 00...1

Multiply U ! from the right, we have
vttut =10
It follows that hermitian conjugate of a unitary matrix is its inverse, i.e.,

ut=uv-.

6.3.2 Properties of Unitary Matrix

e Unitary transformations leave lengths of vectors invariant.

Let
a=Ub, so al=blUT,
and
|a]* = afa = bTUTUD.
Since
U'v=U"'U =1,
it follows:

lall* = afa=b'b = ||b]*.

Thus the length of the initial vector is equal to the length of the transformed
vector.

e The absolute value of the eigenvalues of an unitary matrix is equal to one.

Let x be a nontrivial eigenvector of the unitary matrix U belonging to the
eigenvalue A

Ux = Ax.

Take the hermitian conjugate of both sides

xtUT = \*xt.
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Multiply the last two equations
x'UTUx = A*xfAx.
Since UtU = I and A*\ = |A]?, it follows:
x'x = |)\|2 x'x.
Therefore
A =1.

In other words, the eigenvalues of a unitary matrix must be on the unit circle
in the complex plane centered at the origin.

6.3.3 Orthogonal Matrix

If the elements of an unitary matrix are all real, the matrix is known as an
orthogonal matriz. Thus the properties of unitary matrices are also properties
of orthogonal matrices. In addition,

e The determinant of an orthogonal matrix is equal to either positive one or
negative one.

If A is a real square matrix, then by definition
At = A" = A
If, in addition, A is unitary, AT = A~!, then

A=At
Thus _

AA=1. (6.11)
Since the determinant of A is equal to the determinant of g, SO

|AA| = |AJIA] = A

But B
AA] = |1 =1

)

therefore
|A]? = 1.

Thus, the determinant of an orthogonal matrix is either +1 or —1.
Very often (6.11) is used as the definition of an orthogonal matrix. That
is, a square real matrix A satisfying the relation expressed in (6.11) is called
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an orthogonal matrix. This is equivalent to the statement “that the inverse of
an orthogonal matrix is equal to its transpose.”
Written in terms of its elements, (6.11) is given by

Zaijajk = Z ijak; = Oik (6.12)
Jj=1 j=1
for any ¢ and any j. Similarly, AA =1 can be expressed as

Zaijajk = Zajiajk = Oi- (6.13)
j=1 j=1

However, (6.13) is not independent of (6.12), since AA = AA. If one set of
conditions is valid, the other set must also be valid.

Put in words, these conditions mean that the sum of the products of the
corresponding elements of two distinct columns (or rows) of an orthogonal
matrix is zero, while the sum of the squares of the elements of any column
(or row) is equal to unity. If we regard the n columns of the matrix as n real
vectors, this means that these n column vectors are orthogonal and normal-
ized. Similarly, all the rows of an orthogonal matrix are orthonormal.

6.3.4 Independent Elements of an Orthogonal Matrix

An nth order square matrix has n? elements. For an orthogonal matrix, not
all these elements are independent of each other, because there are certain
conditions they must satisfy. First, there are n conditions for each column
to be normalized. Then there are n(n — 1)/2 conditions for each column to
be orthogonal to any other column. Therefore the number of independent
parameters of an orthogonal matrix is

n? —[n+n(n—-1)/2] =n(n—1)/2.

In other words, an nth order orthogonal matrix can be fully characterized by
n(n — 1)/2 independent parameters.

For n = 2, the number of independent parameters is one. This is illustrated
as follows.

Consider an arbitrary orthogonal matrix of order 2

ac
- (52)
The fact that each column is normalized leads to

a® +b* =1, (6.14)
A4d?=1. (6.15)
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Furthermore, the two columns are orthogonal

(abd) (2) =ac+bd =0. (6.16)

The general solution of (6.14) is a = cosf, b = sinf, where 6 is a scalar.
Similarly, (6.15) can be satisfied, if we choose ¢ = cos ¢, d = sin ¢, where ¢ is
another scalar. On the other hand, (6.16) requires

cos 0 cos ¢ + sinfsin ¢ = cos(f — ¢) =0,

therefore -
=60+ —.
¢ 2
Thus, the most general orthogonal matrix of order 2 is
cosf) —sinf cosf sinf
A= (sin@ cos ) or Ap= <sin9 —cosO) ’ (6.17)

Every orthogonal matrix of order 2 can be expressed in this form with some
value of 6. Clearly the determinant of A; is equal to +1 and that of As, —1.

6.3.5 Orthogonal Transformation and Rotation Matrix

The fact that in real space, orthogonal transformation preserving the length
of a vector suggests that the orthogonal matrix is associated with rotation of
vectors. In fact the orthogonal matrix is related to two kinds of rotations in
space. First it can be thought as an operator which rotates a vector. This is
often called active transformation. Secondly, it can be thought as the transfor-
mation matrix when the coordinate axes of the reference system are rotated.
This is also referred as passive transformation.

First let us consider the vectors shown in Fig.6.1a. The z and y compo-
nents of the vector ry are given by x1 = rcosp and y; = rsinp, where r is
the length of the vector. Now let us rotate the vector counterclockwise by an
angle 6, so that x2 = rcos(p + 0) and yo = rsin(p + ). Using trigonometry,
we can write

29 =7rcos(p—+60)=rcospcost —rsinpsinf = x1 cosf — y; sinb,

yo =rsin(p+0) =rsingcosd + rcospsind = y; cosd + xq sin 6.
We can display the set of coefficients in the form of
22\ _ (cos® —sind T
2 )] \sinf cos@ )

It is seen that the coefficient matrix is the orthogonal matrix A; of (6.17).
Therefore the orthogonal matrix with determinant equal to +1 is also called
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Y

1 lyy

(a) (b) x

Fig. 6.1. Two interpretations of the orthogonal matrix A; whose determinant is
equal to +1. (a) As a operator, it rotates the vector r1 to ro without changing its
length. (b) As the transformation matrix between the coordinates of the tip of a
fixed vector when the coordinate axes are rotated. Note that the rotation in (b) is
in the opposite direction as in (a)

rotation matriz. It rotates the vector from ri to rp without changing the
magnitude.

The second interpretation of rotation matrix is as follows. Let P be the tip
of a fixed vector. The coordinates of P are (z,y) in a particular rectangular
coordinate system. Now the coordinate axes are rotated clockwise by an angle
0 as shown in Fig.6.1b. The coordinates of P in the rotated system become
(2’,y'). From the geometry in Fig. 6.1b, it is clear that

' =0T - 8Q =0Qcosf — PQsinf = xcost — ysinb,
y = QT + PS =0Qsinf + PQcosf = xsinf + ycos 0,

'\ _ [cosf sinf x
y )] \sinf —cos6 y )"

Note that the matrix involved is again the orthogonal matrix A;. However,
this time A; is the transformation matrix between the coordinates of the tip
of a fixed vector when the coordinate axes are rotated.

The equivalence between these two interpretations might be expected,
since the relative orientation between the vector and coordinate axes is the
same whether the vector is rotated counterclockwise by an angle 6, or the
coordinate axes are rotated clockwise by the same angle.

