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Vector Calculus

So far we have been discussing constant vectors, but the most interesting
applications of vectors involve vector functions. The simplest example is a
position vector that depends on time. Such a vector can be differentiated
with respect to time. The first and second derivatives are simply the velocity
and acceleration of the particle whose position is given by the position vector.
In this case, the coordinates of the tip of the position vector are functions of
time.

Even more interesting are quantities which depend on the position in space.
Such quantities are said to form fields. The word “field” has the connotation
that the space has some physical properties. For example, the electrical field
created by a static charge is that space surrounding the charge which has now
been given a certain property, known as the electrical field. Every point in this
field is associated with an electric field vector whose magnitude and direction
depend on the location of the point. This electric field vector will manifest
itself when another charge is brought to that point. Mathematically a vector
field is simply a vector function, each of its three components depends on the
coordinates of the point. The field may also dependent on time, such as the
electric field in the electromagnetic wave.

There are scalar fields, by which we mean that the field is characterized
at each point by a single number. Of course the number may change in time,
but usually we are talking about the field at a given instant. For example,
temperature at different point in space is different, so the temperature is a
function of the position. Thus temperature is a scalar field. It is possible to
derive one kind of field from another. For example, the directional derivatives
of a scalar field lead to a vector field, known as the gradient.

With vector differential calculus, we develop a set of precise terms, such as
gradient, divergence, and curl, to describe the rate of change of vector func-
tions with respect to the spatial coordinates. With vector integral calculus,
we establish relationships between line, surface, and volume integrals through
the theorems of Gauss and Stokes. These are important attributes of vector
fields, in terms of which many fundamental laws of physics are expressed.
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In this chapter, we shall assume that the vector functions are continu-
ous and differentiable, and the region of interests is simply connected unless
otherwise specified. However, this does not mean that singularities and
multiple connected regions are not of our concern. They have important impli-
cations in physical problems. We will more carefully define and discuss these
terms at appropriate places.

2.1 The Time Derivative

Differentiating a vector function is a simple extension of differentiating scalar
quantities. If the vector A depends on time ¢ only, then the derivative of A
with respect to t is defined as

dA i A(t+ At) — A(t)

sl =1 _
at Ao At Ao At

(2.1)

From this definition it follows that the sums and products involving vector
quantities can be differentiated as in ordinary calculus; that is

d dA dB
S (A+B)=— 4 — 2.2
dt (A+B) @ Ta 22)
d dB dA
—(A-B)=A—+—-B 2.
dt ( ) a @ (2:3)
d dB dA
Since AA has components AA;, AA,, and AA,,
dA o AALI+AA+HAA Kk dA,.  dA, dA
_— = 1 z Y d = 73 Y3 Zk. 2
at Ao At TR TI T (2:5)

The time derivatives of a vector is thus equal to the vector sum of the time
derivative of its components.

2.1.1 Velocity and Acceleration
Of particular importance is the case where A is the position vector r,
rt)=z®)i+y@)j+z(t) k. (2.6)

If ¢ changes, the tip of r traces out a space curve as shown in Fig.2.1. If a
particle is moving along this space curve, then dr/dt is clearly the velocity v
of the particle along this trajectory

_dr Ar lim Azi+Ayj+Azk  dx, dy, dz

= — = l —_— = - —j 7k: :c. j zk-
Vo T Ao AL arto At att T T T vt +lé |
2.7



2.1 The Time Derivative 37

Ar
r(t)

r(t + At)

X

Fig. 2.1. The tip of r traces out the trajectory of a particle moving in space, Ar is
independent of the origin

It is important to note that the direction of Ar is unrelated to the direction
of r. In other words the velocity is independent of the origin chosen. Similarly,
the acceleration is defined as the rate of change of velocity

it dov, d2z d2y d2z d?r

K=—i+—2j

_dv_dvz, % L&z dr
dt az' A Tt T e

BT 28)

a

The acceleration is also independent of the origin.

Notation of differentiation with respect to time. A convenient and widely
used notation (Newton’s notation) is that a single dot above a symbol denotes
the first time derivative and two dots denote the second time derivative, and
so on. Thus

d S e
v:—r:r:a:i—l—yj—&—zk7 (2.9)
dt
a=v=r=7i+7yj+zk (2.10)

2.1.2 Angular Velocity Vector

For a particle moving around a circle, shown in Fig. 2.2, the rate of change of
the angular position is called angular speed w:

A6 _do_,

= lim — = — = 2.11
YT AL @t ( )
The velocity v of the particle is, by definition,
d .
= (2.12)

V—E—7
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Fig. 2.2. Angular velocity vector w. The velocity v of a particle moving around a
circle is given by v=w X r

where r is the position vector drawn from the origin to the position of the
particle. The magnitude of the velocity is given by
. As AN
U Ly VA L (219)
where g is the radius of the circle. The direction of the velocity is, of course,
tangent to the circle.

Now, let n be the unit vector drawn from the origin to the center of
the circle, pointing in the positive direction of advance of a right-hand
screw when turned in the same sense as the rotation of the particle. Since
|n X r| = rsina = g, as shown in Fig. 2.2, the magnitude of the velocity can be
written as

v=ow=|nxrlw. (2.14)

If we define the angular velocity vector w as
w = wn, (2.15)
then we can write the velocity v as

V=r=wXr. (2.16)

Recalling the definition of cross product of two vectors, one can easily see that
both direction and magnitude of the velocity are given by this equation.

A particle moving in space, even though not in a circle, may always be
considered at a given instant to be moving in a circular path. Even a straight
line can be considered as a circle with infinite radius. The path, which the
particle describes during an infinitesimal time interval 8¢, may be represented
as an infinitesimal arc of a circle. Therefore, at any moment, an instantaneous
angular velocity vector can be defined to describe the general motion. The
instantaneous velocity is then given by (2.16).
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Ezample 2.1.1. Show that the linear momentum, defined as p = mr, always
lies in a fixed plane in a central force field. (A central force field means that
the force F is in the radial direction, such as gravitational and electrostatic
forces, in other words F is parallel to r.)

Solution 2.1.1. Let us form the angular momentum L
L=rxp=rxmr.

Differentiating with respect to time, we have

L=rxp+rxp.

Nowrxp =rxmr =0 and r x p = r x m¥r. According to Newton’s second

law m¥ = F and F is parallel to r, therefore r x F = r x mr= 0. Thus, L =0.
In other words, L is a constant vector. Furthermore, L is perpendicular to p,
since r X p is perpendicular to p. Therefore p must always lie in the plane
perpendicular to the constant vector L.

Ezxample 2.1.2. Suppose a particle is rotating around the z-axis with a con-
stant angular velocity w as shown in Fig. 2.3. Find the velocity and acceleration
of the particle.

Fig. 2.3. Particle rotating around z-axis with a constant angular velocity w

Solution 2.1.2. Method I. Since the particle is moving in a circular path and
z is not changing in this motion, we will consider only the x and y components.
The angular velocity vector is in the k (unit vector along the z axis) direction,
w = wk, and the position vector r drawn from the origin to the point (z,y)
is perpendicular to k. Therefore

V=wXT.
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The direction of v is perpendicular to k and perpendicular to r, that is, in
the tangential direction of the circle. The magnitude of the velocity is

v =wrsin(n/2) = wr.

Explicitly
ijk
v=wxr=|0 0 w|=—wyi+wzj.
xy 0
The acceleration is given by
dv d( XT) =& XT+wxF
a=—=—(wXr)=wXr+wxr.
dt dt

Since w is a constant, w = 0. Moreover, r= v = w x r. Thus
a=wx (wxr)=wkx (kxr).
Hence, a is in the —r direction and its magnitude is equal to w?r.

Method II. The position vector can be explicitly written as
r=z(t)i+ y(t)j = rcoswti + rsin wtj. (2.17)

The velocity and acceleration are, respectively,

V=T =i+ yj = —wrsinwti+ wrcoswtj = w(—yi+ zj), (2.18)
v=(v- v)1/2 = (w2r2 sin? wti + w?r? cos? wt) Y2 or (2.19)
. v?
a=v=—w?coswti — w?sinwtj = —w(zi+yj) = —w’r= ——r. (2.20)
r

We see immediately that the acceleration is toward the center with a
magnitude of w?r. This is the familiar centripetal acceleration.
Also the velocity is perpendicular to the position vector since

v-r =w(—yi+zj) - (zi+yj) =0.

In this example, the magnitude of r is a constant, we have explicitly shown
that the velocity is perpendicular to r. This fact is also a consequence of the
following general theorem.

If the magnitude of a vector is mot changing, the vector is always ortho-
gonal (perpendicular) to its derivative.
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This follows from the fact that if r - r = r2 and ry is a constant, then

d d,
a(r'r)—&ro—(),

d dr dr dr
Slrp) = . S 97 r—0.
AR A AL T T

When the dot product of two vectors is zero, the two vectors are perpendicular
to each other.

This can also be seen from geometry. In Fig. 2.1, if r (¢) and r (¢t + At) have
the same length, then Ar is the base of an isosceles triangle. When At — 0,
the angle between r (t) and r (¢ + At) also goes to zero. In that case, the two
base angles approach 90°, which means Ar is perpendicular to r. Since At
is a scalar, the direction of Ar/At is determined by Ar. Therefore dr/d¢ is
perpendicular to r.

This theorem is limited neither to the position vector, nor to the time
derivative. For example, if vector A is a function of the arc distance s measured
from some fixed point, as long as the magnitude of A is a constant, it can
be shown in the same way that dA/ds is always perpendicular to A. This
theorem is of considerable importance and should always be kept in mind.
Velocity Vector Field. Sometimes the name velocity (or acceleration) vector
field is used to mean that at every point (x,y,z) there is a velocity vector
whose magnitude and direction depend on where the point is. In other words,
the velocity is a vector function which has three components. Each component
can be a function of (x,y,z). For example, consider a rotating body. The
velocity of the material of the body at any point is a vector which is a function
of position. In general, a vector function may also explicitly dependent on
time ¢. For example, in a continuum, such as a fluid, the velocity of the
particles in the continuum is a vector field which is not only a function of
position but may also of time. To find the acceleration, we can use the chain

rule:
aidvf@vdﬁx av% 0v% ov

&~ owdt T oydt Tozar ot (2.21)
Since
dz dy dz
ErAR A et
It follows that 5 5 5 5
a:vxa—;—kvya—;—i—vza—:—l—a—z. (2.22)

Therefore the acceleration may also be a vector field.

Example 2.1.3. A body is rotating around the z-axis with an angular velocity
w, find the velocity of the particles in the body as a function of the position,
and use (2.22) to find the acceleration of these particles.
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Solution 2.1.3. The angular velocity vector is w = wk, and the velocity of
any point in the body is

= — wyi+wxj.

<
Il
€
X
]
Il
8 O =
< O~
[SERES-

Thus the components of the velocity vector are

Vg (IE,y,Z) = —wy, vy(x,y,z) = wz, "UZ(.’E,y,Z) = Oa
and
ov . ov ; ov 0 ov 0
— =uw — = —w — = — =0.
o Y oy U Y

Hence according to (2.22)
a = (—wy)w + () (—wi) = —w? (i + ).

If we define o = i+ yj, then the magnitude of g is the perpendicular distance
between the particle and the rotating axis. Thus

a = —OJ2Q,

which shows that every particle has a centripetal acceleration w?p, as
expected.

2.2 Differentiation in Noninertial Reference Systems

The acceleration a in Newton’s equation F = ma is to be measured in an
inertial reference system. An inertial reference system is either a coordinate
system fixed in space, or a system moving with a constant velocity relative
to the fixed system. A coordinate system fixed on the earth is not an inertial
system because the earth is rotating.

The derivatives of a vector in a noninertial system are, of course, different
from those in a fixed system. To find the relationships between them, let us
first consider a moving coordinate system that has the same origin as a fixed
system. Intuition tells us that, in this case, the only possible relative motion
between the coordinate systems is a rotation. To transform the derivatives
from one system to the other, we need to take this rotation into account.

Let us denote the quantities associated with the moving system by a prime.
The position vector of a particle expressed in terms of the basis vector of the
fixed system is

r =i+ yj+ zk. (2.23)
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The same position vector expressed in the moving coordinate system whose
origin coincides with that of the fixed system becomes

r=2ai+9yj + 2K, (2.24)

where 1/, j’, k are the basis vectors of the moving system.
The velocity v is by definition the time derivative of the position vector

in the fixed system
dr dx dy dz
=— = —i+—j+—k. 2.25
dt dt * at? + dt (2.25)
If we express the time derivative of r in the moving system, then with (2.24)
we have
dr da’ dy"., d2 ,di’ ,dj’ ,dk’
- — -7 — K 2.26
M T T T TR A TR T (226)
since i, j/, k’ are fixed in the moving system, so they are not constant in time.
Clearly, the velocity seen in the moving system is

,_dx . dy .,  dY Dr

\%

This equation also defines the operation D/D¢, which simply means the time
derivative in the moving system. The notation

Dr

or 2.2
D =T (2.28)

is also often used. As mentioned earlier, a dot on top of a symbol means
the time derivative. In addition, it usually means the time derivative in the
moving system. Note that while the position vector has the same appearance
in both the fixed and the moving system as seen in (2.23) and (2.24), the
velocity vector, or any other derivative, has more terms in the moving system
than in the fixed system as seen in (2.26) and (2.25) . The three derivatives
(dz’/dt, dy'/dt, dz’/dt) are not the components of the velocity vector v in
the moving system, they only appear to be the velocity components to a
stationary observer in the moving system. The velocity vector v expressed in
the moving system is given by (2.26), which can be written as

Dr ,dif ,dj’ ,dk’
= +x + +z 2.29
Vet et (2.29)
Since i/, j’, k’ are unit vectors, their magnitudes are not changing. Therefore
their derivatives must be perpendicular to themselves. For example, di’/d¢ is
perpendicular to i/, and lies in the plane of j’ and k’. Thus we can write

s/

di ,
— =i — bk’ 2.
-9 : (2.30)
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where ¢ and —b are two constants. (The reason for choosing these particular
symbols for the coefficients of the linear combination is for convenience, as
will be clear in a moment). Similarly

dy’

a =K -1 (2.31)
ddflj = el —dj'. (2.32)

But i’ = j’xk’, so
% = % K% % = (ak’ — fi') xK'+j x (ei = dj') = fj' —ek’. (2.33)

Comparing (2.30) and (2.33), we see that f = ¢ and e = b. Similarly, from
j’=k x i’ one can show that

D= (2.34)
It is clear from (2.31) and (2.34) that d = a and ¢ = f.
It follows that
di’ dj’ dk’
PG 194 18R (e — bK "ok’ — i Ppal el
xdt—l—ydt—i—z i ' (¢ —bk" )+ (a ad) + 2 (b’ — aj’)
=i (b2 —cy) +j (ca’ —a2) + K (ay' — bz')

i/ j/ k/
=|a b c|. (2.35)
x/ y/ Zl
If we define
w=ai’ +bj +ck/, (2.36)

with r given by (2.24), we can write (2.35) as

di’ dj’ dk’
/ / !
— — — =W XTr. 2.37
Tar VA T (2:37)
The meaning of w X r is exactly the same as in (2.16). We have thus demon-
strated explicitly that the most general relative motion of two coordinate
systems having a common origin is a rotation with an instantaneous angular
velocity w. Furthermore, (2.29) becomes

v=v twxr. (2.38)
Often this equation is written in the form

dr D .
dt—(}ﬁ—i—uX)r—r—}—uXr, (2.39)
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with the understanding that the time derivative on the left-hand side is in the
fixed system, and on the right-hand side, all quantities are to be expressed in
the rotating system.

