3

Orthogonal Functions and Sturm—Liouville
Problems

In Fourier series we have seen that a function can be expressed in terms of
an infinite series of sines and cosines. This is possible mainly because these
trigonometrical functions form a complete orthogonal set.

The concept of an orthogonal set of functions is a natural generalization
of the concept of an orthogonal set of vectors. In fact, a function can be
considered as a generalized vector in an infinite dimensional vector space and
sines and cosines as basis vectors of this space. This make us ask where does
such basis come from. Are there other bases as well? In this chapter we discover
that such bases arise as the eigenfunctions of self-adjoint (Hermitian) linear
differential operators, just as Hermitian n X n matrices provide us with sets
of eigenvectors that are orthogonal bases for n-dimensional space.

Many important physical problems are described by differential equations
which can be put into a form known as Sturm-Liouville equation. We will
show that under certain boundary conditions of the solution of the equation,
the Sturm—Liouville operators are self-adjoint. Therefore many basis sets of
orthogonal functions can be generated by Sturm-Liouville equations. Viewed
from a broader Sturm-Liouville theory, Fourier series is only a special case.

Some Sturm-Liouville equations are of great importance, we give names
to them. Solutions of these equations are known as special functions. In this
chapter we will discuss the origin and properties of some special functions
that are frequently encountered in mathematical physics. A more detailed
discussion of the most important ones will be given in Chap. 4.

3.1 Functions as Vectors in Infinite Dimensional Vector
Space

3.1.1 Vector Space

When we construct our number system, first we find that additions and
multiplications of positive integers satisfy certain rules concerning the order
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in which the computation can proceed. Then we use these rules to define a
wider class of numbers.

Here we are going to do the same thing with vectors. Based on the
properties of ordinary three-dimensional vectors, we abstract a set of rules
that these vectors satisfy. Then we use this set of rules as the definition of
a vector space. Any set of objects that satisfies these rules is said to form a
linear vector space.

As a consequence of the definition of ordinary vectors, it can be easily
shown that they satisfy the following set of rules:

— Vector addition is commutative and associative

at+b=Db+a,
(a+b)+c=a+(b+c).

— Multiplication by a scalar is distributive and associative
ala+b) =aa+ ab,

(o + B)a= aa+ Pa,
a(fa) = (af)a,

where o and 3 are arbitrary scalars.
— There exists a null vector 0, such that

a+0=a.
— All vectors a have a corresponding negative vector —a, such that
a+(—a)=0.
— Multiplication by unit scalar leaves any vector unchanged,
la=a.
— Multiplication by zero gives a null vector,
0a = 0.

Now let us consider all well behaved functions f(z), g(x), h(z), ... defined
in the interval a < x < b. Clearly, they form a linear vector space, since it can
be readily verified that
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alf(z)+g(@)] = af(z) + ag(z),
(a+pB)f(z) = af(z) + Bf(z),
a(Bf(2)) = (ap)f().
f(x) +0= f(z).
f(@) + (= f(z)) = 0.
1 x f(z) = f(z).
0x f(z)=0.

Therefore a collection of all functions of x defined in a certain interval of
x constitutes a vector space.

Dimension of a Vector Space. A three-dimensional ordinary vector v is
described by its three components (v1, v2, vs). It can be regarded a func-
tion with three distinct values [v(1), v(2), v(3)]. A n-dimensional vector is
defined by n-tuples [v(1), v(2),...,v(n)], as we have seen in the matrix theory.
Now the function f(z) is a vector, what is its dimension?

Let us imagine approximating the function f(z) between a < z < b in a
piecewise constant manner. Divide the z interval (¢ < x < b) into n equal
parts. Approximate the function by a sequence of values (f1, fo,...,fn),
where f; is the value of f(x) at the left endpoint of the ith subinterval, except
fn which is the value of f(b). For example, if we approximate f(z) = 1+ z
in 0 < z < 1 by dividing the interval into two equal parts, then f(z) is
approximated by [f(0), f(0.5), f(1)], or (1, 1.5, 2.0). Of course this is a very
poor approximation. A better approximation would be to divide the interval
in ten equal parts and approximate the function with 11 tuples of numbers
(1, 1.1, 1.2,...,2). Since the function is actually defined by all possible values
of & between 0 and 1, which consists of infinite number of values of = from
0 to 1, the function is described by n-tuples of numbers with n — oo. In this
sense, we say that the function is a vector in an infinite dimensional vector
space.

3.1.2 Inner Product and Orthogonality

So far we have not mentioned dot product of vectors. Dot product is also called
inner product or scalar product. Often it is written as u- v, or as (u| v), or
(u,v).

u-v=(ulv)=(uv).

A vector space does not need to have a dot product. But a function space
without an inner product defined is too large a vector space to be useful in
physical applications.

If we choose to introduce an inner product for the function space, how is
it to be defined? Again we elevate the properties of dot product of familiar
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vectors to axioms and require the inner product of any vector space to satisfy
these axioms.
From the definition of the dot product of two three-dimensional vectors

uand v:
3

u-Vv = ujv; + ugvs + uszvsy = E UjVj,
Jj=1

it can be easily deduced that dot product is

— commutative

— and linear
(au+pv) - w=a(u-w)+8(v-w).

The norm (or length) of vector is defined as

1/2
3
afl = (w-w)"? = | S uju,
=1

— Therefore the norm is non-negative
u-u>0 for all uz#0.

In complex space, the components of a vector can assume complex values.
As we have seen in matrix theory, the inner product in complex space is
defined as

3
_ * * * _ *
UV = UV + UV + UgV3 = E Uu;v;,
J=1

where u* is the complex conjugate of u. Therefore in complex space,

— The commutative rule u-v = v - u is replaced by
u-v=(v-u)", (3.1)

This follows from the fact that

*

3

3 3
u~v=2u;vj=Z(ujvj)* = Zv;uj =(v-u)”
j=1 j=1

=1
Thus, if « is a complex number, then

(au-v) =a*(u-v), (3.2)

(u av) =a(u-v). (3.3)
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Now if we use these properties as axioms to define a wider class of inner
products, then we can see that for two n-dimensional vectors u and v in
complex space, the expression

n
u-v =ujviwy + usvows + - - - + wrv,w, = E u;-‘vjwj (3.4)
=1

is also a legitimate inner product as long as w; is a fixed real positive constant
for each j.

Let us use two-dimensional real space for illustration. Suppose that
u=(1,2) and v =(3, —4), with wy; =2, we = 3, then

u-v=(1)3)(2)+(2)(-4)3) = -18

veou=(3)(1)(2)+ (=49)(2)@3) = —18,

in agreement with the axiom u-v =v - u.
On the other hand, if w; = 2, we = —3, then

u-u=(1)(1)(2) + (2)(2)(=3) = ~10,

in violation of the axiom u-u > 0 for u # 0.

It can be readily verified that with real positive w;, (3.4) satisfies all the
axioms of inner product. The wj;s are known as “weights” because they attach
more or less weight to the different components of the vector. Of course, w;
can all be equal to one. In many applications, this is indeed the case.

To define an inner product in a function space in the interval a < z < b,
let us divide the interval into n — 1 equal parts and imagine that the functions
f(x) and g(x) are approximated in a piecewise constant manner as discussed
before:

f(x):(flv f27"'7fn)1
g(l’) = (gla 927"-7977,)-
We can adopt the inner product as

(flg)= Zf;ngxj,
=1

where Az; is the width of the subinterval. Regarding Az; as the weights, this
definition is in accordance with (3.4). If we let n — oo, this sum becomes an
integral

b
ﬁm:/fmw@m,

The weight could also be w(x)dx, as long as w(z) is a real positive function.
In that case, the inner product is defined to be

b
Um=/fwwwmmm
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This is the general definition of an inner product of an infinite dimensional
vector space of functions. It can be readily shown that this definition satisfies
all the axioms of an inner product. As mentioned before, in many problems
the weight function w(z) is equal to one for all . It is to be emphasized that
our heuristic approach is neither a derivation nor a proof, it only provides the
motivation for this definition.

Two functions are said to be orthogonal in the interval between a and b if

b
<ﬂ@=/¢wmmmm@mza

The norm of a function is defined as

b 1/2 b 1/2
IWﬂWW=VNWWWW]=VUWWM4-

The function is said to be normalized if

Il =1.

An infinite dimensional vector space of functions, for which an inner
product is defined is called a Hilbert space. In quantum mechanics, all
legitimate wavefunctions live in Hilbert space.

3.1.3 Orthogonal Functions

Orthonormal Set. A collection of functions {#,,(x)}, where n = 1,2,... is
called an orthogonal set if (¢, |¢,,) = 0 whenever n # m.
Dividing each function by its norm

1

(x)7

we have an orthonormal set {¢,,(z)}, which satisfies the relation

_JOn#Em
It is to be noted that the functions in the set and their inner products are to
be defined in the same interval of z.
For example, with a unit weight function w(z) = 1, the set of functions

{sin ) (n=1,2,...) is orthogonal on the interval 0 <z < L, since
L
nmTr . Mmmx
/ sin —— sin dx:{gnfm.
0 L L 2 n=m
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Furthermore, {¢,,(x)} where

2
O () =1/ 7 sin %,

is an orthonormal set in the interval of ¢(0, L).
Gram—Schmidt Orthogonalization. Out of a linearly independent (but not
orthogonal) set of functions {uw,(x)}, an orthonormal set {¢,} over an
arbitrary interval and with respect to an arbitrary weight function can be
constructed by the Gram—Schmidt orthogonalization method. The procedure
is similar to that we have used in the construction of a set of orthogonal
eigenvectors of a Hermitian matrix.