Next, let us consider the orthogonal matrix As, the determinant of which
is equal to —1. The matrix Ay can be expressed as

A, — cosf sinf \ (cosf —sinf 10
27 \sinf —cosf ) ~ \sinf cosé 0-1)"

or
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% Y
~N
M r ,
o ¢ *
0
X X
\6
3
-Y 2 -Y \(’

(a) (b)

Fig. 6.2. Two interpretations of the orthogonal matrix Az whose determinant is
—1. (a) As an operator, it flips the vector r1 to r2 symmetrically with respect to
X-axis, and then rotates r2 to rs. (b) As the transformation matrix between the
tip of a fixed vector when the Y-axis is inverted and then the coordinate axes are
rotated. Note that the rotation in (b) seems to be in the same direction as in (a)

() =( %) ()

T2 = &1, Y2 = —Y1-

The transformation

gives

Clearly this corresponds to the reflection of the vector with respect to the
X-axis. Therefore A5 can be considered as an operator which first symmetri-
cally flips the vector r; over the X-axis and then rotates it to r3 as shown in
Fig. 6.2a.

In terms of coordinate transformation, one can show that (z,4’) in the

equation
'\ _ [cosf —sinf x
y ) \sinf cosf Yy

represents the new coordinates of the tip of a fixed vector after the Y-axis is
inverted and the whole coordinate axes are rotated by an angle 6, as shown in
Fig. 6.2b. In this case one has to be careful about the sign of the angle. The
sign convention is that a counterclockwise rotation is positive and a clockwise
rotation is negative. However, after the Y-axis is inverted as in Fig.6.2b, a
negative rotation (rotating from the direction of the positive X-axis toward
the negative of the Y-axis) appears to be counterclockwise. This is why in
Fig.6.1a,b, the vector and the coordinate axes are rotating in the opposite
direction, whereas in Fig. 6.2a,b, they seem to rotate in the same direction.
So far we have used rotations in two dimensions as examples. However,
the conclusions that orthogonal matrix whose determinant equals to 41 repre-
sents pure rotation, and orthogonal matrix whose determinant is equal to —1
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represents a reflection followed by a rotations are generally valid in higher-
dimensional space. In the chapter on vector transformation, we will have a
more detailed discussion.

6.4 Diagonalization

6.4.1 Similarity Transformation

If Ais an xn matrix and u is a n X 1 column vector, then Au is another
n X 1 column vector. The equation

Au=v (6.18)

represents a linear transformation. Matrix A acts as a linear operator sending
vector u to vector v. Let

U1 U1
U2 U2

u = , V= s
Un Un

where u; and v; are, respectively, the ith components of u and v in the n-
dimensional space. These components are, of course, measured in a certain
coordinate system (reference frame). Let the unit vectors, e;, known as bases,
along the coordinate axes of this system be

1 0 0
0 1 0
e = . , €2 = . yerCn = . )
0 0 1
then
Up 1 0 0
Uo 0 0 n
u=| |=w| . |tu|. [+Fu | [ =D we.  (619)
: : : : =
U 0 0 1

S

Suppose there is another coordinate system, which we designate as the
prime system. Measured in that system, the components of u and v become

/ /
Uy U1
/ A
Ug Vg

/, (6.20)

I
c
I
<

~
I
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We emphasize that u and u’ are the same vector except measured in two

different coordinate systems. The symbol u’ does not mean a vector different

from u, it simply represents the collection of components of u in the prime

system as shown in (6.20). Similarly, v and v’ are the same vectors. We can

find these components if we know the components of e; in the prime system.
In (6.19)

u=ue; +uzes+ -+ upey,

the u; are just numbers which are independent of the coordinate system. To
find the components of u in the prime system, we only need to express e; in
the prime system.

Let e; measured in the prime system be

S11 512 Sin
521 522 S2n

e = . ;€2 = . yee€n = . )
Snl Sn2 Snn

Uy S11 512 S1in
I
Uy 521 522 S2n
= wm + u2 Tt up
!
Uy, Snl Sn2 Snn
U811 + U2812 + +++ + UnSin 811 S12 --- Sin uUp
U1S21 + U2822 + - - - + UnS2n 821 822 ... S2n Ug
U1Sn1 + U25n2 + -+ UnSnn Snl Sn2 -+ Snn Up,

This equation can be written in the form

u’ =T, (6.21)
where

S$11 812 ... S1in

§921 S22 ... S2p

Snl Sn2 --- Snn

It is clear from this analysis that the transformation matrix between the
vector components in two coordinate systems is the same for all vectors, since
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it depends only on the transformation of the basis vectors in the two refer-
ence frames. Therefore v/ and v are also related to the same transformation
matrix 7',

v =Tv. (6.22)

The operation of sending u to v, expressed in the original system is given
by Au = v. Let the same operation expressed in the prime system be

Au =V,
Since w' = Tu and v/ = T'v,
ATu="Tv.
Multiply both sides by the inverse of T' from the left,
T'ATu=T""Tv=v.

Since Au = v, if follows that:
A=T71AT. (6.23)

If we multiply this equation by T from the left and by 7! from the right, we
have

TAT ' = A,

What we have found is that as long as we know the relationship between
the coordinate axes of two reference frames, not only we can transform a
vector from one reference frame to the other, but we can also transform a
matrix representing a linear operator from one reference frame to the other.

In general, if there exits a nonsingular matrix T such that T-'AT = B
for any two square matrices A and B of the same order, then A and B are
called similar matrices, and the transformation from A to B is called similarity
transformation.

If two matrices are related by a similarity transformation, then they rep-
resent the same linear transformation in two different coordinate systems.

If the rectangular coordinate axes in the prime system are generated
through a rotation from the original system, then T' is an orthogonal ma-
trix as discussed in the Sect.6.3. In that case T—! = T, and the similarity
transformation can be written as TAT. If we are working in the complex
space, the transformation matrix is unitary, and the similarity transformation
can be written as TTAT. Both of these transformations are known as unitary
similarity transformation.

A matrix that can be brought to diagonal form by a similarity transforma-
tion is said to be diagonalizable. Whether a matrix is diagonalizable and how
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to diagonalize it are very important questions in the theory of linear transfor-
mation. Not only because it is much more convenient to work with diagonal
matrix, but also because it is of fundamental importance in the structure of
quantum mechanics. In the following sections, we will answer these questions.

6.4.2 Diagonalizing a Square Matrix

The eigenvectors of the matrix A can be used to form another matrix S in
such a way that S~1AS becomes a diagonal matrix. This process often greatly
simplifies a physical problem by a better choice of variables.

