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Vector Transformation and Cartesian Tensors

The universal validity of physical laws is best expressed in terms of
mathematical quantities that are independent of any reference frame. Yet
physical problems governed by these laws can be solved, in most cases, only if
the relevant quantities are resolved into their components in some coordinate
system. For example, if we consider a block sliding on an inclined plane, the
motion of the block is of course governed by Newton’s second law of dynamics
F = ma, in which no coordinates appear. However, to get the actual values
of velocity, acceleration, etc. of the block, we have to set a coordinate system.
We will obtain the correct answer no matter how we orient the axes, although
some orientations are more convenient than others. It is possible to take the
z-axis horizontal or along the incline. The components of F and a in the x
and y directions are of course different in these two cases, but they will com-
bine to give the same correct results. In other words, if the coordinate system
is rotated, the components of a vector will of course change. But they must
change in a specific way in order for the vector equation to remain valid. For
this reason, the vector field is best defined in terms of the behavior of its
components under axes rotation.

When the coordinate system is rotated, the transformation of the compo-
nents of the position vector r can be expressed in terms of a rotation matrix.
We will use this rotation matrix to define all other vectors. The properties of
this rotation matrix will be used to analyze a variety of ways of combining the
components of two or more vectors. This approach to vector analysis can be
easily generalized to vectors of dimensions higher than three. It also naturally
leads to tensor analysis.

Many physical quantities are neither vectors nor scalars. For example,
the electric current density J flowing in a material is linearly related to the
electric field E that drives it. If the material is isotropic, the three components
of J and E are related by the same constant ¢ in the Ohm’s law

Ji = oE;,
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where o is known as the conductivity. However, if the material is anisotropic
(nonisotropic), the direction of the current is different from the direction of
the field. In that case, the Ohm’s law is described by

3
Ji =Y 0B,
P

where o;; is the conductivity tensor. It is a tensor of rank two because it
has two subscripts ¢ and j, each of them runs from 1 to 3. All together it
has nine components. The defining property of a tensor is that, when the
coordinate axes are rotated, its components must change according to certain
transformation rules, analogous to the vector transformation. In fact, a vector,
with one subscript attached to its components, is a tensor of rank one. A tensor
of nth rank has n subscripts. In this chapter, the mathematics of tensors will
be restricted to Cartesian coordinate systems, therefore the name Cartesian
tensors.

4.1 Transformation Properties of Vectors

4.1.1 Transformation of Position Vector

The coordinate frame we use to describe positions in space is of course
entirely arbitrary, but there is a specific transformation rule for converting
vector components from one frame to another. For simplicity, we will first
consider a simple case. Suppose the rectangular coordinate system is rotated
counterclockwise about the z-axis through an angle 6. The point P is at
the position (x,y, z) before the rotation. After the rotation, the same posi-
tion becomes (z',%’,2’), as shown in Fig.4.1. Therefore the position vector r
expressed in the original system is

r = zi+yj+ zk, (4.1)

and expressed in the rotated system is
r= 2V +yj + 'K, (4.2)
where (i,j,k) and (i’,j’,k’) are the unit vectors along the three axes of the

original and the rotated coordinates, respectively. The relationship between
primed and unprimed systems can be easily found, since

=1 -r=i (ri+yj+zk)=G(iar+@G j)y+ (G k)=

:xcosﬂ—l-ycos(g—&):xcos0+ysin0 (4.3)
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Fig. 4.1. The coordinate system is rotated around z-axis. The primed quantities
are those in the rotated system and the unprimed quantities are those in the original

system
and
y=§r=j" (zityj+zk) = D+ ({-Hy+ I k)2
= x cos (g—i—ﬂ)+ycos€z—xsin€+ycos€. (4.4)
Since k = K/,
2 =z

Of course, these relations are also geometrical statements of the rotation.

It is seen in Fig. 4.1

2’ =0A+AB= 0Q +PAsin8:%+(PQfAQ)sin9
cos cos

1 _sin29

cos 0 cos

T .
= 50 + (y — rtanf)sinb —x(

) + ysind
=z cosf + ysinb,
y =PAcos = (PQ— AQ)cosd = (y — ztan ) cos §
= ycosf —xsinb,

which are identical to (4.3) and (4.4).
With matrix, these relations can be expressed as

z/ cosf sinf 0 T
y | = | —sinf cosh 0 y |- (4.5)
z 0 0 1 z

The 3x3 matrix is known as rotation matrix.
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4.1.2 Vector Equations

Vector equations are used to express physical laws which should be indepen-
dent of the reference frame. For example, Newton’s second law of dynamics

F = ma, (4.6)

relates the force F on the particle of mass m and the acceleration a of the par-
ticle. No coordinates appear explicitly in the equation, as it should be since
the law is universal. However, often we find it easier to set up a coordinate
system and work with the individual components. In any particular coordi-
nate system, each vector is represented by three components. When we change
the refrence frame, these components will change. But they must change in a
specific way in order for (4.6) to remain true. The coordinates will be changed
by either a translation and/or a rotation of the axes. A translation changes
the origin of the coordinate system, resulting in some additive constants in
the components of r. Since the derivative of a constant is zero, the translation
will not affect vectors F and a. Therefore the important changes are due to
the rotation of the axes.

First we note that if (4.6) holds in one coordinate system it holds in all,
for the equation may be written as

F—ma =0, (4.7)

and under axes rotation, the zero vector will obviously remain zero in the new
system. In terms of its components in Cartesian coordinate system, (4.7) can
be written as

(Fy —mag)i+ (Fy — may)j+ (F, —ma,)k =0, (4.8)

which leads to
F, =may, F,=may, F,=ma,. (4.9)
Now if the system is rotated counterclockwise about z-axis through an

angle 6 as indicated in Fig. 4.1, (4.7) becomes

T 2’

(Fy — may )i +(F,, —may,)j'+(F., —ma,)k'= 0, (4.10)
where by definition

go_e

v =" = gl
= a, cos 0 + aysin b, (4.11)

xcosf + ysinf)

d? d?
= @y' = @(fxsiné +ycosf)

—aysin 0 + ay cos b, (4.12)
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d? d?
a;/ = @Z/ = @Z = Q. (413)

Each component of (4.10) must be identically equal to zero. This gives
!/

x/

F,, = ma,, = m(—a,sinf + a, cosf),

FI

z

g — :
= ma,, = m(aycosf + a,sind),

!/
= maZ/ = ma,.

Using (4.9), we have
F), = Fycos0 + F,sind,
F,, = —F,sin6 + F, cos b,
F,=F,.

Written in the matrix form, these relations are expressed as

Fl, cosf sinf 0 F,
Ey, | = —sinfcosf 0 F, |. (4.14)
v, o o0 1) \R

Comparing (4.5) and (4.14), we see that the rotation matrix is exactly the
same. In other words, the components of the vector F transform in the same
way as those of the position vector r.

In physical applications, it means that in order for a quantity to be
considered as a vector, the measured values of its components in a rotated
system must be related in this way to those in the original system.

The orientation between two coordinate systems is of course not limited to
a single rotation around a particular axis. If we know the relative orientation
of the systems, we can follow the procedure of (4.3) to establish the relation

x’ @-i @3 (G -k) x
vI=( G019 (-5 (K y
2! k'-1) (K-j) (K- k) z

In Sect.4.1.3 we consider the actual rotation that will bring (i,j,k) into
(i,j k).

4.1.3 Euler Angles

Often we need to express the transformation matrix in terms of concrete rota-
tions which bring the coordinate axes into a specified orientation. In general,
the rotation can be regarded as a combination of three rotations, performed
successively, about three different directions in space. The most useful descrip-
tion of this kind is in terms of Euler’s angles «, (3,7, which we now define.
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(b)

line of nodes

line of nodes line of nodes

Fig. 4.2. Euler angles. (a) Relative orientation of two rectangular coordinate
systems XYZ ang X'Y'Z' with a common origin is specified by three Euler angles
a, 3,v. The line of nodes is the intersection of XY and XY’ planes. The transforma-
tion matrix is the product of the matrices representing the following three rotations.
(b) First rotate a along the Z axis, bring X axis to coincide with the line of nodes.
(c) Rotate 3 along the line of nodes. (d) Finally rotate v along Z’ axis

The two-coordinate systems are shown in Fig. 4.2a. Let XYZ be the axes of
the initial system, X’'Y’Z’ be the axes of the final system. The intersection of
XY plane and X'Y’ plane is known as the line of nodes. The relative orientation
of the two systems is specified by the three angles o, 3, v. As shown in Fig. 4.2a,
« is the angle between X axis and the line of nodes, § is the angle between
Z and Z' axes, and ~ is the angle between the line of nodes and X’ axis.

