3

Curved Coordinates

Up to now we have used only Cartesian (rectangular) coordinates with their
constant unit vectors. Frequently, because of the geometry of the problems,
other coordinate systems are much more convenient. There are many coordi-
nate systems, each of them can be regarded as a particular case of the general
curvilinear coordinate system. It would be most efficient if we first develop a
theory of curvilinear coordinates and then introduce each coordinate system
as a special example. However, for pedagogic reasons, we will do that after
we first directly transform the vector expressions of the rectangular coordi-
nates into the corresponding ones in the two most commonly used systems,
namely cylindrical and spherical coordinates. This procedure has the advan-
tage of emphasizing that the physical meaning of gradient, divergence, curl,
and Laplacian operations remain the same in different coordinate systems.
Their appearances are different only because they are expressed with different
notations. Furthermore, expressions in cylindrical and spherical coordinates
will serve as familiar examples to clarify the terms in the general curvilinear
system. As a further example, the elliptical coordinate system is discussed in
some detail because of its importance in dealing with two center problems.
Within the framework of curvilinear coordinates, we introduce the Jacobian
determinant for multiple integrals in Sect. 3.5.

3.1 Cylindrical Coordinates

The cylindrical coordinate system is formally known as the circular cylindrical
or cylindrical polar coordinate system. In this system, the position of a point
is specified by (p, ¢, z) as shown in Fig. 3.1a: p is the perpendicular distance
from the zaxis, ¢ is the angle between the z-axis and the projection of p on the
zy-plane, and z is the same as in the rectangular coordinates. The three unit
vectors, €,, €., €., point in the direction of increase of the corresponding
coordinates. The relation to Cartesian coordinates can be easily seen from
Fig. 3.1b where we have moved e,, e, to the origin:
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Fig. 3.1. Cylindrical coordinates. (a) A point is specified by (p,p,z), the unit
vectors e,,e,, e, are pointing in the direction of increase of the corresponding
coordinates, (b) e,,e, are moved to the origin to find the relationships with i, j
of the rectangular coordinate system

x=pcosp, y=psing, p=(2®+y*)?, goztanflg. (3.1)
e, = cos pi+sinpj = 3: i+ Y j (3.2)
p = ® ¥ = (22 + y2)1/2 (22 + y2)1/2-]7 .
e, = —sinpit+cospj = — 7y212i+ 5 x212j. (3.3)
(@2 +y2) 2 (22 +y?)Y
i = cospe, —sin pe,, (3.4)
j = singe, + cos pe,. (3.5)
It follows

g—i =Cosp, o =—psing, 25 = sin ¢, D = PSP, (3.6)

Ip 9, 5 2\1/2 x pcosy
. = = = 3.7
ax ax (x + Yy ) (1‘2 I y2)1/2 D COS , ( )

9p 9 9 2\1/2 Y psin ¢
- _ = = = = 3.8
ay a (‘r + y ) (ZCQ + y2)1/2 p bln(p7 ( )

0 0 i

—90 = —tan_l (g> =3 i 5 = _Sln807 (39)

oxr Oz 2 4y p

dp 0 1 (Y x cos

g _ 9, (,) - = , 3.10
oy Oy ot x x2 +y? P (3.10)
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The relationships between e,, e, e, can be easily worked out, for example,

e, e, = (cos pitsin pj) - (cos pi+ sin pj) = cos® p +sin’ p = 1,
e, - e, = (cos pi+sin ¢j) - (— sin pi+ cos ¢j) = 0,
e, x e, = (cos pi+sin ¢j) x (—sin i+ cos pj) = cos? pk +sin’ pk =k = e,.

Taken together, they form an orthonormal basis set

€, e, =€, -e,=¢e, e, =1,
e,-e,=¢e,-e,=e;-e,=0, (3.11)

e, X e, =e€,, e, X e, =¢e, €, Xe,=e,.

The position vector r, from the origin to any point in space, is clearly seen in
Fig. 3.1 to be
r = pe, + ze,. (3.12)

This expression can also be obtained from directly transforming r = xi+yj+zk
into the cylindrical coordinates.

Any vector can be expressed in terms of them. If the vector is a function
of the position, then

Ap,p,2) =Ap(pp,2) e, + Ay (p,p,2) €0 + Az (p, 0, 2) €50 (3.13)

In general, each component is a function of p, , z. Unlike the constant
unit vector i,j,k in the rectangular coordinate system, only e, = k is fixed
in space, the directions of e,, e, change as the point is moved around. Note
that both e, and e, depend on ¢. In particular,

0 0 A o .
%ep = 99 (cos pi+sin j) = — sin pi+cos pj = e,
0 0 o . cL o
%ev = 99 (—sin it cos ¢j) = —(cos pi+singj) = —e,, (3.14)
0 0
%ep = %ew =0.

Ezxample 3.1.1. Show that the acceleration of a particle expressed in cylindri-
cal coordinates is given by

2
a= (00" ) et (si+ 200) e+ Ze.

where dots denote differentiation with respect to time t.

Solution 3.1.1. Since the position vector is given by r = pe, + ze,, the

velocity is v =1,
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r=pe, + pe, + ze.,
where e, is a constant unit vector and e, depends on ¢. Since by (3.14)

o _de, dpde,
Proodt dt de

e,

r=pe, + ppe, + ze,.

The acceleration is the rate of change of velocity, therefore a = v = T,

T = pe, + pe, + ppe, + ppe, + ppe, + zZe,.
Again by (3.14),
_de, dpde,

=y Tatap )

I = pe, + ppe, + ppe, + ppe, — ppe, + Ze..
Therefore
a=r= (p _ p<p2) e, + (2pp + pple, + Ze..

3.1.1 Differential Operations

Gradient. Starting from the definition of gradient in the Cartesian coordi-
nates, we can use the coordinate transformation to express it in terms of

(p,p,2). Using (3.4) and (3.5),

09 0P 0P
. . 0P
= (cos pe, —sin pe,,) e + (sin e, + cos pe,,) i + g
op . 0P . 0D 0P 0P
= (COS ()0% + Sin sﬁay) ep + (- Sin @% + COS (pay> eg, + aez. (315)

By chain rule and (3.6)

aj:@aﬁJr@a—@:coscpa—@Jrsingpa—@ (3.16)
Op Opdx 0Opdy Ox oy’ '
87@:%87@+@87@:7psin¢8£+p608@82 (3.17)
Op Opdr 0Opdy Oz oy’ '

With these expressions, (3.15) becomes

o0 109 9D

d=—— —
v 8pep+ p&pew—'_ 0z

e.. (3.18)
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Thus, the gradient operator in the cylindrical coordinates can be written as

0 10 0

V = e,—. 3.19
epa t+e <Pp 8@ +e az ( )
An immediate consequence is
1
Vp=e, Vo= ;ew, Vz=e,. (3.20)

This is not a surprising result. After all, Vu is a vector perpendicular to the
surface u = constant.

Divergence. The divergence of a vector
V.-V=V.(Ve,+ Ve, +V.e.)
can be expanded first by the distributive law of dot product. Now,

V-V, =V -V,(e, xe;) =V -V, (pVy x Vz)
=V(pV,) (Vo x Vz)+pV,V-(Vp x Vz).