If A is a square matrix of order n, the eigenvalues \; and eigenvectors x;
satisfy the equation

for i =1,2,...,n. Each eigenvector is a column matrix with n elements
T11 L21 Tnl1
T12 T22 Tn2
X1 = . , X2 = . yeeey Xp =
Tin Tan Tnn

Each of the n equations of (6.24) is of the form

ail aiz ... ain ;1 AiTi1
a1 az ... ap Tio AiTio
= . . (6.25)
Gnl An2 - .. AQpn Tin )\ixin
Collectively they can be written as
a1 a2 ... Aip 11 21 ... Tpi )\11‘11 )\29321 e )\nl‘nl
Ga21 a22 ... a2n T12 T22 -.. Tp2 AT12 X222 ... ApTn2
Gnl An2 ... Gpn Tin T2n -+ Tpn MT1n A2Zap, - ApZnn
11 21 ... Tpl )\100
12 X292 ... Tp2 0)\20
= . ... L. . (6.26)
Tip Ton -+ - Ton 0 0 ...\,
To simplify the writing, let
11 21 ... Tpl
12 22 ... Tp2
S = . L. , (6.27)

Tin L2n -+ Tpn
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AMO0...0

0 A... 0
A=1 . . . .1, (6.28)

0 0 ...\

and write (6.26) as
AS =S5A. (6.29)
Multiplying both sides of this equation by S~! from the left, we obtain

ST1AS = A. (6.30)

Thus, by using the matrix of eigenvectors and its inverse, it is possible to
transform a matrix A to a diagonal matrix whose elements are the eigenvalues
of A. The transformation expressed by (6.30) is referred to as the diagonal-
ization of matrix A.

12
21
Show that the elements of S™1AS are the eigenvalues of A.

Example 6.4.1. If A = , find S such that S~'AS is a diagonal matrix.

Solution 6.4.1. Since the secular equation is

’1—)\ 2

) 1A%4A+DQ—®:O

the eigenvalues are A\; = —1, Ao = 3. The eigenvectors are, respectively,

X1 = (_11>, Xo = (1) Therefore
11
sz(_“).

1 _
It can be readily checked that S—! = 3 (i 11> and

s () DD (- ()

Note that the diagonalizing matrix S is not necessary unitary. However, if
the eigenvectors are orthogonal, then we can normalize the eigenvectors and
form an orthonormal set. The matrix with members of this orthonormal set as
columns is a unitary matrix. The diagonalization process becomes a unitary
similarity transformation which is much more convenient and useful.

The two eigenvectors in the above example are orthogonal, since

(1n<1>=0
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Normalizing them, we get

w8 k()

The matrix constructed with these two normalized eigenvectors is

-t (4]

which is an orthogonal matrix. The transformation

~ -10
pa= (10)
is a unitary similarity transformation.

First we have eliminated the step of finding the inverse of U, since U is an
orthogonal matrix, the inverse of U is simply its transpose. More importantly,
U represents a rotation as discuss in Sect.6.3. If we rotate the two original
coordinate axes to coincide with u; and us, then with respect to this rotated
axes, A is diagonal.

The coordinate axes of a reference system, in which the matrix is diagonal,
are known as principal azes. In this example, u; and uy are the unit vectors
along the principal axes. From the components of u;, we can easily find the
orientation of the principal axes. Let 6; be the angle between u; and the
original horizontal axis, then

u = [ €o8 0y _ 1 (1
P \sing ) T 2\ -1
which gives §; = —m /4. This means that to get the principal axes, we have to

rotate the original coordinate axes 45° clockwise. For consistence check, we
can calculate 65, the angle between uy and the original horizontal axis. Since

w — [ 08 1 (1
>~ \singy ) — 2 \1)°
02 = +7 /4. Therefore the angle between 6; and 65 is /2. This shows that u;
and us are perpendicular to each other, as they must.

Since 0 = w/2 4 61, cosfy = —sinfy, and sinfy = cosfy, the unitary
matrix U can be written as

B _ (cosfy costlr\ [ cosf —sinb,
U= (u1 u2) - (sin&l sin92) - (sin01 cos 0 )’

which, as seen in (6.17), is indeed a rotation matrix.
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6.4.3 Quadratic Forms

A quadratic form is a homogeneous second degree expression in n variables.
For example,

Q(x1,w2) = 522 — dayao + 203

is a quadratic form in z; and x5. Through a change of variables, this expression
can be transformed into a form in which there is no crossproduct term. Such
a form is known as canonical form. Quadratic forms are important because
they occur in a wide variety of applications.

The first step to change it into a canonical form is to separate the
crossproduct term into two equal terms, (4x1x9 = 2z122 + 22921), so that
Q (z1,z2) can be written as

Qv = (ar22) (5, 7) (1)), (6.31)

where the coefficient matrix
5 —2
c=(57)

is symmetric. As we shall see in Sect. 6.5 that symmetric matrices can always
be diagonalized. In this particular case, we can first find the eigenvalues and
eigenvectors of C.

=(A-1)(A-6)=0.

5—A =2
-2 2=

Corresponding to A; = 1 and Ay = 6, the two normalized eigenvectors are
found to be, respectively,

]

Therefore the orthogonal matrix

will diagonalize the coefficient matrix

rev =5 (L) (53 (7)) 66):

If we make a change of variables

() =v (i)
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and take the transpose of both sides

(21 22) = (uy uz) U,

we can write (6.31) as

(uluQ)ﬁCE]<Zl>::(uluQ)<ég> (z;>::u$+6u; (6.32)

2

which is in a canonical form, i.e., it has no crossterm. _
Note that the transformation matrix T' defined in (6.21) is equal to U.

Ezxample 6.4.2. Show that the following equation
922 — day + 6y% — 2v5x — 4\/63/ =15
describes an ellipse by transforming it into a standard conic section form.

Where is the center and what are the lengths of its major and minor axes?

Solution 6.4.2. The quadratic part of the equation can be written as

2 2 9 -2 x
9z* — 4zy + 6y —(xy)(2 6>(y>

The eigenvalues of the coefficient matrix are given by

‘QA )

5 6_)\‘:(/\—5)(/\—10):0.

The normalized eigenvectors corresponding to A = 5 and A = 10 are found to

be, respectively,
a5 ()
V] = — , Vo= — .

Therefore the orthogonal matrix

diagonalizes the coefficient matrix

o34 (7)) - (38)

Let
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which is equivalent to

1

r=— (2’ —2¢), = 22’ + ),
\/5( v), vy ( y')

Sl

then the equation can be written as

1IN TT ! 1 ’ ’ 1 / no__
(scy)UC’U(y,)Q\/g\/g(x2y)4\/5\/g(2:1: +y') = 15,

522 4+ 10y"? — 102’ = 15,
2?42y — 22’ = 3.

Using (2’ — 1)2 = 2'2 — 22’ + 1, the last equation becomes
(a' —1)" + 2y =4,

or (.Z’/ _ 1)2 /2
—_— yf — 1’
4 2
which is the standard form of an ellipse. The center of the ellipse is at z =
1/v/5, y = 2/4/5 (corresponding to 2’ = 1, 4 = 0). The length of the major
axis is 2v/4 = 4, that of the minor axis is 2V/2.