The transformation matrix from XYZ to X'Y’Z’ can be obtained by writing
it as the product of the separate rotations, each of which has a relative simple
rotation matrix. First rotate the initial axes XY Z, by an angle o counterclock-
wise about the Z axis, bring the X axis to coincide with the line of nodes.
The resultant coordinate system is labeled the Xi,Y7, Z; axes, as shown in
Fig. 4.2b. In the second stage the intermediate axes are rotated about X axis
counterclockwise by an angle 8 to produce another intermediate X1, Y11, Z11
axes, as shown in Fig. 4.2c. Finally the X11, Y11, Z11 axes are rotated counter-
clockwise by an angle v about the Z;; axis to produce the desired X'Y'Z’
axes, as shown in Fig. 4.2d.
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After the first rotation, the coordinates (z,vy, z) of r in the initial system
becomes (x1,y1,21) in the X; Y7 Z; system. They are related by a rotation
matrix,

T cosa sina 0 x
11 | = | —sinacosa 0 y |- (4.15)
21 0 0 1 z

The second rotation is about the X; axis. After the rotation, (x1,y1,21) be-
comes (Z11,Y11, 211) with the relation

T11 1 0 0 T
y11 | = [ 0 cosB sinf v |- (4.16)
211 0 —sin 3 cos B 21

After the final rotation about Z; axis, the coordinates of r becomes (z/,y’, 2’)
which is given by

x’ cosy sinvy 0 11
y | = | —sin~y cosy 0 y11 | - (4.17)
2 0 0 1 Z11

It is clear from (4.15) to (4.17) that

T x
v | =@y, (4.18)
2 z
where
cosvy siny 0 1 0 0 cosa sina 0
(A) = | —sinycosy 0 0 cos@ sing —sinacosa 0 | . (4.19)
0 0 1 0 —sin 3 cos B 0 0 1

Hence the 3x3 matrix (A) is the rotation matrix of the complete transfor-
mation. Multiplying the three matrices out, one can readily find the elements
of A,

€OS Y cos v — sin -y cos Bsin
(A) = | —sin~ycosa — cosycos 3sin
sin §sin

cosysina +sinycos fcosa  sinvysin 3
—sinysina 4 cos«ycos fcosa cosysin (4.20)
— sin 3 cos cos 3
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Tt is not difficult to verify that the product of matrix (A) and its transpose
(A7) is the identity matrix (I), (The transpose of (A) is the matrix (A) with
row and column interchanged.)

(4) (A%) = ().

Therefore the inverse (A) " is given by the transpose (A4)"

/

x x
= v
z 2

These are general properties of a rotation matrix which we shall prove in
Sect.4.1.4

It should be noted that different authors define Euler angles in slightly
different ways, because the sequence of rotations used to define the final orien-
tation of the coordinate systems is to some extent arbitrary. We have adopted
the definition used in most textbooks on classical mechanics.

4.1.4 Properties of Rotation Matrices

To study the general properties of vector space, it is convenient to use a more
systematic notation. Let (z,y,2) be (z1,22,23); (i,j,k) be (e1,es,e3), and
(Va, Vy, V2) be (Vi, Va, V3) . The quantities in the rotated system are similarly
labeled as prime quantities. One of the advantages of the new notation is that
it permits us to use the summation symbol X' to write the equations in a more
compact form. The orthogonality of (i, j, k) is expressed as

(ei-ej) = (e; - €}) = i,
where the symbol d;;, known as the Kronecker delta, is defined as
_J1li=y
={lizt,

In general, the same position vector r, expressed in two different coordinate
systems can be written as

3 3
r= Zx;-e;- = ijej. (4.21)

3 3
e Z:E;-e;. = Z(eg -el)rl = Zéiﬂ:; = ). (4.22)
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The same dot product from (4.21) gives

3 3 3
e ijej = Z(e; -€j)Tj. = Zaijxj- (4.23)
j=1 j=1 =1
It follows from (4.22) and (4.23) that
3 3
;= Z(e; rej)zj = Zaij%‘, (4.24)
J=1 J=1
where

aij = (€ - e;) (4.25)

is the direction cosine between e} and e;. Note that i in (4.24) remains as a
parameter which gives rise to three separate equations when it is set to 1,2,
and 3. In matrix notation, (4.24) is written as

T ai1 ai2 ai3 T
/

Ty = a21 A22 23 ZTo . (426)
/

T3 a31 az2 a33 Zs3

If, instead of €} - r, we take e; - r and follow the same procedure, we will

obtain
3

x; = Z(ei -e})xl.
j=1
Since (e; - €) is the cosine of the angle between e; and e, which can be
expressed just as well as (e - e;), and by definition of (4.25) (€ - e;) = a;,
therefore

3
T; = Zajia?;, (427)
j=1
or
1 a11 a21 azi 117/1
T2 = a12 22 a32 QE/Q . (428)
T3 a13 a3 ass T3

Comparing (4.26) and (4.28) we see that the inverse of the rotation matrix
is equal to its transpose

(aij) ™" = (aj0) = (aiy)". (4.29)

Any transformation that satisfies this condition is known as an orthogonal
transformation.
Renaming the indices ¢ and j, we can write (4.27) as

3
Tj = Zaijx;. (430)
i=1
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It is thus clear from (4.24) and the last equation that
ox;  Oz;

3
g = ox; Ozl
We emphasize this relation is true only in the Cartesian coordinate system.
The nine elements of the rotation matrix are not independent of each
other. One way to derive the relationships between them is to note that if the
two coordinate systems have the same origin then the length of the position
vector should be the same in both systems. This requires

3 3
reor=> af =Y 1l (4.32)
i=1 j=1

(4.31)

Using (4.24) , we have

=1 =1 =1 j=1 k=1
3 3 3 3
= E E TjTk E Q5 Q) = E (L']
j=1k=1 i=1 j=1

This can be true for all points if and only if

3
> aijai = 6. (4.33)
i=1

This relation is known as the orthogonality condition. Any matrix whose
elements satisfy this condition is called an orthogonal matrix. The rotation
matrix is an orthogonal matrix. With all possible values of i and j, (4.33)
consists of a set of six equations. This set of equations is equivalent to

3
Zaﬁaki = (Sjk (434)
i=1

which can be obtained in the same way from (4.32), but starting from right
to left with the transformation of (4.27).

Ezxample 4.1.1. Show that the determinant of an orthogonal transformation is
equal to either +1 or —1.

Solution 4.1.1. Let the matrix of the transformation be (A). Since (A)
(A=1) = (I), the determinant of the identity matrix is of course equal to one,
|AA_1’ = 1. For an orthogonal transformation A=! = AT, so |AAT’ = 1.
Since |AAT| = |A||AT| and |A| = |AT|, it follows that |A|* = 1. Therefore
|A| = £1.
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Example 4.1.2. Show that the determinant of a rotation matrix is equal
to +1.

Solution 4.1.2. Express €] in terms of {e;}: e} = 2?21 bir€r.

3 3
(e; . ej) = Zbik(ek . ej) = Zbikékj = bij.
i=1 i=1

But (€] - ;) = aj;, therefore b;; = a;;. So

!

e; = ajie; + ajzez + ases,
/

€, = az1€1 + azz€ez + asses,

!
e; = agie; + asze2 + asses.

As we have shown in 1.2.7, the scalar triple product is equal to the determinant
of the components
ail ai2 a3
/ / /
e - (62 X e3) = Q21 A22 a23 |,
az1 a32 ass

which is the rotation matrix. On the other hand,
e -(eyxesy)=¢e) e =+1.

Therefore
a1l ai2 a13
as1 a2z asz | = +1.
asi a3z ass

4.1.5 Definition of a Scalar and a Vector in Terms
of Transformation Properties

Now we come to the refined algebraic definition of a scalar and a vector.
Under a rotation of axes, the coordinates of the position vector in the
original system z; transform to z; in the rotated system according to

.I‘i = Z Qi T4 (435)
J

with
Zaijaik = 5jk-- (4.36)
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If under such a transformation, a quantity ¢ is unaffected, then ¢ is called
a scalar. This means if ¢ is a scalar, then

(1,2, 23) = ' (2], x4, 25). (4.37)

Note that after the coordinates are transformed, the functional form may be
changed (therefore ¢'), but as long as (z1,x2,z3) and (z}, x5, %) represent
the same point, their value is the same.

If a set of quantities (A1, A2, As) in the original system is transformed into
(A}, A, AL) in the rotated system according to

A; = ZaijAj, (438)
J

then the quantity A = (A, Ay A3) is called a vector. Since (aij)fl = (aj;),
(4.38) is equivalent to

J

This definition is capable of generalization and ensures that vector equa-
tions are independent of coordinate system.

Ezxample 4.1.3. Suppose A and B are vectors. Show that the dot product
A - B is a scalar.

Solution 4.1.3. Since A and B are vectors, under a rotation their compo-
nents transform according to

A; = ZaijAj; B; = Zaiij.
J J

To show the dot product
A-B=) AB

is a scalar, we must show that its value in the rotated system is the same as
its value in the original system.