This analysis is not limited to the position vector. For any vector A, we
can follow exactly the same procedure and show that

dA D
=—A A 2.4
@ DT (240)
where
DA*A*A./'/ A/-/ A/k/
D7t - = Ayl + y.] + Zz

a A dK
A=A a9 S
@ g v T

Example 2.2.1. Show that the time derivative of the angular velocity vector
is the same in either the fixed or the rotating system.

Solution 2.2.1. Since

dw _ D w+wXw

dt Dt ’
but w x w = 0, therefore the time derivative in the rotating system w is the
same time derivative in the fixed system.

Example 2.2.2. If the rotating system and the fixed system have the same

origin, express the acceleration a in the fixed system in terms of a’, v/, w, w
of the rotating system.

Solution 2.2.2. By definition a = dv/d¢t. So by (2.40)

dv D b x
a=—=—V+wxXV.
dt Dt
Since
dr D twx bl x
V= —=—T+wWXr =r+wxr
dt Dt ’
D (Ftwxr)=F+oxrtwxi
Dtv_Dtrw r)=r+wxr+wxr,

WXV =wxXx(T+wXr)=wXxr+wx (wxr).
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Therefore,

D “ . . .
azﬁv—&—wxv:r—i—wxr—&—wxr—&—wxr—i—w X (wXxr)
=r+wXxr+2wxr+w x (wxr).

Sincer = a’ andr = v/,

a=a' +twxr+2wxv+wx(wxr).

In general, the primed system may have both translational and rotational
motion. This can be thought as a translation followed by a rotation. It is clear
from Fig. 2.4 that r = ¢’ + rg, so

dr dr’ n drg
v=— = — —_—
dt dt dt
Dr’ , drg
= | = —_—. 2.41
( D Y r) at (241)
The translational velocity of the coordinates is simply vy = drg/dt.

Similarly the linear acceleration of the coordinates is ag = d?rg /dt2. There-
fore, the acceleration of the particle is given by

dv.d (/Dr et )4+ d?rg
a=—=—|—
dt dt \ Dt de?
D /Dr’ Dr’
:Dt<DI; +w><r’>+w><(D2 +w><r’)+a0. (2.42)

Fig. 2.4. Geometry of the coordinate systems. The primed system is a noninertial
reference frame which has both translational and rotational motion relative to the
fixed system
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Therefore the general equations for the transformation from a fixed system
to a moving system are

v =v +wxr + vy, (2.43)

a=a+4+wxr +2wxv +wx (wxr)+a. (2.44)

The term w x r’ is known as the transverse acceleration and the term 2w x v’
is called the coriolis acceleration. The centripetal acceleration w X (w X r) is
always directed toward the center.

2.3 Theory of Space Curve

Suppose we have a particle moving on a space curve as shown in Fig. 2.5. At
certain time, the particle is at some point P. In a time interval At the particle
moves to another point P’ along the path. The arc distance between P and
P’ is As. Let t be the unit vector in the direction of the tangent of the curve
at P. The velocity of the particle is of course in the direction of t,

dr
=— =t 2.45
v="=ut, (2.45)
where v is the magnitude of the velocity, which is given by
As ds
YT A0 AL T @ (2.46)

The point P can also be specified by s, the distance along the curve measured
from a fixed point to P. Then by chain rule,

dr dsdr dr

Fig. 2.5. Space curve. The tangent vector t and the normal vector n determine the
osculating plane which may turn in space
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Comparing (2.45) and (2.47), we have

dr
— =t 2.48
Tt (2.49)
.. Ar
hardly a surprising result. Clearly, as As — 0, Al = 1.
s

Now, t is a unit vector, which means its magnitude is not changing, there-
fore its derivative must be perpendicular to itself. Let n be a unit vector
perpendicular to t, so we can write

% = Kn, (2.49)
where & is the magnitude of dt/ds and is called the curvature. The vector n
is known as the normal vector and is perpendicular to t. The reciprocal of the
curvature ¢ = 1/k is known as the radius of the curvature. Equation (2.49)
defines both x and n, and tells us how fast the unit tangent vector changes
direction as we move along the curve.

The acceleration of the particle is

dv_d,
dt — dt

vt) = 0t + vt,

where
. dt dsdt dt
at  dtds  as (2:50)
Therefore the acceleration can be written as
2

a=it+uv2en=10t+ —n. (2.51)
0

The tangential component of a corresponds to the change in the magnitude
of v, and the normal component of a corresponds to the change in direction
of v. The normal component is the familiar centripetal acceleration.

For the circular motion in example 2.1.2, r = rcoswti+rsinwtj and
v = Wwr,
1 . . . . . .
t=-v=— (—rwsinwti + rw coswtj) = — sin wti+ w cos wtj.
v wr

Since by (2.50),

dt_1dt 1 i — wsinot) = —L( i 4 rsint)

— =~-— = — (~wcoswti — wsinwtj) = —— (r coswti+rsinwtj) = ——r.
ds wvdt wr J r2 J 72
But by definition, dt/ds = kn. So, in this case, n = —r/r,x = 1/r, and

0 = 1/k = r. In other words, the radius of curvature in a circular motion is
equal to the radius of the circle.

In a small region, we can approximate As by the arc of a circle. The radius
of this circle is the radius of curvature of the curve as shown in Fig. 2.5.
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The motion may not be confined in a plane, although both the velocity
and acceleration lie in the plane of t and n, known as the osculating plane.
In general, there is another degree of freedom for the motion, namely the arc
as a whole may turn. In other words, the osculating plane is not necessarily
fixed in space. We need another factor to compute the derivatives of the
acceleration.

Let us define a third vector, known as binormal vector,

b=txn. (2.52)

Since both t and n are unit vectors and they are perpendicular to each other,
therefore b is also a unit vector and is perpendicular to both t and n. It
follows from the definition that, in a right-hand system,

bxt=n, bxn=—-t, nxt=—b. (2.53)

All vectors associated with the curve at the point P can be written as a linear
combination of t,n, and b which form a basis at P. Now we evaluate db/ds
and dn/ds.

Since b is perpendicular to t, so b - t = 0. Afer differentiating we have

d db dt db
—(b-t)=—-t+b-—=—-t+b-kn=0. 2.54
ds ( ) ds * ds ds +horn=0 (2:54)
Hence, db/ds - t= — kb - n. Since b is perpendicular to n, b-n = 0. Thus,
db/ds -t = 0, which means db/ds is perpendicular to t. On the other hand,
since b is a unit vector, so db/ds is perpendicular b. Therefore db/ds must
be in the direction of n. Let

db/ds = yn, (2.55)

where v, by definition, is the magnitude of db/ds and is called the torsion of
the curve.
To obtain dn/ds, we use (2.53),

d d db dt
d—?:&(bxt):gxtﬁ—bx&:7nxt+bxnn:—fyb—nt. (2.56)

The set of equations

dt dn

a _ db B
ds 77 ds

— —(vb+kt), — = 2.
(Yb + kt), L= (2.57)

are the famous Frenet-Serret formulas. They are fundamental equations in
differential geometry.
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Ezample 2.3.1. Find the arc length s of the curve r(t) = acosti + asintj
between t = 0 and t = T. Express r as a function of s.

Solution 2.3.1. Since ds/dt = v and v = (v - v)/? = (¢ - 1)1/2,
ds = v dt = (& - r)/2dt.

This seemingly trivial formula is actually very useful in a variety of problems.
In the present case

ds = [(—asinti+acostj) - (—asinti+acostj)]*/2dt = a dt,

T
52/ adt =aT.
0

In general s = at and t = s/a, thus

s, .S,
r(s) = acos —i+ asin —j.
a a

Ezxample 2.3.2. A circular helix is given by r = acosti+ asintj+ btk, calcu-
late t,n, b and &, p,y for this curve.

Solution 2.3.2.

v =r = —asinti + acostj + bk,
v=(v- V)1/2 = [(a®sin®t + a® cos t) + 0412 = (a® + b?)V/2,

1
v

1 .. .
t=-v= (CCESDEE (—asinti + acostj + bk) .
Since
dt  dsdt  dt
At~ dtds  'ds’
dt 1dt 1 ( 4 in )
— = —— = ————(—acosti — asintj) = kn
ds wvdt (a?2+0?) ! ’
k? = (kn-kn) = ¥(a2 cos?t + a*sin®t) = a72,
(a2 + b2)2 (a2 + b2)2
a 1 a®+0b°
R= — = — =
(a® +v?)’ P=% a
1dt s
n= = —costl — sintj.

ki ds
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1 i j k

b=txn=-————-|—asint acost b
2 2\1/2

(a +b)/ —cost —sint 0

1
= m[b sinti — bcostj+ (asin®t + acos® t)k]
1

= m[bsinti— beostj+ ak].

Use chain rule again,
db dsdb  db

At dtds  ds’

SO
db 1db b . .
E = ;E = m[COttl‘f’Slﬂtj] =y,
B b
=@y

2.4 The Gradient Operator

The application of vector methods to physical problems most frequently takes
the form of differential operations. We have discussed the rate of change with
respect to time which allows us to define velocity and acceleration vectors
for the motion of a particle. Now we begin a more systematic study of the
rate of change with respect to the spatial coordinates. The most important
differential operator is the gradient.

2.4.1 The Gradient of a Scalar Function

Before we discuss the gradient, let us briefly review the notation of derivative
and partial derivative in calculus

Af@) _ o ferAn—f@) . Af

dz ~ aAz—o0 Az A0 Az

If Ax — 0 is implicitly understood, we can multiply both sides by Az and
write
df

Af =flz+Az) — f(z) = an. (2.58)

This equation can also be derived from the Taylor expansion of f(z + Ax)
around x:

2
flz+ Az) = f(x) + gAer %%(Am)z +oee

Equation (2.58) is obtained if one drops terms of (Az)™ withn 2 2 as Az — 0.
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Similarly in terms of partial derivatives

of

aAfﬂ,

f(x—i—Aac,y) —f(l',:l/) =
or
of
dy
Let the difference of the scalar function ¢ between two nearby points
(x 4+ Az,y + Ay, z 4+ Az) and (x,y,z) be Ap:

Ap=9p(@+Az,y+ Ay, z+Az) —¢(2,y,2).
This equation can be written as

Ap = ¢ (v + Ax,y + Ay, z + Az)
—[p (z,y + Ay, 2 + Az) — p(z,y + Ay, 2 + Az)]
—[gp(m,y,z—i—Az)—Lp(x,y,z—i—Az)] _(,0(-'177?/7«3)7

since the quantities in the two brackets cancel out. Removing the brackets,
we have

Ap=p(x+Az,y+ Ay, 2+ Az) — (2,5 + Ay, 2 + Az)
+<P($7y+AyaZ+AZ) _@(xayaz—’—AZ)
+<,0((L’,y7Z+AZ)—(p({E7y,Z)

With the definition of partial derivative, the above equation can be written
as
dp ¢ dp
A —Ax+ —Ay+ —Az. 2.59
R e A P (2:59)
The displacement vector from (z,y,z) to (z+ Az,y+ Ay,z+ Az) is, of
course,

Ar =Azxi+ Ayj + Azk.
One can readily verify that

Oy Op Op dyp o e
<18x Jr,]ay +kaz - (Azi+ Ayj + Azk) = 8xAx+ 3y — Ay + EP —Az.

dp | Oy dy
Ap= [i=— k— |- Ar. 2.
© (1 o +j 8y + 95 r (2.60)
The vector in the parenthesis is called the gradient of ¢, and is usually written

as grad ¢ or Vo, o 9 5
¥ 4
=i—+j—+k-—. 2.61
V= 18 +j 8y 92 (2.61)

Since ¢ is an arbitrary scalar function, it is convenient to define the differential
operation in terms of the gradient operator V (sometimes known as del or
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del operator)
.0 .0 0

V = 1% +J87y + ka
This is a vector operator and obeys the same convention as the derivative
notation. If a function is placed on the left-hand side of it, ¢V is still an opera-
tor and by itself means nothing. What is to be differentiated must be placed on
the right of V. When it operates on a scalar function, it turns V¢ into a vector
with definite magnitude and direction. It also has a definite physical meaning.

(2.62)

Ezample 2.4.1. Show that Vr =T and V f(r) = vdf/dr, where T is a unit
vector along the position vector r =i+ yj + zk and r is the magnitude of r.

Solution 2.4.1.

(22 +y2 +22) /% o
_iw jy_i_g_aci—i—yj—l—zk_z
roor r T or

_9f  of of
8f df@r_ df:r
Yor " 'aroz  larr’

dfx dfy dfz x1+yj+zkﬂ df

Vi) = dr r +J dr r tk arr T dr dr'

etc.

Ezample 2.4.2. Show that (A - V)r = A.
Solution 2.4.2.

.0 .0 0
= [(A i+Aj+Ak)- (1017 +']67y +kaz>}r

(Ax o +A ;)(xH-ijrzk)
Azi+ AyJ+Ak A.

2.4.2 Geometrical Interpretation of Gradient

To see the physical meaning of Vi, let us substitute (2.61) into (2.60)
Ap= V- Ar.
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Taking the limit as Ar approaches zero yields the differential form of this

equation: 5 5 5
dp =Vp-dr :a—idw + afzjdy + a—jdz. (2.63)

Now, ¢(z,y, z) = C represents a surface in space. For example, p(z,y, z) =
xz+y+ 2z and ¢ = C represents a family of parallel planes, as discussed in
the previous chapter. Different values of C' simply mean the different per-
pendicular distances between the plane and the origin. Another example,
o(z,y,2) = 2% + y? + 22 = 4 is the surface of a sphere of radius 2. Changing
4 to 9 simply means another sphere of radius 3.