To transform the equation into this standard form, we have rotated the
coordinate axes. The major axis of the ellipse is along the vector v; and the
minor axis is along vs. Since

vi— cosf\ 1 (1
"o \sing ) T 5 \2)7
the major axis of the ellipse makes an angle # with respect to the horizontal
coordinate axis and 6 = cos™*(1/v/5).

6.5 Hermitian Matrix and Symmetric Matrix
6.5.1 Definitions
Real Matrixz

If A* = A, then a;; = aj;. Since every element of this matrix is real, it is
called a real matriz.
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Imaginary Matrix

If A* = —A, this implies that a;; = —aj;. Every element of this matrix is
purely imaginary or zero, so it is called a imaginary matrix.

Hermitian Matriz

A square matrix is called hermitian if AT = A. It is easy to show that the
elements of a hermitian matrix satisfy the relation a; = a;;. Hermitian matrix
is very important in quantum mechanics.

i
Symmetric Matrix

If the elements of the matrix are all real, a hermitian matrix is just a sym-
metric matrix. Symmetric matrix is of great importance in classical physics,
hermitian matrix is essential in quantum mechanics.

Antihermitian Matriz and Antisymmetric Matriz
Finally, a matrix is called antihermitian or skew-hermitian if
Al = —A, (6.33)

which implies af; = —aj;.
Again, if the elements of the antihermitian matrix are all real, then the
matrix is just an antisymmetric matrix.

6.5.2 Eigenvalues of Hermitian Matrix

e The eigenvalues of a hermitian (or real symmetric) matrix are all real.

Let A be a hermitian matrix, and x be the nontrivial eigenvector belonging
to eigenvalue \

Ax = Ax. (6.34)
Take the hermitian conjugate of the equation
xT AT = A*xT. (6.35)

Note that A is only a number (real or complex), its hermitian conjugate is
just the complex conjugate, it can be multiplied either from left or from the
right.

Multiply (6.34) by x! from the left

xTAx = Mxx.
Multiply (6.35) by x from the right
xTAfx = MxTx.
Subtract it from the preceding equation

(A=A xTx = XT(A — AT)X.
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But A is hermitian, A = Af, so
A =A)xfx=0.

Since x'x # 0, it follows that A = A*. That is, \ is real.
For real symmetric matrices, the proof is identical, since if the matrix is
real, a hermitian matrix is a symmetric matrix.

e If two eigenvalues of a hermitian (or a real symmetric) matrix are different,
the corresponding eigenvectors are orthogonal.

Let

Axy = Aixq,

AX2 = )\2X2.

Multiply the first equation by Xg from the left
xh Ax1 = A\1x}

) 1= 1X2X1.

Take the hermitian conjugate of the second equation and multiply by x; from
the right
X;AXl = )\2X£X17

where we have used the facts that (Axy)t = X;AT, At = A, and Ay = A3,
Subtracting these two equations, we have

(/\1 — )\2)X£X1 =0.

Since A1 # Ao, it follows:

x;xl =0.

Therefore x; and xo are orthogonal. For real symmetric matrices, the proof
is the same.

6.5.3 Diagonalizing a Hermitian Matrix

e A hermitian (or a real symmetric) matrix can be diagonalized by a unitary
(or a real orthogonal) matrix.

If the eigenvalues of the matrix are all distinct, the matrix can be diago-
nalized by a similarity transformation as we discussed before. Here we only
need to show that even if the eigenvalues are degenerate, as long as the ma-
trix is hermitian, it can always be diagonalized. We will prove it by actually
constructing a unitary matrix that will diagonalize a degenerate hermitian
matrix.

Let A\ be a repeated eigenvalue of the n x n hermitian matrix H, let
X1 be a normalized eigenvector corresponding to A;. We can take any n lin-
early independent vectors with the only condition that the first one is x; and
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construct with the Gram—Schmidt process an orthonormal set of n vectors
X1,X2, .- .,Xy, €ach of them has n elements.
Let U; be the matrix with x; as its ith column

T11 T21 -+ Tnl
12 22 ... Tp2

U1 - . . . . )
Lin T2n -« Tpn

as we have shown this automatically makes Uy an unitary matrix. The unitary
transformation U f HUj has exactly the same set of eigenvalues as H, since they
have the same characteristic polynomial

(U UL = M| = [U7 HUL = AU 0| = |U7 (= AU
= U |H = M| |Us| = |H — M.

Furthermore, since H is hermitian, UlT HU, is also hermitian, since

(UH{Ul)T — (HU)! (Uf)T - UjH'U, = UJHU,.

Now
* * *
T11 19 -+ Tqp T11 21 ... Tpi
* * *
" Loy Tog -+ Top T12 22 ... Tp2
UlHU, = " H
* * *
Tpl Lpo o+ Ty Tin T2 + -+ Tpn
* * *
T11 T1g -+ Ty )\11‘11 h21 . hnl
* * *
Loy Tog + .. Loy )\1%12 h22 . hnZ
= )
* *
Try XTho - Thy, MZin hon .. hon

where we have used the fact that x; is an eigenvector of H belonging to the
eigenvalue \q

T11 T11
T12 T12
H = )\1 . )
Tin Tin
and have written
T;1 hi
T2 hio
H =

Tin hzn
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for ¢ # 1. Furthermore

A0 0 0
* * *
L1, 19 - Ty )\1%11 hgl . hnl 0
* * * A h h Qoo (32 ... Qpo
La1 Tag -+ Loy 1212 N22 ... Np2
uvlHu=| T T . A0
X ks ... MZ1in hon ... R
nl “n2 nn n n nn 0 Qan Q3 - - - O

The first column is determined by the orthonormal condition

T11
. . T12 1if i=1,
(%’1 x72xm) o if @ #1.
Tin

The first row must be the transpose of the first column because U f HU, is
hermitian (or real symmetric) and \; is real and the complex conjugate of zero
is itself. The crucial fact in this process is that the last n — 1 elements of the
first row are all zero. This is what distinguishes hermitian (or real symmetric)
matrices from other square matrices.

If Ay is a twofold degenerate eigenvalue of H, then in the characteristic
polynomial p(A\) = |H — M|, there must be a factor (A; — A)®. Since

p(\) = |H — M| = (U HU, = \I
AL —A 0 0 .. 0
0 9 — A Q32 . (6 7°%)
— 0 Q23 Q33 — A an3
0 Qi A3y ... Oy — A
99 — A 32 e [67°%)
Q23 33 — AL [0 7°%:]
==X : : : : '
Qon a3n e O — A
the part
Q99 — A Q32 N Qp2
Q93 Q33 — )\ e an3
Q2n Q3n <o Qpp — A

must contain another factor of (A; — A). In other words, if we define H; as
the (n — 1) x (n — 1) submatrix
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Q92 (32 ... Op2
Q923 (Y33 ... QOp3

= Hh
QA9p A3p ... Opp

then A1 must be an eigenvalue of H;. Thus we can repeat the process and
construct an orthonormal set of n — 1 column vectors with the first one being
the eigenvector of H; belonging to the eigenvalue A;. Let this orthonormal
set be