(A . B)/ = ZA;B; = Z ZaijA]’ (Z aikAk>

%

= ZZ <Zaij(lik) AJAk :ZZ(SJ‘}CAJ‘BIC :ZAij = A -B.
ik i ik J

So A - B is a scalar.
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Exzample 4.1.4. Show that if (A, A, A3) is such that ), A;B; is a scalar for
every vector B, then (A;, Ag, As) is a vector.

Solution 4.1.4. Since ), A;B; is a scalar and B is a vector,
D ABi=) A=} A} aib;.
i i i j
Now both i and j are running indices, we can rename 4 as j, and j as . So
YIRS IS DTS ) S Hcs
i j i i

It follows

J

%

Since this identity holds for every B, we must have
J

Therefore Ay, Ao, A3 are components of a vector.

Example 4.1.5. Show that, in Cartesian coordinates, the gradient of a scalar
function Vy is a vector function.

Solution 4.1.5. As a scalar it must have the same value at a given point in
space, independent of the orientation of the coordinate system

¢’ (21, 23, 23) = @(z1, T2, 73). (4.40)
Differentiating with respect to z and using the chain rule, we have

o ., 0 Op Ox;
- =y = 4.41
57 ¥ (7172 73) axgw(“l’“’w?’) — Ox; O] 44D

It follows from (4.31) that in Cartesian coordinates
axj

— s
/ 17
ox!,

therefore

i

oy’ Ay
=Y a4 4.42
o’ . i 0 ( )
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Now the components of Vy are

9 Op Op
8.13178.%2781‘3 '

They transform under a rotation of coordinates in exactly the same way as
the components of a vector, therefore V is a vector function.

A vector whose components are just numbers is a constant vector. All
constant vectors behave like a position vector. When the axes are rotated,
the components change into a new set of numbers in accordance with the
transformation rule. Therefore, any set of three numbers can be considered as
a constant vector.

For vector fields, the components are functions of (1,22, x3) themselves.
Under a rotation, not only (z1, 2, z3) will change to (x], 24, z5), the appea-
rances of the component functions may also change. This leads to some
complications.

Mathematically the transformation rules place little restriction on what
we can call a vector. We can make any set of three functions the components
of a vector field by simply defining, in a rotated system, the corresponding
functions obtained from the correct transformation rules as the components
of the vector in that system.

However, if we are discussing a physical entity, we are not free to define
its components in various systems. They are determined by physical facts. As
we stated earlier, all properly formulated physical laws must be independent
of the coordinate system. In other words, the appearance of the equation
describing physical laws must be the same in all coordinate systems. If vector
functions maintain the same appearances in rotated systems, equations writ-
ten in terms of them will be automatically invariant under rotation. Therefore
we include in the definition of a vector field, an additional condition that the
transformed components must look the same as the original components.

For example, many authors describe

<“2> - (ii) (4.43)

as a vector field in a two-dimensional space (see, for example, E.M. Purcell,
“Electricity and Magnetism”, McGraw-Hill Book Co. (1965), page 36;
D.A. McQuarrie, “Mathematical Methods for Scientists and Engineers,”
University Science Books, (2003), page 301), still many others would say that
(4.43) cannot be called a vector field (see, for example, G. Arfken, “Mathemat-
ical Methods for Physicists”, Academic Press, (1968), page 8; P.C. Mathews,
“Vector Calculus”, Springer, Berlin Heidelberg New York (2002), page 118).
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If we consider (4.43) as a vector, then the components of this vector in the
system where the axes are rotated by an angle 6, are given by

VI [ cosf sinf Vi) _ [ cosf sin@ o
Vy) \ —sinf cosf Vo) \ —sinf cosf x1 )

Furthermore, the coordinates have to change according to

z1\  [cosf —sinf [}
x2 ) \sinf cosf xh )
One can readily show that

Vi 21 sin 0 cos 0 + 4 (cos? O — sin? §)
) = (204 sindoos0 4 ahcos? 0 e
Vy x) (cos? § — sin” 0) — 2x, sin 0 cos 0

Mathematically one can certainly define (4.44) as the components of the vector
in the rotated system, but they do not look like (4.43).
On the other hand, consider a slightly different expression

<%> = (_””;1) (4.45)

With the same transformation rules, we obtain

VI [ @h(cos®0+sin®6) \ [ 2 (4.46)
Vy —2)(cos?§ +sin’0) ) \ -2 )’ '

which has the same form as (4.45) . In this sense, we say that (4.45) is invariant
under rotations
Under our definition, (4.45) is a vector and (4.43) is not.

4.2 Cartesian Tensors

4.2.1 Definition

The definition of a vector can be extended to define a more general class of
objects called tensors, which may have more than one subscript.
If in the rectangular coordinate system of three-dimensional space, under
a rotation of coordinates
3
=Y ayzj,
j=1
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the 3N quantities T\ i, in (Where each of 41,42, - , iy runs independently
from 1 to 3) transform according to the rule

3 3 3
/ P— . . . . P . . . . .
El,i%"' AN T 2 : E : T E : iy 5y Qg o alN]NTJthw“ N (4'47)
J1=1j2=1 jn=1

then Tj, ;,.... s are the components of a Nth rank Cartesian tensor. Since
we are going to restrict our discussion to Cartesian tensors, unless explicitly
otherwise specified, we shall drop the word Cartesian from here on.

The rank of a tensor is the number of free subscripts. Tensor of zeroth
rank has only one (3° = 1) component. So it can be thought as a scalar. A
tensor of first rank has three components (3! = 3). The rule of transformation
of these components under a rotation is the same as the rule for a vector. So
a vector is a tensor of rank one.

The most useful other case is the tensor of second rank. It has nine com-
ponents (3% =9), T}; which obey the transformation rule

3 3
T‘i/j = Z Z ailajm,I‘lm' (448)

=1 m=1

The components of a second rank tensor may be conveniently expressed as a
3 X 3 matrix:
Ty Tie Tis
Tij = | Tor Toe Tos
T3 T2 T3

However, this does not mean that any 3 x 3 matrix forms a tensor. The
essential condition is that its components satisfy the transformation rule.

As a matter of terminology, a second-rank tensor in three-dimensional
space is a collection of nine components T;;. However, very often T;; is referred
to as “tensor” instead of “tensor components” for simplicity. In other words,
T;; is used to mean the totality of the components as well as the individual
component. The context will make its meaning clear. Another often used

symbol for tensors is a double bar over a letter, such as 7.

Ezxample 4.2.1. Show that in a two-dimensional space, the following quantity
is a second-rank tensor
.2
Tij = (x152rz i ) -
Ty —T1T2

Solution 4.2.1. In a two-dimensional space, a second rank tensor has four
(22 = 4) components. If it is a tensor, in a rotated system it must look like

w/ /2
T — <$1$22 —I7 >
1] ! !0 )
J Lo —T1To
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i\ (a1 a2 1\ ([ cosf sinf 1
5 a1 a22 T2 —sinf cos 6 9 )’

Now we must check if each component satisfies the transformation rule.

where

T}, = 2i25 = (cosOxq + sin Ox3)(— sin 01 + cos Oxz)
= —cosfsin 930% + cos? 0125 — sin® Oxsxy + sin 6 cos 9%%.
This is to be compared with

2

2
/
T11 = g g a1101mLm

=1 m=1

a11a11111 + arna12Th2 + ar2a11To1 + ar2a12722
= cos? 0129 — cos B sin Gz% + sin 6 cos Gxg — sin? 0z 2.
It is seen that these two expressions are identical. The same process will show

that other components will also satisfy the transformation rule. Therefore T;;
is a second rank tensor in the two-dimensional space.

This transformation property is not to be taken for granted. In the above
example, if one algebraic sign is changed, the transformation rule will not be
satisfied. For example if T55 is changed to zizs,

2
T1Ty —at
T, = , 4.49

J ( x3 a:lxg) ( )

then

2 2
/
Tll 7& Z Z allalmEWw

=1 m=1

Therefore (4.49) is not a tensor.