If the two near-by points lie on the same surface ¢ = C, then clearly
de =0, since p(z + dz,y + dy, 2 + dz) = v(z,y,z) = C. In this case dr is, of
course, a vector on this surface and

dy = Vg - dr =0. (2.64)

Since the dot product of V¢ and dr is equal to zero, V¢ must be perpendic-
ular to dr. Therefore V is normal (perpencicular) to the surface ¢ = C' as
shown in Fig. 2.6.

We can look at it in another way. Let the unit vector in the direction dr
be d and the magnitude of dr be dr, then the dot product of (2.63) can be
written as

dp =Vp-ddr,
or q
®
— =Vop-d 2.
o = VY (2.65)

This means that the rate of change of ¢ in the direction of d is equal to V¢ - d.
Furthermore, since
Ve-d=|Vy|cosb,

z V(p

Vo

r+dr

¢ = Constant

X

Fig. 2.6. Gradient of a scalar function. V¢ is a vector normal to the surface of ¢ =
constant
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where 6 is the angle between dr and V¢, the maximum rate of change occurs
at # = 0. This means that if dr and V¢ are in the same direction, the change
of ¢ is the largest. Therefore the meaning of Vy can be summarized as follows:

The vector Vo is in the direction of the steepest increase in ¢ and
the magnitude of the vector YV is equal to the rate of increase in that
direction.

Ezample 2.4.3. Find the unit normal to the surface described by ¢(x,y, z) =
222 + dyz — 522 = —10 at (3,1, 2).

Solution 2.4.3. First check the point (3,—1,2) is indeed on the surface:
2(3)2 + 4(—1)2 — 5(2)? = —10. Recall the unit normal to the surface at any
point is n=Vp/|Vy|.

Vo= (ia Jr,]2 + ka> (2:172 +4yz — 522) =dri+4zj+ (dy — 102) k.

ox dy 0z
_[V@] o 12i48j-24k  3i+2j 6k
(Veolls 10 (122 482 4 242)"/2 Va6

Ezample 2.4.4. Find the maximum rate of increase for the surface p(x,y, z) =
100 + zyz at the point (1,3,2). In which direction is the maximum rate of
increase?

Solution 2.4.4. The maximum rate of increase is [V¢|; 5, .

. o
[Vl 5, = 16i+2j+3k| = (36 +4+9)/% = 0.

The direction of the maximum increase is given by

Vol 50 = 6i+2j+ 3k

Ezample 2.4.5. Find the rate of increase for the surface p(x,y, z) = zvy? +yz3
at the point (2,—1,1) in the direction of i+ 2j+ 2k.

Solution 2.4.5.

_ (.0 .0 0 2 3\ 2. 3\ s 2
V= (18x+J8y+k82> (xy —|—yz)—y i+ (2my—|—z )J+3yz k,

V@Q,fl,l = i - 3j - ?)k
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The unit vector along i+ 2j + 2k is
i+2j+2k
n—

Vv1i+4+4

1
=5 (i+2j+2k).

The rate of increase is

d 11
P Vo on=(i-3j-3k) > (i+2j+2k) = ——.

1
dr 3

Example 2.4.6. Find the equation of the tangent plane to the surface described
by p(z,y,z) = 222? — 3wy — 42 = 7 at the point (1,-1,2).

Solution 2.4.6. If ry is a vector from the origin to the point (1,—1,2) and r
is a vector to any point in the tangent plane, then r — rq lies in the tangent
plane. The tangent plane at (1, —1,2) is normal to the gradient at that point,
so we have

V90|1,71,2 (r—ro) =0.

Vol 1= [(22" 3y —4)i—3zj —dazk], |, =T7i-3j+8k

1,2

Therefore the tangent plane is given by the equation
(Mi—3j+8k)-[(z—1)i+(y+1)j+(2—-2)k] =0,
T(x—1)—3(y+1)+8(z—2)=0,
Tr — 3y + 8z = 26.

2.4.3 Line Integral of a Gradient Vector

Line integrals occur frequently in physical sciences. The most familiar is prob-
ably the work done by a force F between A and B along some path I

B
Work(A — B) = / F-dr,
Al

where
dr = idz + jdy + kdz

is the differential displacement vector from (z,y,z) to (z 4+ dz,y + dy,z +
dz). Sometimes dl is used in place of dr to emphasize that the differential
displacement vector is along a certain path for the line integral. We will not
use this convention here.

For any vector field A(z,y, z), the line integral

B B
A . dr= / (Az de+ A, dy+ A, dz) (2.66)
Al Al
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B

dr

A

Fig. 2.7. Path of a line integral. The differential displacement dr is along a specified
curve in space between A and B

@ B (b) (c)
T, r, r,
B
I I
A A B,A
Fig. 2.8. Path independence of the line integral of V¢ - dr. (a) The value of the
integral from A to B along I3 is the same as along I>. (b) They are still the same

even though I is much shorter. (¢) As I shrinks to zero, the integral along I%
vanishes. The integral along I'1, which becomes a loop integral, must also be zero

is the sum of contributions A - dr for each differential displacement dr along
the curve I in space from A to B as shown in Fig.2.7. The line integral is
also called path integral because it is carried out along a specific path I

In general, the result depends on the path taken between A and B.
However, if A = Vi for some scalar function ¢, the integral is independent
of the path.

B B B
A .dr= Vg&-drz/ dp=¢(B)—p(4), (2.67)
AT Wa A

where we have used (2.63) to convert V-dr to the total differential dp. Since
the result depends only on the position of the two end points, the integral is
independent of path. In this case, the integral from A to B in Fig. 2.8 gives
the same value whether it is carried out along Iy or along I. This remains
to be true as we bring the two points A and B closer, no matter how short
I'; becomes. When B is brought to the same place as A, the line integral over
I obviously vanishes because the length of I is equal to zero. So the line
integral over Iy must also be zero. The line integral over I7 is an integral
around a closed loop:

%Vgp -dr =0. (2.68)
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The symbol % means the integration is over a closed loop. The line integral

around the closed loop is called the circulation of the vector field A around
the closed loop I'. Thus we have the following result:

When a vector field A is the gradient of a scalar function ¢, the
circulation of A around any closed curve is zero.

Sometimes this is called the fundamental theorem of gradient. The argu-
B
ment can be reversed. If fA -dr = 0, then / A -dr is independent of path.

A
In that case, A is the gradient of some scalar function ¢.

Example 2.4.7. Find the work done by the force F = 6xyi + (3:1:2 — 3y2)j in
a plane along the curve C': y = 22 — x from (0,0) to (2,2).

Solution 2.4.7. The work done is by definition the line integral
W:/ F-dr:/ [6zyi+ (32® —3y?)j] - (i dz+j dy + kdz)
C c
= / [Gmy dz + (322 — 3y?) dy] .
C

There are more than one way to carry out this integration along curve C.
Method I. Change all variables into x.

y=a*—x, dy=(2r — 1)dz,

W = / [6zy dz + (32% — 3y°) dy]
c
2
= / {6z (2* — z) dz + [32° — 3(z® — 2)?](2z — 1)} du
0
2
= / {—62° + 152* — 62°}dz = [—2® + 32° — 2z3]§ — 16.
0

Method II. The curve C can be considered as the trajectory described by the
tip of the position vector r(t) = z (¢)i+ y (t)j with ¢ as a parameter. It can
be readily verified that with x = ¢ and y = t? — ¢, the curve y = 22 — z is
traced out. Therefore the curve C is given by

rt)=z®)i+yB)j=ti+ (> —1)]

The point (0,0) corresponds to t = 0, and (2,2) corresponds to t = 2. Now
we can change all variables into ¢.
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F(0,y,2) e =F(o(0),y(0),2 (1) - ot
dr . .
pn =i+ (2t-1)j,

F = 6ayi + (32 — 3y%) j=6t (> — ) i+ [36> — 3 (% — 2)°j,
F.dr = {6t (> —t) + [3t> = 3 (2® — 2)°] (2t — 1) }dt,

2
_ dr = 2 2 _3(42 _ 2)2 _ —16.
Wf/CF d /0 {6t (¢* —t) + [3t> — 3 ( )71 (2t —1)}dt = 16

Ezxample 2.4.8. Calculate the line integral of the last example from the point
(0,0) to the point (x1,y1) along the path which runs straight from (0,0)
to (z1,0) and thence to (z1,y1). Make a similar calculation for the path
which runs along the other two sides of the rectangle, via the point (0,y).
If (x1,y1) = (2,2), what is the value of the integral?

Solution 2.4.8.
L(z1,11) = / F-dr = / [61‘;9 dx + (33:2 — 3y2) dy] ,
C1 Cl
C1 ¢ (0,0) = (21,0) — (z1,91) -

From (0,0) — (21,0): y =0, dy=0,

$1,0
/00 [6zy dz + (32% — 3y®) dy] = 0.

From (21,0) — (z1,41): = =1, do =0,

T1,Y1 Y1
/ . [ny dx + (3£E2 — 3y2) dy] = /0 (322 — 3y?)dy
1,

iy ,
= [Bzly — %], = 32Ty — v,

x1,0 T1,Y1
Lz, 1) = [/ —I—/ } [6xy dx + (31‘2 — 3y2) dy} = Bx%yl — yij’,
0

1,0

L(z1,11) = / [6xy dx + (39&2 — 3y2) dy] ,
Cy
Co = (0,0) — (0,y1) — (z1,91) -

From (0,0) — (0,y1): 2« =0, dz =0,

0,y1 Y1
/ [62y dz + (322 — 3y?) dy] = / (=3y°)dy = [—°I5" = =i
0,0 0
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From (anl)_)(xlayl): Y=Y, dy:07

1,y x
/ o [ny dx + (3332 — 3y2) dy] = / 1 6xy; de = Sm%yl,
0 0

sY1

0,91 z1,Y1
I(z1,y1) = [ +/ } [6zy dz + (327 — 3y®) dy| = —y} + 3ziy1.
0,0 0,y1

Clearly I1(z1,1) = I(z1,51), and 1;(2,2) = 3(2)*2 - (2)° = 16.

Ezxample 2.4.9. From the last two examples, it is clear that the line integral
F - dr with F =6xyi + (3:162 — 3y2)j depends only on the end points and is
independent of the path of integration, therefore F = V. Find ¢(x,y) and
show that f027’02 F-dr = ¢(2,2) — »(0,0).
Solution 2.4.9.
d¢

Ve = i% —|—jg—<§ = 6xyi + (32° — 3y?) j =F,
g—i:&y = p=3"+[(y),
?;3x23y23x2+d];;y),

d{l;y) = -3y> = f(y) = —y>+k (k is a constant).

Thus,
o(x,y) = 3z%y —y° + k.
2,2 2,2
/ F.dr= Ve -dr=¢(2,2) — ¢(0,0) =16 + k — k = 16.
0,0 0,0
Note that
T1,Y1
/ F.dr =p(z1,91) — ¢(0,0) = 3zTy1 — v,
0,0

in agreement with the result of the last example.
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2,1

Example 2.4.10. Find the line integral / F - dr with F = zyi — y?j along
0,0

the path (a) y = (1/2)z, (b) y = (1/4)22, (c) from (0,0) straight up to (0, 1)
and then along a horizontal line to (2,1).

. 2,1 2,1
Solution 2.4.10. 0.0 F-dr = f070 (my dz — o2 dy) along

1 1
(a) y = 5% S0 dy = §dx,

2,1 2
’ 1 1 301

wy dz —y*dy) = (dex - x%) - [ : xs} _
/0»0 ( ) 0o \2 8 8 3 |y

(¢) From (0,0) straight up to (0,1) : z =0 so dx = 0;

then from (0,1) along a horizontal line to (2,1): y =1 and dy =0,
2,1

2,1 0,1
/0 (my da —y? dy) = / (my da —y? dy) —|—/ (a:y da —y? dy)

;0 0,0 0,1
1 2
1 5
2
=— d de=—=+2=-.
/Oy y+/0x T 3+ 3

In general the line integral [ F - dr depends on the path of integration as

shown in the last example. However, if F = V¢, the line integral is indepen-
dent of the path of integration. We are going to discuss the condition under
which F can be expressed as the gradient of a scalar function.

2.5 The Divergence of a Vector

Just as we can operate with V on a scalar field, we can also operate with V
on a vector field A by taking the dot product. With their components, this
operation gives
V-A= (1861 +j§y +k882> (1A +jA, +KkA,)
0A, 04, O0A,
= + ==+

et ot e (2.69)
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Just as the dot product of two vectors is a scalar, V - A is also a scalar.
This sum, called the divergence of A (or div A), is a special combination of
derivatives.

Ezample 2.5.1. Show that V-r=3 and V-rf(r) =3f(r)+ r(df/dr).

Solution 2.5.1.

V.or= (iaax +j8% +k§z) (i + jy + k2)
= % + ZZ + % =3.
Vorf () = (i, 4+ ) - Gaf(r) +uf () + ke ()
— o )]+ S W) + e )
= J(r) 4 G )+ gl 4 )+ 25
or e 1 2 v

:2($2+y2+z2) =

oz Oz B 5(552 g2+ 22)2 7’
o _y. or_z
dy 0z r

B z2df y?df  22df
V'rf(r)i?)f(r)Jrrerrrdr r dr
B e +y*+22df df
73f(r)+faf3f(r)+r5.

2.5.1 The Flux of a Vector Field

To gain some physical feeling for the divergence of a vector field, it is helpful
to introduce the concept of fluz (Latin for “flow”). Consider a fluid of density
o moving with velocity v. We ask for the total mass of fluid which crosses
an area Aa perpendicular to the direction of flow in a time At. As shown in
Fig. 2.9a, all the fluid in the rectangular pipe of length vAt with the patch Aa
as its base will cross Aa in the time interval A¢. The volume of this pipe is
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(a) (b)

f VAt —~ fe— VAt —+

Fig. 2.9. Flux through the base. (a) Flux through Aa = pvAa. (b) Flux through
the tilted Aa = pv - nAa

vAtAa, and it contains a total mass pvAtAa. Dividing At will give the mass
across Aa per unit time, which by definition is the rate of the flow

Rate of flow through Aa = gvAa.

Now let us consider the case shown in Fig.2.9b. In this case the area Aa
is not perpendicular to the direction of the flow. The total mass which will
flow through this tilted Aa in time At is just the density times the volume
of this pipe with the slanted bases. That volume is vAtAacosf, where 0 is
the angle between the velocity vector v and n, the unit normal to Aa. But
vcosf = v - n. So, multiplying by ¢ and dividing At, we have

Rate of flow through tilted Aa = gv - nAa.

