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Fourier Transforms

Fourier transform is a generalization of Fourier series. It provides represen-
tations, in terms of a superposition of sinusoidal waves, for functions defined
over an infinite interval with no particular periodicity. It is an indispensable
mathematical tool in the study of waves, which in one form or another, consist
of most of physics and modern technology.

Like Laplace transform, Fourier transform is a member of a class of rep-
resentations known as integral transforms. As such, it is useful in solving dif-
ferential equations. But the importance of Fourier transforms far exceeds just
being able to solve differential equations. In quantum mechanics, it enables us
to look at the wave functions either in the coordinate space or in the momen-
tum space. In information theory, it allows one to examine a wave form from
the perspective of both the time and frequency domains. For these reasons,
Fourier transform has become a cornerstone of diverse fields ranging from
signal processing technology to quantum description of matter waves.

2.1 Fourier Integral as a Limit of a Fourier Series

As we have seen, Fourier series is useful in representing either periodic
functions or functions confined in limited range of interest. However, in many
problems, the function of interests, such as a single unrepeated pulse of force
or voltage, is nonperiodic over an infinite range. In such a case, we can still
imagine that the function is periodic with the period approaching infinity. In
this limit, the Fourier series becomes the Fourier integral.

To extend the concept of Fourier series to nonperiodic functions, let us
first consider a function which repeats itself after an interval of 2p

f) = Z <an cos ¢ 4 by, sin mt) ,

p p
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where

/f cos—tdt, n=12...,

b, f()sm—tdt n=0,1,2,....
p D

Note that each individual term cos “*t or sin 2*¢ is a periodic function. Its
period T,, is determined by the relation that when ¢ is increased by T,,, the
function returns to its previous value,

coS @(t +T,) = cos (mt + an> = cos 224,
p p p p

Thus,

P
My — 97 and T, = 2.
P n

The frequency v is defined as the number of oscillations in one second. There-
fore, each term is associated with a frequency v,

Now if ¢ stands for time, then v, is just the usual temporal frequency. If the
variable is z, standing for distance, v,, is simply the spatial frequency. The

distribution of the set of all of the frequencies {%} is called the frequency

spectrum. To see what happens to the frequency spectra as p increases, con-
sider the cases where p = 1,2, and 10. The corresponding frequencies of the
spectra are as follows:

p=1, wv,=0, 050, 1.0, 1.50, 2.0,...
p=2 v,=0, 0.25 0.5, 0.75, 1.0,...
p=10, v,=0, 0.05 0.1, 0.15, 0.2,... .

It is seen that as p increases, the discrete spectrum becomes more and more
dense. It will approach a continuous spectrum as p — oo, and the Fourier
series appears to be an integral. This is indeed the case, if f(t) is absolutely
integrable over the infinite range.

Often the angular frequency, defined as w,, = 27y, is used to simplify the
writing. Since

n
Wy =27V = 21— = —,
2pp
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the Fourier series can be written as

1 [P >
t) = — t)dt + a, coswyt + by, sinwy,t).
f0 =g, [ s+ 3 )

n=1

As f(t) is absolutely integrable over the infinite range, this means that the
integral [” » |f(¢)|dt exists even when p — oo. Therefore

p
lim — ft)dt =0
p—oo2p J_,
Hence,
F(t) = (an coswpt + by sinwyt),
n=1
where

1 P
an = — / f(t) coswyt dt,
DJ—p

1 [P
by, = — f(t)sinwy,tdt.
PJ—p

Furthermore, we can define

n+1l)m nm s
Aw:wnﬂ—wn:u——:—.
p p p

Therefore

£(t) = i {A“’ / "t coswntdt} coswyt

+ Z {Aw /p f(t) sinwntdt] sin wyt.

If we write the series as

oo

F@) =) [Ap(wy) coswyt + By(w,) sinw,t] Aw,

3
—

then

»
Ap(wy) = %/ f(t) coswytdt,
-p

P
By(wn) = % f(t)sinwy,tdt.

-p
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Now if we let p — oo, then Aw — 0 and w,, becomes a continuous variable.
Furthermore, let

Alw) = lim Ap(w,) = %/00 f(t) coswt dt,

p—00

B(w) = lim By(wy) = %/OO f(t)sinwt dt.

p—00

Then the infinite series becomes a Riemann sum of an integral
Ft) = / [A(w) coswt + B(w) sinwt] duw.
0

This integral is known as Fourier integral. This development is purely formal.
However, it can be made rigorous provided (1) f(¢) is piecewise continuous
and differentiable and (2) it is absolutely integrable in the infinite range, as
we have assumed.

This integral will converge to f(t) where f(t) is continuous, and it con-
verges to the average of the left- and right-hand limits of f(¢) at points of
discontinuity, just like a Fourier series.

Ezample 2.1.1. (a) Find the Fourier integral of

1 if —1<t<l,
0 otherwise.

(b) Show that

- ) 5 oif —l<t<l,
/ coswtsmwdw: % if =1,
w
0 0 if |t|>1

(c) Show that

Solution 2.1.1. (a)

2sinw

00 1
A(w):%/ f(t)coswtdt:%/lcoswtdt:

W

Since f(t) is an even function

B(w) = %/jo f(t)sinwtdt = 0.
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Therefore the Fourier integral is given by

2 [Csi
ft) = f/ Y coswt dw.
0 w

(b) In the range of —1 <t < 1, f(t) = 1, therefore

oo
s
/ me coswtdw:ﬁ, for —1<t<l1.
0 w 2

65

At |t| =1, it is a point of discontinuity, the Fourier integral converges to the

average of 1 and 0, which is % Therefore

1 2/°° sinw
— = — cos w dw
2 s 0 w

or

> sinw T
coswdw = —.
0 w 4

For |z| > 1, f(t) = 0. Thus

*° sinw
/ coswtdw =0, for [t > 1.
0 w

(c) In particular at ¢t =0,

* sinw * sinw
coswtdw = dw.
0 w 0 w

At t =0, f(0) =1, therefore

0o -
S w ™
dw = —.

0 w 2

2.1.1 Fourier Cosine and Sine Integrals
If f(t) is a even function, then
1 [ 2 [
Alw) = f/ f(t) coswtdt = 7/ f(t) coswt dt,
T —o0 iy 0

B(w) = %/_OO f(t)sinwtdt =0

and -
fit)y= / A(w) coswt dw.
0

This is known as Fourier cosine integral.
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If f(¢) is an odd function, then
1 o0
Alw) = 7/ f(t)coswtdt =0,
T — 00

B(w) = %/700 f(t)sinwtdt = 2 oof(t) sin wt dt

™ Jo

a.Ild
’ 1) = B W ) S1n wt dw.

This is known as Fourier sine integral.

Note that the function is supposed to be defined from —oo to +oo, but
because of the parity of the function, to define the transform, we only need
the function from 0 to oo. This also means that if we are only interested in
the range of 0 to oo, we can define the function from —oo to 0 any way we
want, then we can have either cosine integral or sine integral by extending the
function into the negative range either in an even or odd form. In this sense,
Fourier cosine and sine integrals are equivalent to the half-range expansion of
Fourier series.

Example 2.1.2. Find the Fourier cosine and sine integrals of

f)y=e" t>0, s>0.
Solution 2.1.2. For the Fourier cosine integral, we can imagine f(¢) is an
even function with respect to t = 0. Thus

2 oo
Alw) = 7/ e * coswt dt.
0

s

This integral can be evaluated with integration by parts twice. Better still,
we recognize that the integral is just the Laplace transform of coswt. So

2 s
w824 w?