From a given linearly independent set {u,}, an orthogonal set {¢,,} can
be constructed. We start with n = 0. Let

Po(x) = uo(x)
and normalized it to unity and denote the result as ¢

Bo(2) = ).

[ 1o (@) w(x)dz]

Clearly,

2 = L ZT 2’U}fE r = 1.
J1nta)fw do = [fm(xmw(x)dx}/%( ) we) do = 1

For n =1, let

¥1(2) = ur(x) + a0y ().
we require 1, (z) to be orthogonal to ¢, (),
[ i@ @)ulo) do
= /¢8($)U1($)w(33) dz + aio / 6o (2)]? w(z) dz = 0.

Since ¢ is normalized to unity, we have

aip = —/(bé(as)ul(x)w(x)dx.

With a1 so determined, v, () is a known function, which can be normalized.
Let

¢1(x) = ! 172 ¥ (x).

[ 1862 (2) w(w)dz]
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For n =2, let
¥a(x) = ua(z) + a219,(z) + azo ¢y (2).
The requirement that 1, (z) be orthogonal to ¢, (z) and to ¢y(x) leads to

ag = —/ﬂ(x)ug(x)w(x) dz,

a0 = —/qﬁé(x)uz(x)w(x) dx.

Thus ¥4 (x) is determined. Clearly this process can be continued. We take 1,
as the ith function of {v,,} and set it to equal w; plus an unknown linear com-
bination of the previously determined ¢;, j = 0,1,...7 — 1. The requirement
that 1; be orthogonal to each of the previous ¢; yields just enough constraints
to determine each of the unknown coefficients. Then the fully determined 1),
can be normalized to unity and the steps are repeated for 1, In terms of
the inner products, the procedure can be expressed as:

Yo = ug ¢0 =1y <¢0 W0>_1/2
Yy = u1 — ¢y (¢ |u1) b1 =Py (g W)1>71/2
o = up — ¢y (P |U2> — 9o <¢0 |U2> by = Py <¢2 W2>_1/2

V=i — by (b ) — - by =, (b [y 2

Clearly {1, } is an orthogonal set and {¢,,} is an orthonormal set.

Example 3.1.1. Legendre Polynomials. Construct an orthonormal set from the
linear independent functions u,(z) = z™, n = 0,1,2,... in the interval of
—1 <z <1 with a weight function w(z) = 1.

Solution 3.1.1. According to the Gram—Schmidt process, the first unnormal-
ized function of the orthogonal set {1, } is simply wo,

’ll)o = Ug = 1.
The first normalized function of the orthonormal set {¢,,} is

~1/2

1
by = Vg (W 1) Y2 =2 [/ da:] —
0 0 (o [¥o) o), NG
The next function in the orthogonal set is

P =u1 — @q <¢0 ‘U1> .



3.1 Functions as Vectors in Infinite Dimensional Vector Space 119

Since )
(o lu1) = /_1 %xdx =0,
SO
Yy ==
and »
1 _
- 3
¢1 =1y (b |thy) V=g [/1 z? daz} =1/ 3%

Continue the process

Yy = uz — ¢y (1 |ua) — dg (B |ua) -

Since

L 1
(o1 |u2) = /71 \/3363 dz =0, (¢ |uz) = [1 \/ng do = g7

SO

and

By = 1y (g [1hy) % = (x2 - ;) V_ll (ﬁ = ;)2 dx] 7
()RR )

The next normalized function is
T(5 5 3
It is straight-forward, although tedious, to show that

b, = /2n2+1Pn(x),

where P, (z) is a polynomial of order n, and

Pa(1) =1,

/1 P, (z) Py (x)dz = 2

——pm.
—1 2n+ 1

These polynomials are known as Legendre polynomials. They are one of the
most useful and most frequently encountered special functions in mathemati-
cal physics. Fortunately, as we shall see later, there are much easier methods
to derive them.
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In this example, we have used the Gram—Schmidt procedure to rearrange
the set of linear independent functions {z"} into an orthonormal set for the
given interval —1 < z < 1 and given weight function w(z) = 1. With other
choices of intervals and weight functions, we will get other sets of orthogo-
nal polynomials. For example, with the same set of functions {#"} and the
same weight function w(x) = 1, if the interval is chosen to be [0,1], instead
of [-1,1], the Gram—Schmidt process will lead to another set of orthogo-
nal polynomials known as shifted Legendre polynomial {P:(x)}. With P%(x)
normalized in such a way that P5(1) =1,

Pi() = P, (2 <x— ;)) .

The first few shifted Legendre polynomials are
Pi(x) =1, Pi(x)=22—1, P5(x)=62>—6x+ 1.

As another example, with the weight function chosen as w(z) = e~% in the
interval of 0 < z < oo, the orthonormal set constructed from {z"} is known
as the Laguerre polynomial {L,(x)}. The first three Laguerre polynomials
are

1
(2 — 4z + 2°).

Lo(@) =1, Li()=1-x, La(z)=;

It can be readily verified that
/ L, (z) Ly (z)e”"da = §pm.
0

Sometimes Laguerre polynomials are defined with a normalization

/ Lo (2) L (2)e~%da = 8,y (n1)2.
0
In that case, the first three Laguerre polynomials are
Lo(z) =1, Li(z)=1—x, Lo(x)=2—4x+2°

Obviously infinitely many orthogonal sets of functions can be generated
from {z"} by the Gram—Schmidt process. With a given weight function and a
specified interval, the Gram—Schmidt process is unique up to a multiplication
constant, positive or negative. This process is rather cumbersome. Fortunately,
almost all interesting orthogonal polynomials constructed by this method are
solutions of particular differential equations. Therefore they can be discussed
from the perspective of differential equations.
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3.2 Generalized Fourier Series

By analogy with finite dimensional vector space, we can consider an ortho-
normal set of functions {¢,,(z)} (n=0,1,2,...) on the interval a < x < b as
basis vectors in an infinite dimensional vector space of functions, in which

b
(G 6) = / 64 ()b (2)10(2) A = .

If any arbitrary piecewise continuous bounded function f(z) in the same
interval can be represented as the linear sum of these functions

f(@) = codo(x) + 1oy (@) + - =D cnd, (), (3.5)
n=0

then {¢,,(z)} is said to be complete. If this equation is valid, taking the inner
product with ¢,,(x), we have

<¢m |f> = Z Cn <¢m |¢n> = Zc7l5nm =Cm-
n=0 n=0

The coefficients ¢,

b
on= (00 )= [ on (@)1 @ul)da (36)
are called Fourier coefficients and the series (3.5) with these coefficients
f@) =2 (6n 1) bul®)
n=0

is called the generalized Fourier series. Clearly if a different set of basis {¢,, }
is chosen, then the function can be expressed in terms of the new basis with
a different set of coefficients.

The nature of the representation of f(x) by a generalized Fourier series is
that the series representation converges to the mean. Let us use real functions
to illustrate. Select M equally spaced points in the interval a < z < b at
1 =a, o =a+Azx, x3 =a+2 Az,... where Az = (b —a)/(M — 1). Then
approximate the function at any one of these M points by the finite series

N
F@) =Y Andy ().
n=0

In order to make this approximation as good as possible in the least square
sense, we have to minimize the mean square error. This means we have to
differentiate the mean square error D,
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M N 2
D= Z [f(xl) — Z And)n(xi)‘| w(z;) Ax
i=1 n=0

with respect to each of coefficient A,, and set it zero. Let Aj be one of the
A,s. The differentiation with respect to Ay

oD
ol
leads to
M N
> 2 lf(wi) - An%(ﬂﬂz‘)] [—¢n(z:)] w(zi) Az =0,
i=1 n=0
M N M
> (@) faw(@)Ar =Y Ay Y ¢y (2:)¢, (z)w(;) Az = 0.
=1 n=0 1=1

Now if we take the limit as M — oo and Ax — 0, we see this approaching the
limit

b N b
| e@i@ue -3 4, [ 0@, @) dr =0,
@ n=0 a
With real functions, the orthogonality condition is

b
L/mw%wmmm:ak

Therefore .
A= [ o) @) ds

which is exactly the same as the Fourier coefficient. In this approximation, the
mean square error is minimized. For the generalized Fourier series, in which
{#,,} is a complete set and N — oo, the integral of the error squared goes to
Z€ro.

Of crucial importance is that the basis set must be complete. The set
{¢,,} is complete in the function space if there is no nonzero function that

is orthogonal to each of the function ¢,. For example, {%sin nx} (n =

1,2,...) is an orthonormal set on the interval —7 < z < m. But it is not
complete since any even function in that interval is orthogonal to any of ¢,
in the set.

It is not always that easy to use the definition to test if a set is com-
plete. Fortunately, complete sets of orthogonal functions are provided by the
eigenfunctions of certain type of differential operators known as Hermitian
(or self-adjoint) operators.
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3.3 Hermitian Operators

3.3.1 Adjoint and Self-adjoint (Hermitian) Operators

If the functions f(z) and g(x) in the vector space of functions, satisfy certain
boundary conditions, the adjoint of a linear differential operator L, denoted
by LT, is defined by the relation

(Lflg) = {f |LTg).

For example, in an infinite dimensional vector space consisting of all square-
integrable functions with the inner product defined as

1) :/ P de < oo,

—o0
all functions must satisfy the boundary conditions
f(z) — 0, as & — +o0.

If the differential operator L in this space, in which w(z) =1, is d/dz; (L =
d/dz), then the inner product (Lf |g) is given by

el = ptlo)= [ (1) 9ae= [~ sraan

With integration by parts,

> d e d d
[ gt = ra@ewe [ r et = (|- 1a) = 0 1170),

— 00

since the integrated part is equal to zero because of the boundary conditions
f(£o0) — 0. Thus, the adjoint of the operator L = d/dz is LT = —d/dz in
this space.