4.2.2 Kronecker and Levi-Civita Tensors

Kronecker delta tensor. The Kronecker delta which we have already encoun-

tered,
1=
5”‘{0 i3

is a second rank tensor. To prove this, consider the transformation

3 3 3
0y = Z Z @it @jmOtm = Zailajl =0ij. (4.50)
1=1

=1 m=1
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Therefore
5 — { 1i=j
900 AG
Thus §;; obeys the tensor transformation rule and is invariant under rotation.
In addition, it has a special property. The numerical values of its components
are the same in all coordinate systems. A tensor with this property is known

as an isotropic tensor.
Since

ZDik(Sjk = Djj,
k
the Kronecker delta tensor is also known as the substitution tensor. It is also

called a unit tensor, because of its matrix representation:

100
si; =010
001

Levi-Civita Tensor. The Levi-Civita symbol €55,

1 if (¢,7,k) is an even permutation of (1,2, 3)
gijk = 4 —1 if (4,4, k) is an odd permutation of (1,2,3) ,
0 if any index is repeated

which we used for the definition of a third-order determinant, is a third rank
isotropic tensor. This is also known as the alternating tensor. To prove this,
recall the definition of the third-order determinant

3 3 3 ail a1z A13
E E E A1102m A3nElmn = | Q21 Q22 Q23 | - (4.51)
=1 m=1n=1 asy a3z ass

Now if the row indices (1, 2, 3) are replaced by (i, j, k), we have

a1 G2 a3

3 3 3
§ § § Al AjmAkn€lmn = | @51 Q52 453 | . (452)
n=1

1=1 m= ak1 G2 Q3

—

This relation can be demonstrated by writing out the nonvanishing terms of
both sides. It can also be proved by noting the following. First fori =1, j = 2,
k = 3, it reduces to (4.51). Now consider the effect of interchanging ¢ and j.
The left-hand side changes sign because

3 3 3

3 3 3
E § ajlaimaknglmnzg § § A jm Al AknEm In

=1 m=1n=1 =1 m=1n=1

3 3 3
= - § § § il Ajm AknElmn -

=1 m=1n=1
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The right-hand side also changes sign because it is an interchange of two
rows of the determinant. If two indices of i, j, k are the same, then both sides
are equal to zero. The left-hand side is zero, since the quantity is equal to its
negative. The right-hand side is equal to zero since two rows of the determinant
are identical. This suffices to prove the result since all permutations of i, j, k
can be achieved by a sequence of interchanges.

It follows from the properties of determinants and the definition of €,
that

a1 G2 @43 aiil ai2 ais
aj1 Gj2 453 | = Eijk | A21 22 A23 |, (4.53)
Q1 G2 Q3 a31 az2 a33
and (4.52) becomes
3. 3.3 a1 a2 13
Z Z E @10 jmAknElmn = Eijk | 21 Q22 Q23 | . (4.54)
=1 m=1n=1 asy ass ass

This relation is true for any determinant. Now if a;; are elements of a rotation
matrix,

a1 ai2 ai3

ag a2 agz3 | =1,

as1 a3z ass

as shown in example 4.1.2.
To decide if €5 is a tensor, we should look at its value in a rotated system.
The tensor transformation rules require

3 3 3
/
Cijk = Z Z Z Q1A jm AknElimn-

=1 m=1n=1

But

3 3 3 a11 12 A13

E E E A1 Ajm Akn€lmn = Eijk | @21 A22 423 | = Ejjk-

I=1 m=1n=1 az1 az2 ass
Hence

€l = Eij (4.55)
ijk — <ijk-: .

Therefore, €;;1, is indeed a third-rank isotropic tensor.
Relation between 6,;; and €;;i,. There is an interesting and important rela-
tion between Kronecker delta and Levi-Civita tensors

3
> ijkitm = 0j16km — 6 jmOki- (4.56)
i=1
After summed over ¢, there are four free subscripts j, k, [, m. Therefore (4.56)

represents 81 (3% = 81) equations. Yet it is not difficult to prove (4.56), when
we make the following observations.
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1. If either j = k or I = m, both sides of (4.56) are equal to zero. If j = k,
the left-hand side is zero, because g;xx = 0. The right-hand side is also
equal to zero because 0g;0km — Oxmdrr = 0. The same result is obtained
for [ = m. Therefore we only need to check the cases for which j # k and
L #m.

2. For the left-hand side not to vanish, i, j, k have to be different. Therefore
given j # k, i is fixed. Consider &;;,,, since 7 is fixed and ¢, [, m have to be
different for nonvanishing ;;,,, therefore, | =j, m=korl=%k m=j
are the only two nonvanishing options.

3. For I = j and m = k, €;jx = €iim- Thus ;5 and €4, must have the same
sign. (Either both equal to —1, or both equal to 4+1). Therefore on the
left-hand side of (4.56), €;jk€im = +1. On the right-hand side of (4.56),
it is also equal to +1, since | # m,

0510km — 0jmOki = 0110 mm — OgmOm =1 —0=1.

4. For I = k and m = jJ, €55 = €4mi = —Eim-. Thus &;;; and &5, have
opposite sign. (one equal to —1 and the other +1, or vice versa). Therefore
on the left-hand side of (4.56), €;jx€ium = —1. On the right-hand side of
(4.56) , it is also equal to —1, since | # m,

010km — 0jmOki = Omidim — Omméy =0 —1= —1.

This covers all 81 cases. In each case the left-hand side is equal to the
right-hand side. Therefore (4.56) is established.

4.2.3 Outer Product

If i iy..in i a tensor of rank N and T}, j,...5,,

Sivig-in Livja-jng 08 @ tensor of rank (N + M).
This is known as the outer product theorem. (Outer product is also known

as direct product.) This theorem can be easily demonstrated. First it certainly

is a tensor of Mth rank, then

has 3V+M components. Under a rotation
1112 inN E al1k1 o a’iNkNSkl"'kN’
J1]2 gMm T Z Ajyly 0 aleMTll---lMa
3 3 3
where we have written >, > -+ > as Y.
Ji=1j2=1 jn=1 JiJN
’ ’
(Slllz ,Tj1j2-“jM) Shzz 1N,Tj1j2 Jm
§ E Aivky " Qinky Ajyly * " ajkIlNISkl"'kNﬂl”'lM’ (457)

ki-knli--

which is how a (M + N)th rank tensor should transform.
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For example, the outer product of two vectors is a second rank tensor.
Let (A1, As, A3) and (B1, Bs, Bs) be vectors, so they are first rank tensors.
Their outer product A;B; is a second rank tensor. Its nine components can
be displayed as a matrix

A1By AiBy A1Bs
AiBj = | A3B; A3Bs AsBs

Since A and B are vectors,

3 3
!/ /
A= E aixAr; Bj = E a; B,
k=1 =1

it follows
3 3

A;B; = Z Z aikaﬂAkBl,
k=11=1
which shows A; B; is a second rank tensor, in agreement with the outer product
theorem.

We mention in passing, the second rank tensor formed by two vectors A
and B is sometimes denoted as AB (without anything between them). When
written in this way, it is called a dyad. A linear combination of dyads is a
dyadic. Since everything that can be done with vectors and dyadics can also
be done by tensors and matrices, but not the other way around, we will not
discuss dyadics any further.

Ezxample 4.2.2. Use the outer product theorem to show that the expression in

example4.2.1
2
o X192 —331
T ( x3 xlxg)

is a second rank tensor in a two-dimensional space.

Solution 4.2.2. A two-dimensional position vector is given by

(5)=(2)

We have also shown in (4.46) that

(m)=(2)

is a vector in the two-dimensional space. The outer product of these two
vectors is a second rank tensor

2
s = (g 0 ) =

553 —T1X2
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4.2.4 Contraction

We can lower the rank of any tensor through the following theorem.
If T igig-in @8 a tensor of Nth rank, then

Sigein =§ E Oivio Tivigigerin
11 12

is a tensor of rank (N — 2).
To prove this theorem, we first note that S;,...;,, has
Next we have to show that

Siyin = Z Z Ovin Tl imigin (4.58)

i1 2

3N=2 components.

satisfies the tensor transformation rule.
With

!
6' - 67,'11'27

1192

/ —_— . . . . DY . . . . .
Til,ig,miN - E iy g1 Qigjo a'lNJNleﬂzw‘JN?
JiJN

(4.58) becomes

! e . . . . . . PR . . . . .
Sig---iN - E :61112 E Qi1 j1 Qigjo a’lNJNTJhJ%'”vJN
JiJN

1182
= (E 6i1i2ai1j1aizjz> isgs * injn Tjr go,in-
Ji N \i1i2
Now
§ 5i1i2ai1j1ai2j2 = § Qi1 jy Qiqjo = 5j1j27
iliQ il
SO

/ P . . . . “ .. . . . . .
Sig"'iN = E : 01 jo Qisjs Wingin Ljs jarrin
JiJnN

=) Y " juiaThr o | Bings *** Ginin

JaInN \J1J2

= D iy Qi Sjgin- (4.59)
J3JN

Therefore Si,...;y is a (N — 2)th rank tensor.
The process of multiplying by d;,;, and summing over i; and iy is called
contraction. For example, we have shown that A;B;, the outer product of two
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vectors A and B, is a second rank tensor. The contraction of this second-rank
tensor is a zeroth rank tensor, namely a scalar.

> 6;AiB; =) AiBi=A-B.
1] 7

Indeed, this zeroth rank tensor is the dot product of A and B.