But V- (Ve xVz)=VxVp:-Vz-—V xVz-Vp=0, so

1
V-V, = V(oY) (Vi x V) = V(b - (e, xe.) = 29(0,) @
1 opV, 10pV, 0pV, 10
_p(ep R +e¢p a5 +e, 9, ) &= >0 (pV,). (3.21)

V Ve, = V-Vy(e. xe,) = V- V,(Vzx Vp)
=VV,-(VzxVp)+V,V-(VzxVp)
=VV, - (VzxVp)=VV, (e, xe,) =VV,- e,

oV, 10V, oV, 10V,
_ ! e, 3.22
( “ap e TC 3Z>ew pop B
Therefore,
10 1 oV, OV,
V=" . 2
Laplacian. By definition the Laplacian of & is given by
0P 1 8(15 0P
2
¢ = = 3.24
v V.-V A\ (3/) e, + — 0% ot = 92 > ( )

Using the expression of the divergence, we have

10 oD 10 109 o0 (0P
Voves= M(ﬂap)mw(pw)wz(az)-
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Therefore 5 5 ) 220
d 109 1 0“9
V%= —— + - . 3.25
5‘p2+p8p+ p2 0% +822 (3:25)
Since the Laplacian is a scalar operator, it is instructive to convert it
directly from its definition in the rectangular coordinates

2 Pd 9P
2P — )
VP=Gmt oz T a2

Now with chain rule and (3.7) and (3.9), we have

09 _ Op 0P Lo O 0D ~ cos 845 51119087@5
dx Oz dp Oz dp 8;) p Op’

oot = o [0a) = 0y ] * 323 )

822 Ox |0x| Oz dp |0x|  Oxdp |0z
—cosp 13} [cos 0P sin@(%] _sing 9 [co oP  sinp 0P
dp Yop T o 0 p Op Yop T o 0y
~ cos @82 +cos<psin<p@£_cosapsinap 0*®
op? p? Oy p  Opdp
+s1n 0P  sinpcosyp 0’® sin ¢ cos 0P 51112@('}9274j
p Op p  Opdp p?2 Op  p? 09
Similarly,
0P 0p0P Oy 0P Singpa—@ 4 o0s® 0P
Oy  dydp ' Oy oy odp  p 0p’

82745_2 091 Op 0 [0P] Oy O 6&5
dy2 Oy |Oy| Oyop |0y Oy Do

) 0 0P  cosp 0D cos 8 . 0P  cosyp 0P
~ Y [Sm Yo T p 3@} T e [Slwap p Op
_ sin @827@ B sinpcosp 0P singcosp 0%*d

9p? p? Oy p  Opdy
, cos @82 cospsing 0°® _ cos psingp 0P <:052g05'2745
p Ip p  Opdp P2 Op  p* Op?
Thus,
2 2 2 .2 2
g + gTQ; = (cosch+sin2<,0)(37§§j p L PTCES P SD—;COS wg—f

+sin2<p+0032<p82£ _ 82745+167Q5+i827¢
p? 9p*  9p*  pIp  p*Op?

Clearly the Laplacian obtained this way is identical to (3.25).
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Curl. The curl of a vector can be written as
VxV=Vx(V,e,+V,e,+V.e.). (3.26)

Now
VxV,e,=VxV,Vp=VV,xVp+V,V x Vp.

Since V x Vp =0,

VxVe,=VV,xVp=VV, xe,

IO A AT

" op “p Op * 0z r
10V, av,

= —TPe, 4 22 2
>0 e, + 55 & (3.27)

V xVee, =V xV, (pVp) =V (pV,) x Vo + pV,V x Vi
1
=V(pV,) x Vo =V (pV,) x ;ew
1 apV, 1 9pV, apV,
; <ep 8;’ e¢; 84,0@ +e, 8;’ X €,
lapVgpe _ 10pVy,
p 9p T p 0z

e, (3.28)

oV, 10V, oV,
VxV,e, =VV, xe, = (ep a +e¢; R +e, 9, > X e,
_ OV 10Vi
A T o pop ™
Thus,
10V,  10pV, v, v,
AV el z 1 © YVp z
v (pﬁso p02>ep+<3z 8ﬂ>e¢
10 10V,
+(==(pV, P) e,. 3.29
(papm -5 (3.20)

Ezample 3.1.2. (a) Show that the vector field

B B
F= <A — 2) cos pe, — (A + 2) sin pe,
p P

is irrotational (V x F = 0). (b) Find a scalar potential @ such that V& = F.
(¢) Show that @ satisfies the Laplace’s equation (V2@ = 0).
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Solution 3.1.2. (a) All derivatives with respect to z are equal to zero, since
there is no z dependence. Furthermore, V, = 0. Therefore

10 10F
V xF=(-—(pF —p>ez

(pap(p 2 p 9

10 B 10 B

=—— —A— — |sinp|le,—————||A— — |cosp|e,

pop [p( pz) @] p Op K p2> 4
1 [(_A+B2) sinp + (A—BQ> Singp} e, =0.
p p p

oI 107 00
P op Y p oy * 0z

B B
(A — ,02> cos pe, — <A + p2> sin pe,,

0P (A B) 109 (A+B) .
— = — — | cosy; _— = - — | S .
op p? v p Op p? v

It is clear, up to an additive constant,

B
b = (Ap + p) CoS .

10 o 1 0% 0%
2p = Z | p—— g v
v pop \"op +P25<P2+322
18[8<A+B) }+182<A+B)
=—— |p=— p+ — | cos — = p+ — | cosp
pOp [ 9p p R P
:1<A+Bz)coscp—l<A+B2>cosg0:0.
p p p p

3.1.2 Infinitesimal Elements

When a point at (x,y, z) is moved to (x +dz,y+dy, z+ dz), the infinitesimal
displacement vector is dr = idx + jdy + kdz. Similarly, when the point at
(p,p, 2z) in the cylindrical coordinates is moved to (p + dp, ¢ + dy, z + dz),
the infinitesimal displacement vector is

dr =e,dp+ e, pdy +e.dz. (3.30)

Notice the distance in e, direction is pdy as shown in Fig. 3.2. The infinites-
imal length element is
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pdop

X

Fig. 3.2. Differential elements in cylindrical coordinates. Note that the differential
length in the direction of increasing ¢ is pde. The differential volume element is
p de dp dz.

1/2 2 2 2 1/2
ds = (dr-dr)"/* = [(dp) + (pdp)? + (d2)?] . (3.31)

The gradient is defined as a vector of derivatives with respect to the
distances in three perpendicular directions. Thus the gradient in cylindrical
coordinates should be

V*e2+e liJreé
Pop Tpop

which is, of course, identical to (3.19) obtained from direct transformation.
The infinitesimal volume element dV is the product of the perpendicular
infinitesimal displacements

dV = (dp)(pde)(dz) = pdpdpdz. (3.32)

The possible range of p is 0 to oo, ¢ goes from 0 to 27, and z from —oo to oco.
The infinitesimal surface element depends on the orientation of the surface.
For example, on the side surface of a cylinder parallel to zaxis and of constant
radius p, the surface element directed outward is n da = p dy dze,.The surface
element on the zy-plane directed upward is n da = pdy dpe,.

Example 3.1.3. Verify the divergence theorem

///Vv.pdvzﬂspnda

F =p(2+sin®p)e, + psinpcospe, +3z%e,

with a vector field

over a cylinder with base of radius 2 and height 5.
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Solution 3.1.3.

10 1 0F OF
F==-—(pF il d

%Qp (2 + sin? gp) + %p (C082 @ — sin? cp) + 62

=4 +sin? g+ cos® o+ 6z =5+ 62.

//VV~FdV:///V(5+62)pd<pdpdz

27 2 5
= / d(p/ p dp/ (54+62) dz = 4007.
0 0 0

#F-nda:// F-nda+// F-nda—i—// F - n da,
S S1 Sa S3

where S; is the side surface of the cylinder, S; and S3 are, respective, the
bottom and top surfaces of the cylinder.

2m 5
// F-nda:// F-epda:/ / [p(2+sin2<p)p]p:2 dp dz = 1007.
S1 S1 0 0
// F-nda:// F-(—e.) da:// [—Szg]zzo da =0,
27 2
// F-nda:// F-(e;) da:/ / [322]Z_5p de dp = 3007
S3 S3 0 0 B

Therefore,
# F - n da = 1007 + 3007 = 4007.
s

// V-FdV:ﬂF~nda.
Vv S

Clearly,

3.2 Spherical Coordinates

The spherical polar coordinate system is commonly known just as the spherical
coordinates. The location of a point is specified by (r, 8, ) as shown in Fig. 3.3,
where 7 is the distance from the origin, 6 is the angle made by the position
vector r with the positive zaxis which is often called polar angle, and ¢ is the
angle made with the positive z-axis by the projection of r on the zy-plane,
this angle is known as azimuthal angle. The relations between the rectangular
and spherical coordinates are seen from Fig. 3.3b and c.
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B
X

Fig. 3.3. Spherical coordinates. (a) A point is specified by (r,0, ) where r is the
distance from the origin, 6 is the angle made by r with the positive zaxis, and ¢ is
the angle made with the positive z-axis by the projection of r on the zy-plane. The
three unit vectors e, eg, e, are in the direction of increasing r, 8, ¢, respectively. The
auxiliary unit vector e, is in the direction of the projection of r on the zy-plane.
(b) The unit vectors e, and es are moved to the origin in the AOB plane to find
their relationships with k and e,. (c) In the zy-plane, e, is moved to the origin to
find the relationships between ey, e, and i, j

z=rsinfcosp, y=rsinfsing, z=rcosb (3.33)
and
9 on1/2
+
r= (m2+y2+22)1/2, tan&z%, tangoz%, (3.34)
o on1/2
_|_
sinf = (=2 +y7) 750 cost= © 72 (3.35)
(22 +y* + 2%) (z2 +y* + 2%)