Alw) =

It follows that the Fourier cosine integral is given by:

25 [ coswt

fit)= /0OO A(w)coswtdt = — ——dt.

T Jo $2+w?

Since f(t) = e™%!, a byproduct of this cosine integral is

° coswt T
/ S sdw=e
0 S°tw 2s
a formula we have obtained before by contour integration. In particular, for
t = 0, we have
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<1 ™
——dw=—.
/0 2+w? T 2s

Similarly, for Fourier sine integral, we can imagine f(t) is an odd function. In

this case

2

o
2
B(w) = f/ e *'sinwtdt = d
0

T 7 52 + w?
as the integral is just a Laplace transform of sinwt. Thus, the Fourier sine
integral is given by

2 oo
ft)=e* = f/ % sinwt dw.
0 24w

™

From this, we can obtain another integration formula
 wsinwt
/ ﬁdw = —e %,
0 S°tw 2

Ezample 2.1.3. Find f(t), if f(t) is an even function and

o 1—a if 0<a <1,
/0 f(t)cosatdt—{ 0 if a>1

3

Solution 2.1.3. We can use Fourier cosine integral to solve this integral
equation. Let

2 (> 21-w) if 0<a<1,
Alw) = ;/0 f(t)coswtdt = { 0 a1,

then

fit) = /000 A(w) coswt dw = /01 %(1 — w) coswt dw

21
= ;ﬁ(l — cost).

2.1.2 Fourier Cosine and Sine Transforms

If f(t) is an even function, we have just seen that it can be expressed as a
Fourier integral

flt) = /000 A(w) cos wt dw, (2.1)

Alw) = i/ooo f () coswt dt. (2.2)
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Now if we define a function

Flw) = \/EA(W) _ \/E/OOO F(#) coswt dt, (2.3)
Aw) =20

Putting it into (2.1), we have

£(t) = \/Z /O R (w) coswt duw. (2.4)

The symmetry between (2.3) and (2.4) is unmistakable. They form what is
known as the Fourier cosine transform pair. The function fc(w) is known
as the Fourier cosine transform. Formula (2.4) gives us back f(t) from fc(w),
therefore it is called the inverse Fourier cosine transform of fc(w) The process

then

of obtaining the transform ]?C(w) from a given function f(¢) is also called
Fourier cosine transform and is denoted by F.{f(t)}, that is, when F; operates

on f(t), it gives us fc(w),

F{f(t)} = \/z/ooo F(t) coswtdt = fo(w).

The inverse operation is called inverse Fourier cosine transform and is denoted

as B {fo() }

Fol {fc(w)} - \/Z/Ooofc(w) coswtdw = f(t).

Similarly, if f(¢) is an odd function, we have the Fourier sine transform
pair

F{f(t)} = \/Z /O " p)sinwtdt = Fi(w),

Y {fs(w)} = \/E/OOO fow)sinwt dw = f(2).

Note that Fourier integral and Fourier transform are essentially the same.
The modification of the multiplicative constant is of minor significance. It can
be easily shown that if we define

Folw) = a/ooo f(t) coswt dt, (2.5)
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then -
= ﬁ/ J/”\C(w) cos wt dw, (2.6)
0
where 91
B=——.
T o
Therefore as long as
2
aff = —

where « can be assigned any number, (2.5) and (2.6) are still a Fourier cosine
transform pair. As a matter of fact, in the literature, there are several different
conventions in defining Fourier transforms. The differences are where to put
the factor % Using a Fourier transform table, one needs to pay attention to
where that factor is in the definition.

Then why should we have two different names for essentially the same
thing. This is because we have two different perspectives of looking at it. In
Fourier integral, f(t) is being described by a continuum of cosine (or sine)
waves and A(w) is just the amplitude of the harmonic components of f(t)
in the time domain. Whereas in Fourier transform, f;(w) is regarded as a
function in the frequency domain. This frequency domain function describes
the same entity as the time domain function f(¢). There are many reasons
why sometimes we would like to work with the transform of the function. For
example, in the frequency domain we may easily perform relatively difficult
mathematical operations such as differentiation and integration via simple
multiplication and division.

Example 2.1.4. Show that
F{F (1)} = wE{f(1)} — \ff
FAf' ()} = —wF{f(t)
FAS 0} =~ RS0}~ 270

2
F{f"(t)} = —w?*F{f(t)} + \/;wf(o)-
Solution 2.1.4. Since f(t) is absolutely integrable, we assume
f(t) >0 as t — oo.

With the integration by parts, we can evaluate the transform of derivatives
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FAf/(t)} = f/ —coswtdt
= \/Z {f(t) coswt|g” — /OOO f(t)(icoswtdt}
e 10+ [ fO st =R () - J210)

F{f \/>/ fsmwtdt
\f[ (t) sin wt|>° /f smwtdt}
= \/; [—w / 1) coswtdt] — —wR{f()}.

FAS" (O} = FALS O} = wEA{f' ()} - \/zf'(o)

RN~ 270) = ~R 00} -2 110)
RS0} = FAF O} = P00}

w WA f(t)} - \/>f ]——wQFs{f(t)}ﬂLw\/zf(O)

Example 2.1.5. Use the transform of derivatives to show

=

Solution 2.1.5. Let f(t) =e %, so f(0) =1 and
f/(t) _ _ae—at7 f”(t) — a2 e—at _ CLQf(t)

Thus
F{f"(0)} = F{a®f (1)} = > F{ £ (1)}
But

R0} = AR 0} +y /210
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it follows that:

—W?E{f()} + W\/Z = a®F{f(t)}

(6 + R0 =0y 2.
Thus,
R0} = Ble) =22

Example 2.1.6. Use the Fourier sine transform to solve the following differen-
tial equation:

y" (t) — 9y(t) = 50e~*,
y(0) = yo.

Solution 2.1.6. Since we are interested in positive 4 region, we can take y(t)
to be an odd function and take Fourier sine transforms. It is clear from its
definition that Fourier transform is linear

F{afi(t) +bf2(t)} = aF{f1(8)} + DE{ fa(D)}-

Using this property and taking Fourier transform of both sides of the differ-
ential equation, we have

F{y"(t)} — 9F{y(t)} = 50F{e '}
Since

F{y"(t)} = —w’F{y(t)} + w\/zy(()),

~w F{y(t)} + w\/Zyo — 9F{y(t)} = 50F,{e” '},

which, after collecting terms, becomes

(W? + 9 E{y(t)} = —50\/1;14 T w\/zyo.

2 w 1 2 w
F{y(t)} = _50\/;@2+4(w2+9) + \/;yo(w2+9)'

With partial fraction of

Thus

1 11 11
(W2+4)(w2+9) b5w?2+4 B5w2+9
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2 w 2 w 2 w
Fy®)} =1/ 210—2— — [ 210—2— + [ Zyp oo
)} \/; w249 ™ w2+4+ ﬂ'yo(w2+9)
2 w 2 w
= (10 +yo)y/ = —— — 104/ = —2—
(10+50) Tw?+9 \/;w2+4

= (10 + yo) Fs{e ™'} — 10F,{e™?'}.

we have

Taking the inverse transform, we get the solution

y(t) = (10 + yo)e 3 — 10e 2",

2.2 Tables of Transforms

There are extensive tables of Fourier transforms (For example, A. Erdélyi,
W. Magnus, F. Oberhettinger, and F. Tricomi: “Tables of Integral Trans-
forms,” vol. 1, McGraw-Hill Book Company, New York, 1954). A short list of
some simple Fourier cosine and sine transforms is given in Tables 2.1 and 2.2,
respectively. A short table of Fourier transform, which we will explain in the
Sect. 2.3, is given in Table 2.3.