Simply stated, a new tensor of rank (N — 2) will be obtained if two of the
indices of a Nth rank tensor are set equal to each other and summed over.
(The German word for contraction is wverjingung, which can be translated
as rejuvenation.) If the rank of the tensor is 3 or higher, we can contract
over any two indices. In general we get different (N — 2)th rank tensors if we
contract over different pairs of indices. For example, in the third rank tensor
T; = A, B;,C,,, if i1 and is are contracted, we obtain a vector

> Tuiy =) AiBiCiy = (A-B)Ci,,

18293 39

(remember C;, could represent a particular component of C, it also could
represent the totality of the components, namely the vector C itself). On the
other hand, if i3 and i3 are contracted, we obtain another vector

> Tiii=Y_ Ai,BiCi=A; (B-C).

So contracting the first two indices we get a scalar times vector C, and con-
tracting the second and third indices we get another scalar times vector A.

Contraction is one of the most important operations in tensor analysis and
is worth remembering.

4.2.5 Summation Convention

The summation convention (invented by Einstein) gives tensor analysis much
of its appeal. We note that in the definition of tensors (4.47), all indices over
which the summation is to be carried out are repeated in the expression.
Moreover, the range of the index (such as from 1 to 3) is already known from
the context of the discussion. Therefore, without loss of information, we may
drop the summation sign with the understanding that the repeated subscripts
imply that the term is to be summed over its range. The repeated subscript
is referred to as a “dummy” subscript. It must appear no more than twice in
a term. The choice of dummy subscript does not matter. Replace one dummy
index by another is one of the most useful tricks in tensor analysis one should
learn. For example, the dot product A - B can be equally represented either
by A;B; or AgBy, since both of them mean the same thing, namely

3 3
AgBy=> A;Bi=)Y A;B; = AB) + A;By + A3B; = A - B.
i=1 j=1
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Ezample 4.2.3. Express the expression A;B;C; with summation convention in
terms of ordinary vector notation.

Solution 4.2.3.

3
A;B;C; = (Z AiCi> B; = (A-C)B;.

i=1

Note that it is the subscripts that indicate which vector is dotted with
which, not the ordering of the components of the vectors. The ordering is
immaterial. So (A - C) B; = A,CyB; is equally valid. The letter j is a free
subscript, it can be replaced by any letter other than the dummy subscript.
However, if the term is used in a equation, then the free subscript of every
term in the equation must be represented by the same letter.

From now on when we write down a quantity with N subscripts, if all N
subscripts are different, it will be assumed that it is a good Nth rank tensor.
If any two of them are the same, it is a contracted tensor of rank N — 2.

Example 4.2.4. (a) What is the rank of the tensor €;;,A;B,,? (b) what is the
rank of the tensor €;;, A, By? (c) Express ;1 A; B, in terms of ordinary vector
notation.

Solution 4.2.4. (a) Since &;j;, is a third rank tensor and A;B,, is a tensor
of rank 2, so by the outer product theorem ¢;;,A4;B,, is a tensor of rank 5.
(b) €ijxA;By, is twice contracted, so it is a first rank (5 — 4 = 1) tensor. (c)

6ijkAjBlc = Z ZeijkAth
ik

If ¢ = 1, the only nonzero terms come from j = 2 or 3, since &;;; is equal to
zero if any two indices are equal. If j = 2, k can only equal to 3. If j = 3, k
has to be 2. So

€1k Aj By, = €123A2B3 + €130 A3By = Ay By — A3By = (A X B);.

Similarly,
EgjkAjBk = (A X B)g, EgjkAjBk = (A X B)3

Therefore
€ijkAjBr = (A x B);.
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Ezxample 4.2.5. Show that
Ay Ay A
EijkAiBjCk: Bl BQ Bg .
Cy Cy C5
Solution 4.2.5.
gijkAiBjCk = (EijkAiBj)Ck = (A X B)ka = (A X B) -C
Cl CQ Cg Al A2 AB
:A1A2A3:BlBgB3.
By By Bj C1 Oy C3

With the summation convention, (4.56) is simply

€ijk€itm = 0ji0km — 0jmOki- ‘ (4.60)

Many vector identities can be quickly and elegantly proved with this equation.

Ezxample 4.2.6. Show that
Ax(BxC)=(A-C)B-C(A-B)
Solution 4.2.6.
(B x C), =¢€ij1B;C
[Ax (B X C)|; = €tmnAm (B x C),, = €tmnAmenjtBiCr = enimEnjkAmB;Ch

EntmEnjkAmB;jiCr = (01;0mk — 0160m;) AmB;Ci
= AkBle — AijCl = (A . C) Bl - (A : B) Cl~

Since the corresponding components agree, the identity is established.

Ezxample 4.2.7. Show that
(AxB)-(CxD)=(A-C)(B-D)—(A-D)(B-C).
Solution 4.2.7.
(A xB)-(C x D) =¢xjAiBjcrimCiDp,
= (0:10jm — 0imdj1) A; B;C, Dy, = Ay B, C 1Dy, — Ay, BiIC1 Dy,
=(A-C)(B-D)-(A-D)(B-C).

4.2.6 Tensor Fields

A tensor field of Nth rank, Tj,..;, (71,2, 23) is the totality of 3V functions
which for any given point in space (21, z2, 23) constitute a tensor of Nth rank.
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A scalar field is a tensor field of rank zero. We have shown in example 4.1.5
that the gradient of a scalar field is a vector field. There is a corresponding
theorem for tensor fields.

IfT;,..in (21, 22,23) is a tensor field of rank N, then

0
Tl‘iTilwiN (wla T2, xd)
is a tensor field of rank N + 1.
The proof of this theorem goes as follows.

a ' 6 / ! !/ !/
ai%Til---iN(Jilvﬂﬁzvx?,) ?T cin (T7, T, T3)

E : Aiygy =" aiNjNle“'jN (£B1,:E2, x3)'
837
vjidn

By chain rule and (4.31)

ox; 0
Z 8:5] axj z]: T

SO
0 0
<%ﬂ1~~~iw(xl7z23z3) Z Z QijQgy 5, *° azNjNa T jN(x17x27x3)7
’ J g1
(4.61)
which is how a tensor of rank N + 1 transforms. Therefore the theorem is
proven.

To simplify the writing, we introduce another useful notation. From now
on, the differential operator 9/0z; is denoted by 9;. For example,

= ai )
axi@ ¥

which is the ith component of V. Again it can also represent the totality of

Op Oy Op
8961’8:52’8903 '

Thus 9;¢ is a vector. (Note it has one subscript.)
Similarly,
e ey e3
V x A= (3'1 82 (93 s
Ap Ay As

V-A:ZZAi —Z@Ai = 0; Aq,

Lg

9
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V X A Z{-:”k Ak = Ewka Ak

With these notations, vector field identities can be easily established.

Ezample 4.2.8. Show that V - (V x A) =
Solution 4.2.8.

V. (V X A) = 8i (V X A)i = 8i<€ijkajz4k = €ijk8i8jAk

= 11030, Ay (8:0; = 9;0;)
—¢€5ik0;0; A,

= —£i;50;0; Ay (rename 7 and j)
~V - (V xA)

Thus 2V - (V x A) =0. Hence V- (V x A) =

Ezample 4.2.9. Show that V x (V¢) = 0.

Solution 4.2.9.

[V X V|, = ¢€ijx0; (V) = €iji0;0kp = —€ik;j0i0kp
= —£;k0; O (rename j and k)
=—[V x Vy],.

It follows that V x Vi = 0.

Ezample 4.2.10. Show that V x (V x A) = V (V- A) — V?A.
Solution 4.2.10.

[V x(V xA)], =¢€;10; (V x A), = €ijx0i€imO1Am
= €kij €m0 Ol Am
— (6ubsm — Simbs1) 0300 Anm
= 0m0; A — 0101 A; = 0;0m Ay, — 0101 A;
= [V(V-A)], - (V*A),.

Hence V x (V x A) = V (V- A) — V2A, since corresponding components
from both sides agree.
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Ezample 4.2.11. Show that V- (A xB)=(V xA)-B—-A-(V xB).
Solution 4.2.11.
V- (A xB)=0;(AxB), =0ijxA;Br = €ijx0;(A; B,)
= €ik(0iAj) B + €ijrAj(0:Br) = (€ij10;A;)Br — Aj(€ix0; Bi)
=(VxA) B, —A4;(VxB);=(VxA)-B-A (VxB).

Example 4.2.12. Show that
Vx(AxB)=(V-B)A—(V-A)B+(B-V)A— (A V)B.
Solution 4.2.12.
[V X (A X B)]2 = 5ijk8j (A X B)k = Eijkajé‘klmAle

= 5k:ij5kl'maj (Ale) = 6kij€kl'm(BTn8jAl + Alaij)
= (5il5jm - 5im5jl) (BmajAl + Alaij)
= B,,,0mA; — B;0,A; + A;0,, By, — A10,B;
—[(B-V)A—(V-A)B+(V-B)A—(A-V)B],.

Since the corresponding components agree, the two sides of the desired
equation must be equal.