Ezample 3.3.1. In the space of square integrable functions f(x) on the interval
) L

—00 < = < oo, find the adjoint of the operators (a = d?/dz?, and
d
b) L=1—.
(b) tdx
d2
Soluti 3.3.1. L=—
olution (a) o2

w110 = (e t]o) = (41|~ o) = (] g0 ) = 12%9).

Therefore the adjoint of d?/dz? is LT = d?/dz?.
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(b) L= {35
1d 1 /4d 1 d 1d
L = _— = — _ = — _— — R
(Lflg) <idmf‘g> _i<dmf‘g> —~ <f‘ dxg> <f idwg>,
d
where we have used (3.2) and (3.3). Therefore the adjoint of L = %d— is
x
d
Lt=%1_—,
tdz

An operator is said to be self-adjoint (or Hermitian) if LT = L. Thus, in

2 d

the above example, the operators EPe) and %d— are Hermitian, but d/dz is
x x

not Hermitian since L™ = —d/dz which is not the same as L = d/dz.

In this example, the weight function w(x) is taken to be unity. In general,
w(x) can be any real and positive function. Furthermore, the space can be
defined in any interval. If z is specified to be on the interval a < x < b, the
general expressions of inner products take the following forms.

wig = [~ @@y e@u@i,

— 00

(f|Lg) = /_00 f*(z)Lg(x)w(x)dz.

Since w(x) is real, and

/muv@»wmmmmdx(/wg%mLﬂmw@wm>i

—0 —o00

a self-adjoint operator L can also be expressed as

/O; [ (z)Lg(z)w(z) de = (/OO 9*($)Lf(x)w(x)dx>*'

— 00

Symbolically, this also follows from the fact that (Lf |g) = (f |Lg) and
(Lflg) = (g [Lf)", so )
(f |Lg) = (g ILf)". 3.7

In a finite dimensional space, the eigenvalues of a Hermitian matrix are
real and the eigenvectors form an orthogonal basis. In an infinite dimensional
space, the Hermitian differential operator plays the same role as the Hermitian
matrix in the finite dimensional space. Corresponding to the matrix eigenvalue
problem, we have the eigenvalue problem of differential operator

Lo(x) = Ap(x),

where A\ is a constant. For a given choice of A, a function which satisfies
the equation and the imposed boundary conditions is called an eigenfunction
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corresponding to A. The constant A is then called an eigenvalue. There is no
guarantee the eigenfunction ¢(z) will exist for any arbitrary choice of the
parameter \. The requirement that there be an eigenfunction often restricts
the acceptable values of A\ to a discrete set. We shall see in Sect. 3.3.2 that
the eigenvalues of a Hermitian operator are real and the eigenfunctions form
a complete orthogonal basis set.
Furthermore, the elements a;; of a Hermitian matrix are characterized by
the relation
Q5 = a;l (38)

In analogy, we often define a “matrix element” L;; of a Hermitian operator
Lij = (9, |Lo;) .

By (3.7),
<¢i |L¢j> = <¢j |L¢i>*~
Therefore
Lij =L} (3.9)

The similarity between (3.8) and (3.9) is obvious.

In quantum mechanics, the expectation value of an observable (a physical
quantity that can be observed), such as energy and momentum, is the average
value of many measurements of that quantity. The outcome of a measurement
is of course a real number. Furthermore, the observable is represented by an
operator O and the expectation value is given by (¥ |O ¥) where ¥ is the
wave function describing the state of the system. Thus (¥ |O ¥) must be real,
that is

(wlow) =(w|0ovw).

Since
(wlow)" =(ow|v),

it follows
(O¥ )y =(F|OW).

Therefore any operator representing an observable must be Hermitian.

3.3.2 Properties of Hermitian Operators

The Eigenvalues of a Hermitian Operator are Real. Let )\ be an eigenvalue of
the operator L and ¢ be the corresponding eigenfunction

Lo = M.

So
(Lo @) = (Ao |¢) = A" (¢ |9) -
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Since L is Hermitian, it follows that

(Lo [¢) = (¢ |Lp) = (¢ [A) = A (& |9) .
Thus
NP |o) = A (o |8) .
Therefore
A=),

the eigenvalue of a Hermitian operator must be real.

It is interesting to note that the Hermitian operator can be imaginary.
Even if the operator is real, the eigenfunction can be complex. But in all
cases, the eigenvalues must be real.

Because the eigenvalues are real, the eigenfunctions of a real Hermitian
operator can always be made real by taking a suitable linear combinations.
Since by definition

Lo = Xig;,

the complex conjugate is given by
Lo7 = Njoi = Nidy,

where we have used the fact A* = X. Thus both ¢, and ¢; are eigenfunctions
corresponding to the same eigenvalue. Because of the linearity of L, any linear
combination of ¢; and ¢} must also be an eigenfunction. Now both ¢;+ ¢ and
i(¢p; — ¢;) are real, so we can take them as eigenfunctions for the eigenvalue
Ai. So for a real operator, we can assume both eigenvalues and eigenfunctions
are real.

The Eigenfunctions of a Hermitian Operator are Orthogonal. Let ¢; and ¢;
be eigenfunctions corresponding to two different eigenvalues A; and A,

Lo; = \jé;.

It follows that
(Lo |8;) = Nty |0;) = A] (95 |95) = Ni (85 [;)

the last equality follows from the fact that the eigenvalues are real. Since L is
Hermitian,

(Lo, |¢j> = (¢, |L¢j> = (& ‘/\j(bj> = \j (& ‘¢j>-
Thus

i <¢z |¢g> = )\j <¢z |¢j>a
(Ni = Xj) (95 |¢;) = 0.
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Since A\; # \;, we must have
<¢z’ |¢j> = 0.

Therefore ¢; and ¢; are orthogonal.

Degeneracy. If n linear independent eigenfunctions correspond to the same
eigenvalue, the eigenvalue is said to be n-fold degenerate. If this is the case,
we cannot use the above argument to show that these eigenfunctions are
orthogonal and they may not be. However, if they are not orthogonal, we
can use the Gram—Schmidt process to construct n-orthogonal functions out of
the n linearly independent eigenfunctions. These newly constructed functions
will satisfy the same equation and be orthogonal to each other and to other
eigenfunctions belonging to different eigenvalues.

The Eigenfunctions of an Hermitian Operator form a Complete Set. Recall
that a Hermitian matrix can always be diagonalized. The eigenvector of a
diagonalized matrix is a column vector with only one nonzero element. For

e ()61 A02) (é) Y (é) <Ao1 AOQ) (i)) e G)

Any vector in this two-dimensional space can be expressed in terms of these

two eigenvectors
C1 _ ]. + 0
Co =C1 0 C2 1 .

We say that these two eigenvectors form a complete orthogonal basis. Clearly,
the eigenvectors of a n x n Hermitian matrix will form a complete orthogonal
basis for the n-dimensional space.

One would expect that in an infinite dimensional vector space of func-
tions, the eigenfunctions of a Hermitian operator will form a complete set of
orthogonal basis. This is indeed the case. A proof of this fact can be found in
“Methods of Mathematical Physics”, Chap. 6, by Courant and Hilbert, Inter-
science Publishers (1953), Reprinted by Wiley (1989).

Thus, in the interval where the linear operator L is Hermitian, any piece-
wise continuous function f(z) can be expressed in a generalized Fourier series
of eigenfunctions of L, that is, if the set of eigenfunctions {¢,,} (n =10,1,2,...)

is normalized, then
o0

F@)=>_(f160) bns
n=0
where Lo, = A\ o,,.

It is to be emphasized that in the space where L is Hermitian, the functions
in this space have to satisfy certain boundary conditions. It is these boundary
conditions that determine the eigenfunctions. Let us illustrate this point with
the following example.
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Ezample 3.3.2. (a) Let the weight function be equal to unity w(x) = 1, find
the required boundary conditions for the differential operator L = d?/dx?
to be Hermitian over the interval a < x < b. (b) Show that if the solutions
of Ly = Ay in the interval 0 < z < 27 satisfy the boundary conditions
y(0) = y(27), ¥'(0) = ¢/(27), (where y’ means the derivative of y with respect
to ), then the operator L in this interval is Hermitian. (¢) Find the complete
set of eigenfunctions of L.

Solution 3.3.2. (a) Let y;(x) and y;(x) be two functions in this space. Inte-
grating the inner product (y; |Ly;) by parts gives

b 2 b b *
d“y,; dy; dy! dy;
ML) = * J = |y*=2L| — t 22 qx.
(i [Ly;) /a Vi qz2 dz {% dx]a /a dzr dz dz

Integrating the second term on the right-hand side by parts again yields

b * * b b 12, %
dy; dy; dy; /d ;
Wi gy = | Loy | - Ly da.
/a dr dz " dz ¥ 0 Jo da? Yice

Thus

dy; 1" [dyr 1"
i | Ly = |y —=| — Ly Ly; |y;).
(yi |Ly;) {yz de [dx yg} + (Lyi ly;)
Therefore L is Hermitian provided

b b
* dyj dy;k _
{yi dz]a [dz vi| =0

a

(b) Because of the boundary conditions y(0) = y(27), ¥’ (0) = y'(27),

*d j o * *
2] = sremngom - 00 =,

0
dy* 2T
] = emnen - i 00 o
T " lo

Therefore L is Hermitian in this interval, since

dy;1"  [dy; 7
(ys |Ly;) = [ydxj} - {dgg llj] + (Lyi ly;) = (i |[Lhy;) -

(c) To find the eigenfunctions of L, we must solve the differential equation

d?y(x)
dz?