. B Y _ T

sin p = 7(:62 n y2)1/2’ cosp = N y2)1/2' (3.36)

Figure 3.3 also shows a set of mutually perpendicular unit vectors e, eg, e,
in the sense of increasing r,6, ¢, respectively. In this system, the position
vector r is simply

r =717 =re,. (3.37)

The relations between the unit vectors in the spherical coordinates and those
in the Cartesian coordinates can be seen from Fig. 3.3b. In the plane AOB,
we have drawn e, and ey from the origin. It can be seen

e, = sinfe,+ cos 0k,

ey = cos e, — sin bk,

where e, is a unit vector along OB. In Fig.3.3c, e, and ey are drawn from
the origin, clearly
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e, = cos i+ sin ¢j,
e, = —sin ¢i + cos ¢j.
Thus,
e, = sinf cos @i+ sin 0 sin j + cos Ok,
ey = cos B cos pi+ cos 6 sin pj — sin 6k, (3.38)

e, = — sin ¢i + cos ¢j.

The inverse relations can either be read from the same figures, or be solved
for i, j, k from the above equations,

i = sin § cos pe,+ cos B cos pey — sin e,
Jj = sin#sin e, + cos O sin peg + cos e, (3.39)

k = cosfe, — sinfey.

It can easily be verified that (e,,eq,e,) form an orthonormal basis set and
satisfy the following relations

e e =€y e =e, e, =1,
e -eg=e€g-e,=¢e, e =0, (3.40)
€ X € =€, €)Xe,=e, €,Xe =eg.

Any vector can be expressed in terms of them

A =Ae, + Agpeg + Avey,, (3.41)

where A, Ay, A, are the radial, polar, and azimuthal components of A. The
derivatives of the unit vectors are easily obtained from (3.38):

de, _ dey _ De, _ De,

= = = = 42
or or ar a0 0 (342)
De,
({; = cos 0 cos pi+ cos Osin pj — sin bk = ey, (3.43)
0
% = —sin# cos pi — sin O sin ¢j — cos Ok = —e,, (3.44)
de, e C
90 sin 0 sin @i + sin 0 cos pj = sin fe,,, (3.45)
Y
(969 . . .
D0 = — cos 0 sin i 4 cos 0 cos pj = cos e, (3.46)
¥
Oe, s .
—+ = —cos i — sin pj = —(sin fe, + cosbey). (3.47)
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3.2.1 Differential Operations

Gradient. We are ready to express the gradient operator V in the spherical
coordinates. Using (3.39), we have

3] 3] 3]
V = i% —l—ja—y + k% = (sin @ cos e, + cos f cos pey — sin pe,,) E

0 0
+(sin 0 sin e, + cos 6 sin peg + cos pe,,) 90 + (cos fle, — sinfeyp) Ey
Yy z

=e {sin@coscp 0 +sinﬂsingoa +cos€a]
o ox dy 0z

0 .0 . .0
+ey |cosf cos Y5 + cosGsmgpa—y — smﬂg

+e, {— sin w% + cos gpaay} . (3.48)

The quantities in the brackets can be recognized if we use (3.33) and the chain
rule of derivatives

9 w9 o 0:0
or  Ordx  0Ordy Oroz

. 0 ... 0
= sin 6 cos o + sin fsin gpa—y + cos 9&, (3.49)
9 o o 0:0
o0  000x 000y 000z
0 .0 .
= rcosf cos Yon + rcosfsin wa—y — rsin 9%’ (3.50)
0 w0 oo 029
dp  Opdx  Opdy 0Op 0z
= —rsinfsin <p({% + rsin 6 cos Lp(%. (3.51)
Thus (3.48) can be written as
0 10 1 0
P P S 52
V=e 8r+e97'89+e“0rsm98<p (3:52)
It follows that
Vr=e,., V0 1e v ! e (3.53)
T = T = — y = " .
r T rsingt?
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Divergence. The divergence of a vector in the spherical coordinates is

V.-V=V-(Vie,+ Voeg+ V,e,)
=VV,-e.+V,V-e,4+VVy-e+ VyV -eg
+VV, - e, +V,V - e,.

(3.54)

Although the divergence in the spherical coordinates can be worked out just as
we did for in the cylindrical coordinates, it is instructive to find the expression

by using the derivatives of (3.42)—(3.47),

Ve—eg—&—elg—&—e 1£-e
"\ Tor “r o0 “rsind dp "

de, 1 oe, 1 oe,

B e Ay L
1 1 . 2
= ;89 -eg + 771Sin€e<{J -sinfe, = o

V. ey = ngre}nge L9 e
0 "or r 00 “rsinf O o

= e .%_’_leo.%_’_ 1 e .%
"or o or 00  rsinf 7 0Oy
1 1 1 cos@
oo e+ ggee eosbe, = T

Vv = ﬁ-l- lg_’_ Li e
= \®ar T 09 e”rsin@@gp ©

B oe, 1 de, 1 Oe,
T o T 80 T g™ g
1 .
g% (—sin fe, 4 cosfey) = 0.
Furthermore,
oV, 10V, AN
VVT.eT_<eT or +e9r 00 +evrsin9 Op "or
Similarly,
10V, 1 0V,
VVereo =10 YV %= i ap
Thus,
oV, 2 10Vy 1cost 1 9V,
VoV = bt e T et e oy
19 ,, 19 19
= e (V) 4 o (sinO V) 4 —— V.
r2 Or (r#ve) + rsinf 89(Sm Vo) + rsinf dp

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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Laplacian. The Laplacian in spherical coordinates can be written as

oP 109 1 09
6=V .-VO=V_. — -— — .
v vy v (erar+e0r 69+e¢rsin98<p)

Regarding V@ as a vector and using the expression of divergence, we have

10 (,00 1 90 (. 109 1 0 1 09
V.ve= r2 or <T 87">+rsin989 (Slnar%)+rsin9&p (rsin@&p)'

(3.61)

Therefore the Laplacian operator can be written as

2_ 10 (50 1 0 (.99 12
V= 2or \| or +r251n0 00 bmeaa +r251n298<,02' (3.62)

Curl. The curl of a vector in the spherical coordinates can be written as

V xV =Vx(Vee, + Vyey + Vyse,)
=VV,xe +V,Vxe.+VVyxe+ VyV x ey
+VV, xe, +V,V xe,. (3.63)

Again we will derive the expression of curl in the spherical coordinates with
the derivatives of (3.42)—(3.47).

0 10 1 0
V xe, = er—r—i—egf——i—e X e

0 r 00 ¥ rsinf dp
—exaeT—l—lexaer—i— 1 o Xo”'eT
T o T T 90 T rsing ? Op

1 1
= —ey X x sinfe, =0 3.64
7qeg ey + - e, X sinfe, , ( )

ind

V X ey = e2+elg+e ;i X e
o= \Tor “r o0 “rsing dp o

Oeg 4 1o, %0 1 9e
or " r 7 00 " rsing * de

I
£
X
+
|

1
——e, X cosfle, = ~Cp; (3.65)

! x ( )+
~e —e,
r? " rsin 6

V xe, = e2+e12+e LE X e
v \Tor b 00 “rsinf O v

T o r 2700 " rsing ¢ Oy
1 . 1 1 cos@
= g < (—sinfe, + cosfey) = —eo + ~smge (3.66)
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Furthermore
oV, 190V, 1 oV,
Vi xe = <eraﬁe%ae+%sm w) xer
10V, 1 oV,
6% T remd 9y (3:67)
(0 10V 19V
Ve x e = (a e 50 *ewneaga) x e
)7 10V
= or %7 rsind dp e (3.68)
OV, 19V, 1 8V,
VVexe, = (er or +e0r 00 +e¢rsin0 Op e
Y, 10V,
=5, + ~ 59 °r (3.69)

Combining these six terms, we have

_[10V, 1 0Vp  1lcosd
VXV_(?" 80 rsinf dy +rsin9 W)er

1 v, 9V, 1 Wy 10V, 1
*(rsma a5 ‘ar‘TVw) e+ (ar‘r 90 +7~V9) cpr (370)

3.2.2 Infinitesimal Elements

In spherical coordinates, the infinitesimal displacement vector between a point
at (r,0,¢) and at (r +dr,0 + db, ¢ + doy) is

dr = e, dr + egr df + e, rsinf de. (3.71)

Note from Fig. 3.4 that only in the e, direction, the increment dr is an element
of length. Both df and d¢ are infinitesimal angles. They do not even have the
units of length. The element of length in the ey direction is r df and in the e,
direction is rsin € dp. Thus, one would expect the gradient in the spherical
coordinates to be
v 0 10 1 0
o T o T 0 oy

which is indeed the case as shown in (3.52).