4.2.7 Quotient Rule

Another way to determine if a quantity with two subscripts is a second rank
tensor is to use the following quotient rule.
If for an arbitrary vector B, the result of summing over j of the product
K;;Bj is another vector A
A; = KB, (4.62)

and (4.62) holds in all Cartesian coordinate systems, then K;; is a true second
rank tensor.
To prove the quotient rule, we examine the components of A in a rotated
system,
A: =ayA; = ay Ky Bp,.

Since B is a vector,
/
By, = ajmBj.
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It follows
A; = ay Ky By = ailKlma’ij; = ailajmKlmB;.

But since (4.62) holds for all systems,

A =K B

YA

Subtracting the last two equations,

(K{- — ailajmKlm) B; =0.

)

Since B is arbitrary,
!
Kij = ailajmKlm.

Therefore K;; is a second rank tensor.
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With a similar procedure, one can show that if an Mth rank tensor is
linearly related to an Nth rank tensor through a quantity T with M + N
subscripts, and the relation holds for all systems, then T is a tensor of rank

M+ N.

FEzxample 4.2.15. If T;;x;x; is equal to a scalar S, show that T;; is a second

rank tensor.

Solution 4.2.13. Since z;x; is the outer product of two position vectors, so
it is a second rank tensor. The scalar S is a zeroth rank tensor, therefore
by quotient rule T;; is a second rank (2 + 0 = 2) tensor. It is instructive to
demonstrate this directly by looking at the components in a rotated system.

/. _ /
S =Tijxix; = TimTTm. T = aqTi; Tm = QGjmT;.

/ / !/
S = Timaur;ajm®; = auajmTimziz;,

[ T A ’
S =T,xz;, S =S5

Therefore
U /W !
(T3; — anajmTim)ziz; = 0;  Tj; = aipajmTim.

Hence Tj; is a second rank tensor.

4.2.8 Symmetry Properties of Tensors
A tensor S;j... is said to be symmetric in the indices ¢ and j if

Sijkm = Ojike--
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A tensor Ajjj... is said to be antisymmetric in the indices ¢ and j if
A”k = _Ajik~-~

For example, the outer product of r with itself z;x; is a second rank symmet-
rical tensor, the Kronecker delta d;; is also a second rank symmetrical tensor.
On the other hand, the Levi-Civita symbol €;;;, is antisymmetric with respect
to any two of its indices, since €;5, = —€;ik-

Symmetry is a physical property of tensors. It is invariant to coordinate
transformation. For example, if S;; is a symmetrical tensor in certain coordi-
nate system, in a rotated system

! !
Sim = Qiam;Sij = Am;ai;Sji = Sy
Therefore S;; is also a symmetric tensor in a new system. Similar results hold
also for antisymmetric tensors.
A symmetric second rank tensor S;; can be written in the form

S11 Si2 Sis
Sij = | Si2 S22 Sa3 |,
S12 Saz S33

while an antisymmetric second rank tensor A;; is of the form

0 Ais Ags
Ajj=| A2 0 A
—A13 —Azs 0

Thus a symmetric second rank tensor has six independent components, while
an antisymmetric second tensor has only three independent components.
Any second rank tensor Tj; can be represented as the sum of a symmetric
tensor and an antisymmetric tensor. Given Tj;, one can construct
1 1

5 L +T50), Ay = 5(Tij = Tha).-

Clearly S;; is symmetric and A;; is antisymmetric. Furthermore

Sij =

Tij = Sij + Aij.

Therefore any second rank tensor has a symmetric part and an antisymmetric
part.

As shown in the theory of matrices, the six independent elements of a
symmetric matrix can be represented by a quadratic surface. In the same way,
a symmetric second rank tensor can be represented uniquely by an ellipsoid

Tijxix]- = :|:1,

where the sign is that of the determinant of |Tj;|.
The three independent components of an antisymmetric second rank tensor
can also be represented geometrically by a vector.
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4.2.9 Pseudotensors

One of the reasons why tensors are useful is that they make it possible to
formulate the laws of physics in a way that is independent of any preferred
direction in space. One might also expect these laws to be independent of
whether we choose a right-handed system or a left-handed system of axes.
However, under a transformation from right-handed axes to left-handed axes
not all tensors transform in the same way.

So far our discussion has been restricted to rotations within right-handed
systems. The right-handed system is defined by naming the three basis
vectors eq, ey, e3 in such a way that the thumb of your right hand is pointing
in the direction of ez if the other four fingers can curl from e; toward e
without passing through negative es. A right-handed system can be rotated
into another right-handed system. The determinant of the rotation matrix is
equal to 1 as shown in example4.1.2.

Now consider the effect of inversion. The three basis vectors eq, eo, €3 are
changed to €/, €}, e} such that

/ / /
el = —eq, 82 = —egq, 83 = —es.

This new set of coordinate axes is a left-handed system. This is called a left-
handed system because only if you use your left hand, can the thumb point
in the positive e} direction while other four fingers curl from e} toward e}
without passing through negative e). Note that one cannot rotate a right-
handed system into a left-handed system.

If we use the same right hand rule for the definition of vector cross products
in all systems, then with right-handed axes

(e1 X eg) ce3 = 1,

and with left-handed axis

The position vector
r =x1€1 + x2€e9 + r3€3

expressed in the inverted system becomes

r' = —x€] — 1€l — x3€l.

In other words, it is the same vector r = r’, except in the prime system
the coefficients become negative since the axes are inverted. Vectors behaving
this way when the coordinates are changed from a right-handed system to a
left-handed system are called polar vectors. They are just regular vectors.
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A fundamental difference appears when we encounter the cross product of
two polar vectors. The components of C = A x B are given by

Cy = AyB3 — A3Bo,

and so on. Now when the coordinates axes are inverted, A; goes to —A;, B;
changes to —B; but C; goes to +C; since it is the product of two negative
terms. It does not behave like polar vectors under inversion. To distinguish,
the cross product is called a pseudo vector, also known as Axial vector.

In addition to inversion, reflection (reversing one axis) and interchanging
of two axes also transform a right-handed system into a left-handed system.
The transformation matrices of these right-left operations are as follows.

Inversion:
x) -1 0 O T
=10 -1 0 T2
xh 0 0 -1 T3

Reflection with respect to the zox3 plane:

x) -100 x
=10 10 To
xh 0 01 x3

Interchange of x; and x4 axes:

x) 010 x1
dy | =(100]
zl 001 x3

These equations can be written in the form
T; = Q.

It is obvious that the determinants |a;;| of these transformation matrices are
all equal to —1. A left-handed system can be rotated into another left-handed
system with Euler angles in the same way as in the right-handed systems.
Hence, if a matrix (a;;) transforms a right-handed system into a left-handed
system, or vice versa, the determinant |a;;| is always equal to —1. Furthermore,
we can show, in the same manner as with the rotation matrix, that its elements
also satisfy the orthogonality condition:

AikQjk = 0j-

Therefore it is also an orthogonal transformation.

Thus the orthogonal transformations can be divided into two classes:
proper transformation for which the determinant |a;;| is equal to one, and
improper transformation for which the determinant is equal to negative one.
If the transformation is a rotation, it is a proper transformation. If the
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transformation changes a right-handed system into a left-handed system, the
transformation is improper.
A pseudovector can now be defined as satisfying the transforming rule

Vi = laij| ai;Vj.

If the transformation is proper, polar vectors and pseudovectors transform in
the same way. If the transformation is improper, polar vectors transform as a
regular vector, but pseudovectors will flip direction.

Pseudotensors are defined in the same way. The components of a Nth rank
pseudotensor transform according to the rule:

Til1~~-iN = |aij| (G T aiNjNle“'jN7 (4'63)

which is exactly the same as a regular tensor, except for the determinant |a;;| .
It follows from this definition that:

1. The outer product of two pseudotensors of rank M and N is a regular
tensor of rank M + N.

2. The outer product of a pseudotensor of rank M and a regular tensor of
rank NNV gives a pseudotensor of rank M + N.

3. The contraction of a pseudotensor of rank N gives a pseudotensor of rank
N —2.

A zeroth rank pseudotensor is a pseudoscalar, which changes sign un-
der inversion, whereas a scalar does not. An example of pseudoscalar is the
scalar triple product (A x B) - C. The cross product of A x B is a first
rank pseudotensor, the polar vector C is a regular first rank tensor. Hence
(A xB);-C; = (A xB)-C is the contraction of a second rank pseudotensor
(A x B); - C}, therefore a pseudoscalar. If A,B, C are the three sides of a
parallelepiped, (A x B) - C is the volume of the parallelepiped. Defined this
way, volume is actually a pseudoscalar.