= \y(z),
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subject to the boundary conditions

y(0) = y(2m),  ¥'(0) = ¥ 2m).
The solution of the differential equation is

y(z) = Acos VAz + Bsin Vz,
where A and B are two arbitrary constants. So

y'(z) = —VMAsin Vz + VAB cos VA,

and

y(0) = A, y(27) = Acos VA2 + Bsin V2T,
Y (0) = VAB, ¢/(27) = —VAAsin VA2 + VAB cos VA2

Because of the boundary conditions y(0) = y(2x), y'(0) = ¢'(27),

A = AcosVA\2r + Bsin VA2,
VIAB = —VAAsin VA2 + VAB cos V2T,

or

A(l — cos \[\277) — BsinV2r =0
Asin VA2m + B(1 — cos VA2r) = 0.

A and B will have nontrivial solutions if and only if

1—cos VA2  —sin V27 _ 0
sinvVA2r 1 —cosvVA2r|

It follows that

1 — 2cos VA7 + cos® VA2T + sin? VA2 = 0,

or
2 — 2cosVA2r = 0.
Thus
cos V2 = 1
and

Vi=n, n=0,1,2,....

Hence, for each integer n, the solution is

yn(x) = Ay cosnz + By sinnx.

129
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In other words, for this periodic boundary conditions, the eigenfunctions of
this Hermitian operator d?/dz? are cosnz and sinnz. This means that the
collection of {cosnz, sinnz} (n =0,1,2,...) is a complete basis set for this
space. Therefore, any piecewise continuous periodic function with period of
271 can be expanded in terms of these eigenfunctions. This expansion is, of
course, just the regular Fourier series.

A systematic account of the relations between the boundary conditions
and the eigenfunctions of the second-order differential equations is provided
by the Sturm—Liouville theory.

3.4 Sturm—Liouville Theory

In the last example, we have seen that the eigenfunctions of the differential
operator d2 /dz? with some boundary conditions form a complete set of orthog-
onal basis. A far more general eigenvalue problem of second-order differential
operators is the Sturm—Liouville problem.

3.4.1 Sturm-Liouville Equations

A linear second-order differential equation

AW) oy 4 B) Syt Clay + AD()y =0, (3.10)

where )\ is a parameter to be determined by the boundary conditions, can be
put in the form of

d? d
@y-i-b(ac)@y—i-c(x)y—i—)\d(x)y =0 (3.11)

by dividing every term by A(z), provided A(z) # 0. Let us define an integrat-
ing factor p(z),

p(x) _ ef b(m’)dz'.
Multiplying (3.11) by p(z), we have

2

122 + p(ﬂc)b(x)iy + p(z)c(x)y + Ap(x)d(z)y = 0. (3.12)

p(x) =

Since

dp(x) _ d fl b(z’)dz' fl b(z’)dz’ d /r ! _
) _ 4, o L bt ae = @)
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SO
d d 2 dp(z) d 4z d
o [ o] =)z + By o)+ b
Thus, (3.12) can be written as
L p@)Ly| + oy + Aw@y =0 (3.13)
dr dx q\r)y w\r)y =Y, .

where ¢(x) = p(x)c(z) and w(z) =
where nonzero, the solutions of (3.10
are equivalent.

Under the general conditions that p, g, w are real and continuous, and
both p(z) and w(x) are positive on certain interval, equations in the form of
(3.13) are known as Sturm-Liouville equations, named after French mathe-
maticians Sturm (1803 —1855) and Liouville (1809—1882), who first developed
an extensive theory of these equations.

These equations can be put in the usual eigenvalue problem form

p(z)d(x). Since the factor p(z) is every-
)—(3.13) are identical, so these equations

Ly =Xy

by defining a Sturm—Liouville operator

L= w(lx) Li: (p(x)i) +q(x)} . (3.14)

Sturm-Liouville theory is very important in engineering and physics,
because under a variety of boundary conditions on the solution y(z), lin-
ear operators that can be written in this form are Hermitian. Therefore the
eigenfunctions of the Sturm—Liouville equations form complete sets of orthog-
onal bases for the function space in which the weight function is w(z). The
set of cosine and sine functions of Fourier series is just one example within a
broader Sturm-Liouville theory.

We note that the definitions of the Sturm—Liouville operator vary; some

authors use
d d
=1 ( da:) +q(z)

and write the eigenvalue equation as

Ly = —hwy.

As long as it is consistent, the difference is just a matter of convention. We
will use (3.14) as the definition of the Sturm-Liouville operator.
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3.4.2 Boundary Conditions of Sturm—Liouville Problems

Sturm-Liouville Operators as Hermitian Operators. Let L be the Sturm-—
Liouville operator in (3.14), and f(z) and g(z) be two functions having
continuous second derivatives on the interval a < x < b, then

e = [{-L[E(pa)vd 1} gwar

Since p, ¢, w are real, the integral can be written as
b b
d d
Lflgp=— [ — (p—f* - *g da.
(Lflg) /adx(pdxf>gda? /atJfgdx

With integration by parts,
. dz P qz ga:—pdxga Paz 4™
b b
. d [ dg
/a / d( dx) dr.

[
/f ( >dx—/abqf*gda:7
or

It follows that

Ldg dfs \1" /b 17d [/ d
(Lflg) = {p<f P dxg)]aJr/a f {—w {dx <pdx>+q}g}wdx

Ldg df \1°

- |p(r e -Se)] <.
It is clear that if ,
Ldg df* B
QR R

(Lflg)=(f|Lg).

In other words, if the function space consists of functions that satisfy
(3.15), then the Sturm-Liouville operator L is Hermitian in that space.

and

B df* b
<Lf|g>——pdx9a

then

Sturm—Liouville Problems. It is customary to refer to the Sturm-Liouville
equation and the boundary conditions together as the Sturm—Liouville prob-
lem. Since the operator is Hermitian, the eigenfunctions of the Sturm—Liouville
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problem are orthogonal to each other with respect to the weight function w(z)
and they are complete. Therefore they can be used as basis for the generalized
Fourier series, which is also called eigenfunction expansion.

If any two solutions y,,(z) and y,,(z) of the linear homogeneous second-
order differential equation

[p(x)y ()] + qx)y(z) + dwy(z) =0, a<z<b

satisfy the boundary condition (3.15), then the equation together with its
boundary conditions is called a Sturm—Liouville problem. Since the operator
is real, the eigenfunctions can also be taken as real. Therefore the boundary
condition (3.15) can be conveniently written as

= 0. (3.16)

ROWAO
0| ) )| v

Depending on how the boundary conditions are met, Sturm-Liouville
problems are divided into the following subgroups.

3.4.3 Regular Sturm—Liouville Problems

In this case, p(a) # 0 and p(b) # 0. The Sturm—Liouville problem consists of
the equation

Ly(x) = Ay(x)
with L given by (3.14), and the boundary conditions

ay(a) + ay'(a) =0,
Bry(b) + Bay' (b) = 0,

where the constants oy and oo cannot both be zero, and 8, and 3, also cannot
both be zero.

Let us show that these boundary conditions satisfy (3.16). If y,(x) and
ym(z) are two different solutions of the problem, both have to satisfy the
boundary conditions. The first boundary condition requires

ayn(a) + azy,(a) =0,
0.

A1Ym (a) + O‘Z:’J;n (a)

This is a system of two simultaneous equations in 7 and as. Since a; and
g cannot both be zero, the determinant of the coefficients must be zero,
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Similarly, the second boundary condition requires

Clearly,
b)) w0 | L) 9@
p@’ym(b) y;xb)‘ ( )’ymm) yho(a)

Therefore the boundary condition of (3.16) is satisfied.

Ezample 8.4.1. (a) Show that for 0 <z <1,

y/l + )\y — O
y(0) =0, y(1)=0,

constitute a regular Sturm—Liouville problem.
(b) Find the eigenvalues and eigenfunctions of the problem.

Solution 3.4.1. (a) With p(z) =1, ¢(x) =0, w(z) = 1, the Sturm-Liouville
equation
(py") +qy + dwy =0

becomes
y" + Xy =0.

Furthermore, with a = 0, b =1, a1 =1, aa =0, 8, =1, 5 = 0, the
boundary conditions

ary(a) + asy'(a) =0,
Bry(b) + Bay'(b) = 0,

become
y(0) =0, y(1)=0.

Therefore the given equation and the boundary conditions constitute a regular
Sturm—Liouville problem.

(b) To find the eigenvalues, let us look at the possibilities of A = 0, A < 0,
A > 0.
If A = 0, the solution of the equation is given by

y(z) = a1z + co.
Applying the boundary conditions, we have

y(0)=c2=0, y(1)=c14+c2=0,
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so ¢; = 0 and ¢ = 0. This is a trivial solution. Therefore A = 0 is not an
eigenvalue.
If A <0, let A = —p? with real p, so the solution of the equation is

y(x) = creM® 4 coe™H,
The condition y(0) = 0 makes ¢c; = —c;. The condition y(1) = 0 requires
y(1) = ci(e* —e™#) =0.

Since p # 0, so ¢; = 0. Again this gives the trivial solution.
This leaves the only possibility that A > 0. Let A\ = p? with real y, so the
solution of the equation becomes

y(x) = ¢ cos px + co sin p.
Applying the boundary condition y(0) = 0 leads to
y(0) =¢; =0.

Therefore we are left with

y(z) = cosin px.
The boundary condition y(1) = 0 requires

cosinp = 0.
For the nontrivial solution, we must have
sinp = 0.
This will occur if p is an integer multiple of T,
p=nm, n=1 2,....
Thus the eigenvalues are
A =p?=(nm)?, n=1,2,...,

and the corresponding eigenfunctions are

yn(z) = sinnrz.