The infinitesimal volume element is the product of the three perpendicular
infinitesimal displacements

dV = (dr)(r d8)(rsin@ dp) = r*sin 6 dr d de. (3.72)
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V4
r sin@ do
ar g
do |
W
r sin@ N
r. '
rdo+— r
)
do
y
[
do

X

Fig. 3.4. Differential elements in the spherical coordinates. The differential length
in the direction of increasing 6 is r df. The differential length in the direction of
increasing ¢ is rsin @ dy. The differential volume element is 72 sin 6 dr df de

The possible range of r is 0 to co, 6 from 0 to 7, and ¢ from 0 to 27. Note
that 6 goes from 0 to only w, and not 27. If it goes to 27, then every point
would be counted twice.

Ezxample 3.2.1. Use spherical coordinates to find
V'f'» A\ r, V'rna \E ’rne’r‘a v2,r,n7 fo (T) Cr.

(We have found them in previous chapter with Cartesian coordinates. Using
spherical coordinates, the results can be easily obtained, almost by ins-
pection.)

Solution 3.2.1. Since these functions depend only on r, we need to retain
only terms involving r variable:

Vr = eT%r =e, =T,
10 ,,
r =35 (r 7") =3,
n __ a n—1
Vr —e,ﬂgr =enr" ",
V" _ g (TQ,',,TL) _ (n+ 2)7"" 1
T 28”’ b
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L o), 1040)

fo(r)erzrsine dp o r 00 e

=0.

Ezample 3.2.2. Express r X V in spherical coordinates. (In quantum mechan-
ics, the angular momentum operator L is defined as L = r x p, where p is the
linear momentum operator, given by —iiV.)

Solution 3.2.2.
10 1 0 }

rxV =re, X e2+ef—+e _—
T "or r 00 “rsind Op

10 19
—’“[%aa‘eemago]
0 19
—ev@—egﬁ%.

3.3 General Curvilinear Coordinate System

3.3.1 Coordinate Surfaces and Coordinate Curves

In this section, we will develop the general theory of a curvilinear coordinate
system. Suppose there is a one to one relationship between the Cartesian
coordinate system (z,y, z) and another curvilinear system (uy,us,us). This
means that (z,y, z) can be written as functions of u;,

r=uw(u,uz,u3), y=y(uy,u,uz), 2z==z(ui,u,uz), (3.73)
and conversely,
Uy = Uy (xayvz)v Uz = U2 (£E7y,Z)7 u3z = us (xvy72)' (374)

The surfaces u; = constant are referred to as coordinate surfaces and the
intersections of these surfaces define the coordinate curves. For example, if the
curvilinear system is the cylindrical coordinate system, then u; = p, us = ¢,
ug = z as shown in Fig. 3.5. Thus, u; = constant is the surface of the cylinder,
ug = constant is the vertical plane, and uz =constant is the horizontal plane
shown in the figure. The intersection of the vertical plane and the horizontal
plane is the u; curve which is the line shown as the p curve. The intersection
of the horizontal plane and the surface of the cylinder is the us curve which is
the circle shown as the ¢ curve. The intersection of the surface of the cylinder
and the vertical plane is the u; curve which is the vertical line shown as the
z curve.
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(b)

(@

N

Zcurve

)Y Z =const. Uy =2 curve

¢ curve uy(=p) =const.
U, (= ¢) =const.
P(p o2
@ curve
Z | p curve

€, = €1 uy(=2) £ const.

b'¢ uy = p curve

Fig. 3.5. Coordinate surfaces and coordinate curves of cylindrical coordinate sys-
tem. (a) The side surface of the cylinder (p = constant), the horizontal plane (z =
constant), and the plane containing z axis (¢ = constant) are the coordinate surfaces.
The intersections of them are the coordinate curves. (b) Locally, the three unit
vectors along the coordinate curves form an orthogonal basis set

Now the position vector r can be expressed as a function of u;,

r =r (ug,usz,us), (3.75)
or Oor Or
dr = —d —d —d 3.76
r B u + Dy Uz + Dz U3, ( )
The partial derivative ;—r means the rate of variation of r with uq, while uo
Uy
0

and usz are held fixed. So, the vector a—r lies in the us and us coordinate

U1

surfaces and is, therefore, along the u; coordinate curve. This enables a unit
vector e; to be defined in the direction of the u; curve,

or
=—/h .
(S3] 8u1/ 1 (3 77)
. . Or
where hy is the magnitude of —
3u1
Jr
hy = Juy |’ (3.78)

known as the scale factor. The unit vectors es and ez and the corresponding
scale factors ho and hg are defined in a similar way. In the case of cylindrical
coordinates, e; is a unit vector along the p curve, which is previously defined as
e,, e is a unit vector tangent to the ¢ curve, which is previously defined as e,
and ej3 is a unit vector along the z curve, which is previously defined as e, = k.
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hszZ

h3 dU3
€3 dr

€
é h«] d uq

Fig. 3.6. Volume element of an orthogonal curvilinear coordinate system. A change
in u; leads to a change of distance h; du; in the e; direction

With the unit vectors and scale factors, the displacement vector dr of
(3.76) can be written as

dr = e1h1 dul_ + 62h2 dUQ + e3h3 du?,_ (379)

If the unit vectors are orthogonal, that is

1i=j
ei-ej—{oz,#j, (380)
then the coordinate curves are perpendicular to each other where they in-
tersect. Such coordinate systems are known as orthogonal curvilinear coor-
dinates. It will also be assumed that the coordinate system is right handed,
so that

€] Xeyg=e3, €z Xez3=e;, e3Xe =es. (381)

Thus, locally e, ez, e3 form a set of unit orthogonal basis vectors for the co-
ordinate system (uq,us,us3), although they may change directions from point
to point. In this coordinate system, a change in u; of size du; leads to a change
of distance h; du; in the e; direction. Schematically this is shown in Fig. 3.6.

It follows from (3.79) and Fig. 3.6 that the arc length ds of a line element
along dr is given by

ds = (dr-dr)"/? = [(hy duy)® + (hy dug)® + (hs dug)?]"/2. (3.82)

The directed surface element along e; generated by the displacements dus
and dus is
(31 da = eghg dUQ X e3h3 du7 (383)

and similarly for surface elements e; da and e3 da. Finally, the volume
elements dV produced by the displacements du,, dusg, dus are given by

dV = |e1h1 dul, . (e2h2 dU2 X 63h3 du)\ = h1h2h3 du1 dUQ dU3, (384)

since e - (eg x e3) = 1.
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3.3.2 Differential Operations in Curvilinear Coordinate Systems

Gradient. The gradient V& of a scalar function is a vector perpendicular to
the surface & = constant, defined by the equation

d® =V -dr (3.85)
To find the expression of V@ in a curvilinear coordinate system, let us assume
V& = fie1 + fre2 + fses. (3.86)

Since
dr = h1 du191 + hg du2e2 + h3 dU363,

it follows that

Vo .dr = f1h1 dU1 + fzhz d’LL2 + f3h3 dU3. (3.87)
On the other hand
0P 0P 0P
d® = —d —d —dus. .
811,1 ui + 6uz U + 8’11,3 us (3 88)

Equating the last two equations, we have

oP 0P od

fihi = oy Jaha = Py fahs = Pus (3.89)
Thus (3.86) becomes
V@zelhilg—i 62]%88—5; eg%%' (3.90)
Therefore the del operator in curvilinear coordinates can be written as
V:elhilaiul+e2h%8iu2 e3hi38iwg' (3.91)
In particular,
Vi = e L0 L o L Om 10U
hi Ouq ha Oug hs Ous
Since w1, ug, us are independent variables,
ou Ju Ju
671:1, aTL;ZO’ 872,20'
Therefore 1
Vu, = elh—l. (3.92)
Similarly,

1 1
VUQ = egth, VUg = egth. (393)
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Divergence. The expression of the divergence of a vector field A = Aje; +
Ases + Azes in a curvilinear coordinates can be found by direct calculation
using the del operator.