To get the total flow through any surface S, first we divide the whole
surface into little patches which are so small that over any one patch the
surface is practically flat. Then we sum up the contributions from all the
patches. As the patches become smaller and more numerous without limit,
the sum becomes a surface integral. Accordingly,

Total flow through S = // ov -n da. (2.70)
s

If we define J =pv, (2.70) is known as the flux of J through the surface S
Flux of J through S = // J-n da. (2.71)
5

Originally it means the rate of the flow, the word flux is now generalized to
mean the surface integral of the normal component of a vector. For example,
the vector might be the electric field E. Although electric field is not flowing
in the sense in which fluid flows, we still say things like “the flux of E through
a closed surface is equal to the total charge inside” to help us to visualize the
electric field lines “flowing” out of the electric charges.
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Example 2.5.2. Let J =pvgk where g is the density of the fluid and vk is its
velocity (k is the unit vector in the z direction). Calculate the flux of J (the
flow rate of the fluid) through a hemispherical surface of radius b.

y
(0,b,0)

Fig. 2.10. Surface element on a hemisphere. The projected area on the xy plane is
dz dy = cosfda where 0 is the angle between the tangent plane at da and the xy
plane

Solution 2.5.2. The equation of the spherical surface is ¢ (x,y,2) = x? +
y? + 22 = b2. Therefore the unit normal to the surface is

Ve 221+ 2yj+ 22k wityj+zk

n= = =
Vol (422 + 492 + 472)1/? b

Let the flux of J through the hemisphere be @, which is given by

45:// J-nda:// ovok - n da,
s s

where da is an element of the surface area on the hemisphere as shown in
Fig. 2.10. This surface area projects onto dz dy in the zy plane. Let 6 be the
acute angle between da (actually the tangent plane at da) and the zy plane.
Then we have dz dy = cosfda. The integral becomes

1
95:// gvok-nda:// ovok - n——dz dy,
S s cosf

where the limit on x and y must be such that we integrate over the projected
area in the xy plane which is inside a circle of radius b. The angle between
two planes is the same as the angle between the normals to the planes. Since
n is the unit normal to da and k is the unit normal to xy plane, the angle 6
is between n and k. Thus, cosf = n - k. Therefore,
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1
¢ = // ovok -n——dx dy = // ovo dz dy = pvgmb?.
s cos g

Note that this result is the same as the flux through the circular flat area in
the zy plane. In fact, it is exactly the same as the flux through any surface
whose boundary is the circle of radius b in the zy plane, since we obtained
the result without using the explicit expression of n.

2.5.2 Divergence Theorem

The divergence theorem is also known as Gauss’ theorem. It relates the flux of
a vector field through a closed surface S to the divergence of the vector field
in the enclosed volume

// A~nda:/// VoA (@)
closed surface S vol. enclosed in S

The surface integral is over a closed surface as shown in Fig.2.11. The unit
normal vector n is pointing outward from the enclosed volume. The right-
hand side of this equation is the integration of the divergence over the volume
that is enclosed in the surface.

To prove this theorem, we cut the volume V' up into a very large number
of tiny (differential) cubes. The volume integral is the sum of the integrals
over all the cubes.

Imagine we have a parallelepiped with six surfaces enclosing a volume V.
We separate the volume into two cubes by a cut as in Fig. 2.12. Note that the
sum of the flux through the six surfaces of the cube on the left and the flux
through the six surfaces of the cube on the right is equal to the flux through
the six surfaces of the original parallelepiped before it was cut. This is because

Fig. 2.11. The divergence theorem. The volume is enclosed by the surface. The
integral of the divergence over the volume inside is equal to the flux through the
outside surface
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(@ (b)
C C C
( i ]
1 1 |
1 1 |
1 1 |
1D . 1 D D I
L ! |
1 1 |
| : n onl
1 1 |
1 1 ]
1 1 |
P T N IO, P D R D
// B // B //
A A A

Fig. 2.12. The flux out of the touching sides of the two neighboring cubes cancel
each other

the unit normal vectors on the touching sides of the two neighboring cubes
are equal and opposite to each other. So the contributions to the flux for
the two cubes from these two sides exactly cancel. Thus it must be generally
true that the sum of the flux through the surfaces of all the cubes is equal to
the integral over those surfaces that have no touching neighbors, i.e., over the
original outside surface. So if we can prove the result for a small cube, we can
prove it for any arbitrary volume.

Consider the flux of A through the surfaces of the small cube of volume
AV = AzAyAz shown in Fig. 2.13. The unit vector perpendicular to the sur-
face ABCD is clearly —j (n = —j). The flux through this surface is therefore
given by

A(z,y,z) - (—))Aa = —Ay(z,y, 2) AzAz.

The flux is defined as the outgoing “flow.” The minus sign simply means the
flux is flowing into the volume. Similarly, the unit normal to the surface EFGH
is j, and the flux through this surface is

Az, y+ Ay, z) - jAa = Ay(z,y + Ay, z) AxAz.

c______ G
z ]
D H 0A,
A, Ax Az (Ay+?Ay) AX Az
o F
Az B
AX
A Ay E

X

Fig. 2.13. The flux through the left and right face of a infinitesimal cube
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Note that for every point (z, y, z) on ABCD, the corresponding point on EFGH
is (z,y + Ay, z) . The net flux through these two surfaces is simply the sum
of the two:

0A 0A

[Ay(z,y + Ay, 2) — Ay(z,y,2)]| AzAz = a—yAyAasAz =3 YAV. (2.73)
Y Y

By applying similar reasoning to the flux components in the two other direc-
tions, we find the total flux through all the surfaces of the cube is

04, 0A 0A,

> Anda= + 2+ AV = (V- A)AV. (2.74)

ox dy 0z

cube
This shows that the outward flux from the surface of an infinitesimal cube

is equal to the divergence of the vector multiplied by the volume of the cube.

Thus the divergence has the following physical meaning;:

The divergence of a vector A at a point is the total outward flux of A
per unit volume in the neighborhood of that point.

For any finite volume, the total flux of A through the outside surface
enclosing the volume is equal to the sum of the fluxes out of all the infinitesimal
interior cubes, and the flux out of each cube is equal to the divergence of A
times the volume of the cube. Therefore the integral of the normal component
of a vector over any closed surface is equal to the integral of the divergence
of the vector over the volume enclosed by the surface,

ﬁiA-nda:// VA (2.75)

The small circle on the double integral sign means the surface integral is over a
closed surface. The volume integral is understood to be over the entire region
inside the closed surface. This is the divergent theorem of (2.72), which is
sometimes called the fundamental theorem for divergence.

A flow field A is said to be solenoidal if everywhere the divergence of A
is equal to zero (V - A = 0). An incompressible fluid must flow out of a given
volume as rapidly as it flows in. The divergence of such a flow field must be
zero, therefore the field is solenoidal.

On the other hand if A is such a field that at certain point V- A #0, then
there is a net outward flow from a small volume surrounding that point. Fluid
must be “created” or “put in” at that point. If V - A is negative, fluid must
be “taken out” at that point. Therefore we come to the following conclusion.

The divergence of flow field at a point is a measure of the strength of
the source (or sink) of the flow at that point.
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Example 2.5.3. Verify the divergence theorem by evaluating both sides of
(2.72) with A = zi + yj + 2k over a cylinder described by z? + y? = 4
and 0 < z < 4.

Solution 2.5.3. Since V- A = ii —i—jé + k2 <(xi+yj + zk) = 3, the
Ox dy 0z

volume integral is

// V-AdV:3// dV = 3(n2?)4 = 48,
\%4 14

which is simply three times the volume of the cylinder. The surface of the
cylinder consists of the top, bottom, and curved side surfaces. Therefore the
surface integral can be divided into three parts

ﬂA'nda:// A~nda—|—// A~nda—|—// A -n da.
S top bottom curved

For the top surface

// A~nda:// (sci+yj+4k)-kda:4// da = 472? = 167.
top top top

For the bottom surface

// A-nda:// (2 + j + 0K) - (—k)da = 0.
bottom bottom

For the curved side surface, we must first find the unit normal n. Since the
surface is described by ¢ (7,y) = 2% + y* = 4,

n— Ve  2ri+2yj  xi+yj
Vol (422 + 4y2)"/? 2
. -
A~n:(a:i+yj+zk)-xl;ry‘] =5 +4%) =2,
// A~nda:2// da=2(27r-2)4 = 327.
curved curved

Therefore
ﬂA-nda: 167 + 0 + 327w = 48,
S

which is the same as the volume integral.
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2.5.3 Continuity Equation

One of the most important applications of the divergence theorem is using it
to express the conservation laws in differential forms. As an example, consider
a fluid of density ¢ moving with velocity v. According to (2.70), the rate at
which the fluid flows out of a closed surface is

Rate of outward flow through a closed surface = ﬂ ov -1 da. (2.76)
s

Now because of the conservation of mass, this rate of out flow must be equal
to the rate of decrease of the fluid inside the volume that is enclosed by the

surface. Therefore 5
# ov-nda=— /// lav. (2.77)
S v Ot

The negative sign accounts for the fact that the fluid inside is decreasing if
the flow is outward. Using the divergence theorem

ﬂ;wnda:///vvmv)dv, (2.78)
///V {V (ov) + Zf] v =0, (2.79)

Since the volume V in this equation, the integrand must equal to zero, or

we have

do
V- (ov) + T 0. (2.80)

This important equation, known as the continuity equation, relates the den-
sity and the velocity at the same point in a differential form. Many other
conservation laws can be similarly expressed.

For an incompressible fluid, o is not changing in time. In that case, the
divergence of the velocity must be zero,

V.-v=0. (2.81)

Singularities in the Field. In deriving these integral theorems, we require
the scalar and vector fields to be continuous and finite at every point. Often
there are points, lines, or surfaces in space at which fields become discon-
tinuous or even infinite. Examples are the electric fields produced by point,
line, or surface charges. One way of dealing with this situation is to eliminate
these volume elements, by appropriate surfaces, from the domain to which the
theorems are to be applied. Another scheme is to “smear out” the discontinu-
ous quantities, such as using charge densities, so that the fields are again well
behaved. Still another powerful way is to use Dirac delta function. Sect. 2.10.2
is a specific example of these procedures.
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2.6 The Curl of a Vector

The cross product of the gradient operator V with vector A gives us another
special combination of the derivatives of the components of A

i j k
o 9 0
A, A, A,
9A

0A 04, 0A 0A 0A
=i i L j z == k(=% —-—2). 2.82
1<3y 3z)+‘]<3z Ox (31” 8y> (282)
It is a vector known as the curl of A. The name curl suggests that it has
something to do with rotation. In fact, in European texts the word rotation (or
rot) is used in place of curl. In Example 2.1.3, we have considered the motion
of a body rotating around the z-axis with angular velocity w. The velocity

of the particles in the body is v = — wyi+ wxj. The circular characteristic of
this velocity field is manifested in the curl of the velocity

S~—
+

i j k
o 0 0
=| — — =—|=2wk 2.
V xXv 9r Oy - wk, (2.83)
—wy wxr 0

which shows that the curl of v is twice the angular velocity of the rotating
body.

If this velocity field describes a fluid flow, curl v is called the wvorticity
vector of the fluid. It points in the direction around which a vortex motion
takes place and is a measure of the the angular velocity of the flow. A small
paddle wheel placed in the field will tend to rotate in regions where V x v #£0.
The paddle wheel will remain stationary in those regions where V x v =0.
If the curl of a vector field is equal to zero everywhere, the field is called
irrotational.

Ezample 2.6.1. Show that (a) V xr=0; (b) V xrf(r) = 0 where r is the
position vector.

Solution 2.6.1. (a) Since r = xi + yj + 2k, so
i
0

VXI': aix
T

< $lom
w %"va
Il
=)
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i j k
Virf=| ot o |~ {apE 0= s o
of () ui () =F ()
ol 0= o O+ { g b 0] 5 ef 0] &
0 0 ) 0 0
R C R C) TR PG iG]
0 0]
Huger ) -a 10}
Since
0 df or
3 (r) d—ia—yandr:(x2+y2+22)/7
b df<_ y >_ dfy
Oy dr (;v2+y2+z2)1/2 drr
0 df = 0 df z
'O ="wr &y
Therefore
Voers =g = v g e i (g e et heo

2.6.1 Stokes’ Theorem

Stokes’ theorem relates the line integral of a vector function around a closed
loop C' to a surface integral of the curl of that vector over a surface S that
spans the loop. The theorem states that

/ A-dr:// (V x A)-nda, (2.84)
closed loop C area bounded by C

where dr is a directed line element along a closed curve C' and S is any
surface bounded by C'. At any point on the surface, the unit normal vector n
is perpendicular to the surface element da at that point as shown in Fig. 2.14.
The sign of n is determined by the convention of the “right-hand rule.” Curl
the fingers of your right hand in the direction dr, then your thumb points in
the positive direction of n. If the curve C lies in a plane, the simplest surface
spans C' is a flat surface. Now imagine the flat surface is a flexible membrane




72 2 Vector Calculus

dr

nda

Fig. 2.14. Stokes’ theorem. The integral of the curl over the surface is equal to the
line integral around the closed boundary curve

which can continuously expand but remains attached to curve C. A sequence
of curved surfaces is generated. Stokes theorem applies to all such surfaces.
The positive direction of n for the flat surface is clear from the right-hand
rule. As the surface expands, n moves along with it. For example, with the
direction of dr shown in Fig. 2.14, the normal vector n of the nearly flat surface
bounded by C'is pointing “downward” according to the right-hand rule. When
the surface is expanded into the final shape, n is turned to “outward” direction
as shown in the figure.

The surface in Stokes’ theorem must be two sided. A one-sided surface
can be constructed by taking a long strip of paper, giving it a half twist, and
joining the ends. If we tried to color one side of the surface we would find the
whole thing colored. A belt of this shape is called a Moebius surface. Such
a surface is not orientable since we cannot define the sense of the normal
vector n. Stokes’ theorem applies only to the orientable surface, furthermore,
the boundary curve of the surface must not cross itself.

To prove Stokes’ theorem, we divide the surface into a large number of
small rectangles. The surface integral on the right-hand side of (2.84) is of
course just the sum of the surface integrals over all the small rectangles. If the
line integrals around all the small rectangles are traced in the same direction,
each interior line will be traced twice — once in each direction. Thus the
line integrals of A - dr from all the interior lines will sum up to zero, since
each term will appear twice with opposite sign. Therefore the sum of the line
integrals around all the small rectangles will equal to the line integral around
the boundary curve C, as shown in Fig.2.15. So if we prove the result for a
small rectangle, we will have proved it for any closed curve C.