2.3 The Fourier Transform

As we have seen in (1.28) and (1.29) that the Fourier series of a function
repeating itself in the interval of 2p, can also be written in the complex form

s nm 1 p {nm
fO)= > e ¥, en =5, | Fe L,

n=-—oo —-p
SO
> [1 /P nx
ft) = Z [/ f(t)elptdt} elp
n=-—o0o 2]3 —-p
Again let us define

Wy = —

and
Aw = Wpy1 —wp =

SRR
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Table 2.1. A short table of Fourier cosine transforms

73

= \/zfooo ]?c(w) cos wt dw

w) = \/Zfooo f(t) coswtdt

1if 0<t<a
0  otherwise

t*=t (0<a<)

e  (a>0)
e (a>0)
i (a>0)

the (a>0)

cost if 0<t<a
0 otherwise

cosat®*  (a > 0)

sinat®>  (a > 0)

sin at
t

(a>0)

Linearity of transform and inverse:

af(t) + Bg(t)

Transform of derivatives:
f(@)

f7(@)

Convolution theorem:

3 Jo [F(t ==+ f (|t +2D]g(x)dx

z sin w
T w
\/Ef(a) am
— cos —
T we 2

2 ’I’L! . n+1
\/; (@ Fory Rela i)

1 |sina(l —w) n sina(l 4+ w)
27 1-w 1+w

\/gu(a —w)

afe(w) + B3c(w)

Fo(w)ge(w)
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Table 2.2. A short table of Fourier sine transforms

= \/zfooo Fo(w) sin wt dw

= \/zfooo f(t)sinwtdt

1if 0<t<a
0  otherwise

S

t* b (0<a<)

e
t

i (a>0)

the (a>0)

te=*  (a>0)
sint if 0<t<a
0 otherwise

cos at
t

(a>0)
Linearity of transform and inverse:

af(t) + Bg(t)

Transform of derivatives:
f(@)

(@)

Convolution theorem:
5 I3 (= =) = f (|t + 2])]g(e)da

21 — cos aw
T w

1
Jo

21I'(a) . am
™

sin
wa 2

\/>1+w2

2 n! I
——————Im
T (a2 + w2)n+1

w —w?/4a
(2(1)3/2 €

1 |sina(l —w) sina(l+w)
27 1-w B 14+w
\/gu(w —a)

afu(w) + B:()

(a+iw)™T!

—wfe(w)
Y~ 2
i) -2t ©

~

fe(w)gs(w)
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Table 2.3. A short table of Fourier transforms: u is the Heaviside step function

F(t) =& [* e flw)dw

Flw)y= [ e “ft)at

1

Pra (a>0)

u(t)e™

_L_e0’ (g5

u(t+a) —u(t — a)
ot —a)

flat+b) (a>0)

Linearity of transform and inverse:

af(t) + By(t)

Transform of derivative:

£t

Transform of integral:

fO = ["_gla)dz

Convolution theorems:
@) xg(t) = [7_f(t —a)g(x)dx
ft)g(t)

2

||

2sinwa

w

—iwa

1 ibw/a Fr ¥
Sl ()
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and write the series as

s =Y o [ sterat] et (2.7
n=-—o00 m -p
= Z %fp(u}n)ew""‘Aw

with »
Folwn) = e wntqt.
ot = [ sty

Now if we let p — oo, then Aw — 0 and w,, becomes a continuous variable.
Furthermore

~

Flo) = Jim Fyea) = [ setar (28)

p—0o0

and the infinite sum of (2.7) becomes an integral

(6 = % /_ " Flw)etdw. (2.9)

This integral is known as Fourier integral.
The coefficient function f(w) is known as the Fourier transform of f(t).
The process of transforming the function f(t) in the time domain into the

-~

same function f(w) in the frequency domain is expressed as F{f(t)},

= [ T et dt = Flw). (2.10)

~

The process of getting back to f(t) from f(w) is known as inverse Fourier
transform F~1{ f(w)},

FrF@ =5 [ Tt do = 10 2.11)

We have “derived” this pair of Fourier transforms with the same heuristic
arguments as we introduced the Fourier cosine transform. Comments there
are also applicable here. Formulas (2.10) and (2.11) can be established rigor-
ously provided (1) f(t) is piecewise continuous and differentiable and (2) it is
absolutely integrable, that is, [*_|f(¢)|dt is finite.

__ The multiplicative factor in front of the integral is somewhat arbitrary. If
f(w) is defined as

Fifw=a [ T et dt = Flw),
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then F~1{f(w)} becomes

FAREN =8 [ Fwpet o= 1)

where 1
aff = —.
s 2T
1 . .. .
Some authors chose o = 3 = o so that the Fourier pair is symmetrical.
T

1
Others chose a = o B =1.In (2.10) and (2.11), « is chosen to be 1 and
77

1
to be —.
2T

Another convention, that is common in spectral analysis, is to use fre-
quency v, instead of angular frequency w in defining the Fourier transforms.
Since w = 27v, (2.10) can be written as

Py = [ T fe ™ dt = flw) (2.12)
and (2.11) becomes
Ffon = [ T fwyemt v = 1), (2.13)

Note that in this pair of equations, the factor 27 is no longer there. Besides,
frequency is a well-defined concept and no one actually measures angular
frequency. These are good reasons to use (2.12) and (2.13) as the definition of
Fourier transforms. However, for historic reasons, most books in engineering
and physics use w. Therefore we will continue to use (2.10) and (2.11) as the
definition of the Fourier transforms.

The function f(¢) in the Fourier transform may or may not have any even
or odd parity. However, if it is an even function, it can be easily shown that
it reduces to the Fourier cosine transform. If it is an odd function, it reduces
to the Fourier sine transform.

Ezample 2.5.1. Find the Fourier transform of

efat t> 0’
)= { 0 t<0.
Solution 2.3.1.
f{f(t)} = / f(t)e—iwt dt = / e—(a-i-iw)t dt
oo 0
= _#e—(aﬁ-iw)t Oo _ 1 .
o+ iw 0 o+ iw
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This result can, of course, be expressed as a real part plus an imaginary part,

1 1 a—iw « LW

= : =3 2 173 2"
o+ 1w o+ lw o — 1w o 4+ w o+ w

Example 2.3.2. Find the inverse Fourier transform of

Flw) = —

a+iw’
(This problem can be skipped for those who have not yet studied the complex
contour integration.)

Solution 2.3.2.

-~ 1 />~ 1 | 1 />~ 1
FHF(w)} / e dw = ——e“dw.

27 J_ o @+ iw 21 J_ o w — i«

This integrals can be evaluated with contour integration. For ¢ > 0, the
contour can be closed counterclockwise in the upper half plane as shown in

Fig. 2.1a.
(b) ,
[ (1
5 > L,

Fig. 2.1. Contour integration for inverse Fourier transform. (a) The contour is
closed in the upper half plane. (b) The contour is closed in the lower half plane

(a)

Y
e

. 1 1 .
e dw = — e dw

1 [ 1
271 Jyhp W — i

21 J_ o w — i

= lim elwt — e—at.
w—ia

It follows that for ¢ > 0:
F )y = e
For ¢t < 0, the contour can be closed clockwise in the lower half plane as shown

in Fig. 2.1b. Since there is no singular point in the lower half plane

1 />~ 1 1 1
— —e“dw = — ——e“'dw = 0.
21 J_ o w — i 271 Jipp w — i
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Thus, for t < 0,
FHfw}=o0.