V- A=V. (A1e1 + Ases + A3€3),

V. A181 =V. Al(eg X e3) =V- A1h2h3(VUQ X V’(Lg)
= (VAthhg) . (VUQ X VU3) + A1hoh3V - (VUQ X VU3)

The term V - (Vug X Vug) = V X Vuy - Vug — V x Vug - Vug vanishes
because V x V f = 0. Thus,

V. A161 = (VAthhg) . (VUQ X VUg)

ey X e3 €1
(VAihyhs) ol (VAihyhs) Fealia

Using the del operator of (3.91), we have
1 8(A1h2h3) 4 ia(A1h2h3) n ia(Athhg)

Aihghg) = e — ———2"21 —_
V( 12 3) elhl (’9u1 thQ 8UQ e3h3 811,3 ’
€] 1 8<A1h2h3)
Ajhshs) - = .
(V 172 3) h2h3 hlhghg 811,1
Therefore,
1 9(Aihghs)
. A = . . 4
v 11 h1h2h3 6’[1,1 (39 )
With similar expressions
1 a(Athhl)
A =
v 262 h1h2h3 (9’[1,2 ’
1 O(Ashihe)
V- Ages = hihahs Ous '
we obtain
1 O(Ai1hsh 0(Ashsh O0(Ashih
V.A-— (123)4_(231)_"_(312)' (3.95)

h1 hg hg 8“1 8U2 8U3

Laplacian. The Laplacian follows from its definition
V@ =V V.
Since the V@ is given by

V& =e iaﬁ+e iai+e iaﬁ
a 1h1 811,1 2h2 8?1,2 3/13 6U3’
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the divergence of this vector is

1 0 1 09
v-v hlhghg |:8’U,1 (h1 8u1 h2h3)

0 1 09 0 1 09
— (——=—hsh — (= =—mho )|
+(9’U,2 (h2 6u2 3 1) +8U3 (hg QU3 ! 2>:|
Hence

vig_ L [0 (hahs 0N 0 (hsh 0B\ 9 (huhy 09
N h1h2h3 6u1 hl aul 8UQ h2 8u2 8u3 h3 8?1,3 '

(3.96)

Curl. The curl of a vector field in a curvilinear coordinates can also be cal-
culated directly,

VxA=Vx (A1e1 + Ases + A3€3),
V><A1e1 = V><A1h1Vu1 = V(Alhl) X V’LLl +A1h1V X Vul.
Since V x Vuq, =0,

V><A1e1 =V (Alhl) X Vu1 = V(Alhl) X %
1

Now
1 0(Arhy) 1 0(Arhy) 1 9(Arhy)
Ah)=ej—— L +e—————~ feg—— >
V( 1h1) el hl 6u1 te h2 87.L2 s hg 8u3
(51 1 8(A1h1) 1 a(Alhl)
Arhy) x =% =—
V( ! 1) % hl 3 h2h1 aUQ ter h3h1 8u3
Therefore,

1 9(Arhy) 1 9(Ah)

VxAe =—
xaien e3h2h1 87.L2 e2h3h1 8U3

With similar expressions for VxAses and V x Azes, we have

VxA:el[ 1 0(Ashs) 1 a(Aghz)}

h2h3 aU2 B hghg (3'11,3
1 9(Ahy) 1 0(Ashs)
h1h3 8U3 B h1h3 6U1 :|
1 9(Ashy) 1 0(Aihy)
h2h1 8u1 B h2h1 8u2 :| '

+62|:

+e3|:

This expression can be put in a more symmetrical form, which is easier to
remember,
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V x A — h1e1 8(A3h3) o G(Aghg) h282 8(A1h1) . 8(A3h3)
o hlhghg 8u2 (9’U,3 h1h2h3 8u3 8u1
h3€3 0 (Aghg) _ 8(A1h1)
hlhghg 8u1 au2

hl e h2 (D) h3€3
IR A 597
o hl hghg 8U1 GUQ [“)us ’ ’

Arhy Aghy Ashs

Ezxample 3.5.1. For the cylindrical coordinates, x = pcosp, y = psing, z = z.
With u; = p, us = ¢, ug = z, (a) find the scale factors hy, he, and hg,
(b) find the gradient, divergence, Laplacian, and curl in the cylindrical coor-
dinates from the general formulas derived in this section.

Solution 3.3.1. (a) Since r = zi + yj + 2k and z,y,z are functions of
Uy, Uz, U3, SO

or or., Oy. Oz

aiui - 8ui1+ Bui‘] + 8u2k7
1/2
o |or| _jor or |V _[(0x 2+ dy 2+ 0:\*1"
¢ 8u2 o 8”1’ auz o 8u1 aul 8ul
Now
o _oe_ oy oy b _0:_
ou; Op ¥ ou; Op & ou;  9dp
oo _ox oy oy s 0z
ouy  dp pme, 3u2_5<ﬂ_p & dug  O0p
o0 _or_, w o, s x|
ous 0z Ous 0z Ous 0z
hy = (cos2 © + sin? @)1/2 =1,
hy = (p* cos® ¢ + p* sin® @)1/2 =p,
hy = (1) =1.
(b)
1 09 1 09 1 09
Vdi:elfi+ a a

hiduy  hyduy | hs Oug
oo 1on o
% T %00 T 0z
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. 1 8(A1h2h3) 8(A2h3h1) 8(A3h1h2)

VA= hlhghg |: 8u1 + 8u2 + 6U3
C1[0(Ap) | O(A,) | 9(A.p)] 10 104, 0A.
_p[ ap | op o _pap(pAp)+p5<ﬂ+3z'

Voo L [0 (haha0@\ 0 (hahi 00\ 0 (hahy 0
o hlhghg 8u1 hl 87.L1 87.L2 hg 5‘u2 8U3 hg 8U3

L[ (08N, 0 (108 0 (08
p|Op p@p dp \ p dy 0z paz

e 1o 1o o'
COpr pdp  pPOp? 02%

hie1 hoes hses e, pe, e,
VxA-_L |0 98 90| 119 0 9
hihahz | Ouy Ous Ous p|op dp Oz
Alhl A2h2 A3h3 Ap pAp Az
10A 10 0A 0A
=== _-Z21(pA e T2
(,0 oy ~ p0z “"))e”+(3z 3/})%
10 10A
NITARTIAN
(pap(p ¢) p dp

Example 3.3.2. For the spherical coordinates, u; = r, us = 6, ug = ¢, and
x = rsinfcosp, y = rsinfsing, z = rcosf. (a) Find the scale factors
hi, ha, and hg, (b) find the gradient, divergence, Laplacian, and curl in the
spherical coordinates from the general formulas derived in this section.

Solution 3.3.2. (a)

1/2

b or| |Or Or 1/2_ ox 2+ oy 2+ 9z \? /

v 8uz - 8ui 8u1 - 3u7 8u,~ 8’&1
Now
ﬁ—a—z*sinﬁcos ﬁ—@*sinesin g—@*cos@
ouy  Or ? ouy  Or v ouy  Or ’
@—%—TCOSHCOS %—@—TCOSHSin %—%——TSiHG
dus 90 7 us 00 Y Ous 090 ’
@—a—x——rsinﬁsin ﬁ—@—7’81110(:% 0z _ 0z _
ous  Op L ous  Op & Ous Op
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hy = (sin? 0 cos? p + sin? O sin? ¢ + cos? 0)/2 = 1,
hy = (1% cos® 0 cos® ¢ + 17 cos® O sin® ¢ + r? sin® 0)1/2 =

hs = (r?sin® §sin® ¢ + 7% sin” 6 cos” p) Y2 _ rsing.