Since the surface is to be composed of an infinitely large number of these
infinitesimal rectangles, we may consider each to be a plane rectangle. Let
us orient the coordinate axes so that one of these rectangles lies in the zy-
plane, the sides will be of length Ax and Ay as shown in Fig.2.16. Let the
coordinates of the center of the loop be (x,y, z) . We designate the corners of
this rectangle by A, B, C, D. So, the line integral around this rectangle is

74 Adr=| A-(ido)+ [ A-Gdy)+ [ A-(—idz)+ [ A-(=jdy).
ABCD AB BC CD DA
(2.85)



2.6 The Curl of a Vector 73

Fig. 2.15. Proof of Stokes’ theorem. The surface is divided into differential surface
elements. Circulation along interior lines cancel and the result is a circulation around
the perimeter of the original surface

y
D - c _
X, ‘
‘ ( .y) |
A - B
| AX |

Fig. 2.16. The line integral of A - dr around the four sides of the infinitesimal square
is equal to the surface integral of V x A over the area of this square

We use the symbol }l{ to mean the line integral is over a closed loop.

Now we may approximate the integral by the average value of the integrand
multiplied by the length of the integration interval. The average value of A
on the line AB may be taken to be the value of A at the midpoint of AB. The
coordinates at the midpoint of AB is (m, y— %Ay, z) . Thus

1
A-(i dx):/ Aydr = A, (x,y—Ay,z) Azx.
AB AB 2

Similarly,
1
A-(j dy):/ A, dy = A, <x+Aw,y,z> Ay,
BC BC 2
1
A (—idx)= —/ Aydr = —A, (m,y + Ay,z) Az,
CD 2

cD
A (=jdy)=- A,dy=—-A4, (x — 1Ax,y,z> Ay.
DA DA 2
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Summing all these contributions, we obtain

1 1
7{ A.dr= (Ax (x,y—Ay,z)—A$ (a:,y—l—Ay,z))Am
ABCD 2 2
1 1
+ <Ay (:I: + 2Ax,y,z) - A, <33 — 2Am,y,z)) Ay.

Since . )
Ay <x+2Al‘,y7Z> _AU (J?— 2A337y,2> = ) yA-’E)
1 1 0A,
so we have oA o
Adr=|7"~ I) Azly. 2.86
~7§ABCD ( Ox dy (2.86)

Next consider the surface integral of V x A over ABCD. In this case the
unit normal n is just k. Again we take the integral to be equal to the average
value of the integrand over the area multiplied by the area of the integration.

The average value of A is simply the value of A evaluated at the center.
Therefore

// (VxA) nda=(VxA) kAzAy = <6Ay —8Am>A:cAy,
ABCD ox Ay

(2.87)

which is the same as (2.86). This result can be interpreted as follows:

The component of V x A in the direction of n at a point P is the
circulation of A per unit area around P in the plane normal to n.

The circulation of a vector field around any closed loop can now be easily
related to the curl of that field. We fill the loop with a surface S and add the
circulations around a set of infinitesimal squares covering this surface. Thus

we have
Zj’é A~dr:Z// (V x A)-n da, (2.88)
ABCD ABCD

which can be written as

]{CA.dr:://S(VxA).nda. (2.89)

This is Stokes’ theorem. Sometimes this theorem is referred to as the funda-
mental theorem for curls. Note that this theorem holds for any surface S as
long as the boundary of the surface is the closed loop C.
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Example 2.6.2. Verify Stokes’ theorem by finding the circulation of the vector
field A =4yi+xj+2zk around a square of radius 2a in the zy plane, centered

at the origin and the surface integral / / (V x A) - n da over the surface of

the square.

Solution 2.6.2. We compute the circulation by calculating the line inte-
gral around each of the four sides of the square. From (a,—a,0) to (a,a,0),
r=a, dr=0, z=0:

a,a,0 a,a,0
11:/ Aodr:/ (4yi + xj + 22k) - (i dz + j dy + k d=2)
a,—a,0 a,—a,0
a,a,0 a
:/ (4ydx+xdy+22dz):/ a dy = 24°.

,—a,0 —a

From (a,a,0) to (—a,a,0), y=a, dy=0, z=0:

—a,a,0 —a
.[2:/ A~dr:/ 4a dz = —8a?.
a,a,0 a

From (—a,a,0) to (—a,—a,0), z=—a,dz =0, 2=0:
—a,—a,0 —a
I3 = / A.dr= / (—a)dy = 2a*.
—a,a,0 a
From (—a, —a,0) to (a,—a,0), y=—a, dy=10, z=0:
a,—a,0 a
I = / A.dr= / 4(—a)dz = —8a?.
—a,—a,0 —a

Therefore the circulation is
% A-dI‘:Il +Ig+[3+]4 = —12@2.
c

Now we compute the surface integral. First n da = k dx dy over the square
and the curl of A is

i j k
0 0 0
A=|Z 2 S g
VX Or Oy 0z 3
y x 2z

Thus

// VxA-nda:—3// dr dy = —3(2a)* = —124?,
S s

which is the same as the circulation, satisfying Stokes’ theorem.
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Ezample 2.6.3. Verify Stokes’ theorem by evaluating both sides of (2.84) with
A =4yi+ xj+ 2zk. This time the surface is over the hemisphere described by
o (x,y,2) = 22 +y?+ 2% = 4 and the loop C is given by the circle 2%+ = 4.

Solution 2.6.3. Since V x A = — 3k,

// V><A~nda:73// k- n da.
s s

The surface is over a hemisphere. The geometry is shown in Fig.2.10. The
surface integral can be evaluated over the projection of the hemisphere on the
xy plane using the relation

1
cos O

1
da = dz dy = ﬂdx dy.

The integration is simply over the disk of radius 2:

// V><A~nda:—3//k-nidmdy:—3//dxdy:—3(47r):—12ﬂ.
s k-n

To evaluate the line integral around the circle, it is convenient to write the
circle in the parametric form

r=zxi+yj, x=2cosf, y=2sinh, 0<60<2r.
dr

0= —2sin i+ 2cosfj, A =4yi+ zj + 2zk = 8sinbi + 2cosbdj + 2zk.

2m
7{ A-dr:% A gd9:/ (—16sin* 0 + 4 cos® 0)df = —127.
c c dé 0

Thus, Stokes’ theorem is verified,

j{ A-dr:// V x A -nda.
C s

Example 2.6.4. Use Stokes’ theorem to evaluate the line integral j{ A -dr
c

with A = 2yzi + xj + 2%k along the circle described by z2 + 3% = 1.

Solution 2.6.4. The curl of A is

i j k
o 0 0
A=|— — — | =2yj 1-22)k
V x 95 3y 02 yi+ (1 —22)k,
2z x 22
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and according to Stokes’ theorem

fCA~dr://SVXA'nda://S[Qyj+(1f2z)k]~nda.

Since S can be any surface as long as it is bounded by the circle, the simplest
way to do this problem is to use the flat surface inside the circle. In that case

z =0 and n = k. Hence,
]{A'drz// da = .
s

Connectivity of Space. Stokes’ theorem is valid in a simply connected
region. A region is simply connected if any closed loop in the region can
be shrunk to a point without encountering any points not in the region. In a
simply connected region, any two curves between two points can be distorted
into each other within the region. The space inside a torus (doughnut) is
multiply connected since a closed curve surrounds the hole cannot be shrunk
to a point within the region. The space between two infinitely long concen-
tric cylinders is also not simply connected. However, the region between two
concentric spheres is simply connected.

If V x F =0 in a simply connected region, we can use Stokes’ theorem

%Fdr:// VxF-nda=0
c s

to conclude that the line integral f f F - dr is independent of the path.

If V x F = 0 in a multiply connected region, then f f F - dr is not unique.
In such a case, we often “cut” the region so as to make it simply connected.
Then ff F - dr is independent of the path inside the simply connected region,

but ff F - dr across the cut line may give a finite jump.
For example, consider the loop integral § F - dr with

Y i+ o
— 1
2 +y? 2?4y

5

around a unit circle centered at the origin. Since

ik

vip=| 2 2 00,

O Oy 0z|
£ -0

Yy __=z
224y2 z2+y2

one might conclude that

j{F-dr://VxF-nda:O.
s



78 2 Vector Calculus

Fig. 2.17. If the function is singular on the z-axis, the region is multiply connected.
A “cut” can be made to change it into a simply connected region. However, a lined
integral across the cut line may give a sudden jump

This is incorrect, as one can readily see that

Yy T

With 2 = cosf, y = sinf, (so de = —sinfdf, dy = cosfdf, and x>+y> = 1),
this integral is seen to be

fF.dr:f(sm29+cos20)d9:fd9:2w,

which is certainly not zero. The source of the problem is that at x = 0 and
y = 0 the function blows up. Thus we can only say that the curl of the function
is zero except along the z-axis. If we try to exclude the z-axis from the region
of integration, the region becomes multiply connected. In a multiply connected
region, Stokes’ theorem does not apply.

To make it simply connected, we can cut the region, such as along the
y = 0 plane shown in Fig.2.17 (or along any other direction). Within the

simply connected region ff F-dr = 0 — 0. It will be equal to zero if A and
B are infinitesimally close. However, if the integral is across the cut line, as
long as A and B are on the different side of the cut, no matter how close are
A and B, there is a sudden jump of 27.

2.7 Further Vector Differential Operations

There are several combinations of vector operations involving the del V oper-
ator which appear frequently in applications. They all follow the general rules
of ordinary derivatives. The distributive rules are straightforward. With the
definition the del operator V, one can readily verify

V(py+9s) = Vo + Vi, (2.90)
V- (A+B)=V-A+V.B; (2.91)
VXx(A+B)=VxA+VxB. (2.92)

However, the product rules are not so simple because there are more than one
way to form a vector product.
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2.7.1 Product Rules

The following is a list of useful product rules:

V(ey) = VY +9Ve, (2.93)

V- (pA) =V -A+pV-A, (2.94)

Vx (pA) =V x A+¢oV x A, (2.95)

V. (AxB)=(VxA) B-(VxB)-A, (2.96)
Vx(AxB)=(V-B)A—(V-A)B+ (B-V)A—(A-V)B, (2.97)
V(A-B)=(A-V) B+ (B-V)A+AXx(VxB)+Bx(VxA). (298)

They can be verified by expanding both sides in terms of their Cartesian
components. For example,

V(o) = § (P0) +i5 (90) +ic5 (90)
8

= i@87¢ +j<Pa*¢ + k‘Pafiﬂ
Hy o s0+w so+k1/) M
= sDVt/J + V. (2.99)
Similarly,

V-(0A) = 5 (0da) + 5L (0A) + 5 (o)

0 0A 0 04, 0 0A,
= (o) + (Gomr ) + (508452

_ (9 Oy g 0A, 0A, 0A,
N <3xAx+8yAy+82Az Ty Ox * dy + 0z

=V - A+oV- A (2.100)

Clearly it will be very tedious to explicitly prove the rest of the product rules in
this way. More “elegant” proofs will be given in the chapter of tensor analysis.
Here, we will use the following formal procedure to establish these relations.
The procedure consists of (1) first using V as a differential operator and
(2) then treating V as if it were a regular vector. This procedure is a mnemonic
device to give correct results.

Since V is a linear combination of differential operators, we require it to
obey the product rule of differentiation. When V operates on a product, the
result is the sum of two derivatives obtained by holding one of the factors
constant and allowing the other to be operated on by V. As a matter of
notation, we attach to V a subscript indicating the one factor upon which
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it is currently allowed to operate, and the other factor is kept constant. For
instance,
Vx (pA) = Vi x (pA) + Vax (pA).

Since V 4 x (pA) means that ¢ is a constant, it is then clear
Vax (pA) = oV axA =V X A

where the subscript A is omitted from the right-hand side, since it is clear what
V operates on when it is followed by just one factor. Similarly, V,x (¢A)
means A is constant. In this case it is easy to show

i j k i j

o 0 0 dp Op

VX A= — — — | =|-2L

X (PA) or Oy Oz x

T

3 = VpxA.
PAy Ay, PA, A

k
9¢ 0p
y 0z
A, A,
Thus,

Vx (pA) =V x (pA) + Vax (pA) = Vpx A+ oV x A. (2.101)

For the divergence of a cross product, we start with

V.- (AxB)=V4-(AxB)+Vp: (AxB)
=V4s - (AxB)—Vp: - (BxA).

Recall the scalar triple product a - (b x c¢), the dot (-) and the cross (x) can
be interchanged a - (b x ¢) = (a X b) - c. Treating V 4 as a vector, we have

Vi (AxB)=(VixA)-B=(VxA) B,

where the subscript A is dropped in the last step because the meaning is clear
without it. Similarly,

Vs - (BxA)=(VxB)-A.

Therefore,
V- (AxB)=(VxA)-B-—(VxB)-A. (2.102)

For the curl of a cross product, we will use the analogy of the vector triple
product a x (b xc) =(a-c)b—(a-b)c.

Vx(AXxB)=Vix(AxB)+Vgx(A xB),
Vix(AxB)= (V4 B)A—(V,-AB=(B -V, A—(V, AB.

In the last step, we have used the relation (V4 -B)A =(B -V 4) A, since B
is regarded as a constant. Similarly,

Vs x (AxB)=(Vz-B)A—(V,-A)B=(Vz-B)A—(A-V,)B.
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Therefore
Vx(AxB)=(B-V)A—(V-A)B+ (V-B)A - (A-V)B, (2.103)

where we have dropped the subscripts because the meaning is clear without
them.
The product rule of the gradient of a dot product v is more cumbersome,

V(A -B)=V,(A-B)+V,A-B).

To work out V4(A -B), we use the property of the vector triple product
X (bxc)=Db(a-c)— (a-b)c,

x (VyxB)=V,(A-B)—(A-V,)B

Hence,
Ve(A-B)=(A-V5)B+ A x (Vg xB).

Similarly,
Vi(A-B)=V,(B-A)=(B-V,)A+Bx(V, xA).
Dropping the subscripts when they are not necessary, we have

V(A-B)=(B-V)A+Bx (VxA)+(A-V)B+Ax (V xB). (2.104)

2.7.2 Second Derivatives

Several second derivatives can be constructed by applying V twice. The fol-
lowing four identities of second derivatives are of great interests:

V x Vo =0, (2.105)

V-V x A=0, (2.106)
Vx(VxA)=V(V-A)-V?A, (2.107)
V- (Vo x Vi) = 0. (2.108)

The first identity states that the curl of the gradient of a scalar function
is identically equal to zero. This can be shown by direct expansion.

i j k

o0 o0 0

v vy v 82 82
VX Ve=10z 0y 0 :i(3 gz_ﬁzép)

or dy 0z

Y
0% 0%
+J <828m 8:1:82) (8$8y 8y8w) =0, (2.109)
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provided the second cross partial derivatives of ¢ are continuous (which are
generally satisfied by functions of interests). In such a case, the order of dif-
ferentiation is immaterial.