Of course, we can solve this problem without knowing that it is a Sturm—
Liouville problem. The advantage of knowing that {sinnwz}(n = 1,2,...)
are eigenfunctions of a Sturm—Liouville problem is that immediately we know
that they are orthogonal to each other. More importantly, we know that they
form a complete set in the interval 0 < x < 1.
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Ezample 38.4.2. (a) Put the following problem into the Sturm-Liouville form,

y' =2y +dy=0, O0<z<n7
y(0) =0, y(m)=0.

(b) Find the eigenvalues and eigenfunctions of the problem.
(c) Find the eigenfunction expansion of a given function f(z) on the interval
0<x<m.

Solution 3.4.2. (a) Let us first find the integrating factor p,
p(z) = oJ (2’ _ 2w
Multiplying the differential equation by p(z), we have
e 2y — 272y 4 Ne 7y = 0,
which can be written as
(e 2y/) + X e 2"y = 0.

This is a Sturm-Liouville equation with p(z) = e=2*

e~ 2%,

, ¢(z) =0, and w(z) =

(b) Since the original differential equation is an equation with constant
coefficients, we seek the solution in the form of y(x) = ™*. With this trial
solution, the equation becomes

(m? —2m + \)e™ = 0.
The roots of the characteristic equation m? — 2m + A = 0 are
m=1+v1—-\,

therefore
y($) B (Clc\/lf)\a: + CQC7\/17)\95>

for X # 1.
For A = 1, the characteristic equation has a double root at m = 1, and the
solution becomes
yo2 () = csx + ¢4.

The boundary conditions y2(0) = 0 and yo(7) = 0 require that ¢z = ¢4 = 0.
Therefore there is no nontrivial solution in this case, so A = 1 is not an
eigenvalue.

For A # 1, the boundary condition y(0) = 0 requires

y(0) =c¢1 +c2 = 0.
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Therefore the solution becomes

y(@) = cre (emz _ e_mw).

If A < 1, the other boundary condition y(m) = 0 requires

y(m) = cre” (em” - e*m”) =0.

This is possible only for the trivial solution of ¢; = 0. Therefore there is no
eigenvalue less than 1.
For A > 1, the solution can be written in the form of

y(@) = c1e® (ei\/,\—u _ e—i\/,\—u)

= 2icie” sin vV A — 1x.
The boundary condition y(7w) = 0 is satisfied if
sinvA—1r =0.

This can occur if
A—1=n, n=1, 2,....

Therefore the eigenvalues are
M=n?+1, n=1,2,...,
and the eigenfunction associated with each eigenvalue A, is
o, (x) = ¥ sinnz.

Any arbitrary constant can be multiplied to ¢,,(z) to give a solution for the
problem with A = \,,.

(c) For a given function f(z) on the interval 0 < x < m, the eigenfunction
expansion is

f@) =" cnt, (@),

Since {¢,,} (n = 1,2,...) is a set of eigenfunctions of the Sturm-Liouville
problem, it is an orthogonal set with respect to the weight function w(z) =

—2x
e

)

(D |Om) = /W(e‘r sinnz)(e” sinmz)e **dz =0, for n#m.
0

For n = m,

s

(D, 9) = / (e® sinnx)(e” sinnx)e 2 dr = / sin? nz dz = g
0

0
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Therefore
<¢n |¢m> - nnL

Taking the inner product of both sides of the eigenfunction expansion with
®,,, We have

f |¢ nz::lcn ;Cngénm = icm-
Therefore
(f |on)
where

(f |on) / f(x)e"sinnx e 2xdaz—/ f(x)e " sinnx dz.

It follows that

N 2
Z — (/ f(x)e ®sinnx dx> e” sin nzx.
i

:]

Ezample 3.4.3. (a) Find the eigenvalues and eigenfunctions of the following
Sturm-Liouville problem:

y'+ Xy =0,
y(0) =0, y(1) —y'(1) =0.

(b) Show that the eigenfunctions are orthogonal by explicit integration,

1
/ Yn(2)ym(x)de =0, n #m.
0
(c) Find the orthonormal set of the eigenfunctions.

Solution 3.4.3. (a) It can be easily shown that for A < 0, no solution can
satisfy the equation and the boundary conditions. For A = 0, it is actually an
eigenvalue with an associated eigenfunction yo(z) = z, since it satisfies both
the equation and the boundary conditions

d2

@x =0, (0)=0, yo(l)— y(’)(l) =1-1=0.
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Most of the eigenvalues come from the branch where A = o? > 0. In that case,

the solution of
d2

V(@) +a’y(z) =0

is given by
y(z) = Acosax + Bsinax.

The boundary condition y(0) = A = 0 leaves us with
y(z) = Bsinaz.
The other boundary condition y(1) —y'(1) = 0 requires that
sinaw — acosa = 0. (3.17)
Therefore o has to be the positive roots of
tana = a.

These roots are labeled as «, in Fig. 3.1. The roots of the equation tanx = ux
are frequently needed in many applications, and they are listed in Tables 4.19
and 4.20 in “Handbook of Mathematical Functions” by M. Abramowitz and
I.A. Stegun, Dover Publications, 1970. For example, in our case u = 1,
a1 =4.49341, ay=7.72525, a3=10.90412, a4=14.06619.... Thus the eigen-
values of this Sturm-Liouville problem are A\g = 0, A, = a2(n = 1,2,...), the
corresponding eigenfunctions are

yo(z) =, yn(x) =sinapz (n=1,2,...).

10+

tanx

51

—104

151

Fig. 3.1. Roots of tanz = x, au, is the nth root. ay = 4.49341, . = 7.72525,
a3 = 10.90412,. .. as listed in Table 4.19 of “Handbook of Mathematical Functions”,
by M. Abramowitz and I.A. Stegun, Dover Publications, 1970
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(b) According to the Sturm-Liouville theory, these eigenfunctions are ortho-
gonal to each other. It is instructive to show this explicitly. First,

1 1

1
. xr .
rsin o,z de = |—— cos a,z + —5 sina,
0 Qnp g, 0
1 .
=— [—ay, cos ay, + sinay,] = 0,
an

since «, satisfies (3.17). Next

1 1
/ sin apz sinapz doe = = / [cos(avy, — ) — cos(ay, + aun )] da
0 2 Jo
1 [sin(ay — ) sin(a, + am)
2 Oy — Oy, o + oy,
Now
sina,, sina,
an — Q,y = tana, — tana,,, = —
coSQu,  COS Ol
sin o, COS Qy, — COS vy, SiN Oy, sin(ay, — aum)
COS iy, COS Oy, COS iy, COS Q|
thus )
sin(a, — )
——————— % = COS (y, COS Oy, -
Qp — Oy
Similarly

sin(ay, + am)

= COS Oy, COS Wy, -
Oy + Qg

It follows that

! 1
/ sin a,x sin o, dz = 3 [cos auy, COS Ay, — €COS uy, €OS Q| = 0.
0

(¢) To find the normalization constant 52 = 01 y2(x) da:
1
1
2 2
= d = —.
B /0 vidr = ¢
1 1t
62 = / sin? a,z do = 7/ (1 — cos2a,x) dx
0 2 Jo

1 sin2a,z]' 1 sin2a,
T2 {x_mn]o_2_ dary,
1 sina, cos oy,
27 2a,
Since tan a,, = a,, from the following diagram, we see that
. (o 7% 1
sina, = —— COS (v, =

Vi+a2’ VitaZ
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Thus

ﬂgil L o 1 B 2
"2 an \/1+a2 /1+a2 2(1+a2)

Therefore, the orthonormal set of the eigenfunctions is as follows:

2(1 2
{\/gx, (—’—a")sinanx} (n=1, 2, 3,...).

On

3.4.4 Periodic Sturm—Liouville Problems

On the interval a < x < b, if p(a) = p(b), then the periodic boundary condi-
tions

y(a) =y(b), y'(a)=y'(b)

also satisfy the condition (3.16). This is very easy to show. Let y,(z) and
ym () be two functions that satisfy these boundary conditions, that is

n(b), yn(a) =y, (b),
m (D) Ym(a) = yp, (D).

Yn(a) =y
y

Ym(a)
Clearly
yn(0) (D) ‘ ’ yn(a) yp(a)
b P —pla n =0,
O} sl | v o) 1ol
since the two terms are equal.

Therefore, a Sturm—Liouville equation plus these periodic boundary con-
ditions also constitute a Sturm—Liouville problem. Note that the difference
between the regular and periodic Sturm-Liouville problems is that the bound-
ary conditions in the regular Sturm—Liouville problem are separated, with one
condition applying at * = a and the other at x = b, whereas the boundary
conditions in the periodic Sturm—Liouville problem relate the values at x = a
to the values at x = b. In addition, in the periodic Sturm-Liouville problem,
p(a) must equal to p(b).

For example,

Yy ' +dy=0, a<z<b
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is a Sturm-Liouville equation with p = 1, ¢ = 0, and w = 1. Since p(a) =
p(b) = 1, a periodic boundary condition will make this a Sturm-Liouville
problem. As we have seen, if y(0) = y(27), y'(0) = y/(27), the eigenfunctions
are {cosnz, sinnz} (n=0,1,2,...), which is the basis of the ordinary Fourier
series for any periodic function of period 2.

Note that, within the interval of 0 < x < 27, any piece-wise continuous
function f(x), not necessarily periodic, can be expanded into a Fourier series
of cosines and sines. However, outside the interval, since the trigonometric
functions are periodic, f(z) will also be periodic with period 2.

If the period is not 2w, we can either make change of scale in the Fourier
series, or change the boundary in the Sturm—Liouville problem. The result
will be the same.