(b)
1 09 1 09 1 09
b = - _— -
v e1h18 U7 +132hg(9u2 +63h38u3
0P 109 1 09
= €r + €9

ar 90 T rsing op

v. A1h2h3 (Aghghl) a(Adhlhg)
T h2h3 Ouy Ous Ous
B O(Apr 51116‘ 8(A97° sin 6) n O(A,r)
B 7’2 s1n0 00 Oy
19, 10 1 9
B T2 or (r A ) + 7sin 6 00 (sin6Ag) + rsinf Op (Ae)-

1 0 ([ hahs 0D 0 (hshy 0P 0 ([ hihy 0P
2¢ _ v 23 O% v 31 O% v 12 0%
v h1h2h3 [aul ( hl 8”1 + B'LLQ h2 8u2 + 3u3 h3 8U3
= 71 g 2 1n96q5 ﬁ 1n08¢ + i —1 8795
= 2simg |or % ) T ag \M a0 ) T ag \snd op

_ig 22 +#2 lnga _i_#ﬁ
2o \" ar r2sn006 \> 98 r2sin? 0 0p?’

hiei1 hoes hses e, reg rsinfe,

1 0 0 0 1 o 0 0

A = — — — - | — — P

VX h1 h2h3 8’&1 8uQ 8U3 r2sin@ | Or 00 3@
Alhl A2h2 A3h3 AT ’I"Ag rsin 9A<P

1 3} 0
= 5 (6‘9 (rsinfA,) — 99 (T‘Ag)) e

1 0 0 1/0
* rsind (&p (Ar) = ar (rsin6A, )> o+ r (6r (rdo) = a0 (Ar)) G-

3.4 Elliptical Coordinates

There are many coordinate systems. In the classical text of Morse and
Feshbach, “Methods of Theoretical Physics,” no less than 13 coordinate sys-
tems are discussed. Each of them is particularly convenient for certain special
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problems. However, because of the development of high-speed computers, the
need for most of them has diminished. In this section, we will introduce only
the elliptical coordinate system as one more example of special coordinate
systems. The elliptical coordinate system is important in dealing with the
two center problems in diatomic molecules.

3.4.1 Coordinate Surfaces

Elliptical coordinates are families of confocal ellipses and hyperbolas in two
dimensions. Rotating them around the major axis of the ellipses, surfaces
of prolate spheroids and hyperboloids are generated. These surfaces together
with the planes containing the major axis form a three dimensional coordinate
system which is commonly known as the elliptical coordinates.

The coordinate surfaces are shown in Fig.3.7a. Let r; and ro be the
distances from the two focal points which are separated by a distance 2c
on the z axis as shown in Fig. 3.7b. A point in space is determined by r; and
r2, the distances from the two focal points, and the angle ¢ around the z axis.
The coordinates of the point are A, p and ¢ with

T + 11

A\ = 3.98
I (3.98)
To —T1
= . 3.99
I 50 (3.99)
(@) z (b)
> z
- const A A
@=cons AR =z
P, u, )
r ol |r
A = const. 4 B
x o/ P y 0
—1B
x q’
- @ = const. -

Fig. 3.7. Elliptical Coordinate System. (a) The coordinate surfaces generated by
an ellipse, two hyperbolas and a plane containing the major axis of the ellipse.
(b) The confocal ellipse given by 72 + r1 = constant, and the confocal hyperbolas
given by ro — r1 = constant
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For A = constant, (3.98) maps out a prolate spheroid in space, on any
¢ = constant plane, it is just an ellipse as shown in Fig.3.7b. This can be
seen as follows:

ry = [(z o)+ pﬂ v (3.100)
= [(z — )%+ pﬂ v (3.101)
ro + 11 = 2cA. (3.102)
Square both sides of ro = 2¢\ — r1, and collect terms, it becomes
z=c\ — AT
Square both sides again, we find
(A2 —1)2% + \%p% = 2\? ()\2 -1).
This equation can be written in the standard form of an ellipse,
2 r_ (3.103)

2)\? + c? ()\2 - 1)

which cuts the z axis at +c), the p axis at £ ¢ ()\2 — 1)1/2 . The range of A is
clearly oo > A > 1. When A\ = 1, the ellipse reduces to the line between the
two focal points.
Starting with
ro — 11 = 2CU
and following the same procedure, we get
2 2
z
L_P
p? 2 (p?—1)

:]_7

which is of the same form as the ellipse. However, in this case it is clear from

Fig. 3.7b that
r1+ 2¢ > 12,

which simply says that the sum of two sides of a triangle must be greater than
the third side. It follows that

2¢ > ro — 11 = 2cp.

Therefore 1 > p. Thus the equation is seen to be in the form of a hyperbola:
22 02

— -1
22 2 (1—p?)

(3.104)

)



3.4 Elliptical Coordinates 141

which cuts the z axis at +cu. There are two sheets of hyperbola, one corres-
ponds to positive value of pu and the other, negative u. Therefore the range
of w is 1 > p > —1. When p = 0, the hyperbola reduces to a straight line
perpendicular to the z axis through the origin. When p = 1, it reduces to a
line from z = ¢ along the z axis to co. When p = —1, it reduces to a line from
z = —c along the z axis to —o0.

Surfaces of hyperboloids are generated by rotating this family of hyper-
bolas around the z axis. The range of the angle of rotation ¢ is of course,
0<p <27

3.4.2 Relations with Rectangular Coordinates
The transformation between (x,y,z) and (A, u,p) can be seen from (3.100)
and (3.101):

12 =22 4 2z¢+ 2 + p?,

2 =22 = 2z¢ 4 2 + p2.

It follows that

2.2 _
ry —r] = 4zc.

Since
r% — r% = (ro —r1) (r2 +71) = (2cp) (2cN) ,

therefore 4zc = 4c? ) which gives
z2 = cl. (3.105)

Putting this into (3.103), we have

2u2\2 2
£ 7 T p2 =1
N (N -1)
which gives
pP=c (N —1) (1—p?). (3.106)
Now, from Fig. 3.7a
x=pcosy, Y= psing. (3.107)

Therefore

=c[(V=1) (1- )] sine, (3.108)

From the position vector

r=x(\up) ity pe)jt+z(0 ek, (3.109)
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we can find the unit vectors along the A, u, ¢ coordinate curves. The three
unit vectors are defined as

or or or
e\ = a/h/\» en = @/hm € = %/hw' (3.110)
Since
or Oz, 0y, Oz, e (1—p?) .
AT T ey e
1— 2
+ A1) sin pj+cpk, (3.111)
5 o\ 1/2
(X =1) (1 = p2)]
—ep (N -1
@ - 8—xi—|—@j—|—a—xk — c,u( ) 7 cos pi
Op  Op0p™ Op [(32 —1) (1 —p2)]
—cp (N -1
o ) oj+ek, (3.112)

(A2 1) (1 p2)]

Or Oz, Oy. Ov, 2 _ a2
3@_8¢1+3¢J+3<pk_ C[()\ 1) (1 u)} sin i

+c [()\2 -1)(1- ,u2)] 2 cos ©j, (3.113)

the scale factors are seen to be

or or\? dy 2 02\ 2 V2
=g :[(m) + () *(m)]
Jeeee]”
_lm] , (3.114)
2 211/
= [(f_ﬁ“)] I L [ | KAty

It can be readily verified that
eyxXe,=e€, €,Xe, =€\ €,Xey=e,. (3.116)

Therefore ey, e,, e, form an orthogonal basis set. Note that in the right-hand
convention, the sequence is (ey,e,,e,) and not (ex, e, e,).
The volume element in this system is

dV = hahph, dAdpdu = e ()\2 — MQ) dAdpdu. (3.117)
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Example 3.4.1. Use the elliptical coordinates to find the volume of the prolate

spheroid generated by rotating the ellipse
2 2
z 14

around its major axis z.

Solution 3.4.1. In terms of elliptical coordinates, the ellipse is given by

52 2

+ =
N2 (N -1)

where 2c is the distance between the two focal points. To find the upper limit
of \, we note a2 = ¢2)\?, or
A=a/c

Furthermore,
b =2\ —1) = P[(afc)’ — 1] = a® - &2

The volume of the prolate spheroid is

27 pl a/c
:///dV:/ / / ¢ (N —u?) dX dp de
o J-1J1
1 alc alc 1
= 27¢? / du/ )\Qd)\—/ d)\/ p?dpl
-1 1 1 -1

/du/ A2dA_§{() —1}, /a/cdx/tﬁdu:;[zq].
{ “] Maa? - ) = a2

Example 3.4.2. Evaluate the following integral over all space

I= ///e*“e*r2 dV,

where 71 and 79 are distances from two fixed points separated by a distance
R. (This happens to be the overlap integral of the H," molecular ion.)

Solution 3.4.2.