With the Heaviside step function

1 for ¢t >0,
u(t)_{() for t <0,

we can combine the results for ¢ > 0 and for ¢ <0 as
FHF(w)} = ult)e™".

It is seen that the inverse transform is indeed equal to f(t) of the previous
problem.

2.4 Fourier Transform and Delta Function

2.4.1 Orthogonality

o~

If we put f(w) of (2.8) back in the Fourier integral of (2.9), the Fourier
representation of f(t) takes the form

f(t) _ % /:)O |:/OO f(t/)efiwt' dt/:| eiwt dw

which, after reversing the order of integration, can be written as

f(t) =/_Oo f(@hH [2177 /_OO eiw(t—t’)dw] dt’.

Recall that the Dirac delta function (¢t — t') is defined by the relation

f(t)= /_OO FHot —tHat'.

Comparing the last two equations, we see that 6(¢ — ') can be written as

St — ') = i - iw(t—t") 4
(t—1t) 5 e dw. (2.14)
T

— o0
Interchange the variables gives the inverted form

1 R /
S(w—w') = 7/ elw=wDtqs,
m

— 00
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The last two equations are known as the orthogonality conditions. A function

¢! is orthogonal to all other functions in the form of e™'t when integrated

over all ¢, as long as W’ # w.
Since §(x) = 6(—=x), (2.14) can also written as

1 o ,
St—t)= > / e wt=t)qy,
T J -

These formulas are very useful representations of delta functions. The
derivation of many transform pairs are greatly simplified with the use of delta
functions. Although they are not proper mathematical functions, their use
can be justified by the distribution theory.

2.4.2 Fourier Transforms Involving Delta Functions
Dirac Delta Function. Consider the function
f(t) = Ké(t),

where K is a constant. The Fourier transform of f(t) is easily derived using
the definition of the delta function

F{f®)} :/ K§(t)e “tdt = Ke = K.
The inverse Fourier transform is given by

~ 1 [ .
FHf(w)} = 7/ Ke*'dt = Ko(t).
™ — 00
Similarly, the Fourier transform of a constant function K is
F{K} =271Kj(w)

and its inverse is
FHorKo(w)} = K.

These Fourier transform pairs are illustrated in Fig. 2.2.
Periodic Functions. To illustrate the Fourier transform of a periodic function,
consider

f{t) = Acoswyt.

The Fourier transform is given by
F{Acoswot} = / Acos(wot)e W dt.

Since

1. .
coswot = 5 (et 4 e7iwot) |
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f(t) = K flo) = 27 K6 (o)

Fig. 2.2. The Fourier transform pair of constant and delta functions. The Fourier
transform of constant function is a delta function. The Fourier transform of a delta
function is a constant function

0
F{Acoswpt} = ?/Z [e*i(w*wo)t + efi(w+wo)t} dt.
Using (2.14), we have
F{Acoswpt} = mAd(w + wo) + TAd(w — wp). (2.15)
Similarly,
F{Asinwpt} = irAd(w + wp) — imAd(w — wp). (2.16)

Note that the Fourier transform of a sine function is imaginary.
These Fourier transform pairs are shown in Fig. 2.3, leaving out the factor
of iin (2.16).

2.4.3 Three-Dimensional Fourier Transform Pair

So far we have used as variables ¢ and w, representing time and angular fre-
quency, respectively. Mathematics will, of course, be exactly the same if we
change the names of these variables. In describing the spatial variations of a
wave, it is more natural to use either r or z,y, and z to represent distances. In
a function of time, the period T is the time interval after which the function
repeats itself. In a function of distance, the corresponding quantity is called
wavelength A, which is the increase in distance that the function will repeat
itself. Therefore, if t is replaced by r, then the angular frequency w, which
is equal to 27 /T, should be replaced by a quantity equal to 2w /A, which is
known as the wave number k.
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f(t) = A coswyt flw)= F{A coswyt}

TAS (o + wp) TAS(w + wp)

AnAAN 1T
VAVIVAY A —

f(t) = A sinapt flo) =F{A sinw,t}
TAS(w + wg)

ANAAL L
AVATRVATANE

-mAS(w — wp)

Fig. 2.3. Fourier transform pair of cosine and sine functions

Thus, corresponding to (2.14), we have

T[>~ :
Oz —a') = o / et @=a)qp,
™ — 00

]. o0 ’
iy —y')= 27r/ 2 =Y dky,

1 . /
8(z—2) = o / e*3(z=2) 4.
a — 00

Therefore in three-dimensional space, the delta function is given by

dr—r')=0(x—2")5(y—1vy)i(z—2")

= L h eil<:1(a:fﬂv')dkli/oo eikz(y*y')dei/OO eikg(zfz/)dkg
2 s 2m oo o e

/// kl(ac ') +ka(y—y')+ka(z—z )]dkjl dko dks.
27T

A convenient notation is to introduce a wave vector k,
k =k1i + kaj + ksk.

Together with

~ ~ ~

r—r'=@-a)it+@y-y)i+(z-2)k
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the three-dimensional delta function can be written as

S(r—r') R /// ok (r=r') 31

Now by definition of the delta function

:///_O; F()5(r — x')dBr,
=[] 16 [t

which can be written as

7l [y /e

Thus, in three dimensions, we can define a Fourier transform pair

Fw 27})3/ | swerasr = gy,

1= s [ o0t 5 ()

Again, how to split 1/(27)3 between the Fourier transform and its inverse is
somewhat arbitrary. Here we split them equally to conform with most of the
quantum mechanics text books.

In quantum mechanics, the momentum p is given by p =hk. The Fourier
transform pair in terms of r and p is therefore given by

flp) = (%hl)m ///_O; F(r)e P/ g3y,

If f(r) is the Schrodinger wave function, then its Fourier transform f(p) is
the momentum wave function. In describing a dynamic system, either space
or momentum wave functions may be used, depending on which is more
convenient for the particular problem.

If in three-dimensional space, a function possesses spherical symmetry,
that is, f(r) = f(r), then its Fourier transform is reduced to a one-dimensional
integral. In this case, let the wave vector k be along the z-axis of the coordinate
space, SO

we have

k-r=Fkrcosf
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and
d3r = 72 sin 6 d6 dr dep.

The Fourier transform of f(r) becomes

F{f(r)} 27r1)3/2 /27r / [/ —ikrcosd sin@d&] r?dr

1 1 —I1RKT COS "
= (271')3/227T/0 fr) Lk‘re ik 9} r2dr

2
= 3/227r/ f(r 51nl<;7’ r2dr —\/> / f(r)rsinkrdr.

Example 2.4.1. Find the Fourier transform of

—2zr

f(r):ie )

where z is a constant.

F{f(r }—\/7 /OO G 2 gin kr dr.

One way to evaluate this integral is to recall the Laplace transform of sin kr

o k
/0 e sinkrdr = m,

Solution 2.4.1.

d o0 o0
— e sinkrdr = / (—r)e™ " sin kr dr,
ds Jg 0

d &k —2sk

&SQ_'_]{Q - (82+k2)2-

/ re *"sinkrdr = AQ
0 (s2+k2)

With s = 2z, we have

e 4
/ e 2 Trsinkrdr = %
0 (422 + k2)

It follows that:

123 4zk 2\*/? 224
P =2 MZ() e
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2.5 Some Important Transform Pairs

There are some prototype Fourier transform pairs that we should be familiar
with. Not only they frequently occur in engineering and physics, they also
form the base upon which transforms of other functions can derived.