Y22 Y32 Yn2
Y23 Y33 Yn3
Y1 = : Y2 = : sy Yn—1 = : )
Yon Y3n Ynn
and let Uy be another unitary matrix defined as
10 0 ... 0

0 Y22 Y32 ... Yn2
Uy = | O¥23 Y3z - Un3

0 Yon Y3n - - Ynn
then the unitary transformation U;(U{LHUl)Ug can be shown as
10 0 ...0 A0 0 ...00

0 y;2 y>2'<3 y;n 0 o9 aga ... (pa
Ug(UfHUl)UQ = 0 y§2 y§3 y;}kn 0 Q23 (33 ... Op3

0 Y5, Yan - YUnn 0 aoy asp ... Qnnp

10 0 ... 0 MO0 0 ... 0
0 Y22 Y32 - Yn2 00X O ... 0
— | Oy23 Y33 ... Yn3 0 0 fB33... 003

0 Y2n Y3n - Ynn 0 0 B3n ... Bun

If Ay is m-fold degenerate, we repeat this process m times. The rest can be
diagonalized by the eigenvectors belonging to different eigenvalues. After the
n X n matrix is so transformed n — 1 times, it will become diagonal.

Let us define
U=U,Uz--Up_1,

then U is unitary because all U; are unitary. Consequently the hermitian ma-
trix H is diagonalized by the unitary transformation UTHU and the theorem
is established.

This construction leads to the following important corollary.
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e Every n x n hermitian (or real symmetric) matrix has n orthogonal eigen-
vectors regardless of the degeneracy of its eigenvalues.

This is because UTHU = A, where the elements of the diagonal matrix
A are the eigenvalues of H. Since Ut = U™, it follows from the equation
U(UTHU) = UA that HU = UA, which shows that each column of U is an
normalized eigenvector of H.

The following example illustrates this process.

Ezxample 6.5.1. Find an unitary matrix that will diagonalize the hermitian
matrix

2 i1
H=|-1 2 1
1 —i2

Solution 6.5.1. The eigenvalues of H are the roots of the characteristic
equation

pA) =] -1 2=X2 i |=-X+60-9=-2A-3)?=0.

Therefore the eigenvalues A1, Ao, A3 are
A=3, X=3 A=0

It is seen that A = A\ = Ay = 3 is twofold degenerate. Let one of the eigen-
vectors corresponding to A; be

T
Ei=1z2],
3
SO
2—-X\ i 1 x1 -1 i 1 )
—i 2— )\ i To | = —i -1 i zo | =0.
1 —i 2 — )\1 T3 1 —-i -1 I3

The three equations

-z +izg + 23 =0,
711'1 7$2+i1’3 = O,
.Z'l—il‘g—.’lf3:0

are identical to each other. For example, multiply the middle one by i will
change it to the last one. The equation
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T — il‘g — X3 = 0 (636)

has an infinite number of solutions. A simple choice is to set o = 0, then
r1 = x3. Therefore

1
E,=1(0
1
is an eigenvector. Certainly
1 0 1
E.=10], Ex= 11, Es=10

—_
o
o

are linearly independent. Now let us use the Gram—Schmidt process to find
an orthonormal set x1, X2, X3.

B V2,

X1 = =
IR 2y

b

E; is already normalized and it is orthogonal to Eq, so

0
XQZEQ— 1 s
0
x4y = B3 — (B3, x1)x1 — (E3,X2) X2
1 1 1 0 0
2 2
o] - (100)% 0 % o|-[(roo)y[1]|[1
0 1 1 0 0
1 1 1
1 1
0 1 -1
x5 V2 1
el 2
| -1
Form a unitary matrix with xi,xXs, X3
V2 V2
5 0 %
U1:(X1X2X3): 0 1 0
V2 _ V2
3 0 2
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The unitary similarity transformation of H by U is

V2 V2 - V2 V2
T 2o ¥ 2 11\ [H o0 ¥
UHU; = 01 0 —i 2 i 01 0

V2o V2 1 —i V2o V2

2 2 2 2

30 0

=10 2 —V2i
0 v2i 1

Since H and U{r HU; have the same set of eigenvalues, therefore A = 3 and
A = 0 must be the eigenvalue of the submatrix

m2<éﬁﬁ@)

This can also be shown directly. The two normalized eigenvector of H; corres-
ponding to A = 3 and A\ = 0 are found, respectively, to be

_ V65 V3
— 3 Y )
yi=\ vs | Y271 v |-
3 3

Therefore
1 0 0
Up= |0 -0 ¥3i |,
0 Y3 6
3 3
and
@ 0 g 1 0 0
U=Uilo=| 0 1 0 0 —¥B;i v3i
V2 g 2 0 M3 6
2 2 3 3
V2 V6 V3
2 6 3
= 0 -8 3
V2 V6 _ V3
2 6 3
It can be easily checked that
2 2 2 6 3
UTHU = | Y& V5 V6 | - 2 0 —¥Bi 3
V3 V3 _ V3 1 —i 2 V2 V6 VB
3 3 3 2 6 3
300
=1030
000
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is indeed diagonal and the diagonal elements are the eigenvalues. Furthermore,
the three columns of U are indeed three orthogonal eigenvectors of H

i V2 V2
2 11 5 vz
Hll1:>\1ul : —-i 2 i 0 =3 0 5
1 —i 2 V2 V2
2 2
2 i1 e Y5
Hus = \auy : —i i —@i =3 —%i ,
1 —i 2 V6 V6
6 6
2 1 1 3 =
1 —i2 ? 7%

We have followed the steps of the proof in order to illustrate the procedure.
Once it is established, we can make use of the theorem and the process of
finding the eigenvectors can be simplified considerably.

In this example, one can find the eigenvector for the nondegenerate eigen-
value the usual way. For the degenerate eigenvalue A = 3, the components
(z1,22,23) of the corresponding eigenvectors must satisfy

X1 715827583 :0,
as shown in (6.36). This equation can be written as zo = i(x3 — x1). So in
general
T

u= | i(zz —x1)
T3

)

where x1 and x3 are arbitrary. It is seen that u; is just the normalized eigen-
vector obtained by choosing z1 = x3

The other eigenvector must also satisfy the same equation and be orthogonal
to uy. Thus

Z1
(101) i(l’g*l’l) :0,

T3
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Mo
which gives 1 +x3 = 0, or x3 = —x;. Normalizing the vector | —2z; |, one
—11
obtains the other eigenvector belonging to A = 3

NG 1

U = —— —2i
6\

6.5.4 Simultaneous Diagonalization

If A and B are two hermitian matrices of the same order, the following im-
portant question often arises. Can they be simultaneously diagonalized by the
same matrix S? That is to say, does there exist a basis in which they are both
diagonal? The answer is yes if and only if they commute.

First we will show that if they can be simultaneously diagonalized, then
they must commute. That is, if

D, =84S and Dy, =S"'BS,
where D; and D are both diagonal matrices, then AB = BA.
This follows from the fact
DDy =S tASS™'BS = S 1ABS,
DDy = ST'BSST'AS = ST1BAS.