1= ///e*”e*r2 dV = /// e~ (mtr2) qy,
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Using elliptical coordinates

r1 +ro = 2cA = R,

R
(3
R\? ' T _Ray2 ~ _Rx by
=(2> 2#[/ du/ e )\d)\—/ e d/\/udu}
-1 1 1 -1

1
=7(1+ R+ ng)e*R.

3.4.3 Prolate Spheroidal Coordinates

The transformation (3.108) can be expressed in a more compact form with
still another change of variables. Taking advantage of the identities
sin?0 =1 —cos?#, sinh®n =1+ cosh?®n,
we can set
A=coshn, p=cosé. (3.118)
With this set of variables, the transformation (3.108) becomes
x = c¢sinh 7 sin 6 cos p,
y = csinh 7 sin § sin @, (3.119)
z = ccoshncosf.
The set of coordinates (n, 0, ¢) is known as the prolate spheroidal coordi-

nate system. The range of nis 0 < 1 < oo, the range of 8 is 0 < 8 < 7. The
scale factors for this system is

h, = ¢ (sinh2 n + sin® 9) 1/2 , (3.120)

he = hy, hy, = csinhnsinf. (3.121)
The volume element in this system is
dv =¢* (sinh?’ nsin @ + sin® f sinh 17) dn dO de.
Note that hyheh, # hrhoh,, since dA dp is not equal to dn df.

3.5 Multiple Integrals

So far we have seen how to find surface and volume elements for a multiple
integral in an orthogonal coordinate system. In this section, we will show that
following the same line of reasoning, this method can also be used for any
change of variables in multiple integrals, regardless whether the new coordi-
nates are orthogonal or not.
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3.5.1 Jacobian for Double Integral

Consider the double integral in the Cartesian coordinates [ s f(z,y)da where
the area element da is of course just dx dy. Very often the variables of
integration (x,y) are not the most convenient for evaluating the integral. It
is desirable to define double integrals in terms of a general pair of curvilinear
coordinates.

Let the curvilinear coordinates be (u,v), and there be a one-to-one trans-
formation between (x,y) and (u,v):

r=x(u,v), y=yu,v). (3.122)
The position vector from the origin to a point inside S is
r=2x(u,v)i+y(u,v)j. (3.123)

Therefore, r can also be considered as a function of the curvilinear coordinates,
that is r = r (u,v) . Thus,

dr = —du + —dv. (3.124)
u v

Now (Jr/0u) du is an infinitesimal vector along the line where v in r (u,v) is
kept constant and (Jr/0v) dw is an infinitesimal vector along the line where u
is kept constant. While they may not be orthogonal, the area of the paralle-
logram formed by these two vectors is still given by their cross product,

Or Or Jr  Or
da = ’audu X mdU’ =392 X 0 du dv. (3.125)
It follows from (3.123),
or Oz, Oy,
0 %1 + %J, (3.126)
or Oz, Oy,
Thus the cross product of these two vectors is
ik oz O
ox Oy @A
or Or = 27 u O
ox == =k|ouw ou | 12
ou’” oo | Ju G oz dy (3.128)
% % 0 81} 6’0

The last determinant is called Jacobian determinant (or simply as Jacobian)
9 (z,y)
9 (u,v)’

written as
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dr Oy

_0@®,y) _ | 9u du
I =50 = B oy | (3.129)

ov Ov

It follows from (3.125) that the area element is equal to the absolute value of
the Jacobian times du dv

da= 2@ 4 a0 (3.130)

0 (u,v)

Therefore the double integral can be written as

//S F,y)dz dy = //S f(x(u,u),y(u,v))géz:fgdu dv. (3.131)

The integrand on the right-hand side is a function of u and v. Now suppose
we want to change it to an integral over z and y, we should have

d(z,y) _ 9 (z,y) 9 (u,v)
//S f(x(u,v),y(u,v)a(uyv)du dv = //S f(x’y)a(u,v) 9.9) dz dy.

The right-hand side of this equation must be identical to the left-hand side of
(3.131). Therefore

=1. (3.132)

u,v) .
This is a useful relation. Often we need Y , but (u,v) is much easier
x

o))
QI

to calculate. In that case, we simply set

e =[]

Now we must be careful not to assert that dx dy is equal to ggx’ y; du dv.
U, v

They are equal only in the sense that under the integral sign the area element

9 (z,y)
9 (u,v)

is the same as covered by (u,v). Locally they cannot be equal.
From ( 3.122), we have

dz dy can be changed to

du dv, provided the area S covered by (z,y)

ox ox

dr = ——du + ——dv, .1
By + e (3.133)
Jy dy

d —~du + =Zdv. 134

v= ou + ov (3.134)

d(z,y)
3w, 0) du dv

If we multiply dz by dy, it is certainly not equal to
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Incidentally, the transformation of the differentials can be written as

or Ox

dz\ | ou ov dul du
(dy) =1 oy o | ()= D (G, (3.135)
ou Ov

where (J) is known as Jacobian matriz. It is the matrix associated with the

d(x,y)

9 (u,v)
named after the German mathematician Carl Jacobi (1804-1851). Both are
very useful, but we must not get confused by the two.

Jacobian determinant . Jacobian determinant and Jacobian matrix are

3.5.2 Jacobians for Multiple Integrals

The definition of the triple integral [[fi, f (z,y,2)dV over a given region
V is entirely analogous to the definition of a double integral. If =, y, z are
rectangular coordinates, then dV = dx dy dz. Just as in double integral,
often the triple integral is much easier to evaluate with a set of curvilinear
coordinates w1, us, uz. Again, let

r=x(u,uz,uz), y=uy(u,uz,uz), z=2z(ui,uz, us), (3.136)

and the position vector be

r =z (u,uz,uz) i+ y(ur,us, us)j + z (ug, uz, uz) k, (3.137)
then 5 5 5
r r r
dr = —d —d —dus. 3.138
d 8u1 ULt 6u2 uz F (9’U,3 s ( )

The partial derivative (Or/0u;) is the rate of variation of r with uz and usz held
fixed. Therefore (Or/0uy ) duy is an infinitesimal vector along the u; coordinate
curve. Similarly, (Or/0us) dus and (9r/dusz) dug are, respectively, infinitesimal
vectors along the us and w3 coordinate curves. Regardless whether they are
orthogonal or not, the volume of parallelepiped formed by these three vectors
is equal to the scalar triple product of them

Or Jr Or
dV = —du; - | =—d —d . 1
\% au1 Ul <au2 Ug X 8U3 ’LLg) (3 39)

It follows from (3.137) that

Or or dy
i+—j+—k. .14
i+ 6u1J + o (3.140)

8u1 - 8u1

With similar expressions for r/dug and Or/dus, the scalar triple product can
be written as
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or 0Oy 0z

Jur Qur 9w
ba By 02

dV = d’LL1 d’u,g dU3. (3141)

8u3 81&3 au;;

Again the determinant is known as the Jacobian determinant, written as

dr  dy 0z

Bul Bul 8u1
_Owyz) | 9r Oy 9Oz (3.142)
O(u1,u2,u3) Ous Ous Ous | ’

x @ 0z

duz duz Juz

Thus, if the region covered by z,y, z and by w1, us, us is the same, then

// f(z,y,2z)dz dy dz = /// (w1, ug,us) O(x,y, 2) 7 _duy dus dus,
a(ul7u27u3)

(3.143)

where F(uy,ug,u3) = f (x(u1, u2, us), y(u, uz, uz), z(u1, uz, us)) .
We mention in passing that it can shown by induction that a multiple
integral of n variables can be similarly transformed, that is

/// flz1, 20, . .., 2n)dardes - - - day,

// / ul,uz,..., 3)a($1,$2,.. )duldu2 dun (3144)

a(U1,U2, e ,un)

Ezxample 3.5.1. Evaluate the integral

I = // z?y?dz dy

over the interior of the ellipse

2 2

Solution 3.5.1. Parametrically, the coordinates of a point on the ellipse can
be written as
r=acosf, y=bsind,

since
22 y?  a?cos?6  b2sin?6
Zte e T =L
a b a b2
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Fig. 3.8. Parametric form of an ellipse. Parametrically an ellipse can be written as
r=acosl, y=bsinf
This is shown in Fig. 3.8. Any point inside the ellipse can be expressed as

x =~acosf, y=-~ybsinb,

with 4 < 1. Therefore, we can take v and # as curvilinear coordinates. (Note
that the ellipse of v = constant, and the straight line of 6 = constant are not
orthogonal unless @ = b.) Thus, the integral can be written as

I—// ’yaCOSQ (ybsin 9) gg id do

where the Jacobian is given by

oxr Oy
O(@,y) _ | oy oy _’ acos bsinf | b
d(v,0) |0z 9y | |—vyasing ybcosd = e
00 00

Therefore

2m
I= / / (vacos0)* (vbsin 8)* yab dy df
o Jo

1 2m
1
= a3b3/ 'y5d'y/ cos?0sin20 df = a3b3 = | & = L33,
0 0 6)4 24
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Example 3.5.2. Evaluate the integral

z? +y?
exp(—2zxy)dx dy
//1+ y2)° (~2a)

by making a change of variable
u=a%—y? v=2ay.