2.5.1 Rectangular Pulse Function
The rectangular function is defined as

1 —-a<t<a,
1a(t) = {0 otherwise.
This function is sometimes called box function or top-hat function. It can be
expressed as
II,(t) = u(t + a) — u(t — a),

where u(t) is the Heaviside step function,
1 t>0,
u(t) = {0 t<0.
The Fourier transform of this function is given by

FUT(8)} = / T, (t)e=tdt = / Y

. a . .
—iwt —iwa iwa
(S] e —

e 2sinwa ~

= . = = f(w).

i % w

—iw |_,

sinx

In terms of “sinc function,” defined as sinc¢ (z) = , we have

F{I,(t)} = 2asinc (aw).

This Fourier transform pair is shown in Fig. 2.4.

2.5.2 Gaussian Function

The Gaussian function is defined as

Its Fourier transform is given by
o

9]
F {e—atz} _ / e—atze—iwt dt = / e—(xtz—iwt dt = f(w)

o0
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—

f(t) = a(t) ) = F{g(t)}
2a
1
— — <N S
-a a N NS
a

~

Fig. 2.4. Fourier transform pair of a rectangular function. Note that f(0) = 2a,

~

and the zeros of f(w) are at w = 7/a, 27/a, 37/a,- - -

Completing the square of the exponential

iw \?  w?
at? +iwt = <\/&t+2\/a> + o
we have
o iw \?  w?
/_Ocexp{— [(\/at—i—m) +£ }dt
. 2
= exp <—Zj) /_ZGXP{_<\/5H21;&> }dt.
Let

iw

then we can write the Fourier transform as
2 [ee]
-~ w 1 w2
w)=exp|— | — e du.
fw) =exp ( 4a> al

/ e~ du = /7,

~ T w?
flw) = \/;exp< 4a) .

It is interesting to note that f(w) is also of a Gaussian function with a peak
at the origin, monotonically decreasing as k — +oo. If f(¢) is sharply peaked
(large ), then f(w) is flattened, and vice versa. This is a general feature in the
theory of Fourier transforms. In quantum-mechanical applications it is related
to the Heisenberg uncertainty principle. The pair of Gaussian transforms is
shown in Fig. 2.5.

Since

thus
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2 = _
f(t) = & f(@:@ €

SIE|

| t | ¢
Fig. 2.5. The Fourier transform of a Gaussian function is another Gaussian function

2.5.3 Exponentially Decaying Function
The Fourier transform of the exponentially decaying function
fA)=e a>0

is given by

f{e*a‘tl} = /OO e olthg=iwt q¢

— 00

0 0
—_ / eat e—iwt dt + / e—at e—iwt dt
—00 0

ola—iw)t 0 o—(atiw)t |%°

* —(a+iw)

a—iw |__ 0

1 1 2a -~
— + — = 3
a — 1w a+ 1w a® 4+ w

This is a bell-shaped curve, similar in appearance to a Gaussian curve and is
known as a Lorentz profile. This pair of transforms is shown in Fig. 2.6.

N __ 2a
f() = -l o) = 2 0?

1

[

Fig. 2.6. The Fourier transform of an exponentail decaying function is Lorentz
profile
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2.6 Properties of Fourier Transform

2.6.1 Symmetry Property

The symmetry property of Fourier transform is of some importance.

o~

I F{O}=Fw), then F{fO)} =2rf(-w).
Proof. Since -
for= [ st

by definition

10 =5 [ T,
Interchanging ¢t and w, we have

f) = o [ R,
Clearly, -

flew) =5 [ Ferat

Therefore

f{f(t)} = /0; F(t)e ™t dt = 21 f (—w) .

Using this simple relation, we can avoid many complicated mathematical
manipulations.

Ezample 2.6.1. Find
1
f
{ a? + 2 }

f{e_altl} = 2a

a? +w?’

from

Solution 2.6.1. Let

F) = e, so f(—w)=e ol
and 5
~ a
F{f®)}=f(w)= PR
Thus
_ 2a
T a2+t

Ft)
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F{iw} _f{afftz} = 2 f(—w).

1 s
FQ s o= —e el
{a2+t2} a’

This result can also be found by complex contour integration.

Therefore

2.6.2 Linearity, Shifting, Scaling

~

Linearity of the Transform and its Inverse. If F{f(t)} = f(w) and F{g(t)} =
g(w), then

Flaf(0)+ g0} = [ s +bgl] e a
— a/m f(t)e it dt+b/oo g(t)e @t dt
= aF {f(t)} +bF{f(t)} = af(w) + bg(w).
Similarly,

FH{afw) +0§w)} = aF  {Flw)} + 07 ()
=af(t) + bg(t).

These simple relations are of considerable importance because it reflects the
applicability of the Fourier transform to the analysis of linear systems.
Time Shifting. If time is shifted by a in the Fourier transform

Fire-a)= [ T f - aye e,

then by substituting t —a =z, dt =dz, t¢= x4 a, we have
o .
Fit-a)= [ f@e e
—00

_ e—iwa/ f(x)e—iw:v dr = e~ iwa A(w).

Note that a time delay will only change the phase of the Fourier transform
and not its magnitude. For example,
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1
Thus, if f(t) = coswot, then sinwgt = f (t — a) with a = g— Therefore
wo

F{Asinwot} = e “F%5 F{Acoswot}
= ¢ 7555 [An6 (w — wo) + ATS(w + wo)]
=e T AMS (w — wo) + €2 AmS(w + wo)
= —iAm6 (w — wo) + 1476 (w + wo) ,

as shown in (2.16).
Frequency Shifting. If the frequency in f(w) is shifted by a constant a, its
inverse is multiplied by a factor of e'®*. Since

—1 J 7 _ 1wt
F{fo-a} =5 [ Flo-ada
substituting w = w — a, we have
-~ 1 [ ~ ) .
-1 _ _ i(ww+a)t _ lat
F{fw-a} =5 [ F@e=tam =g

or
flw—a)= f{eiatf(t)} .
To illustrate the effect of frequency shifting, let us consider the case that
f(t) is multiplied by coswyt. Since coswot = % (ei‘*"’t + e’i“’“t) , SO

f(t) coswot = 5 “"“tf( )+ ﬂ‘”f’tf( )

and

F{f(t) coswpt} = 1.7:{eiw°tf(t)} + %.7: {e_i“’“tf(t)}

= lf(w wo) + %f(w +wo).

This process is known as modulation. In other words, when f(¢) is modulated
by coswqt, its frequency is symmetrically shifted up and down by wy.