3.4.5 Singular Sturm—Liouville Problems

In this case, p(z) (and possibly w(z)) vanishes at one or both endpoints. We
call it singular, because Sturm—Liouville equation

(ry") + qy + dwy =0

can be written as
py" + 'Y +qu+ Iwy =0,

or

1 1 1
y'+ =0y + —qy+ A-—wy = 0.
p p p

If p(a) = 0, then clearly at = a, this equation is singular.

If both p(a) and p(b) are zero, p(a) = 0 and p(b) = 0, the boundary
condition (3.16) is automatically satisfied. This may suggest that there is no
restriction on the eigenvalue A\. However, for an arbitrary A, the equation
may have no meaningful solution. The requirement that the solution and its
derivative must remain bounded even at the singular points often restricts
the acceptable values of A to a discrete set. In other words, the boundary
conditions in this case are replaced by the requirement that y(z) must be
bounded at = a and = = b.

If p(a) = 0 and p(b) # 0, then the boundary condition (3.16) becomes

2 5]

This condition will be met, if all solutions of the equation satisfy the boundary
condition

B1y(b) + ﬂ2y/(b) =0,

where constants 5, and 5 are not both zero. In addition, solutions must be
bounded at x = a.
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Similarly, if p(b) = 0 and p(a) # 0, then y(z) must be bounded at = = b,
and
ary(a) + azy’(a) = 0,

where oy and as are not both equal to zero.
Many physically important and named differential equations are singular
Sturm-Liouville problems. The following are a few examples.

Legendre Equation. The Legendre differential equation
(1—2®)y" =22y’ + Ay=0, (-1<z<1)

is one of the most important equations in mathematical physics. The details
of the solutions of this equation will be studied in Chap. 4. Here we only want
to note that it is a singular Sturm—Liouville problem because this equation
can be obviously written as

[(1—22)y] + Xy =0,
2

which is in the form of Sturm-Liouville equation with p(x) = 1 — 22,
g = 0,w = 1. Since p(x) vanishes at both ends, p(1) = p(—1) = 0, it is a
singular Sturm—Liouville problem. As we will see in Chap. 4, in order to have a
bounded solution on —1 < z < 1, A has to assume one of the following values

An=n(n+1), n=0,1,2 ....

Corresponding to each A,, the eigenfunction is the Legendre function P, (x),
which is a polynomial of order n. We have met these functions when we
constructed an orthogonal set out of {z™} in the interval —1 < z < 1, with a
unit weight function. The properties of this function will be discussed again
in Chap. 4. Since P, (z) are eigenfunctions of a Sturm-Liouville problem, they
are orthogonal to each other in the interval —1 < z < 1 with respect to a unit
weight function w(x) = 1. Furthermore, the set {P,(z)} (n = 0,1,2,...) is
complete. Therefore, any piece-wise continuous function f(z) in the interval
—1 <z <1 can be expressed as

(oo}

f(z) = chPn(z),

n=0

where

Py [ @)
TR T P

This series is known a Fourier—Legendre series, which is very important in
solving partial differential equations with spherical symmetry, as we shall see.

Bessel Equation. The problem consists of the differential equation

22y () + zy' (z) — vy + N2y (x) = 0, 0<z<L (3.18)
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and the boundary condition
y(L) =0.

It is a singular Sturm—Liouville problem. In the equation, v* is a given constant
and A\? is a parameter that can be chosen to fit the boundary condition.
To convert this equation into the standard Sturm-Liouville form, let us first
divide the equation by z?2,

2

1 1
V') + =y (2) =~y + Ny(a) =0, (319)

and then find the integrating factor
p(z) = of T — e — g

Multiplying (3.19) by this integrating factor, we have

1
zy" (@) +y'(2) — —vy(@) + Nay(w) =0, (3.20)
which can be written as
1
(2] — ;sz + My = 0.

This is a Sturm-Liouville equation with p(z) = z, ¢(z) = —v?/z, w(z) = .
Of course, (3.20) can be obtained directly from (3.18) by dividing (3.18) by «.
However, a step by step approach will enable us to handle more complicated
equations, as we shall soon see.

Since p(0) = 0, there is a singular point at x = 0. So we only need the
other boundary condition y(L) = 0 at = L to make it a Sturm-Liouville
problem.

Equation (3.18) is closely related to the well known Bessel equation. To
see this connection, let us make a change of variable, t = Az,

dy _dydt _ dy
de  dtdax  “dt’

d?y d [dy d dy 5 d%y
dx_dx(dx> =% ()\dt) N

Thus
Lty dy
da: )\ dt dt’
7y ¢ )\2 d?y = 2d2
d A de? de?”
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It follows that (3.18) can be written as

2
tQ% +t% — 2y +t?y =0.
This is the Bessel equation which is very important in both pure mathematics
and applied sciences. A great deal of information about this equation is known.
We shall discuss some of its properties in Chap. 4.

There are two linearly independent solutions of this equation. One is known
as the Bessel function J, (¢), and the other, the Neumann function N, (¢). The
Bessel function is everywhere bounded, but the Neumann function goes to
infinity as t — 0.

Since t = Az, the solution y(x) of (3.18) must be

y(x) = AJ,(Ax) + BN, (Az).

Since the solution must be bounded at x = 0, therefore the constant B
must be zero. Now the values of the Bessel functions J, (t) can be calculated,
as we shall see in Chap.4. As an example, we show in Fig.3.2 the Bessel
function of zeroth order Jy(t) as a function ¢. Note that at certain values of ¢, it
becomes zero. These values are known as the zeros of the Bessel functions, they
are tabulated for many values of v. For example, the first zero of Jy(t) occur
at t = 2.405, the second zero at t = 5.520,.... These values are listed as
201 = 2405, 202 = 5520, e

The boundary condition y(L) = 0 requires that

Jy(AL) = 0.
This means that A can only assume certain discrete values such that
)\1.[/:,21,17 )\QL:ZVQ, )\3L:ZV3,... .

That is,

0.75 ¢

Jo(9) o0s |

0.25 +

o 2% 5 75 \_10 /125 15
—0.25 1 t

Fig. 3.2. Bessel function of zeroth order Jo(t)
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It follows that the eigenfunctions of our Sturm-Liouville problem are
yn(z) = J,(Anx).

Now J, (Apz) and J, (A, z) are two different eigenfunctions corresponding two
different eigenvalues A, and \,,. The eigenfunctions are orthogonal to each
other with respect to the weight function w(x) = . Furthermore, {J,(A\,z)}
(n=1,2,3,....) is a complete set in the interval 0 < x < L. Therefore any
piece-wise continuous function f(z) in this interval can be expanded in terms
of these eigenfunctions,

flz)= Z cndy(An),

where
@ 0w fy F@) O de
(o On) O [E 1 )P e da

This expansion is known as Fourier—Bessel series. It is needed in solving partial
differential equations with cylindrical symmetry.

T

Ezxample 3.4.4. Hermite Equation. Show that the following differential equa-
tion
Yy’ —2xy +20y =0, —oc0o<z<00

forms a singular Sturm-Liouville problem. If H,(z) and H,,(x) are two
solutions of this problem, show that

/ Hn(x)Hm(x)e_mzdm =0 for n#m.

Solution 3.4.4. To put the equation into the Sturm-Liouville form, let us
first calculate the integrating factor

2

p(z) = eff 2alda’ _ o—a?

Multiplying the equation by this integrating factor, we have
2
xr

_:I;Z

ey — 2 ey +2a ey =0.

Since ,
[e—w2y/] _ e—xzy// _ 9 e—avzy/7

the equation can be written as

221 —z?
[e y} +2ae* y=0.
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z? g=20
w(r) = e~ *. Since p(o0) = p(—o0) = 0, this is a singular Sturm-Liouville
problem. Therefore, if H, (z) and H,,(z) are two solutions of this problem,
then they must be orthogonal with respect to the weight function w(z) = e =",
that is

This is in the form of a Sturm-Liouville equation with p(z) = e~
xr

/ Hn(x)Hm(x)e*ﬁdx =0 for n#m.

Ezxample 3.4.5. Laguerre Equation. Show that the following differential equa-
tion
2y +(1—2)y +ny=0, 0<2z<o0

forms a singular Sturm-Liouville problem. If L, (z) and L,,(z) are two solu-
tions of this problem, show that

/ Ly ()L (z)e™"dz =0 for n #m.
0

Solution 3.4.5. To put the equation into the Sturm-Liouville form, let us
first divide the equation by =

1-— 1
y”—l—ixy’-i-nfy:O
x x
and then calculate the integrating factor

T o1

p(z) = of FFds’ eI — e,

Multiplying the last equation by this integrating factor, we have
re Ty +(1—z)e "y +ne "y=0.

Since
[:E efzy/]/ — e—a:y// + (1 o :z:)efwy’,

the equation can be written as
E e_xy']l +ne Ty =0.

This is in the form of a Sturm-Liouville equation with p(z) = x e™*,¢q = 0,
w(zx) = e~ . Since p(0) = p(co) = 0, this is a singular Sturm—Liouville prob-
lem. Therefore, if L,(z) and L,,(z) are two solutions of this problem, then
they must be orthogonal with respect to the weight function w(z) = e™7,
that is -

/ Ly(x)Ly(z)e *dx =0 for n#m.

— 00
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Ezxample 3.4.6. Chebyshev Equation. Show that the following differential equa-
tion

(1—2®)y" —ay +n’y=0, —-l<z<l1
forms a singular Sturm-Liouville problem. If T,,(z) and T,,(x) are two solu-
tions of this problem, show that

1

/()OoTn(m)Tm(x)mdx—O for n # m.