Solution 3.5.2. First note the range of u is from —oo to oo,

x? +y 9 (z,y)
I —/ /OO T )2 exp(— 2xy)a(u’v)du dv.

0(x
The Jacobian M is not easy to calculate directly, but

0 (u,v)
ou Ou
O(ey) |00 00| |2y 2 | =AY
ox Oy
Therefore,
d(z,y)  [0(u,v) _1_ 1
9 (u,v) — [0(z,y) 4(z% +y?)
Thus

x? +y 1
I = ex 2xy) —————du dv
/ /oo 1+ (z )2 P(=229)

/ /oo 1+ ( )2 exp(—2zy)du dv

1 [ <1
/ / exp( v)du dv = 1/0 exp(—v)dv x 2/0 mdu

:4[ exp(—v)] Q[tan 1u]30:%.

Exercises

1. Express the vector v = 2zi — zj + yk in cylindrical coordinates.
Ans. v = (2p cos? p — zsin gp) e, — (2pcospsinp + zcos @) e, + psin pe,.

2. Find the curl of A where A = e, In (1/p) in cylindrical coordinates.
Ans. V x A = es(J . (The magnetic vector potentialof a long wire carrying
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a current [ in the z direction is A = ez% In (1/p). The magnetic field is

given by B=V x A = ewg—iln(l/p).)

. Show that In p satisfies the Laplace’s equation (V2 Inp = 0), (a) use cylin-
drical coordinates, (b) use spherical coordinates (p=rsinf), (c) use

Cartesian coordinates (p = (2 + y2)1/2 )

. Show that 1/r satisfies the Laplace’s equation (Vz(l/r) =0) forr #0, (a)

use cylindrical coordinates (r = (p2 + 22)1/ 2), (b) use spherical coordi-

nates, (c) use Cartesian coordinates (r = (2 +y* + 22)1/2 )

. (a) Show that in cylindrical coordinates

e dp o dp d
dt P dt P 2dt’

1/2
as _[(ao\*, (ae', (a=\]"
at — | \at Pt dt ’
where ds is the differential arc length.
(b) Find the length of the spiral described parametrically by p = a,

p=t, z=0btfromt=0tot=>.
Ans. 5(a® + b%)1/2.

. With the vector field A given by A = pe, + e, in cylindrical coordinates,
(a) show that Vx A = 0. (b) Find a scalar potential &, such that V@ = A.
Ans. % P2 +z

. Use the infinitesimal volume element AV of Fig. 3.2 and the definition of
the divergence
1

V. F=—
NG

F-nda

to derive the expression of the divergence in the cylindrical coordinate
system.

Hint: Find the surface elements of the six sides of AV, then add pairwise
the surface integrals of opposite sides. For example,

// F~nda+// F-nda=—F,(p,p, z)p dp dz
left right

)
+Fy(p+dp, ¢, 2)(p+ dp)dyp dz = o (pF,)dp dep dz.

With the othertwo pairs, the result is seen identical to (3.23).
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8.

9.

10.

11.

12.

13.

3 Curved Coordinates

A particle is moving in space. Show that the spherical coordinate compo-
nents of its velocity and acceleration are given by

V=T, Vg = ré, v, = rsinfgp,
.. -2 2,2
ar =71 —710 —rsin® 6y,
ag =10+ 210 — rcostiné?(pQ,
a, = rsinfp + 27 sin O + 2r cos 90<p
Starting with the expression of V@ in spherical system, express e, eg, e,

in terms of i,j,k, then equate it with V@ in rectangular coordinates.
In this way, verify that

00 o s L0 sing 00
or S COSQPBT cosveos e 09 rsinf oy’

0P . . 0D . 10P cosp 0P
= sm@smgpa + cosfsin p— —

dy 790 ' rsinfdp’
o0 _ o0 100
oz o8 or smy 09"

Use the infinitesimal volume element AV of Fig. 3.4 and the definition of

the divergence
1

AV [T

to derive the expression of the divergence in the spherical coordinate
system.

V- F F-nda

Find the expression of the Laplacian V? in spherical coordinates by
directly transforming V? = 2/9x2 +9? /9y + 02922 into spherical coor-
dinates using the results of the last problem.

Show that the following three forms of V2 (1) are equivalent:

2 2
@ e P52 0] 0 g2+ 25000, © 1oz,

(a) Show that the vector field

B B .
F = (A — 7"3> cos fe, — (A + 27“3> sin fey

is irrotational (V x F = 0).

(b) Find a scalar potential ¢ such that V@ = F.
(c) Show that @ satisfies the Laplace equation V@ = 0.

Ans. & = (Ar + B> cos 6.

272



14.

15.

16.

17.

18.
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Use spherical coordinates to evaluate the following integrals over a sphere
of radius R centered at the origin,

o fffa o fffa o fff s fffo

4 47 47 47
Ans. " p3 2T p3 2 p3 2T p3
ns 3R,15R715R75R

Let
L=—-ife 2fe L 9
- 290 sinfoyp )’
show that
(a) € L= _1%7
A 2
(b) L ! L: - |:51319% (Slna%) + sin129887g02:|'

(These are quantum mechanical L, L? angular momentum operators with
h=1.)

Find the area of the Earth’s surface which lies further north than
the 45°N latitude. Assume the Earth is a sphere of radius R.

Ans. 7R?(2 — v/2), which is only about 15% of the total surface area of
the earth (4w R?).

Use spherical coordinates to verify the divergence theorem

// V~FdV:#F-nda
\4 S

F = 72 cos fe, + 12 cos pey — 2 cos fsin e,

with

over a sphere of radius R.
Ans. Both sides equal to 0.

Use elliptical coordinates to evaluate the following integral over all space

I= ///%exp(f%l)dv,

where 71 and 7y are the distances from two fixed points which are sepa-
rated by a distance R. (This integral happens to be the so-called Coulomb
integral for the Hy molecule.)

Ans. % [11% — exp (—2R) (1 + ;)} .

Hint: ro = SR(A+p), 711 =3R(A—p).
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19. Parabolic coordinates (u, v, w) are related to Cartesian coordinates (z, y, z)
by the relation x = 2uv, y = u? —v?, 2 = w. (a) Find the scale factors

ha, hy, hy. (b) Show that the (u,v,w) coordinate system is orthogonal.
Ans. 2 (u2 + 112) 1/2 , 2 (u2 + 112)1/2 , 1.
20. Show that in terms of prolate spheroidal coordinates, the Laplace equation
(V2d5 = O) is given by
1 2 2

0 0 0 0
—®+cothn—P+ —5P +cot—-P
(Sinh2 n 4 sin2 9) 87]2 CO 77877 892 CO 66

1 9?

v % gy,
sinh? ) sin® 0 9>

21. An orthogonal coordinate system (u1, us,us) is related to Cartesian coor-
dinates (z,y, z) by

T = :C(Ul,UQ,ug), y= y(U17U27U3), z = Z(Ul,uz,uzs)-

Show that
or Or or 111
xS = hihoh b) Vuy - Vg x Vg = — — —
(a) 8u1 8UQ x 8U3 12 ( ) b U2 X s hl hg hg7

or Or or _ O(z,y, z) (d) Vs - Vg x Vg =

o or o O(u1, uz, u3)
Ouy  Oug "~ Ouz  O(ui,ug,us)’

© v, 2)

22. Use the transformation = +y = u, © —y = v to evaluate the double

integral
I= //(x2 +y%)dx dy

within a square whose vertices are (0,0), (1,1), (2,0), (1,-1).
Ans. 8/3.

Hint: Recall the Jacobian is the absolute value of the determinant

o 3y
ou Ou
0z 0y
ov Ov

arev=0, u=2, v=2, u=0.

. Draw the square and show that the four sides of the square