Since diagonal matrices of the same order always commute (D1 Ds = D3Dy),
so we have

S™'ABS = S"'BAS.

Multiplying S from the left and S~! from the right, we obtain AB = BA.
Now we will show that the converse is also true. That is, if they commute,

then they can be simultaneously diagonalized. First let A and B be 2 x 2

matrices. Since hermitian matrix is always diagonalizable, let .S be the unitary

matrix that diagonalizes A
4 (MO
STTAS = ( 0 A )

where A1 and Ay are the eigenvalues of A. Let

§-1Bg — (bn b12> )

ba1 bao
Now
A 0 bi1 b b11 A1 b2\
S_lABS:S_lASS_lBS: 1 11 Y12 — 1111 V1241
( 0 Az ba1 b2z ba1 A2 baaAs )’

bi1 b A O b11A1 bia A
ST'BAS = ST'BSST'AS = ( 1712 1 _ [ 0nA1 D242 )
ba1 b2o 0 Ao b1 A1 bag Ao
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Since AB = BA, so ST'ABS = S"'BAS
bridr bigAr _ (b1ids bioAo
ba1 A2 baz A2 ba1 A1 bz A2 )

ba1A2 = ba1A1, bi2A1 = bi2da.
If Ay # A1, then b1 = 0 and by; = 0. In other words

-1 . b11 0
s BS_(O bm).

Therefore A and B are simultaneously diagonalized.
If Ao = A1 = )\, we cannot conclude that S~'BS is diagonal. However, in

this case
1 N
sas- (30).

Moveover, since B is hermitian, so the unitary similarity transform S—!BS
is also hermitian, therefore S™!BS is diagonalizable. Let T be the unitary
matrix that diagonalize S~'BS

It follows that:

. A0
lelB$T<6%>.

On the other hand,

et o (AON L (A0 i (MO
s r-1 (30) 7= (A0) - (39).

Thus the product matrix U = ST diagonalizes both A and B. Therefore, with
or without degeneracy, as long as A and B commute, they can be simultane-
ously diagonalized.

Although we have used 2 x 2 matrices for illustration, the same “proof”
can obviously be applied to matrices of higher order.

(1) - ()

Can A and B be simultaneously diagonalized? If so, find the unitary matrix
that diagonalized them.

Ezxample 6.5.2. Let

Solution 6.5.2.
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Thus [A, B] = 0, therefore they can be simultaneously diagonalized

2—-X 1
1 2-A

’:(A—l)(A—Z%):O.

The normalized eigenvectors corresponding to A = 1, 3 are, respectively,

=5 (2) =4
=50 s ()

e () (054 -6)

P () E)H(D-6Y)

Thus they are simultaneously diagonalized. It also shows that 1 and 5 are the
eigenvalues of B. This can be easily verified, since

Therefore

‘3—)\ 2

5 3_)\’:()\—1)0\—5):0.

If we diagonalize B first, we will get exactly the same result.

6.6 Normal Matrix

A square matrix is said to be normal if and only if it commutes with its
hermitian conjugate. That is, A is normal, if and only if

AAT = ATA. (6.37)

Tt can be easily shown that all hermitian (or real symmetric), antihermitian
(or real antisymmetric), and unitary (or real orthogonal) matrices are normal.
All we have to do is to substitute these matrices into (6.37). By virtue of their
definition, it is immediately clear that the two sides of the equation are indeed
the same.

So far we have shown that every hermitian matrix is diagonalizable by a
unitary similarity transformation. In what follows, we will prove the general-
ization of this theorem that every normal matrix is diagonalizable.

First, if the square matrix A is given, that means all elements of A are
known, so we can take its hermitian conjugate Af. Then let



6.6 Normal Matrix 299

B = %(A—kAT),
1
— - _ AT
C 2i<A A").
So
A=DB+iC. (6.38)

Since (AT)t = A and (A + B)' = AT + BT,

BT:%(AJFAT)T:%(AMFA):B,

1 . 1
f— —(A-Ahf =t —a)=cC.
= o5 ( ) 5 ( )=C

Thus, B and C' are both hermitian. In other words, a square matrix can always
be decomposed into two hermitian matrices as shown in (6.38). Furthermore

1

4i

CB = 4l (A% — ATA+ AAT — A7),
1

BC = — (A? — AAT + ATA — A7),

It is clear that if ATA = AAT, then BC = CB. In other words, if A is normal,
then B and C' commute.

We have shown in Sect. 6.5 that if B and C commute, then they can be
simultaneously diagonalized. That is, we can find a unitary matrix S such
that S™1BS and S~'CS are both diagonal. Since

S™1AS =S7'BS +is~'CS,

it follows that S~1AS must also be diagonal.
Conversely, if ST'AS = D is diagonal, then

(57148)" = 571 Al§ = D = D*,
since S is unitary and D is diagonal. It follows that:
STTAATS = (ST'AS) (ST'A'S) = DD*,
STIATAS = (S71ATS)(S7'AS) = D*D.
Since DD* = D*D, clearly AAT = At A. Therefore we conclude.

e A matrix can be diagonalized by a unitary similarity transformation if and
only if it is normal.

Thus both hermitian and unitary matrices are diagonalizable by a unitary
similarity transformation.
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The eigenvalues of a hermitian matrix are always real. This is the reason
why in quantum mechanics observable physical quantities are associated with
the eigenvalues of hermitian operators, because the result of any measurement
is, of course, a real number. However, the eigenvectors of a hermitian matrix
may be complex, therefore the unitary matrix that diagonalizes the hermitian
matrix is, in general, complex.

A real symmetric matrix is a hermitian matrix, therefore its eigenvalues
must also be real. Since the matrix and the eigenvalues are both real, the
eigenvectors can be taken to be real. Therefore, the diagonalizing matrix is a
real orthogonal matrix.

Unitary matrices, including real orthogonal matrices, can be diagonalized
by a unitary similarity transformation. However, the eigenvalues and eigenvec-
tors of a unitary matrix are, in general, complex. Therefore the diagonalizing
matrix is not a real orthogonal matrix, but a complex unitary matrix. For
example, the rotation matrix is a real orthogonal matrix, but, in general, it
can only be diagonalized by a complex unitary matrix.

6.7 Functions of a Matrix

6.7.1 Polynomial Functions of a Matrix

Any square matrix A can be multiplied by itself. The associative law of matrix
multiplication guarantees that the operation of A times itself n times, which
is denoted as A", is an unambiguous operation. Thus

ATA™ = AT,

Moreover, we have defined the inverse A~! of a nonsingular matrix in such a
way that AA~! = A='A = I. Therefore it is natural to define

n

A=A =AAT =T, and AT =(47Y)

With these definitions, we can define polynomial functions of a square matrix
in exactly the same way as scalar polynomials.

For example, if f () = 2% + 5z + 4, and A = <1 !

9 3), we define f (A), as

f(A) =A% +5A+4.