The second identity states that the divergence of curl of a vector function
is identically equal to zero. This can also be shown by direct calculation.

i j k
. .0 0 g 0 0
v VXA_(18+J811/+ 5) %afyg
Ay Ay A,
999
dr Jy 0z
=10 0 9|=0 (2.110)
dr Oy 0z
Ay Ay A,

It is understood that the determinant is to be expanded along the first row.
Again if the partial derivatives are continuous, this determinant with two
identical rows is equal to zero.

The curl curl identity is equally important and is worthwhile to commit
to memory. For the mnemonic purpose, we can use the analogy of the vec-
tor triple product a x (b x ¢) =b(a-c)— (a-b)c, with V,V, A as a,b,c,
respectively. Thus, the vector triple product suggests

Vx(VXxA)=V(V-A)—(V-V)A. (2.111)

The V -V is a scalar operator. Because it appears often in physics, it has
given a special name — the Laplacian, or just V>

.0 .0 0 L0 .0 0
vV (g g, ) (s 3+

St +ts5= 2.112

Ox? + Oy? + 022 v ( )
Therefore, (2.111) can be written as

Vx(VxA)=V(V-A)-V?A. (2.113)

Expanding both sides of this equation in rectangular coordinates, one can
readily verify that this is indeed an identity.

Since V? is a scalar operator, when it operates on a vector, it means the
same operation on each component of the vector

VZA =iV?A4, +jV2A4, + kV3A,. (2.114)
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The identity (2.108) follows from V- (A xB)=V xA-B—-V xB-A.
Since Vy and V4 are two different vectors,

V- (Vex V)=V x Ve - V-V x Vi - Vo.
Now V x Vi =V x V¢ = 0, therefore

V- (Ve x Vi) =0. (2.115)

Example 2.7.1. Show that V x A =B, if A = %B xr and B is a constant
vector, first by direct expansion, then by the formula of the curl of a cross
product.

Solution 2.7.1. Method I

VxA:%Vx(er):

i j k
_1 9 9 9
2 Jr dy 0z
(Byz — B,y) (B.x — Byz) (Byy — Byx)
- % [i2B, + j2B, + k2B.] = B.
Method 11
%Vx Bxr)=-[(V-r)B—(V:-B)r+ (r-V)B—- (B V)r]

[(V-r)B—(B-V)r] (since B is a constant),

DN = N =

(V-r)B =3B (see Example 2.5.1),
(B-V)r=B (see Example 2.4.2),

%Vx(er): %[313713]:]3.
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Ezample 2.7.2. Show that Vx (V?A) = V*(V x A).
Solution 2.7.2. Since Vx (V x A) = V(V - A)-V?A,
VEA=V(V-A)-Vx(VxA),
Vx (VPA) = Vx [V(V-A) - Vx (V x A)].

Since curl gradient is equal to zero, V x V(V - A)=0. Using curl curl
formula again, we have

Vx (VPA) = -V xVx(VxA)=—{V(V-(VxA)-V*>(VxA)}.
Since divergence of a curl is equal to zero, V - (V x A) = 0, therefore

Vx (V?A) = V*(V x A).

Example 2.7.3. If

V-E=0, VxE:—gH,
ot
d

V-H=0, VxH=—E,
ot

show that
2E—82E' V2H—82H
VE=5pt =t

Solution 2.7.3.

0 0 0 (0 0?
Vx(VxE)=Vx (&H>02€(VXH)8t<c’%E)8t2E’

Vx(VXxE)=V(V-E)-V?’E=—-V?E (since V-E=0).

Therefore
’E o E
V - @ .

Similarly,
0 0 0 0 0?
Vx(VxH)=Vx (&E) =5 (VxE)= Py <_8tH) = —@H7
Vx(VxH)=V(V-H)-V’H=—-V?H (since V-H =0).
It follows that
82

V’H = —H.
ot?
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2.8 Further Integral Theorems

There are many other integral identities that are useful in physical applica-
tions. They can be derived in a variety of ways. Here we discuss some of the
most useful ones and show that they all follow from the fundamental theorems
of gradient, divergence, and curl.

2.8.1 Green’s Theorem

The following integral identities are all named after George Green (1793—
1841). To distinguish them, we adopt the following terminology.
Green’s Lemma:

%C[f(x,y) dz + g(z,y) dy] = //S (gi - %) dz dy, (2.116)

Green’s Theorem:

ﬁg@vw-nda:///V(ch-vw—&-gov%/))du (2.117)

Symmetrical form of Green’s Theorem:

}% (vi—ive) mda= [[[ @vr-vvigav ey

To prove Green’s Lemma, we start with Stokes’ theorem

jgcA~dr:/S(VxA)~nda.

With the curve C lying entirely on the xy plane,
Adr = (iA, +jA, +kA,) - (ide+jdy) = Ayde + A, dy,

and n is equal to k, the unit vector in the z direction,

i j k
0 o0 0 04, 0A
Ay nda=|— — —|-kdr dy= | —2 — —= ) dz dy.
(VxA)-nda Ox Oy 0z i <8m 8y)xy
Ay Ay A,

Thus we have

A, 04
A A,dy) = y e .
f aetos agan = [ (5 - T
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Since A in Stokes’ theorem can be any vector function, Green’s Lemma follows

with A, = f(z,y), and A, = g(z,y).
To prove Green’s theorem, we start with the divergence theorem

///‘/V-(@Vw)dV:ﬁggovw-nda.

Using the identity
V- (pVY) = Vo - Vi + oV,

we have

///V(Vw VY Vi)V = ﬁinU) ‘n da, (2.119)

which is Green’s theorem (2.117).
Clearly (2.119) is equally valid when ¢ and v are interchanged

///V(Vw Vo +pVip)dV = ﬁiwvw ‘1 da. (2.120)

Taking the difference of the last two equations, we obtain the symmetric form
of the Green’s theorem

///V(@V2¢ —YV3p) dV = ﬁg(@vw _ V) - n da.

2.8.2 Other Related Integrals

The divergence theorem can take some other alternative forms. Let ¢ be a
scalar function and C be an arbitrary constant vector. Then,

///‘/V~(@C)dV:#9gOC~nda,

V- (¢C)=Vp-C+ ¢V -C=Vp-C,

since C is constant and V - C =0.

///‘/V~(¢C)dv://VV<p-CdV:C~//VV<pdV.
ﬁicpC~ndaC~ﬁ){Scpnda.

Therefore the divergence theorem can be written as

o [fff o fmsd o
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Since C is arbitrary, the terms in the brackets must be zero. Thus we have
another interesting relation between volume integral and surface integral

NIAGE ﬁi on da. (2.121)

Similarly, let A be a vector function and C, an arbitrary constant vector.
A x C is another vector function. The divergence theorem can be written as

///VV~(A><C)dV:ﬂ(A><C)-nda.
S

V- (AxC)=(VxA)-C—(VxC)-A=(VxA)-C,

Since

(AXxC)-n=—-—(CxA)-n=-C-A xn,

///VV~(A><C)dV:C~///VV><AdV,
ﬁi(AXC)nda——C~ﬂgAxnda.

Thus we have another form of the divergence theorem

// VxAdV:—#Axnda. (2.122)
4 s

This exploitation of the arbitrary nature of a part of a problem is a very
useful technique. In the following examples some alternative forms of Stokes’
theorem will be derived using this technique.

therefore

Example 2.8.1. Show that % pdr = — // Vpxnda.
C s

Solution 2.8.1. Let C be an arbitrary constant vector. By Stokes’ theorem

we have
7{ ng-dr:// Vx (¢C) - nda.
c s

Since C is a constant and V x C = 0,

VXxpC=VpxC+pV xC=VpxC,

/LVX(@C)~nda:/[gV¢xC~nda.
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Furthermore,
VexC-n=-C x Von=-C-(Vpxn).
Therefore
//Vx(apC)~nda=—C-//V(pxnda.
s s
With

j{ cpC~dr:C-7{ pdr,
c ¢

we can write Stokes’ theorem as

C~]{ cpdr:fC~/chxnda.
c s

Again since C is an arbitrary constant vector, it follows that

j{ pdr = —// V¢ xn da. (2.123)
¢ s

Example 2.8.2. Show that r xdr :2/ n da where r is the position vector
s

¢
from an origin that can be chosen at any point in space.

Solution 2.8.2. To prove this, we use an arbitrary constant vector C and
start with Stokes’ theorem,

]{c(cxr)'er//SVx(er)~nda.

Since

%(er)dr:j{ C-rxdr:C-% r x dr,

C C C
and
Vx (C xr)=2C (see example 2.7.1),
//Vx(C><r)~nda://ZC-nda:QC-//nda,

S S S

it follows

C~% rxdr:C~2//nda.
C S

Since C is an arbitrary constant vector, the integral identity

}[Crxdr=2//5nda (2.124)
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must hold. This integral identity is of some importance in electrodynamics.
This integral also shows that the area A of a flat surface S enclosed by a curve

C is given by
1
A://da:’j(){ r x dr
S 2 C

. (2.125)

2.9 Classification of Vector Fields

2.9.1 Irrotational Field and Scalar Potential

If V x F =0 in a simply connected region, we say F is an irrotational vector
field. An irrotational field is also known as a conservative vector field. We have
seen that if V x F = 0, the line integral fAB F-dr is independent of path. This
means, as shown in Sect.2.4.3, that F can be expressed as the gradient of a
scalar function ¢, known as the scalar potential.

Because of Stokes’ theorem

]{ F~dr:// V x F - n da,
c s

an irrotational field F is characterized by any of the following equivalent
conditions:

(a) VxF =0,
(b) y{F -dr =0 for any closed loop,
(c) ff F -dr is independent of path,

(d) F=-Vop.

The sign in (d) is arbitrary, since ¢ is yet to be specified. In hydrodynamics,
often a plus sign (+) is chosen for the velocity potential. Here we have followed
the convention in choosing a minus sign (—) for the convenience of establishing
the principle of conservation of energy.

Conservative Force Field. To see why an irrotational field is also called a
conservative vector field, consider F (x,y, z) as the force in Newton’s equation
of motion

dv
F(z,y,2z) = ma= may (2.126)
Since F' is irrotational, so

F(z,y,2)=— Vy(z,y, 2). (2.127)
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Therefore d
v
& _vo. 2.128
my ¢ (2.128)
Take dot product of both sides with dr and integrate. The left-hand side

becomes
md—v~dr:/ d—v gd?f:/md—v-vdlf

dt e at dt
:/g 1mv-v dt:/d 1mvz
dt \ 2 2
1
= imv2 + constant. (2.129)

The right-hand side becomes

/(ngo) ~dr = f/dgo = — + constant. (2.130)

Equating the results of the two sides of (2.128) gives

L 9
oMy + ¢ = constant. (2.131)

The expression %mv2 is defined as the kinetic energy and ¢ (z,y,2) is the
potential energy in classical mechanics. The sum of the two is the total energy.
The last equation says that no matter where and when the total energy is
evaluated, it must be equal to the same constant. This is the principle of
conservation of energy.

Although we have used classical mechanics to introduce the idea of con-
servative field, the idea can be generalized. Any vector field v (x,y, z) which
can be expressed as the gradient of a scalar field ¢ (z,y, 2) is called a conser-
vative field and the scalar function ¢ is called the scalar potential. Since
V¢ = V (p + constant), the scalar potential is defined up to an additive

constant.

Ezample 2.9.1. Determine which of the following is an irrotational (or conser-
vative) field: (a) F1 = 6zyi + (322 — 3y?)j, (b) Fo = zyi — yj

Solution 2.9.1.

i j k
| B, o .0 . .
V xF, = o0 oy 9:|” o (3z 3y)—|—_]82(6;1:y)

6xy 322 —3y% 0

+k (ai (327 — 3y%) — ;y(ny)) =k (6x — 6x) = 0.



2.9 Classification of Vector Fields 91

i j k
o 0 0 .0 .0

V xFy = 9 37y 9. | = —lay‘*‘J&(xy)
Yy 0

0 0
k({—y—— =—zk #0.
) B
Therefore F; is an irrotational field and F5 is not an irrotational field. We
have shown explicitly, in the examples of Sect.2.4.3, that the line integral
ff F; - dr is independent of path and ff F, - dr is dependent on the path.

Ezample 2.9.2. Show that the force field F = — (2ax + by)i — bxj — ck is
conservative, and find ¢ such that -V =F.

Solution 2.9.2.

i ik
0 o 0
F = _— _— — | =
VX Ox Oy 0z 0
— (2ax + by) —bx —c

Therefore, F is conservative, there must exist a ¢ such that -V = F.

0

_a—i:F$:—(2aa:+by) — (P:ax2+bxy+f(yaz)
Op dyp 9

¥ - L = b — =
By ) bx, but 99 bx Gyf(y’z)

Op _ _&p _8
—E—Fz— C, but E &()
0
ag(z)—c = g(z)=cz+k

0 = ax’® + bxy + cz + k.

Example 2.9.3. Suppose a particle of mass m is moving in the force field of the
last example, and at ¢ = 0 the particle passes through the origin with speed
vo. What will the speed of the particle be if and when it passes through the
point r =i+ 2j + k?

Solution 2.9.3. The conservation of energy requires

1 1
imv2 +p(r)= imvg +¢(0).
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v =02 + [k—(am2+b:ry+cz+k)].

S

Atx=1y=2 z=1

2
2 _ 2
= 2b .
v U0+m(a+ +¢)

2.9.2 Solenoidal Field and Vector Potential

If the field F is divergence-less (that is V - F =0) everywhere in a simply con-
nected region, the field is called solenoidal. For a solenoidal field, the surface
integral of F -n da over any closed surface is zero, since by the divergence

theorem
#F-ndaz// V- -FdV =0.
S

Furthermore, F can be expressed as the curl of another vector function A,
F=VxA.

The vector function A is known as the vector potential of the field F.

The existence of vector potentials for solenoidal fields can be shown in the
following way. For any given solenoidal field F (that is, F,(z,y, 2), Fy (z,y, 2),
and F, (z,y,z) are known), we shall first show that it is possible to find a
vector function A with one zero component to satisfy F =V x A. Then a
general formula for all possible vector potentials can be found.