Time Scaling. It F{f(t)} = f(w), then the Fourier transform of f(at) can be
determined by substituting ¢ = at in the Fourier integral

Firn = [ T fateetar

- [ =i ().
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This is correct for a > 0. However, if a is negative, then ¢/ = at = —|a|t.
As a consequence, when the integration variable is changed from ¢ to t’, the
integration limits should also be interchanged. That is,

FAS(at)} =/_Oo f(at)e‘i“’tdtz/_Oof(t')e—iwt’/aidt,

&S] - |a|

1 i ol 1 ~/w
_ tl —iwt’/a dt/ _ “).
|al /_Oof( e |lal (a)

Therefore, in general
1 ~/w
Fif(at)} = — (—) .
@ty = f (3
This means that as the time scale expands, the frequency scale not only
contracts, its amplitude will also increase. It increases in such a way as to

keep the area constant.
Frequency Scaling. This is just the reverse of time scaling. If F~! {f(w)} =
f(¢), then

F! {f(aw)} % /_ZOO f(aw) et dw

1 RS N iw't/a 1 / 1 t
= —dw' = —f ().
2w[m“”” ol % =1l \a

This means that as the frequency scale expands, the time scale will contract
and the amplitude of the time function will also increase.

2.6.3 Transform of Derivatives

If the transform of nth derivative f"(t) exists, then f™(t) must be integrable
over (—oo,00). That means f"(t) — 0, as t — £oo. With this assumption,
the Fourier transforms of derivatives of f(¢) can be expressed in terms of the
transform of f(¢). This can be shown as follows:

Firmy= [ T et ar = / U ey

= f(t)e_i“t’ojoo—i—iw /OO f(t)e tat.

The integrated term is equal to zero at both limits. Thus

o~

F{f'(t)} =iw /_00 f®e At =iwF {f(t)} = iwf(w).
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It follows that:

FA' @)} = wF {0} = ()’ FL@)} = (iw)” F(w).

Therefore .

FL )} = (w)" F{f0)} = (iw)" fw).
Thus a differentiation in the time domain becomes a simple multiplication in
the frequency domain.

2.6.4 Transform of Integral

The Fourier transform of the following integral:

¢
I(t) = / f(z)dz
can be found by using the relation for Fourier transform of derivatives. Since

d
S = £,

it follows that:

F(rwy =5 { S —wr (1) - iwf{/_;f(:v) s}

Therefore

f{ / ; f(x)dx} = {0

Thus an integration in the time domain becomes a division in the frequency
domain.

2.6.5 Parseval’s Theorem

The Parseval’s theorem in Fourier series is equally valid in Fourier transform.
The integral of the square of a function is related to the integral of the square
of its transform in the following way:

[ wora=g [ 7] .

—00 27 —00

Since | e
f) =5 /_ f(w) e dw,

its complex conjugate is

fr(t) = [;ﬂ [m J?(W)em dw] = % /700 f*(w)efiwt dw.
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Thus

[ o;|f(t)|2dt— [ O; FOF (£)dt = [ Z 8) [;ﬂ [ O:O f*(w)eiwtdw] at.

Interchanging the w and t integration,

| rwra=g [ 7 [/ £() -‘wtdt]dw

o [ P@fm =g [ |fw)] a.

Written in terms of frequency v, instead of angular frequency w (w = 27v),
this theorem is expressed as

| isera= [ |Fw) o

In physics, the total energy associated with wave form f (t) (electromagnetic
radiation, water waves, etc.) is proportional to f |f(t)|? dt. By Parseval’s

2
theorem, this energy is also given by ffoo ‘f (1/)‘ dv. Therefore ‘f (1/)‘ is the
energy content per unit frequency interval, and is known as “power density.”
For this reason, Parseval’s theorem is also known as power theorem.

Ezample 2.6.2. Find the value of

00 12
sm- r
oo T

from the Parseval’s theorem and the Fourier transform of

() = 1 ]t <1,
"0 > 1

Solution 2.6.2. Let f(t) = II;(t), so

F{f()} / IL(t)e ' dt = / e dt

fe—lwt
1w

[e%e] 1
/ \f(t)|2dt:/ dt = 2.
—0o0 -1
On the other hand

oo 9 |9 2 00 32
| |l a= [ ’ Sm“” ="
) —o0 w —co W

and
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Therefore from Parseval’s theorem

G- e

2 J_ o

we have

22 [Ty,

It follows that:

. 31 2 . .
Since *25 is an even function, so

® sin? 1 [ sin’z T
5 de = = 5 de = —.
0 T 2)_ o T 2

2.7 Convolution

2.7.1 Mathematical Operation of Convolution

Convolution is an important and useful concept. The convolution ¢ (t) of two
functions f(t) and g(t) is usually written as f(t) * g(¢) and is defined as

0= [ T () gt —7)dr = (1) # g(t).

The mathematical operation of convolution consists of the following steps:

1. Take the mirror image of g(7) about the coordinate axis to create g(—7)
from g(7).

2. Shift g(—7) by an amount ¢ to get g(t — 7). If ¢ is positive, the shift is to
the right, if it is negative, to the left.

3. Multiply the shifted function g(t — 7) by f(7).

4. The area under the product of f(7) and g(t—7) is the value of convolution
at ¢.

Let us illustrate these steps with a simple example shown in Fig.2.7.
Suppose that f(7) is given in (a) and g(7) in (b). The mirror image of g(7)
is g(—7), which is shown in (c¢). In (d), g(t — 7) is shown as g(—7) shifted by
an amount ¢.
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It is clear, if ¢ < 0, there is no overlap between f(7) and g(t — 7). That
means that at any value of 7, either f(7) or g(¢t — 7), or both are zero. Since
f(r)g(t —7) =0 for t < 0, therefore

ct)=0, if ¢<0.
Between ¢t = 0 and ¢t = 1, the convolution integral is simply equal to abt,
c(t)=abt, 0<t<l1.
There is full overlap at t =1, so
ct)y=ab at t=1.

Between t = 1 and ¢t = 2, the overlap is steadily decreasing. The convolution
integral is equal to

c(t)y=abll = (t—1D]=ab2—-1¢), if 1<t<2.
For ¢t > 2, there will be no overlap and the convolution integral is equal

to zero. Thus the convolution of f(¢) and g(t) is given by the triangle shown
in (e).

(a) (b)
f(z) g(7)
a
b
R o
(c) (d)
9= o(t- r)_z f(z)
| __FT
-1 t 1
(e) c(t) = f(t) * g(t)
ab|[
0 1 2 t

Fig. 2.7. Convolution. The convolution of f(¢) shown in (a) and g(t) shown in
(b) is given in (e).
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2.7.2 Convolution Theorems

Time Convolution Theorem. The time convolution theorem
FLF) * 9(0))

can be proved as follows.
By definition

o~

W) g (w)

FUO g0} = [ [ | 1mee-n dr] ot

Interchanging the 7 and ¢ integration, we have

oo

Frw =gt = [ Z F) [ [ o-me dt} ar

— 00

Lett—717=x, t=2+ 7, dt = dx, then

/ gt —T)e widt = / g(z)e W)y

— o0 —00

o0
— efiwr/ g(l,)efiwz dr = efiw‘r/g(w).

— 00

Therefore
f{f(t) * g(t)} = /:x) f(T)e*iWT’g\(w)dT = g]\(w) /:X) f(,r)e*iurrd,r

= §w)f ().

Frequency Convolution Theorem. The frequency convolution theorem can be
written as

FHFw) xgw)} = 2mf(0)g(t).
The proof of this theorem is also straightforward. By definition

Fl {f(w) *?(w)} = % 3 [/ F@)§(w—-w) dw] o du
- %[mf(w) {/mg(ww)ede] dw.
Letw—w=90, w=0N+w, dw=d2, thus
./'7*1 {f(w) *§(w)} = %[ f(w) ethdw[ 'g\(Q)eth an
=2m f(t)g(?).
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Clearly this theorem can also be written as

FUA(9(0)) = 5-F(e) 5(w).