= (35)(33) - (31),
f(A) = (2141) +5(§§) +4((1)(1)) - (}2 390)'

Since
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It is interesting to note that f(A) can also be evaluated by using the
factored terms of f (x). For example

flx)=a?+5c+4=(x+1)(z+4),

SO

Solution 6.7.1.

f(A)=%=A(A2—I)71: (;é) (§140>_1:é<_211)'

Note that f (A) can also be evaluated by partial fraction. Since

T 11 11
f(x)_m2—1_§x—1+§x—|—l’
1 —1 1 -1
fA)=5A=-D)" +5(A+1)
_1(01 *1+1 21\' 1/-11
~2\22 2\24 6\ 21/

6.7.2 Evaluating Matrix Functions by Diagonalization

When the square matrix A is similar to a diagonal matrix, the evaluation of
f (A) can be considerably simplified.
If A is diagonalizable, then

S~tAS =D,
where D is a diagonal matrix. It follows that:

D? = S71ASS™TAS = ST1A%S,
DF = 8714198148 = S 1 A*S.
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Thus

AF = §pkS—1,
A"+ A" = SD"S™H + SD™ST = §(D" + D™) S
If f(A) is a polynomial, then
f(A)=5f(D)s™
Furthermore, since D is diagonal and the elements of D are the eigenvalues

of A,
Moo

Therefore

Ezample 6.7.2. Find f (A), if

A= (?;) and f(x) = 2" —42® + 62% — 2 — 3.

Solution 6.7.2. First find the eigenvalues and eigenvectors of A

0—X -2
1 3-A

':()\—1)()\—2):0.

The eigenvectors corresponding to Ay = 1 and Ay = 2 are, respectively,

as(3). (1)
=(30) o4

Therefore
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and Lo
D=S5"148= <o 2)
Thus r) o0
i =sroys=s(1 0 ) s
Since

Ezxample 6.7.8. Find the matrix A such that

2 (43
A 4A+4I_(56).

Solution 6.7.3. Let us first diagonalize the right-hand side

4—-X 3
‘ 5 6_)\’—()\—1)()\—9)—0.
The eigenvectors corresponding to Ay = 1 and Ay = 9 are, found to be,
respectively,
u; = ! up = 3
1 — —1 ) 2 — 5 .
Thus 1
(13 1 _1(5-3
s=(43) = (07),
and
a1 (43 (10
D=5 (5 6 5= 09/
Therefore

C1g2 w1 (43Y . (10
STH(A® —4A+4D)S =S (56>S_<09>.

The left-hand side must also be diagonal, since the right-hand side is diagonal.
Since we have shown that, as long as S™'AS is diagonal, S~'AFS will be

diagonal, we can assume
sias= (%0
0 i) ’
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It follows that:

2
-1 2 o $1*4$1+4 0 _ ].0
S (A 4A+4I)S_< 0 amta) = (0e):

which gives

JJ% — 4.%1 =+ 4 = 1,

x3 — 4y +4 = 9.
From the first equation we get 1 = 1, 3, and from the second equation we ob-
tain x5 = 5, —1. Therefore there are four possible combinations for (Il 0 ),

0 x 2
namely

10 10 30 30
v=(0s) 2= (h) = (05) - (35)

Thus the original equation has four solutions
_ (13 10\1/5-3\_1/53
A1 =545 _(—15><05>8 11 ) 2\57)°
1/1 -3 1/15 3 1/3 -3
A2_4<—5—1)’ A3_4(517)’ A4_2<—51>'

and similarly
For every scalar function that can be expressed as an infinite series, a
corresponding matrix function can be defined. For example, with

1 1

T 2 3 ce.

e —1+x+2x —I—S!m—i— ,
we can define ) )

eA:I+A+§A2+§A3+--~

If A is diagonalizable, then
ST'AS=D, A"=SD"S7!,

1 1
eA:S(I+D+2D2+3'D3+~-->S_1,
where
A 0



6.7 Functions of a Matrix 305

It follows that:

L+ XA + 2A%- - 0

0 T4+ X +102... . 0
A=y 2 , g1

0 0 LA+ A

eM oL, 0

0 e . 0

=9 _ St
0 0 ...eMn

Ezample 6.7.4. Evaluate e? if A = (é ?)

Solution 6.7.4. Since A is symmetric, it is diagonalizable.

‘1_’\ o '=A2—2>\—24:0,

5 1—-A

which gives A = 6, —4. The corresponding eigenvectors are found to be

=) (%)

(11 1
S_(1—1>’ =3

6 6
A o€ 0 Yo 111\ [ 0 11
¢ S(Oe_4>s 2(1—1>(Oe_4>(1—1>

_ % <Ee6 +e 1) (eb —e4)) '

ef —e ) (ef e

Thus

Therefore

6.7.3 The Cayley—Hamilton Theorem

The famous Cayley—Hamilton theorem states that every square matrix satis-
fies its own characteristic equation.
That is, if P(\) is the characteristic polynomial of the nth order matrix A

POA) = A= M| =c,\" +cpn i A" 4 4 ¢,



306 6 Eigenvalue Problems of Matrices

then
P(A) =c, A" + Cn_lAn71 4+ -+ col =0.

To prove this theorem, let x; be the eigenvector corresponding to the

eigenvalue A;. So
P ()\z) = O, AXi = >\ix7,‘~

Now
P(A)x; = (an" tep AV 44 COI) X;

- (CnA? + Cn—lA;‘n_l +-- CO) Xi
P<)\i)xi = OXi.

Since this is true for any eigenvector of A, P (A) must be a zero matrix.

For example, if
12
= (a1)

1-A 2
P(’\):’ 2 1-A

rn=(a1) (31) 2 (23) = (o1)
-(35)-(32) - (05) = (32375 252) = (50)-

Inverse by Cayley—Hamilton Theorem

‘:)\Q—QA—S.

The Cayley-Hamilton theorem can be used to find the inverse of a square
matrix. Starting with the characteristic equation of A

PA) =[A=A|=c X"+t AN+ + A+ ¢ =0,

we have

P(A) = A" + ey 1 A"+ 1A+ ol = 0.
Multiplying this equation from the left by A=, we obtain
A_lP(A) = A" ey 1AV P+ e L+ g AT =0,
Thus

1
A"l = - (an”_l 4 1 AVT2 4+ clf) .
0
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Example 6.7.5. Find A=! by Cayley-Hamilton theorem if

57 =5
A=1|104-1
28 -3
Solution 6.7.5.
5—-\ 7 -5
P(\) = 0 4-X -—1 =6 — 11\ + 6A% — \?,

P(A) =61 —11A+64% — A® =0,
A71P(A) = 6471 — 111+ 64 — A% =0,
1
A*l:E(A2—6A+11I),
L[[(57-5Y (575 57 -5 100
A*I:E 04 -1 04—-1]—-6[04—-1]+11[010
\28-3/ \28-3 28 -3 001
L[ 152317 30 42 —30 110 0
=—|l-28 -1 |-[024 -6 |+ 0110
01\ 422 -9 12 48 —18 0 011
L [—4-1918
=s|-2-55
—8 —26 20
It can be readily verified that
L [—4-1913) (575 100
A A=-[ -2 -5 5 04-1|=1[010
-8-2620/ \28 -3 001

High Powers of a Matrix

An important application of the Cayley—Hamilton theorem is in the represen-
tation of high powers of a matrix. From the equation P (A) = 0, we have

1
A = —— (CnflAn_l + Cn,QAn_2 + -+ ClA + C()I) . (639)

Cn

Multiplying through by A

1
A = - ey 1 A" + ep o A" 4 0 A% 4 o A), (6.40)

Cn
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and substituting A™ from (6.39) into (6.40), we obtain

2
An+1 _ (Cn2—1 - Cn—2> Anfl + 4 <C"_1cl _ CO) A_|_ Cn—lCOI. (641)

c Cn

Clearly this process can be continued. Thus any integer power of a matrix of
order n can be reduced to a polynomial of the matrix, the highest degree of
which is at most n — 1. This fact can be used directly to obtain high powers
of A.