We have shown ¢;;1 is an isotropic third rank tensor under rotations. We
will now show that if €;;; is to mean the same thing in both right-handed
and left-handed systems, then €;;;, must be regarded as third rank pseudoten-
sor. This is because if we want 5§jk = €;;;, under both proper and improper
transformations, then €;;;, must be expressed as

ik = laij| Qi1 imankEimn. (4.64)
Since
A1 Qjm AknElmn = Eijk \aij| s
as shown in (4.54), it follows from (4.64) that
eiie = laijl esji lass| = lai) eije = €ijn-

Therefore €53 is a third rank pseudotensor.
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Ezxample 4.2.14. Let Ty5,T13, To3 be the three independent components of an
antisymmetric tensor, show that T53, —T13,T13 can be regarded as the com-
ponents of a pseudovector.

Solution 4.2.14. Since €;;, is a third rank pseudotensor, T}, is a second rank
tensor, after contracting twice,

Ci = eijrTjk

the result C; is a first rank pseudotensor, which is just a pseudovector. Since
Tij = *Tjia SO

To1 = —Tho, T31 = —Ti3, T3y = —Tps.
Now

C1 = e123T53 + €132T32 = To3 — T2 = 2153,
Cy = 213113 + €231T31 = —T13 + T3 = —2173,
Cs = e312T12 + 321121 = Ti2 — To1 = 27715

Since (C1,Cs, Cs) is a pseudovector, (T, —T13,T12) is also a pseudovector.

Ezample 4.2.15. Use the fact that €;; is a third rank pseudotensor to show
that A x B is a pseudovector.

Solution 4.2.15. Let C = A x B, so
Oi = 5ijkAjBk~

Expressed in a new coordinate system where A, B, C are, respectively, trans-
formed to A’,B’,C’, the cross product becomes C’'= A’xB’ which can be
written in the component form

ClI_E/ ’ 1

— “lmn‘*mn-
Since ;5 is a pseudotensor,
/
Elmn = |@ij| QiGmjankEijhs
so C] becomes
! / /
C| = laij| ariamjankeijp Ay, By,

But
Aj =amjA,,, Bp=anB,

thus
Cll = \aij| alisijkAjBk = |aij\ aliC’,;.

Therefore C = A x B is a pseudovector.
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Since mathematical equations describing physical laws should be inde-
pendent of coordinate systems, we cannot equate tensors of different rank
because they have different transformation properties under rotation. Like-
wise, in classical physics, we cannot equate pseudotensors to tensors because
they transform differently under inversion. However, surprisingly nature under
the influence of weak interaction can distinguish a left-handed system from
a right-handed system. By introducing a pseudoscalar, the counterintuitive
events that violate parity conservation can be described. (See, T.D. Lee in
“Thirty Years Since Parity Nonconservation”, Birkhduser, 1988, page 158).

4.3 Some Physical Examples

4.3.1 Moment of Inertia Tensor

One of the most familiar second rank tensors in physics is the moment of
inertial tensor. It relates the angular momentum L and the angular velocity
w of the rotational motion of a rigid body. The angular momentum L of a
rigid body rotating about a fixed point is given by

L:/rxvdm,

where r is the position vector from the fixed point to the mass element dm,
and v is the velocity of dm. We have shown

V=wXTr,

therefore
L:/rx(wxr)dm
:/[(r-r)w— (r - w)r] dm.

Written in tensor notation with the summation convention, the ¢th component

of L is
L= /[r2wi — zjwjiz;]dm.

Since
r2w; = r?w;d,,

Li = Wy /[7’25” — :cjxi]dm = LWy,

where I;;, known as the moment of inertia tensor, is given by

IZ" = /[a:kx;géij — xsz]dm (465)
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Since 6;; and x;x; are both second rank tensors, I;; is a symmetric second
rank tensor. Explicitly the components of this tensor are

[(@3+a3)dm  — [zizedm - [z1x3dm
Lij=| —[zezidm [(2?+2%)dm — [zoxsdm |. (4.66)
— [zszidm  — [z3zodm  [(23 + 23)dm

4.3.2 Stress Tensor

The name tensor comes from the tensile force in elasticity theory. Inside a
loaded elastic body, there are forces between neighboring parts of the material.
Imagine a cut through the body, the material on the right exerts a force F
on the material to the left, and the material on the left exerts an equal and
opposite force —F on the material to the right.

Let us examine the force across a small area AzjAxs, shown in Fig. 4.3, in
the imaginary plane perpendicular to the xo axis. If the area is small enough,
we expect the force is proportional to the area. So we can define the stress Po
as the force per unit area. The subscript 2 indicates that the force is acting
on a plane perpendicular to the positive x5 axis. The components of P5 along
1, %2, x3 axes are denoted as P, Pss, P3o, respectively. Next, we can look at
a small area on the imaginary plane perpendicular to the z; axis, and define
the stress components Py, Ps1, P31. Finally, imagine the cut is perpendicular
to the x3 axis, so the stress components P35, P»3, P33 can be similarly defined.
If eq, es, e3 are the unit bases vectors, these relations can be expressed as

Pj = Pijei. (467)
Thus the stress has nine components
Py Py Pi3
Pyj=| Py Po Pa3 |. (4.68)
P31 P3y Ps3
X3
Pas _Fy
/ 2 AX1 AX3
Pee X2
Axg )
P12 Axi

Fig. 4.3. Stress P2, defined as force per unit area, on a small surface perpendicular
to the z2 axis. Its components along the three axes are, respectively, Pi2, P22, P32
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X3
Pas
Pa3
P P
P ~| *Pia T “
22 )
22
| s
Psp P12

X,

Fig. 4.4. The nine components of a stress tensor at a point can be represented as
normal and tangential forces on the surfaces of an infinitesimal cube around the
point

The first subscript in P;; indicates the direction of the force component, the
second subscript indicates the direction of the normal to the surface on which
the force is acted upon.

The physical meaning of P;; is as follows. Imagine an infinitesimal cube
around a point inside the material, F;; are the forces per unit area on the
faces of this cube, as shown in Fig. 4.4. For clarity, forces are shown only on
three surfaces. There are both normal forces P;; (tensions shown but they
could be pressures with arrows reversed) and tangential forces P;; (i # j,
shears). Note that, in equilibrium, the forces on the opposite faces must be
equal and opposite. Furthermore, (4.67) is symmetric P;; = P;;, because of
rotational equilibrium. For example, the shearing force on the top surface in
the x5 direction is Pa3Ax1Axs. The torque around x; axis due to this force
is (PasAxiAxe)Azs. The opposite torque due to the shearing force on the
right surface is (P32 AzzAx1)Axs. Since the net torque around z; axis must
be zero, therefore

(P23A$1ACE2)A{,C3 = (P32A1'3A£L‘1)ALL'1,

and we have
Pz = Pso.

Similar argument will show that in general P;; = Pj;, therefore (4.68) is
symmetric.

Now we are going to show that the nine components of (4.68) is a tensor,
known as the stress tensor. For this purpose, we construct an infinitesimal
tetrahedron with its edges directed along the coordinate axes as shown in
Fig.4.5. Let Aaq, Aas, Aas denote the areas of the faces perpendicular to
the axes x1,xs2, T3, respectively, the forces per unit area on these faces are
—P;,—P,, —P3, since these faces are directed in the negative direction of the
axes. Let Aa,, denote the area of the inclined face with an unit exterior normal
n, and P,, be the force per unit area on this surface. The total force on these
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Fig. 4.5. Forces on the surfaces of an infinitesimal tetrahedron. The equilibrium
conditions show that the stress must be a second rank tensor

four surfaces must be zero, even if there are body forces, such as gravity. The
body forces will be proportional to the volume, whereas all the surface forces
are proportional to the area. As dimensions shrink to zero, the body forces
have one more infinitesimal, and can always be neglected compared with the
surface forces. Therefore

P,Aa, — PiAa; — PyAas — P3Aas = 0. (4.69)
Since Aa is the area of Aa,, projected on the xox3 plane, therefore
Aa; = (n-e1)Aay,.
With similar expressions of Aas and Aag, we can write (4.69) in the form
P,Aa, =P;(n-e1)Aa, +Py(n-e3)Aa, +Ps(n-e3)Aay,

or
Pn = (Il . ek) Pk. (470)

What we want to find is the stress components in a rotated system with axes
e}, eh, es. Now without loss of generality, we can assume that the jth axis of
the rotated system is directed along n, that is

n=ej.
Therefore P,, is P’ in the rotated system. Thus (4.70) becomes
P; = (e; -ek) Pk. (471)
In terms of their components along the respective coordinate axes, as shown

in (4.67),
o oy Py = Pye

17 1)

I
Pj—P
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the last equation can be written as

Plie} = (€] - ey,) Pirey.

Take the dot product with e} on both sides,
Pj;(e} - €}) = (€] - ex) Pu(e; - €}),

we have
Pi’j = (e} - e)) (e; ~ek) Py..

Since (€], - €,) = Amn, We see that

P-l- = ailajkPlk. (472)

)

Therefore the array of the stress components (4.68) is indeed a tensor.