Ezample 2.7.1. (a) Use

F{coswot} = md (w+ wp) + 76 (w — wp) ,

2 sin aw

FL(n)} = =2

and the convolution theorem to find the Fourier transform of the finite wave

train f(t)
[ coswot |t] < a,
1) = { 0 |t >a.

(b) Use direct integration to verify the result.

Solution 2.7.1. (a) Since

1 |t <a,
Ma(t) = {o it > a.

so we can write f(t) as
f(t) = coswot - IT,(1).

According to the convolution theorem

F{f)} %f{coswot} « F{I, ()}

1 2 sin aw
by [70(w + wo) + 76 (w — wp)] * "

_ /Oo 5 (W + wo) + 6 (W — wp)] de’

— 00

sina(w + wp)  sina (w — wop)

w + wo w — wo
(b) By definition

a

PO = [ swetai= [ cosute dr

—a

Since

cos wot = % (ei“’ot + e_iwot) ,
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SO
1 [* . .
FUW =3 [ @ e
1 ei(wgfw)t @ efi(w0+w)t a
2 li(wo—w)|_, ilwotw)|,

sina (w — wq) n sin a(w + wp)

w — Wy w + wo

This pair of Fourier transform is shown in Fig. 2.8.

tif Itl -

AT
—® @

SARAL el
VAVIVATE

Fig. 2.8. The Fourier transform pair of a finite cosine wave

Example 2.7.2. Find the Fourier transform of the triangle function

t+2a —2a<t<O0
f)=< —t+2a 0<t<2a
0 otherwise

Solution 2.7.2. Following the procedure shown in Fig.2.7, one can easily
show that the triangle function is the convolution of two identical rectangle
pulse function

f(t) = Ha(t) * Ha(t)'

According to the time convolution theorem

FA)} = F{la(t) « Ha(t)} = F{Ia(t)} F {Ila (1)} -

Since "
sin aw
Fl.(t)} = ;
w
therefore )
2sinaw 2sinaw  4sin” aw
t = . = .
Firmy =00 2 .

This pair of transforms is shown in Fig. 2.9.

We can obtain the same result by calculating the transform directly, but
that would be much more tedious.
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f(?) FLH()}

432
2a

-2a 2a

N

Fig. 2.9. Fourier transform of a triangular function

2.8 Fourier Transform and Differential Equations

A characteristic property of Fourier transform, like other integral transforms,
is that it can be used to reduce the number of independent variables in a differ-
ential equation by one. For example, if we apply the transform to an ordinary
differential equation (which has only one independent variable), then we just
get an algebraic equation for the transformed function. A one-dimensional
wave equation is a partial differential equation with two independent vari-
ables. It can be transformed into an ordinary differential equation in the
transformed function. Usually it is easier to solve the resultant equation for
the transformed function than it is to solve the original equation, since the
equation for the transformed function has one less independent variable. After
the transformed function is determined, we can get the solution of the origi-
nal equation by an inverse transform. We will illustrate this method with the
following two examples.

Ezxample 2.8.1. Solve the following differential equation:
y'(t) — ay(t) = f(2)

where a is a constant and f(¢) is given function. The only imposed conditions
are that all functions must vanish as ¢ — +oo. This ensures that their Fourier
transforms exist.

Solution 2.8.1. Apply the Fourier transform to the equation, and let

Jw) =F{y®)},  Fw)=F{f®)}
Since

Fy" )} = (w)*Fly(t)} = —*F(w),
the differential equation becomes

-~

—(w* + ) (w) = f(w).
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Thus 1 R
Y(w) = —mf(w)
Recall 9
o) -
therefore

kﬁ

————r = ——e :
(w? + a?) 2a

In other words, if we define

1

~ 1 B
9(w)=—m, then g(t) = ——e I,

2a

According to the convolution theorem,

~

g(w)f(w) = F{g(t) = f(t)}.

Since
1 ~ .

y(w) = —mf(w =9 f(w) = F{g(t) « fF(D)},

it follows that:

y(t) = FH{Gw)} = F F{g(t) « f(t)} = g(t) = f(2).

Therefore
1 oo
y(t) = e~ =l f(r)dr.

~5a .

This is the particular solution of the equation. With a given f(t), this equation
can be evaluated.

Example 2.8.2. Use the Fourier transform to solve the one-dimensional classi-
cal wave equation
2y(x,t 1 y(x,t
Ox? v Ot?

with an initial condition
y(x,0) = f(z), (2.18)

where v? is a constant.
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Solution 2.8.2. Let us Fourier analyze y(x, t) with respect to x. First express
y(z,t) in terms of the Fourier integral

1 [ :
y(a,t) = —/ 7k, t)el* dk, (2.19)

2 J_ o
so the Fourier transform is
g(k,t) = /OO y(x, t)e " da. (2.20)
It follows form (2.19) and (2.18) that:
y(x,0) = € /oo 7(k,0)e* dk = f(z). (2.21)

2 J_ o

Since the Fourier integral of f(x) is
_ 1 <~ ikx
fa)= 5 /m Flkyet= a, (2.22)

clearly

~

y(k,0) = f(k). (2.23)
Taking the Fourier transform of the original equation, we have

o) 2 o] 2
/ 0 y(x7t) e—ikx de = i/ 0 y(I,t) e—ikz de,

Ox? v2 ) Ot?

— 00
which can be written as

oo 2 X 1 2 [ee] .
/ 9y, 1) y(@, t)e_‘k” de = o / y(z, t)e e da.

B vor ) |

The first term is just the Fourier transform of the second derivative of y (z,t)
with respect to x

oo 92
X

— 00
therefore the equation becomes

. 1 0% .
—k*y(k,t) = vﬁ@y(k,t)

Clearly the general solution of this equation is

y(k,t) = cl(k')eik”t + cz(k')e_ik”t.



102 2 Fourier Transforms

where ¢1 (k) and co(k) are constants with respect to t. At ¢t = 0, according
to (2.23)

G(k,0) = c1(k) + calk) = F(k).

This equation can be satisfied by the following symmetrical and antisymmet-
rical forms:

ar(k) = 5 [0 +30)]

where g(k) is a yet undefined function. Thus

~ 14 ikv —ikv 1 ikv —ikv
y(k,t)zif(k)(ek b e iW t)+§g(k)(ekt—e oty |

Substituting it into (2.19), we have

1 (14 . .
y(x,t) B 27 5f'(k) {elk(ac-i-vt) _’_elk(w—vt)} dk
TJ-x
+ 2i o0 %@\(k) |:Cik(m+vt) _ Cik(zfvt)} dk.
T J -

Comparing the integral
1 [~ .
L= / Fk)e*ete
T J_—co

with (2.22), we see that the integral is the same except the argument x is
changed to x 4 vt. Therefore

I = f(x +vt).
It follows that:

y(o,t) = 3 [f(r +ot) + fa = ot)] + 5 lgle + o) — (o — vt

N | =

where g(z) is the Fourier inverse transform of g(k). The function g(z) is
determined by additional initial, or boundary conditions.

In Chap. 5, we will have a more detailed discussion on this type of prob-
lems.
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2.9 The Uncertainty of Waves

Fourier transform enables us to break a complicated, even nonperiodic wave
down into simple waves. The way of doing it is to assume that the wave is a
periodic function with an infinite period. Since it is not possible to observe
the wave over an infinite amount of time, we have to do the analysis based
on our observation over a finite period of time. Consequently we can never be
100% certain of the characteristics of a given wave.