Solution 3.4.6. To put the equation into the Sturm—Liouville form, let us
first divide the equation by (1 — z2)

1

y/+n2

1
711729:0

1— 22 1

and then calculate the integrating factor

pla) = =
To evaluate the integral, let v = 1 — 22, du = —2z dz, so
o , 1 [du 1 1 9
Thus,

plx)=e J 5w _ dma—?) [eln(l_ﬁ} v

— (1 _ 1‘2)1/2.
Multiplying the last equation by this integrating factor, we have
(1 _ 562)1/2:(/// _ (1 _ 1‘2)_1/21‘yl + ?’L2(1 _ $2)_1/2y —=0.

Since ,

[(1 _ x2)1/2y’} —(1- x2)1/2y” (- x2)*1/2xy’,
the equation can be written as

I
[(1 - xz)l/zy'} +n2(1—a2?) V2 = 0.

This is in the form of a Sturm-Liouville equation with p(z) = (1—22)1/2, ¢ =
0, w(z) = (1 —2?)71/2. Since p(—1) = p(1) = 0, this is a singular Sturm-
Liouville problem. Therefore, if T, (z) and T,,(x) are two solutions of this

problem, then they must be orthogonal with respect to the weight function
w(z) = (1 — 22)~Y/2, that is

/00 Tn(x)Tm(x)#dx =0 for n#m.

— 0 — 2
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3.5 Green’s Function

3.5.1 Green’s Function and Inhomogeneous Differential Equation

So far we have shown that if the solutions of the Sturm-Liouville equation
satisfy certain boundary conditions, then they become a set of orthogonal
eigenfunctions y, (x), with associated eigenvalues A,,.

Now suppose that we want to solve the following inhomogeneous differen-
tial equation in the interval a < z < b,

d

5= o] + @+ oty = £10) (3:21)

where f(z) is a given function. The boundary conditions to be satisfied by
the solution y(z) are the same as that satisfied by eigenfunctions y, (z) of the
Sturm—Liouville problem

d

T [P g + @ + Asutaly, 0.

Note that k # A,,. In fact, k can even be zero.
It is more convenient to work with the normalized eigenfunctions. If y,(x)
is not yet normalized, we can define
1
bul@) = ——3un(@),
{yn [yn)

so that

D | D) /as Y (2)dz = .

Since {¢,,} (n=1,2,...) is a complete orthonormal set, the solution y(z)
of (3.21) can be expanded in terms of ¢,,,

Putting it into (3.21), we have

Z { [ ﬂﬂz()} 2) + ku(a Zcm ().

Since
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SO
00

S eal=A + Buw(@), (@) = f(2).

n=1

Multiplying both sides by ¢,,(z) and integrating,

[e'S) b b
> enlhn ) [ 0@ @ (e)de = [ 1(@)o,, (@)
n=1 a a

Because of the orthogonality condition, we have

b
(A + k) = / F (@) (),

or
b
| f@e@

Cp =

Hence the solution y(z) is given by

0o 00 1 b
W@ =Y ctn(@) =Y [ — f(x/)(i)n(x/)dx’] 002

Since f(x) is a given function, presumably this series can be computed.
However, we want to put it in a somewhat different form, and introduce a
conceptually important function, known as the Green’s function. Assuming
the summation and the integration can be interchanged, we can write the last
expression as:

b > ’ T
a n=1 n

Now if we define the Green’s function as:

G’ x) = 7%@/_)%@)7 (3.22)

n=1

then the solution y(z) can be written as:
b
va) = [ )6l )

3.5.2 Green’s Function and Delta Function

To appreciate the meaning of the Green’s function, we will first show that
G(z', ) is the solution of (3.21), except with f(x) replaced by the delta func-
tion §(x’ — x). That is, we will show that
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d d ! ! ! /
e p(z)aG(x )| +q(2)G(2’, x) + kw(z)G(2',z) = §(z" —x), (3.23)

where the delta function (2’ — x) is defined by the relation
b
F(x) = / F(2")é(z' —x)da’, a<z<b.

With G(z/, z) given by (3.22),

& P06 0| + @6 ) + )6 o)
{5 [pog] + a0} > Pulr)0nE) | o > )
OO_Anwx nxl¢nx = nx/ n\L = ’
=3 IR ) 3 A )3 0,00

which can be shown as the eigenfunction expansion of the delta function. Let

5z’ —x) Z and,,(
The inner product of both sides with one of the eigenfunctions shows that

an = (0(2' = z) [$,(2)) .

Therefore
5o/ — ) ZanQS = 3 (30" — ) |6, (2)) b (x)

_Z[/éx—m(ﬁn)()dx 6, ( i

Furthermore, since d(z’ — z) is nonzero only for z = 2/,
6(z' —x) =6(x — ') Z (3.24)

Equation (3.23) is thus established.

Now the Green’s function can be interpreted as follows. The linear dif-
ferential equation, such as (3.21), can be used to describe a linear physical
system. The function f(z) in the right-hand side of the equation represents
the “force,” or forcing function applied to the system. In other words, f(z)
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is the input to the system. The solution y(z) of the equation represents the
response of the system.

The Green’s function G(z’, x) describes the response of the physical system
to a unit delta function, which represents the impulse of a point source at x’
with a unit strength.

We can model any input f(z) as the sum of a set of point inputs. This is
expressed as

flx) = /f(m’)é(x/ —x)dz’.

The value of f(z') is simply the strength of the delta function at z’. Since
G(z',z) is the response of a unit delta function, if the strength of the delta
function is f(a’) times larger, the response will also be larger by that amount.
That is, the response will be f(z') G(z’, x). Since the system is linear, we can
find the response of the system to the input f(z) by adding up the responses
of the point inputs. That is

y(z) = / f(@)G(e 2)da.

Ezample 3.5.1. (a) Determine the eigenfunction expansion of the Green’s func-
tion G(2/,x) for

y'ty=z
y(0) =0, y(1)=0.
(b) Find the solution y(z) of the inhomogeneous differential equation through

y(z) = /01 ' G(2 x)da’.

Solution 3.5.1. (a) To solve this inhomogeneous differential equation, let us
first look at the related eigenvalue problem,

vy +y+Ay=0.
y(0) =0, y(1)=0,

which is a regular Sturm-Liouville problem, with p(z) =1, ¢(z) =1, w(z) =
1. The solution of the equation

y'=—(1+Ny

is
y(x) = AcosvV1+ Az + Bsin V1 + Ax.

The boundary condition y(0) = 0 requires

y(0) = A =0,



3.5 Green’s Function

SO

y(1) = Bsinv1+ A\

Thus the other boundary condition y(1) = 0 makes it necessary that
1+A=nm, n=1, 2, 3,
It follows that the eigenvalues are
A\ =n’7m? —1,
and the corresponding eigenfunctions are
yn(x) = sinnrz.

Therefore the normalized eigenfunctions are

o, () = SInTE 73 = V2sinnrz.
{fol sin® nrx dac]

Hence the Green’s function can be written as

[eS) , .
d) sinnma’ sinnrx
0— /\ 1 — n2x2
n=1

(b) The solution y(a:) is therefore given by

1
y(z ):/ 2’ G2, r)dx —25 1smn;rsc2/ z'sinnrz’ da’.
—n2m

Since

1 1 1
! 2 !/ /! / 1 / 1 !/ /
o sinnry’ da’ = |x ——— COSN7Tx + — cosnmx dx
0 nm

0 nm Jo

1 (_1)n+1
= ——Ccosnm = ——
nm nm

)

the solution can be expressed as:

[e’e] 1 .
2 Z n+ sinnmwx
T = 1—n27r2) ’

153

In this example, with the eigenfunction expansion of the Green’s function,
we have found the solution of the problem expressed in a Fourier series of sine
functions. To show that the Green’s function is the response of the system
to a unit delta function, it is instructive to solve the same problem with a

Green’s function obtained directly from the equation
d2 !/ !/ !
@G(x,x)—i—(}'(x?x) =6(z' —x).

This we will do in the following example.

(3.25)
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Ezample 8.5.2. (a) Solve the problem of the previous example with a Green’s
function obtained from the fact that it is the response of the system to a
unit delta function. (b) Solve the inhomogeneous differential equation of the
previous example, with the Green’s function obtained in (a).

Solution 3.5.2. (a) Since the Green’s function is the response of the system
to a delta function, we require it to be continuous and bounded in the interval
of interest. For = # z’, the Green’s function satisfies the equation

2

d ’ / _
@G(x,x)—l—G(m,x)—O.

The solution of this equation is given by
G(2',z) = A(z') cosx + B(x2) sinz.

As far as z is concerned, A(z’) and B(z') are two arbitrary constants. But
there is no reason that these constants are the same for x < 2’ as for z > 7/,
in fact they are not. So let us write G(2/, x) as

. /
Gla!,z) = acosx—i—bb?nm x<x/,
ccosx +dsinx x > x'.

Since the Green’s function must satisfy the same boundary conditions as the
original differential equation. At x = 0, G(z’,0) = 0. Since x = 0 is certainly
less than z’, therefore we require

G(2',0) =acos0+bsin0 =a = 0.
Furthermore, because at x = 1, G(z/,1) = 0, we have
G(2',1) = ccos1 +dsinl = 0.

It follows that
cos1

sinl’
Thus, for z > 2/,

cosl . 1 . .
G(a:',x) = CCOSx — C— 1 sinx = c,—l(smlcosx —coslsinx)
sin sin
= c——sin(1 — z).
sin 1

Hence, with boundary conditions, we are left with two constants in the Green’s
function to be determined,

G, z) = —osin(l—z) z > 2.