Ezample 6.7.6. Find A'° if A = (:1)) ?)

Solution 6.7.6. Since

1-Xx 3
3 1-2A

’:A2—2)\—8:()\—4)()\+2):0,

the eigenvalues of A are A\; = 4 and Ay = —2. The eigenvalues of A'° must
be A% and A% ie.,

100 100 100 100
A7Px) = A170x1,  ATxe = Ay Xa.

On the other hand, from the Cayley—Hamilton theorem, we know that A00
can be expressed as a linear combination of A and I, since A is of second
order matrix (n = 2).

A0 — oA 4 I,

thus
A100X1 = (aA —|— ﬁI)Xl = (a)\l + B)Xl,
A%, = (A + BI)xs = (ady + B)xa.
Therefore
MY =ah 48, AP =ar+ 8.
It follows:
1 1
_ 2100 _ 3100y _ = 4100 _ 9100
Q M — Ao ( 1 2 ) 6( )s
1 1
— A )\100 Y /\100 —— 4100 2101 .
B N (AM1Ag 21 ") 3( + )
Hence

AIOO — %(4100 o 2100)A + %(4100 + 2101)]'.
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Exercises

1. Find the eigenvalues and eigenvectors of the matrix
19 10
-30 —16 ) °
2 1
Ans. A\ =4, x1 = (_3>; Ao =—1,x9 = (_2>.

2. Find the eigenvalues and eigenvectors of the matrix
6—21 —1+3i
9+43i —4+4+3i/°

Ans. A\ =2, x1 = (1;1);)\2:i,X2: <13_1>.

3. Find the eigenvalues and eigenvectors of the matrix

2-21

2—-43

2—-65
1 1 0
Ans. M\ =0, x1=[ 2 |; =1, x=[1]|;X3=2,x3=1[1
2 1 2

4. If UTU = I, show that (a) the columns of U form an orthonormal set; (b)
UU' = I and the rows of U form an orthonormal set.

5. Show that eigenvalues of antihermitian matrix are either zero or pure
imaginary.

6. Find the eigenvalues and eigenvectors of the following matrix:

1/ 7 6i
5\ —6i-2)"

and show explicitly that the two eigenvectors are orthogonal.

Ans. \{ =2, x1 = (211>; Ao =—1, 29 = (211)

7. Show the two eigenvectors in the previous problem are orthogonal. Con-
struct an unitary matrix U with the two normalized eigenvectors, and
show that

Ut =1I.

(21
Ans.U—\/g<12i>.
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8. Find the eigenvalues and eigenvectors of the following symmetric matrix:

1/6 12
4=3 <12 —1) '
Construct an orthogonal matrix U with the two normalized eigenvectors

and show that B
UAU = A,

where A is a diagonal matrix whose elements are the eigenvalues of A.

1 (43 (30
Ans.U—5<34 , A= 0_2

9. Diagonalize the hermitian matrix

- 1 1+i
A= (.51,
with a unitary similarity transformation
UTAU = A.

Find the unitary matrix U and the diagonal matrix A.

ERERENED 00

Ans. U= | V3 V6 |, A:( )
1 2 03
V3 V6

10. Diagonalize the symmetric matrix

110
A=1(1101],
011
with a similarity transformation
UTAU = A.
Find the orthogonal matrix U and the diagonal matrix A.
1 11
V2o Ve VB 100
2 1
Ans. U = 0 -7 | A=10-10
RS U 002
V2 V6 VB

11. Diagonalize the symmetric matrix

-7 2 10
2 2 -8,
10 —8 —4

A=l
3



12.

13.

14.

15.
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with a similarity transformation

UAU = A.
Find the orthogonal matrix U and the diagonal matrix A.
% 3 % 00 0
2
Ans. U = %—g—% , A=(1030
12 2 00 -6
3 3

If A is a symmetric matrix (so A= A), S is an orthogonal matrix and
A’ = S7TAS, show that A’ is also symmetric.

If u and v are two column matrices in a two-dimensional space, and they
are related by the equation
v = Cl,

cosf —sind
¢= (sin@ cosf ) ’
find C~! by the following methods:
(a) By Cramer’s rule.
(b) Show that C' is orthogonal, so C~! = C.
(c) The equation v = C'u means that C rotates u to v. Since u = C~lv,

C~! must rotate v back to u. Therefore C~! must also be a rotation
matrix with an opposite direction of rotation.

where

Find the eigenvalues A1, A2, and the corresponding eigenvectors of the
two-dimensional rotation matrix

[ cosf —sinf
~ \'sinf cosf )’
Find the unitary matrix U, such that

A0
f _ (M
UC’U-(O)\2>.

. 1 i 1 11
i6 —16 — 1
Ans. €', (_i),e ’(i)’l]ﬁ<—ii>'

Show that the canonical form (in which there is no crossproduct terms)
of the quadratic expression

Q(x1,x2) = 7xf + 48x 129 — 73:%

is
Q' (2}, xh) = 2527 — 2513,
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16.

17.

18.

19.

20.

21.
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1) _g x)
To xh )
Find the orthogonal matrix S.

Ans. S = % (é _43>

If A= <(1) _32> and f (z) = 2% + 322 — 3z — 1, find f (A).

—13 —26
Ans. < 13 26 )

If A= <; ?), find A™ and lim,, ., A™.
4

1 0 10
Ans. A" = n n |, lim, oo = .
. (2—?(1) (3) ) . <§0>

Solve for X, if X3 = <_6 14).

—715
0 2
Ans. X = <_1 3).

Solve the equation

where

2 (14
M 5M+3I—(25 :

0 2 —-14 6 —4 5 —2
o= (02t (38 ane (55 - (32),

According to Cayley—Hamilton theorem, every square matrix satisfies its
own characteristic equation. Verify this theorem for each of the following

matrices:
34 —-1-2
@ (25) (37
210
Find A~! by Cayley-Hamilton theorem if A= [ 120
003

2 10
Ans. A7l =4[ -1 20
0 01