Let us take A, = 0, and try to find A, and A, in A =A,i+ A,j so that
V xA=F:

i j k
o 0 0 .0 .0 0 0
A, 0

For this to hold, we must have

i) ) i) i)
Ay==Fo  GAe=Fy oA -

=4, p A, = F. (2.132)

From the first two equations we have

Ay —/Fw(:ay,Z)dzﬂLf(x,y), (2.133)

A, = /Fy(a:,y,z)dz + g(z,y). (2.134)
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With A, and A, so obtained, if we can show %Ay - a%Aw = F,, then we
would have proved that V x A = F. '
Using (2.133) and (2.134), we have

0 0 0 0
Tp-Za, - [ (Lr+2F .

Since F' is solenoidal, V - F =0 which can be written as

0 0 0
P+ 2F =——F,.
Oz * oy Y 0z
Thus,
0 0 0
—A,— —A, = | —F, dz+ h(z,y).
oxr Y Oy /32 2+ hiz,y)
With proper choice of h(z,y), we can certainly make

0
/@FZ dz + h(z,y) = F..

This proof clearly indicates that A is not unique. If A’ is another vector
potential, then both V x A and V x A’ are equal to F. Therefore V x (A/ —
A) = 0. Since (A" — A) is irrotational, it follows that A’ — A = V4. Thus
we conclude that with one A obtained from the above procedure, all other
vector potentials are of the form A + V1) where ¢ is any scalar function.

It is also possible for us to require the vector potential to be solenoidal. If
we find a vector potential A which is not solenoidal (that is, V x A = F and
V - A #0), we can construct another vector potential A’ which is solenoidal
(V-A"=0). Let

A=A+ VY,
VXxA'=VXA+VXxVYy=VxA,
V.-A'=V- A+ V.

If we choose 1 such that V1 + V - A =0, then we will have V - A’ = 0. The
following example will make this clear.

Example 2.9.4. Show that F =22i + 3222j — 222k is solenoidal, and find a
vector potential A such that Vx A =F and V- A =0.

Solution 2.9.4. Since

0 0 0
F —_ 2 i 2 (-2 _
v p + By (3z2%) + % (—2x2) =0,

this shows that F is solenoidal. Let A; =A,i+ A,j and V x A; = F . By
(2.132)



94 2 Vector Calculus

%A?J =-F,= _552; = Ay =—z’z+ f(xay)v
0 2 3
a—Aszy:?)xz , = A, =2xz"+g(z,y),
z
d ) aof | dg
— A, ——A, =F,=-2 — -2 — 4+ = = 2.
ox Y oy " * R Y+ Oz + Ay W

Since f and g are arbitrary, the simplest choice is to make f = g = 0. Thus,
Ay =z23%+ —2%2j, but V- Ay =23 £0. Let

A=A +VY, V-A=V_ A +V¥ =24V

If V-A =0, then V% = —2. A simple solution of this equation is

Since
5
= e —— k
Vi V( 202’) 42’ ,
1
A=A +Vy=u2i—a2zj— Zz4k.

It can be readily verified that

0 3 0 9 g, 1,4
v A_ﬁx(xz)—'_@y( acz)—i—az( 4z)—O,
i ] k
V x A= ﬁ ﬁ 3 = 2% + 322%j — 222k = F.
oxr Oy 0z
w23 —z?z —12*

This vector potential is still not unique. For example, we can assume Ag = A, j+
Ak and V x Ay = F. Following the same procedure, we obtain

Ay= —2%zj — ng,sz.
Now, V- Ay = —3222 # 0. We can find A’ such that A’ = Ay + V¢ and
V-A' = 0. It follows that V%) = —V - Ay = 322z. A simple solution is
P = %x‘lz. Therefore Vi) = 2321 + ix‘lk, and

1 3
A=Ay + Vi = 2321 — 2%2j + (4;64 — 2x222> k.

Again, it can be readily verified that V x A’ =F and V- A’ = 0.
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Clearly, A and A’ are not identical. They must differ by an additive
gradient
A'=A+Vy. (2.135)

Now V-A'=V-A+V?¢and V-A’ = V- A = 0. Therefore
V3 =0. (2.136)

In this particular case,

1 3 1
Vx=A"—A=(2®2—2%)i+ | —a* — S22+ -2 )k,
4 2 4
1 1 1
X = Zx4z — §x2z3 + %z‘f’,

02 0? 0? 1 1 1
2, _ (9 9 O N (L a, L2315} _
vX_<8x2+8y2+Bz2> <4xz 5772 —|—20z> 0.

Equation (2.135) is an example of what is known as a gauge transfor-
mation. The requirement (2.136) leads to the so-called Coulomb gauge. The
vector potential is not as useful as the scalar potential in computation. It
is in the conceptual development of time-dependent problems, especially in
electrodynamics, that the vector potential is essential.

2.10 Theory of Vector Fields

2.10.1 Functions of Relative Coordinates

Very often we deal with functions that depend only on the difference of the
coordinates. For example, the electric field at the point (z,y,2) due to the
a point charge at (z/,y’, 2’) is a function solely of (z — '), (y — ¢'), (2 — /).
The point (z,y, z) is called the field point and the point (a',y’, 2’) is called
source point. The relative position vector R shown in Fig. 2.18 can be written
as

R=r-r'=@-2)i+@y—-v)j+(z-2)k (2.137)

The distance between these two points is
R=lr—r'|=[@—a) +@y—y) + (=) (2.138)

Let f(R) be a function of the relative position vector. This function could
be a scalar or a component of a vector. Functions of this type have some
important properties. Let us define X = (z —2'), Y = (y —¢'), Z = (z = 2).
Using the chain rule of differentiation, we find

of _ 9fox _ Of of _ofox _ Oof
dr 90X dx 09X’ dr' 90X 9z’ X’
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X

Fig. 2.18. Relative coordinates R =r — r’

Similar expressions can be found for the y and z derivatives. It follows

of __of of _of of  of

= L __Z L __ZL 2.1
Ox ox'’ Oy oy’ Oz 07 (2.139)
Corresponding to the gradient V with respect to the field point
Of of . Of
= 1— —_ ki
v Yox +‘]8y+ 0z’
we define the gradient V' with respect to the source point
of  .0f of
V’f 1? +_]87y/ + ?
It follows from (2.139) that
Vf=-V'f. (2.140)

This shows that when we deal with functions of the relative coordinates the
V and V'’ operator can be interchanged provided the sign is also changed.
Similar calculations can be used to show

V- AR)=-V'-A(R), (2.141)
V x A(R) = -V’ x A (R), (2.142)

and

V2f(R) = V?f(R). (2.143)
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Ezample 2.10.1. Show that (a) V-R = 3, (b) VxR = 0,(c) Vx[f(R)
R =0, and(d) V- f(R)R = %?wa(}z).

Solution 2.10.1.

d ) d
V-R:%(xfx’)Jra—y(yfy')Jr&(Z*Z/):3,
i j k
d d d
VxR= e a—y 7 =0,
(x—2") (y-y) (=2
Vxf(RR = Vf(R) x R+ f(R)V x R
_df(R) 5 _
fWRxR_O,
V- f(RRR=Vf(R)-R+f(R)V-R
_df(R) 4 _df(Rr)
=~1R R~R+3f(R)—WR+3f(R)'

For functions that depend only on the distance between the two points,
the gradient takes a simple form:

_LOf(R) | Of(R) | Of(R)
- ox +J y Tk 0z

Vf(R)

By the chain rule
Of(R) df(R)OR

Ox dR 0z’

%_Q _ 2 _ a2 _/2_56—1‘/
0 Ja—aP sy P+ -2y =

With similar expressions for y and z derivatives, we have

Vf(R):dJ;;R) (lx;%x +jy;%y +kz;—iz>
_d(MR_af (R

dR R dR 7

(2.144)
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where R is the unit vector in the direction of R. In particular

VR =R, (2.145)
VR" =nR"'R. (2.146)
For n = -1
vi__lg (2.147)
7=k .

This last expression is an especially important case because —l:Al/R2 is the
“radial inverse-square-law” field. This vector field (with appropriate multi-
plicative constants) describes two of the most important fundamental forces
in nature, namely the gravitational force field and the Coulomb force field
of a static electric charge. The divergence of this field requires our special
attention.

2.10.2 Divergence of R/ |R|? as a Delta Function

The divergence of R / R? has some peculiar and important properties. Calculated
directly

R 1 1
1 - 1

we get zero. On the other hand, as we discussed earlier, the divergence is a
measure of the strength of the source of the vector field. If it were zero every-
where, how could there be any gravitational and electric fields? Furthermore,
if we apply the divergence theorem (2.72) to this function over a sphere of
radius R around the point (z’, 1/, 2’), we will get a nonzero result,

///V 2= ﬂRz nda—RQﬂR R da

1
= 72 ﬂ da = ﬁzm%? = 4. (2.148)

In the integral, we have used the facts that on the surface of a sphere, the
unit normal n is equal to R and R is a constant. This integral would be zero
if V- (R/R?) were equal to zero everywhere.

The source of the problem is at the point R = 0 where f{/ R? blows up and
the derivative in the usual sense does not exist. Thus we can only say that the
divergence is zero everywhere except at R = 0. To find out the divergence at
R =0, we note that the volume integral (2.148) of the divergence over a sphere
is equal to 47 no matter how small R is. Evidently the entire contribution must



2.10 Theory of Vector Fields 99

be coming from the point R = 0. A useful way to describe this behavior is
through the Dirac delta function 6°(r — r').

A more detailed description of the delta function is given a later chapter.
Here it suffices to know that the delta function 63(1‘ —1') is a sharply peaked
function at r = r’ with the properties

Br—r') = { 0 r#r (2.149)

oo r=r

/// &3 (r —r)d®r =1, (2.150)
all space

where d3r is a commonly used symbol for the volume element around the field
point d®r = dV' = dz dy dz. It follows that the delta function is characterized
by the shifting property

/// I (1) 8%(r = x')d%r =1 (), (2.151)
because

/// r) 63 (r —r')d r—/// r') 0% (r — r')d%r,
all space all space

since the value of f (r) is immaterial for r # r’ as the integrand is going to be
zero anyway. Furthermore,

///allspace (53(r—r r—f ///allipnce r—r) r_f( )

since the integration is over d®r. This property can also be written as

/// ] VTN = (), (2.152)

where d%r’ = da’ dy’ dz’. R
With the delta function, the divergence of R/R? can be precisely expressed
as

and

R r—r 3 ,
.ﬁzv.mzma (r—1'). (2.153)

With this understanding, we see that

[l = 5 2= e

_ {47r if the volume includes r’

0 if r’ is outside the body. (2.154)
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Since

it follows that the Laplacian of (%) is given by

v2lzv.vl:_v.

R
R R R

3
5 = —476°(r — 1'). (2.155)

Example 2.10.2. Evaluate the integral

I:///V(r3+1)V-;dV,

where V' is a sphere of radius b centered at the origin.

Solution 2.10.2. Method I. Use the delta function. Since

V- — = 476°(r),
I—/// (% 4+ 1)476° (r)dV = 47 (0 + 1) = 4r.
Method II. Use integration by parts. Since fV - A = V- ( —Vf-A

///TH —dV ///V [r+1 }dv// V(rP+1)- =dV.

By the divergence theorem

/// '[7” +1) }dV ﬁi(r?’—kl);.?da:ﬁi(r—k;)da,

where S is the surface of the sphere of radius b. Since on this surface r = b
everywhere, therefore

/// .{r—!—l }dv <b+b2>ﬂda_<b+b2>47rb2—47rb3+47r

Since V(r® + 1) = 3r’t

/// V(r3+1).idvz/// 3r2?-idvz3/// AV = 32 28® — 4,
1% r? 1% r? A% 3

Thus we have
I = 47b® + 4 — 4nb® = 4,

which is the same as the result of delta function method. This example illus-
trates the validity and power of the delta function method. If the volume is
not a sphere, as long as it includes the origin, the delta function result is still
valid, but the direct integration will be much more difficult to do.
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2.10.3 Helmbholtz’s Theorem

The Helmholtz theorem deals with the question of what information we need
to determine a vector field. Basically, the answer is that if the divergence and
the curl of a vector field are known, with some boundary conditions the vector
field can be found uniquely.

The Helmholtz theorem states that any vector field F may be decomposed
into the sum of two vectors, one is the gradient of a scalar potential ¢ and
the other the curl of a vector potential A,

F=-—Vp+VxA. (2.156)

Furthermore, if F — 0 on the surface at infinity faster than 1/R and V - F
and V x F are known everywhere, then

477// |r_r d3’ (2.157)

I
F(r
477// V‘rx_r &, (2.158)

To prove this theorem, we first construct a vector function G

) = /// |f<r2,| d’r’. (2.159)

Let us apply the Laplacian V? to both sides of this equation. Because V?
operates only on r and only |r —r’ |71 contains r, we have

V2G(r /// <v2 - r,|) F(r')d®r. (2.160)

s 1
v —r'|

it follows from the definition of the delta function that

V3G (r /// (—4r6*(x — 1)) F(r')d% = —47F(r). (2.161)

Since by (2.155)

= 475 (r — 1),

Therefore 1
F(r) = —4—V2G(r). (2.162)
T

Using the vector identity V x (V x G) = V (V- G) — V>G, we have

VG =V (V-G)-Vx(VxG).
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Thus with

o= L(V.GQ), A=_(VxQ),
47

4
the first part of the theorem follows from (2.162)

1
F(r) = —4—V2G(r) =-Ve+VxA.
7r
To find the explicit expression for ¢, we start with

o= (v @ = v [[[ FEL o

Since V operates only on r, and only \r — 1’| contains r,

v-/I] |rF£r/ /[ v |r_ ///( — ) ()

1 _ gt
PR
and
;1 N ot F(I‘/) 1 ’ /
(v |r—r’> SR e
SO

/

/// & 3,+7///|I‘—r V'-F(r)d*r’. (2.163)

The first integral on the right-hand side can be changed to a surface integral
at infinity by the divergence theorem

v’ // -n da’.
///allspace |I‘—I‘ S—o0 |I‘—I‘ ( )

As 7’ — oo, F(r') goes to zero faster than 1/r’. Hence the surface integral is
equal to zero. This follows from the fact that the surface is only proportional
to /2, and F(r')/ |r — /| goes to zero faster than 1/r'2. Thus only the second
mtegral on the right-hand side of (2.163) remains

=1 /// F=— V’ F(r')d3r.

Similarly, for the vector potential we start with

1 1 1 N30
il — - F
47T(V><G) 477///VX|I‘7["| (r')d°r
= i///V# x F(r')d®r

 4rm v — 1’| ’

A (r)
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Using the identities

1 1

nN_ /
|r—r’|XF(r)7 V|r_r,|><F(r),
R = Vx— P - —— V' x F()
[r — /| [r — /| [r — /| ’
we have
1 / 1 3./ 3./
—— [ v x _F(r)d%r +— V< E(e "3y,
™ Ir — \r

(2.164)
By the integral theorem (2.122)

// Vde3':—// P x n da,
\% S

the first integral on the right-hand side of (2.164) can be transformed into a
surface integral

1
/// — r)dr = — // — (/)xnda’,
all space |I‘ r | S—o0 |I' I‘

which is zero because F(r') — 0 on the surface at infinity faster than 1/r".