For example, a constant function f(¢) has no oscillation, therefore the
frequency is zero. Thus the Fourier transform fis a delta function at w = 0,
as shown in Fig. 2.2. However, this is true only if the function f(t) is a constant
from —oo to +o00. But under no circumstances can we be sure of that. What
we can say is that during certain time interval At¢, the function is a constant.
This is represented by a rectangular pulse function shown in Fig. 2.4. Outside
this time interval, we have no information, therefore the function is given a
value of zero. The Fourier transform of this function is 2sinaw/w. As we see
in Fig. 2.4, now there is a spread of frequency around w = 0. In other words,
there is an uncertainty of wave’s frequency. We can tell how uncertain is the
frequency by measuring the width Aw of the central peak. In this example,
At = 2a, Aw = 27/a. It is interesting to note that At Aw = 4x, which is a
constant. Since it is a constant, it can never be zero, no matter how large or
small At may be. Therefore there is always some degree of uncertainty.

According to quantum mechanics, photons and electrons can also be
thought of as waves. As waves, they are also subject to the uncertainty that
applies to all waves. Therefore in the subatomic world, phenomena can only
be described within a range of precision that allows for the uncertainty of
waves. This is known as the Uncertainty Principle, first formulated by Werner
Heisenberg.

In quantum mechanics, if f(¢) is normalized wave function, that is

/mkﬂﬂﬁﬁ=17

— 00

then the expectation value (t") is defined as

= [k

— 00

The uncertainty At is given by the “root mean square” deviation, that is
1/2
At = <t2 —~ <t>2> :

If f(w) is the Fourier transform of f(¢), then according to Parseval’s

theorem - -
/ ‘f(w)rdw - QW/ 1£(8)]? dt = 2.

— 00 — 00
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Therefore the expectation value of (w™) is given by

(W™ = ! /00 ‘f(w)rwndw.

=5 N

The uncertainty Aw is similarly defined as
1/2
Aw = <w2 - <w>2> .
If f(t) is given by a normalized Gaussian function

7(t) = (2)/ exp (—at?)

™

then clearly (t) = 0, since the integrand of [~ |f (t)]* t dt is an odd function,
and At = <t2>1/2 . By definition

(t*) = <2a)1/2 /OO exp (—2at?) t* dt.

™ —oo

With integration by parts, it can be easily shown that

[m exp(—2at®)t* dt = _@t exp(—2at?) . + Ta /700 exp(—2at?)dt
1/ 1\"? ) 1/ my\1/2
= (2a> /_OO exp(—u®)du = " <%) .
Thus s " s
At = (2o | (22) T L (1)1/2 _ (L
N N T da \2a - \da '
Now

For =ty = (2) 7 (2) e (-2).
So (w) = 0, and

1 (12 2 o 1 (2a\"? 7wy [ w2\
%/‘f(w)‘ de_27r<7r> (a)/_ooexp ~5a w* dw
1/2
3" o
T\ a

Aw = <w2>1/2 = (a)¥/2.

(@?)

Thus
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Therefore

1\ /2 e 1
At-Aw=|— =-.
t-Aw (4@) (a) 5

As we have discussed, if we change the name of the variable ¢ (representing
time) to = (representing distance), the angular frequency w is changed to the
wave number k. This relation is then written as

A:c~Ak:1.
2

The two most fundamental relations in quantum mechanics are
E=hv and p=hk,

where E is the energy, p the momentum, and 7% is the Planck constant, h/27.
It follows that the uncertainty in energy is AE = A Aw, and the uncertainty
in momentum is Ap = h Ak. Therefore, with a Gaussian wave, we have

At~AE:E, Al“Ap:E.
2 2

Since no other form of wave function can reduce the product of uncertainties
below this value, these relations are usually presented as

At-AEzg, AmAng,

which are the formal statements of uncertainty principle in quantum mechanics.

Exercises

1. Use an odd function to show that

po |

sinwtdw =

/Oolfcosm,u, —0<t<m
0 w 0 t>m

2. Use an even function to show that

> coswt T
SBY dw = Te
/0 112 7 2°

3. Show that
t <0,

0

/°° coswt + wsinwt m
———dw = =

0 1+ w? 2
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4.

10.

2 Fourier Transforms
Show that
msint
/°° sin 7w sin wt 0<t<n
0 1 — W
0 t>m
. Find the Fourier integral of

0 t>a.

f(t):{l 0<t<a,

2 [°°sinaw cos wt
— dw.
0

Ans. f(t) = —

™ w

. Find the Fourier integral of

0 t>a.

f(t):{t 0<t<a,

oo 3 3 -1
Ans. f(t) = 2/ (aslnaw TR ) coswt dw.

™ w w2
Find the Fourier integral of

f)y=et4+e 2 t>0.

6 [ 2+w?
Ans. f(t) = ;A mcoswtdw .

. Find the Fourier integral of

0 t>a.

° 2 2 t
Ans. f(t) = %/ [(aQ - 2) sin aw + — cos aw} b
0 w w w

Find Fourier cosine and sine transform of

2
f(t){t 0<t<a,

1 0<t<1,
)= 0 t>1
Ans. fAs= gl—cosw’ J?c: gsinw‘
T w T w

Find Fourier transform of

-t 0<t,
f(t){eo tzo.

Ans. m

dw.



11.

12.

13.

14.

15.

16.
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Find Fourier transform of

f(t):{l—t It <1,

0 1<t.
2iw iw _ —iw
Ans.<_e +)
iw w

Find Fourier transform of

et <,
f(t){o 1< |t.

1—-iw —1+iw

Ans, &
1—iw

Show that if f(¢) is an even function, then the Fourier transform reduces
to the Fourier cosine transform, and if f(¢) is an odd function it reduces
to Fourier sine transform.

Note that the multiplicative constants o and [ may not come out the
same as we have defined. But remember that as long as a x 3 is equal to
2/m, they are equivalent.

If f(w) = F{f(t)}, show that

F{(=it)" f(8)} = (w)-

Hint: First show that % =—iF{tf(t)}.

Show that "
Flpfoy =i [ fuas

(a) Find the normalization constant A of the Gaussian function exp(—at?)
such that

* 2
/ |Aexp(—at2)| dt = 1.

o0

o~

(b) Find the Fourier transform f(w) of the normalized Gaussian function
and verify the Parseval’s theorem with explicit integration that

/00 ’f(w)rdw = 2.

— 00

Ans. A = (2a/7)"/*.
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17.

18.

19.

20.

21.

22.

2 Fourier Transforms

Use Fourier transform of exp (— [t|) and the Parseval’s theorem to show

that
/°° dw .
oo (THwW2)2 27

(a) Find the Fourier transform of

4
£(t) = 1—‘2‘ —2<t<?2

0 otherwise

(b) Use the result of (a) and the Parseval’s theorem to evaluate the integral
= [T (Y

The function f(r) has a Fourier transform

Ans. T =27/3.

~ 1 der 1 1
f(k) = W/f(r)elk d’r = Wﬁ

Determine f(r).

Ans. f(r) = !

= I

Find the Fourier transform of
F(t) = te™"

Ans. f(w) = fi‘l/—gwe’“ﬁ/m.

Find the inverse Fourier transform of

o~

Flw) =72l

2 1

Evaluate

1
Fle—m—F—— ).
{w2—|—4w—|—13}

Hint: w? + 4w + 13 = (w +2)2 + 9.

Ans. f(t) = te72te=31,