4.3.3 Strain Tensor and Hooke’s Law

Under imposed forces, an elastic body will deform and exhibit strain. The
deformation is characterized by the change of distances between neighboring
points. Let P at r and @ at r + Ar be two nearby points, as shown in Fig. 4.6.
When the body is deformed, point P is displaced by the amount u(r) to
P’ and @ by u(r + Ar) to Q. If the displacements of these neighboring
points are the same, that is if u(r) = u(r+ Ar), the relative positions of
the points are not changed. That part of the body is unstrained, since the
distances PQ and P’Q’ will be the same. Therefore the strain is associated
with the variation of the displacement vector u (r). The change of u (r) can
be written as

Au=u(r+ Ar)—u(r).

) Q'
pr A —
u(r) \ = u(r+Ar)
P Ar \,: »Q

S
+
LS
<
S r+Ar

0

Fig. 4.6. The strain of a deformed elastic body. The body is strained if the relative
distance of two nearby points is changed. The strain tensor depends on the variation
of the displacement vector u with respect to the position vector r
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Neglecting second and higher terms, the components of Au can be written as

Aui = u; (J;l + Aml,xg + A$2,1‘3 + A.ﬁg) — U (.Il,l'g,l'?,)
- 8ul 8uz aui 8ul

A A Az = —Ax;.
8I1 x1+8x2 $2+6l’3 3 aﬂjj xj

Since u; is a vector and 9/0x; is a vector operator, Ju;/0x; is the outer
product of two first rank tensors. Therefore Ou;/0x; is a second rank tensor.
It can be decomposed into a symmetric part and an antisymmetric part

aui 1 8uz (')uj 1 8ui 8’[1]‘
== = — . 4.73
We can also divide Au into two parts

Au = Auv® + Au?,

where

Aug = (aui + 8“j) Az,

P2\ 0z " Oy

1 [/ 0u; Ouy
Au? = = 2 ) Az,
Ui 2 <8x] axz) i

The antisymmetric part of (4.73) does not alter the distance between P and
Q because of the following. Let the distance P’Q’ be Ar’. It is clear from
Fig.4.6 that
Ar' =[Ar+u(r+ Ar)] —u(r).
It follows that
Ar' — Ar=u(r+ Ar) —u(r) = Au= Au’® + Au”.

Now

8ui 8u]‘
89cj 8.(81
This is because in this expression, both ¢ and j are summing indices and can
be interchanged. Thus Au® is perpendicular to Ar, and it can be considered
as the infinitesimal arc length of a rotation around the tail of Ar, as shown

in the following sketch.

Au’ - Ar =AulAz; = % ( ) Az;Az; = 0.

AuS

4 a
AF Au

Ar

Fig. 4.7. The change of distance between two nearby points in an elastic body. It
is determined by the symmetric strain tensor
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Therefore Au® does not change the length Ar. The change of distance
between two nearby points of an elastic body is uniquely determined by the

symmetric part of (4.73)
1 /0u; Ou,
Ey=- 24 i), 4.74

This quantity is known as the strain tensor. The stain tensor plays an
important role in the elasticity theory because it is a measure of the degree
of deformation.

Since in one-dimension the elastic force in a spring is given by the Hooke’s
law F' = —kx, one might expect that in three-dimensional elastic media the
strain is proportional to the stress. For most solid materials with a relative
strain of a few percent, this is indeed the case. The linear relationship between
the strain tensor and the stress tensor is given by the generalized Hooke’s law

Pij = CijklEkh (475)
where c;;1,; is known as the elasticity tensor. Since P;; and E}; are both second
rank tensors, by the quotient rule, ¢;;z; must be a fourth rank tensor. While
there are 81 components of a fourth rank tensor, but various symmetry con-
siderations will show that the number of independent components in a general
crystalline body is only 21. If the body is isotropic, the elastic constants are
further reduced to only two. While we are not going into these details which
are the subjects of books on elasticity, we only want to show that concepts of
tensor are crucial in describing these physical quantities.

Exercises

1. Find the rotation matrix for
(a) a rotation of m/2 about z axis,
(b) a rotation of m about x axis.

010 10 0
Ans. [ =100 ]; [0-10
001 00 -1

2. With the transformation matrix (A) given by (4.20), show that
(4) (A7) = (1),
where (I) is the identity matrix.

3. With the transformation matrix (A) given by (4.20), explicitly verify that
3
> aijaik =,
i=1
for(a) j=1, k=1,b)j=1,k=2,(c)j=1, k=3.

4. With the transformation matrix (A) given by (4.20), show explicitly that
the determinant A is equal to 1.
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5.

10.

4 Vector Transformation and Cartesian Tensors

Show that there is no nontrivial isotropic first rank tensor.

Hint: (1) Assume there is an isotropic first rank tensor (Aj, As, Az). Under
arotation, A} = Ay, A} = Ay, AL = A, since it is isotropic. (2) Consider
a rotation of m/2 about x3 axis, and show that A; = 0, A2 = 0. (3) A
rotation about z; axis will show that As = 0.(4) Therefore only the zero
vector is a first rank isotropic tensor.

Let
102 3
T;=1021|, A=12
123 1

Find the following contractions
(a) Bi =Ti;A;,
(b) Cj = Ti;Ai,
Ans. (a) B; = (5,5,10), (b) C; = (4,6,11), (c) S = 35.
Let A;; and B;; be two second rank tensors, and let
Cij = Aij + B”
Show that Cj; is also a second rank tensor.
The equation of an ellipsoid centered at the origin is of the form

A,;jx,;xj =1.

Show that A;; is a second rank tensor.

Hint: In a rotated system, the equation of the surface is A’ z/x’, = 1.

151

Show that

is a two-dimensional vector.

Show that the following 2x2 matrices represent second rank tensors in
two-dimensional space:

2 2
—x1Tr2 I Ty —X1X2
(a) ; (b) ,
2 2
—T5 T1X2 —T1T2 27
2 2
—T1T2 —Ty Ty T1T2
Ty T1X9 T1T2 Ty

Hint: Show that they are various outer products of the position vector
and the vector in the last question.
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Explicitly show that

a1 G2 @43

3 3 3
§ E § Al AjmAknElmn = | @51 G52 Q53

=1 m=1n=1 g1 a2 ags

by (a) writing out all nonzero terms of

3

3 3
E § § @51 Qjim AknElmn

=1 m=1n=1

—

and (b) expand the determinant
ai1 Qi2 43
aji ajo aj3
ak1 a2 ak3

over the elements of the first row.

Show that €;;; can be written as
di1 Oi2 043
€ijk = | 051 042 Oj3
Ok1 Ok2 Ok3

Hint: Show that the determinant has all the properties €;;; has.

Show that

a) 3 €ijkdiy = 0;

b) >k Eijkerin = 20u;
¢) Dok Eijk€ijk = 6.

—~

The following equations are written with summation convention, verify
them

(a) 0ij0x0k: = 3,

(b) €ijkEklmEmni = Ejnl-

Hint: (a) Recall §;; is a substitution tensor, (b) Use (4.60) .

With the summation convention, show that

With subscripts and summation convention, show that
(a) Oz = i

(b) 0 (zya))"/? = —

(zj2;)
Hint: (a) x1,22, s are independent variables. (b) 0; (zz;) = 2x;0;x;.

1/21177;.
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17. The following equations are written with summation convention
(a) Osz; = 3, (b) Oi(zja;)V/? = (xjz;)~"/?2;, translate them into ordi-
nary vector notation.

Ans. (a) V-r=3, (b) Vr=r/r.

18. The following expressions are written with summation convention
(a) V;AjBiej; (b) CAiBj§ij;
(c) AiBjeijroier; (d) €ijkeimrAiBjC1Dy,
translate them into ordinary vector notation.
Ans. (a) (V-B)A, (b) cA-B, (¢) AxB, (d) (AxB)-(CxD).

19. Use the Levi-Civita tensor technique to prove the following identities:
(a) AxB=-BxA,
(b) A-(BxC)=(AxB)-C.

20. Use the Levi-Civita tensor technique to prove the following identity
VX (pA)=¢(V x A)+ (Vo) x A.

21. Let
123

T, =045
006

Find the symmetric part S;; and the antisymmetric part A;; of the tensor
T;j.

1 115 0 1 15
Ans. Si;=| 1 425, Ay=| -1 0 25
1525 6 ~1.5-25 0

22. If S;; is a symmetric tensor and A;; is an antisymmetric tensor, show that
Siinj =0.

23. Let ¢ be a scalar, V; be a pseudovector, T;; be a second rank tensor, and
let
Aijk = €ijie, Bij = €ijiVi, Ci = €Tk
Show that A;jx is a third rank pseudotensor, B;; is a second rank tensor,
and C; is a pseudovector.

24. Find the strain tensor for an isotropic elastic material when it is subjected
to
(a) A stretching deformation u = (0,0, axg) ;
(b) A shearing deformation u = (8x3,0,0) .
000 0 0p3/2
Ans. (a) E,L'j = 000 ; (b) Eij = 0 00
00 a 3/20 0