Thus (2.164) becomes
1 1 , N

This completes the proof. The divergence and curl of F are often called
the sources of the field, since F can be found from the knowledge of them.
The point r where we evaluate F is called the field point. The point r’ where
the sources are evaluated for the purpose of integration is called the source
point. The volume element d®r’ is at the source point. The function ¢ and
A are called scalar and vector potentials, respectively, because F is obtained
from them by differentiation.

It should be noted that while the field F(r) so determined is unique,
the potentials ¢ and A are not. Any constant can be added to ¢, since
V (p+ C) = Vy. The gradient of any scalar function can be added to A,
since Vx (A+Vy)=V x A.

Ezample 2.10.3. If A (r /// = ,|V x F(r')d?r’ and F(r') goes to
zero on the surface at mﬁmty faster than 1/7/, show that V- A (r) = 0.
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Solution 2.10.3. Since V operates only on r,

V- A(r 4W/// V><F( "3y’
A==

Now

1 1
A% ] V' xF(r')=-V ra— V' x F(r)
and
1
V/ ‘I‘— |V XF( ):| V/|r_r/| -V/XF(I‘/)—‘FWVI-V/XF(I'/)
1
=R

because the divergence of a curl is equal to zero. Therefore we have

V- -A(r)=— ///{ |r_ V x F(r'")| &3
47Tyg&f_mV'xF(r’)~nda.

As S — 00, V-A(r)=0

2.10.4 Poisson’s and Laplace’s Equations

The Helmholtz’s theorem shows that the vector field is uniquely determined
by its divergence and curl. To derive the expressions for the divergence and
curl from experimental observations is therefore of great importance.

One of the most important vector fields is the radial inverse square law
field, which is the mathematical statement of the gravitational law and the
Coulomb’s law, the two fundamental laws in nature. For example, together
with the principle of superposition, the electric field E(r) produced by static
charges can be written as

i /// *dg = */// r') :__; &, (2.166)

where o(r') is the charge density (electric charge per unit volume) in the
neighborhood of r’. The constant 1/47 is a matter of units and need not
concern us here. The divergence of E(r) is
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V-E(r) = %/// o(r') <V-§2> d®r/,

since V operates only on r. But,

~

V. % =476 (r — 1)

as shown in (2.153). Thus,

V- E(r) = % /// o(r)4rs* (r — ')A = o (r). (2.167)

The fact that we can relate the divergence of E at r to the charge density
at same point r is remarkable. Coulomb’s law of (2.166) is the experimental
result, which says that the electric field E at r is due to all other charges at
different places r’. Yet through vector analysis, we find V - E at r is equal to
the charge density o (r) at the same place where E is to be evalued. This type
of equation is called field equation which describes the property of the field at
each point in space.

Since curl of (R/R?) is equal to zero, E can be expressed as the gradient
of scalar potential E = — V. Thus,

V.E=-V. Vy=o.

Therefore,
Vg = —p. (2.168)

This result is known as Poisson’s equation which specifies the relationship
between the source density and the scalar potential for an irrotational field.
In that part of the space where there is no charge (¢ = 0), the equation
reduces to
Vo =0, (2.169)

which is known as Laplace’s equation.

The equations of Poisson and Laplace are two of the most important equa-
tions in mathematical physics. They are encountered repeatedly in a variety
of problems.

2.10.5 Uniqueness Theorem

In the following chapters, we shall describe various methods of solving
Laplace’s equation. It does not matter which method we use, as long as we
can find a scalar function ¢ that satisfies the equation and the boundary con-
ditions, the vector field derived from it is uniquely determined. This is known
as uniqueness theorem.

Let the region of interests be surrounded by surface S, (if the boundary
consists of many surfaces including the surface at infinity, then S represents
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all of them). There are two kinds of boundary conditions (1) the values of
¢ are specified on S, known as Dirichlet boundary condition and (2) the
normal derivatives d¢/9n over S are specified, known as Neumann boundary
condition. The theorem says:

Two solutions ¢, and pyof the Laplace equation which satisfy the first
kind of boundary conditions must be idential. Two solutions v, and
sy of the Laplace equation which satisfy the second kind of boundary
conditions can differ at most by an additive constant.

To prove this theorem, we define a new function ¢ = ¢; — ¢,. Obviously,
V20 = V2, — Vi, = 0. Furthermore, either & or 9&/dn = V& - n vanishes
on S. Applying the divergence theorem to V&, we have

///V~(@V@)dV://S¢V¢~nda:O,

since the integral on the right-hand side vanishes. But
V. (PVD) = VD - VP + OV>D

and V2@ = 0 at all points, so the divergence theorem in this case becomes

// V& .-Vo dV =0.

Now V& - V@ = (VP)? must be positive or zero, and since the integral is
zero, it follows that the only possibility is V@ = 0 everywhere inside the
volume. A function whose gradient is zero at all points cannot change, hence
@ has the same value that it has on the boundary S. For the first kind of
boundary condition, & = 0 on S, and ¢ must equal to zero at every point in
the region. Therefore ¢; = 5. For the second kind of boundary conditions,
V& equal to zero at all points in the region and V& - n =0 on S, the only
possible solution is @ equal to a constant. Thus ¢; and ¢, can differ at most
by a constant. In either case, the vector field V¢ is uniquely defined.

Exercises
dr d2 d d2
1. Find d—;, d—t; dit‘ , ‘dt; ,if r(t) = sinti + costj + tk.

Ans. costi —sintj + k, —sinti — costj, v/2, 1.

2. Show that A - % = A%.
dt dt
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. A particle moves along the curve r(t) = 2¢%i + (12 — 4t)j + (3t — 5)k,
where ¢ is time. Find its velocity and acceleration at t = 1.
Ans. 4i — 2j + 3k, 4i + 2j.

. A particle moves along the curve r(t) = (t3 — 4t) i+ (t2 + 4t)j +
(8t2 — 3t3) k, where ¢ is time. Find the magnitudes of the tangential and

normal components of its acceleration at ¢t = 2.
Ans. 16,2/73.

. A velocity field is given by v =2%i — 2zyj + 4tk. Determine the acceler-
ation at the point (2,1, —4).
Ans. 16i + 8j + 4k.

e o —0vd ovd ovd o)
Hint: a =309 + 5,9 + o ar T ar
A wheel of radius b rolls along the ground with a constant forward speed
vgo. Find the acceleration of any point on the rim of the wheel.
Ans. v3/b toward the center of the wheel.

Hint: Let the moving origin be at the center of the wheel with z’ axis
passing through the point in question, thus r’ = bi, v/ =0, a’ = 0. The
angular velocity vector is w = (vg/b)k’. Then use (2.44)

Find the arc length of r (t) = a costi + asintj + btk from t = 0 to t = 2.

Ans. s =27V a? + b2.
Hint: ds = v dt = (v -1)Y/?)dt

. Find the arc length of r (¢) = (cost +tsint)i+ (sint —tcost)j from ¢t =0
tot =m.
Ans. s = 72/2.

Given the space curve r = ti + t2j + %t?’k, find (a) the curvature x and
(b) the torsion ~.
S 2 2
Ta42:2)27 (142:2)2°

Show that ¥ =19t + v2kn.
Show that the curvature s of a space curve r = r (t) is given by

/|

r

3

k=T XT ,

where dots denote differentiation with respect to time t.
Hint: first show that T x T = vt x (0t + v?kn)
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12.

13.

14.

15.

16.

17.

18.

19.
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Show that the torsion 7 of a space curve is given numerically by

/

2

r-rxT|/|rx7¥

’)/:

Hint: first show that r - ¥ x T = —v%k?y, then use the result of the
previous problem

Find the gradient of the scalar field ¢ = zyz, and evaluate it at the point
(1,2,3), find the derivative of ¢ in the direction of i+ j.
Ans. yzi + zzj + zyk, 6i+ 3j + 2k, 9/V/2.

Find the unit normal to each of the following surfaces at the point
indicated: (a) 22 + y?> — z = 0 at (1,1,2), (b) 22 + y?> = 5 at
(2,1,0), and (c) y=2%+ 23 at (1,2,1).

Ans. (2i +2j — k) /3, (3i+4j) /5, (—i—j—3k)/VI1L.

The temperature T is given by T = 22 + zy + yz. What is the unit
vector that points in the direction of maximum change of temperature at
(2,1,4)? What is the value of the derivative of the temperature in the z
direction at that point?

Ans. (5i+6j+ k) /V62, 5.

Determine the equation of the plane tangent to the given surface at the
point indicated: (a) x? + y% + 2% = 25 (3,4,0), and (b) 22 — 22y = 0
(2,2, 1).

Ans. 3z +4y =25, y=2.

Find the divergence of each of the following vector fields at the point
(2,1,-1). (a) F =2%+yzj+v°’k, (b) F=zi+yj+yk, and (c) F =

r/r = (zi+yj+yk)/a? +y> + 22

Ans. 3, 3, V/6/3.

Verify the divergence theorem by calculating both the volume integral and
the surface integral for the vector field F = yi + xj + (¢ — )k and the
volume of the unit cube 0 < z,y,2z < 1.

By using the divergence theorem, evaluate
(a) # (zi+yj + zk) - n da,
s
where S is the surface of the sphere 2% + y% + 22 = 9;

(b) ﬂ (zi+ zj + 2°k) - n da,
s
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where S is the surface of the cylinder 22 +y? =4, 0 < 2 < §;
(c) ﬂ (x sinyi + cos? xj — zsin yk) -n da,
s

where S is the surface of the sphere 22 + y? + (2 — 2)? = 1.

Ans. 1087, 288, 0.
ﬂ r-n da =3V,
s

where V is the volume bounded by the closed surface S.

Show that

Recognizing that i-n da =dy dz; j-nda =dzr dz; k - n da = dz dy
(see Example 2.5.2), evaluating the following integral using the divergence
theorem

ﬂ(wdydz—i—ydxdz—i—zdxdy),
s

where S is the surface of the cylindr 22 +3%2 =9, 0 < z < 3.
Ans. 817.

Hint: first show that (z dy dz + y da dz + 2z dz dy) = (zi+yj+zk) -nda
(see Example 2.5.2)

Evaluating the following integral using the divergence theorem

ﬂ (mdydz+2ydxdz+y2dxdy),
s

where S is the surface of the sphere 22 + y? + 22 = 4.
Ans. 327.

Use the divergence theorem to evaluate the surface integral
//[(ery)iJr 22§+ 2%k| - n da,
s

where S is the surface of the hemisphere 22 + y? + 22 = 1 with z > 0 and
n is the outward unit normal. Note that the surface is not closed.

11
Ans. 57

Hint: the integral is equal to the closed surface integral over the hemisphere
subtract the integral over the base.

Find the curl of each of the following vector fields at the point (—2,4,1).
(a) F = 22+ %) + 2%k and (b) F = zyi + 32 + 22k
Ans. 0, —j + 2k.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.
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Verify Stokes’ theorem by evaluating both the line and surface integral
for the vector field A = (22 — )i — y?j + y?2k and the surface S given
by the disc z = 0, 22 +y? < 1.

Ampere’s law states that the total flux of electric current flowing through
a loop is proportional to the line integral of the magnetic field around
the loop, that is ¢, B -dr =y [[¢J - n da where B is the magnetic field,
J is the current density and p is a proportional constant. If this is true
for any loop C, show that V x B = p,J.

Show that é r-dr =0 for any closed curve C.

Calculate the circulation of the vector F = ¢%i 4+ zyj + 2?°k (§ F - dr)
around a triangle with vertices at the origin, (2,2,0), and (0,2,0) by
(a) direct integration, and (b) using Stokes’ theorem.

Ans. 8/3.

Calculate the circulation of F = yi — xj + zk around a unit circle in the
ay plane with center at the origin by (a) direct integration and (b) using
Stokes’ theorem.

Ans. —27.

Evaluate the circulation of the following vector fields around the curves
specified. Use either direct integration or Stokes’ theorem. (a) F = 2zi +
yj + «k around a triangle with vertices at the origin, (1,0,0) and (0,0,4).
(b) F = 22%i + y?j + 22k around a unit circle in the xy plane with center
at the origin.

Ans. 2,0.

Check the product rule
V. (AxB)=(VxA)-B-(VxB):-A

by calculating each term separately for the functions A = y?i + 2zyj +
2’k, B =sinyi+sinzj + 2°k.

Check the relation

Vx(VxA)=V(V-A)-VA
by calculating each term separately for the function A = y?i + 2zyj + 2%k.
Show that V x (pV¢) = 0.

Show that
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///V(VXA)'BdV:///V(VXB)'AdV—Fﬁ{S(AxB)nda,

where S is the surface bounding the volume V.

Show that for any closed surface S
ﬂ(v x B)-nda=0.
s

For what values, if any, of the constants a and b is the following vector
field irrotational?

F = (ycosz + azz)i+ (bsinz + 2)j + (22 + y) k.

Ans.a=2,b=1.

(a) Show that F = (2zy + 3)i + (2% — 4z) j — 4yk is a conservative field.
(b) Find a scalar potential ¢ such that Vi = —F'. (c) Evaluate the integral

2,1,—1
312 F -dr.

Ans. V x F =0, p = —2%y — 32 + 4yz, 6.

(a) Show that F = y?zi — (2%siny — 2xy2)j + (2zcosy + y?x)k is
irrotational.

(b) find a function ¢ such that V¢ = F.

(c) Evaluate the integral [, F-dr where I' is along the curve z =
sin (wt/2), y=t>—t, 2=t1, 0<t < 1.

Ans. V x F =0, p = z%cosy + 29?2, 1.

If A is irrotational, show that A x r is solenoidal.

Vector B is formed by the product of two gradients
B = (Vu) x (Vv),

where u and v are scalar functions. (a) Show that B is solenoidal.
(b) Show that

1
A= B (uVv —vVu)

is a vector potential for B in that B=V x A.

Show that if V2 = 0 in the volume V, then

#Vg@-ndazO,
s

where S is the surface bounding the volume.
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42. Two fields f and g are related by Poisson’s equation, V2 f = g. Show that

///ngV:jé{SVf-nda,

where S is the bounding surface of V.
43. Use Stokes’ theorem to show that

éng-dr:—égVﬁdr

for any closed curve C and differentiable fields f and g.
Hint: first show ¢, fVg-dr = [[( Vf x Vg-n da