, bsinx T <,
)= c
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To determine b and ¢, we invoke the condition that G(z’, ) must be continuous
at x = 2/, so

. o . 12
bsinz’ = ¢ sin(1 — ')
Thus,
, G~ (2',z) =bsinz x <,
G, z) = Gt (2, z) = b% sin(l1 —z) = > 2’

Next we integrate both sides of (3.25) over a small interval across ',

x'+e 42 z'+e z'+e
/ ﬁG(m", x)dz + / G(2',x)dz = / §(x — x)dz.
- x

/—e€ z/—e z’—e

The integral on the right-hand side is equal to 1, by the definition of the delta

function. As € — 0,
' +e
lim G(2',x)dz = 0.
€e—0 Jor_¢
This integral is equal to 2e times the average value of G(z’,z) over 2e at
x = x'. Since G(a/,x) is bounded, this integral is equal to zero as € goes to

zero. Now
m'—l—s

z'+e d2 dG(JZ/,IE)
L g2 e)de = —3 =

'—e€ x'—e

It follows that as € — 0,

_dG7 (¢, z)
, dx

Al L dG+ (2, x)
fmy | qEG@he)de = ==

—e T=x

Hence .,
sin x
—b————cos(l —2') —bcosz’ =1
sin(1 — z') cos(l — ') ’
or

"o =) [sin(1 — ") cosa’ + cos(1 — ) sinz’] = 1.

Since
[sin(1 — ") cos 2’ + cos(1 — ') sinz'] = sin(1 — 2’ + ') =sin1,
S0
sin(1 — ')

sin 1

b =
Thus, the Green’s function is given by

. 17 !’ .
, —SHI;T””)sma: T <,
G($ 756) =

. ’
_ sinzx

o tsin(l —x) x> 2
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y(r) = /0l 2’ G(z’, x)dz’

x : / 1 : /
1—
—/ x’SI,ngi sin(1 — x)daz’ —/ xlw sinz dz’
0 x

sin sin 1

in(1 — T : 1
— 7M\/ x' SiIle/ dx/ — S / I, sin(l — I,)dl'/.
0 T

sin 1 sin 1
Since
/ 2'sing’ da’ = [~2’ cosa’ +sina’]; = —x cosx + sinw,
0
! 1
/ #'sin(1 — 2")da’ = [2/ cos(1 — 2') + sin(1 — 2')],
=1—xcos(l —z)—sin(l — z),
S0
1 . . .
y(z) = —— 1 [~z sin (1 — x)cosz + sinx — xsinz cos (1 — z)]
sin
1
_ rsin (1 — Co .
sinl[ zsin(l —z+z) +sinz] ==z So7 S

To see if this result is the same as the solution obtained in the previously
example, we can expand it in terms of the Fourier sine series in the range of
0<x<1,

o0
sinx = E an, sinnwx,

n=1

! 1
an = 2/ (a: — ——sin x) sinnmz dz.
0 sinl

It can be readily shown that

: (-
rsinnmr de = ————,
0 nm

sin 1

1
1 1 1
/0 sinz sinnre doe = 3 |:TL7T — sin (nm—1) — m—] sin (nm + 1)}
L=yt (=Dt (=) o
:2{mr_1s1nl+ e sinl| = 2] sin 1
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Thus
o | D () an 2(—1)"+
a, = =
" nw n2mr2 —1 nr (1 —n2m2)’
and
. 2 e (-t
xr — Slﬁ SINT = ; ngl m sSmnmax,

which is identical to the result of the previous example.

This problem can be simply solved by the “ordinary method.” Clearly x is
a particular solution, and the complementary function is y. = A cosz+ B sinz.
Applying the boundary conditions y(0) = 0 and y(1) =1 to the solution

y(x) = yp +yo = x + Acosz + Bsinz,

we get

sin x.

1
y(x)_x_sinl

We used this problem to illustrate how the Green’s function works. For
such simple problems, the Green’s function may not offer any advantage, but
the idea of Green’s function is a powerful one in dealing with boundary condi-
tions and introducing approximations in solving partial differential equations.
We shall see these aspects of the Green’s function in a later chapter.

Exercises
1. (a) Use the explicit expressions of the first six Legendre polynomials
1 2 1 3
Py(z)=1, P(z)==z, P(z)= 5(330 1), P3(z) = 5(53} - 3xz),

Py(z) = é (352" — 302 +3), Ps(z)= - (632° — 702° + 15z),

| =

to show that the conditions

1
2

are satisfied by P, (x) at least for n =0 to n = 5.
(b) Show that if y, = P,(z) for n =0,1,...,5, then

(1 —2®)y!! — 2xy), +n(n + 1)y, = 0.
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Express the “ramp” function f(x)
0 -1<2<0

in terms of the Legendre polynomials in the interval —1 < x < 1. Find
the first four nonvanishing terms explicitly.

Ans. f(z) =Y qan Py (z), a,= 2n2+ L f01 P, (z)dx,
F(2) = 1Py (@) + 5Py (@) + 136132 () — 332134@) e

. Laguerre polynomial. (a) Use the Gram-Schmidt procedure to generate

from the set {z"} (n = 0,1,...) the first three polynomials L, (x) that
are orthogonal over the interval 0 < x < oo with the weight function e™.
Use the convention that L, (0) = 1.

(b) Show, by direct integration, that
/ L, (z) Ly (z)e”*da = dpm.
0

(¢) Show that if y, = Ly(z), then vy, satisfies the Laguerre differential
equation
wyp + (1= 2)y, + 1y = 0.

(you may need [;°z"e"*dz = nl)

Ans. Lo(x) =1, Li(x) =1—x, Ly(z) =122+ %x2.

. Hermite polynomial. (a) Use the Gram-Schmidt procedure to generate

from the set {z"} (n = 0,1,...) the first three polynomials H,(x) that
are 2orthogonal over the interval —oo < x < oo with the weight function
e~ " . Fix the multiplicative constant by the requirement

/ Hn(a:)Hm(x)e_xzdx = Gpmn!2" /7.

(b) Show that if y, = Hy(z), then vy, satisfies the Hermite differential
equation
Yn + =22y, + 2ny, = 0.

(you may need [~ e~ dz = /)

Ans. Ho(z) =1, Hi(z) = 2z, Ha(x) = 42? — 2.

. Associated laguerre equation. (a) Express associated Laguerre’s differen-

tial equation
zy"(z) + (k+1-2)y'(z) + ny(z) =0

in the form of a Sturm-Liouville equation.
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(b) Show that in the interval 0 < z < oo, it is a singular Sturm-Liouville
problem.
(¢) Find the orthogonality condition of its eigenfunctions.

Ans. (a) [xk+1e_’3y'(x)]l +naFe %y(z) =0
(©) J° 2y (@)ym(x)dz = 0, n #m.

. Associated laguerre polynomial. (a) Use the Gram—Schmidt procedure to
generate from the set {z"} (n =0, 1,...) the first three polynomials L’ (z)
that are orthogonal over the interval 0 < x < co with the weight function
x e~ ". Fix the multiplicative constant by the requirement

/ LY (2)L} (z)x e %dx = Sppm-
0

(b) Show that if y,, = L.(z), then y, satisfies the Associated Laguerre
differential equation with £ =1

zyy + (k +1+2)y, +ny, = 0.

Ans. Ly(z) =1, Li(z) = 55(z = 2), Li(z) = ﬁ(ar;2 — 6x 4 6).

. Chebyshev polynomial. (a) Show that the Chebyshev equation
(1—2%)y"(z) —zy/(z) + \y(x) =0, —-1<x<l1

can be converted into
2

~—

with a change of variable x = cosf. (O(8) = y(x(0)) = y(cosb)).
(b) Show that in terms of 6, dy/dz can be expressed as

1
@ = | AV Asin VO — B\Acosxf)\e] —_
dz sin 6
Hint: ©(0) = Acos VA0 + BsinV\b;
@7d97d(9d0. do 1

dz ~ dzr dfdz’ dr  sinf
(c) Show that the conditions for y and dy/dz to be bounded are

B=0, A=n% n=0,1,2,....
Therefore the eigenvalues and eigenfunctions are

A =n%, 0,(0) = cosnb
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(d) The eigenfunctions of the Chebyshev equation are known as Cheby-
shev polynomial, usually labeled as T,,(x). Find T,,(x) with the condition
T,(1) =1 for n =0,1,2,3,4.

Hint: T,,(z) = yn(z) = 0,(0) = cosnb; cos20 = 2cos?f — 1, cos30 =
4dcos®h —3cosl, cosdd =8cos*h —8cos?h+ 1.
(e) Show that for any integer n and m,

0 n#m

! 1
. (7)) ———=dz={ ™ n=m=0.
[t =

Ans. () Ty =1, Ty =z, Tp = 22%—1, T3 = 42® 32, Ty = 8x* —8x%+1.
Hypergeometric equation. Express the hypergeometric equation
(x— 22y +c— (1 +a+b)x]y —aby=0

in a Sturm—Liouville form. For it to be a singular Sturm—Liouville problem
in the range of 0 < z < 1, what conditions must be imposed on a,b and
¢, if the weight function is required to satisfy the conditions w(0) = 0 and
w(l) =07

1+a+b)x

Hint: Use partial fraction of “53(17796) to evaluate exp [* e=Utatbie g,

z(l—z)

Ans. [xc(l — x)1+a+b_cy']/—abmc_1(1 —x)? =y =0, c¢>1,a+b>c
Show that if L is a linear operator and

(h |LR) = (Lh |R)
for all functions h in the complex function space, then

(f |Lg) = (LS |g)
for all f and g.
Hint: First let h = f + g, then let h = f + ig.

Consider the set of functions f(z) defined in the interval —oo < z < oo,
that goes to zero at least as quickly as 7!, as + — Zoco. For a unit
weight function, determine whether each of the following linear operators
is hermitian when acting upon {f(z)}.

d? d 9 d

d
@ e ®) dx dx

dx
Ans. (a) no, (b) yes, (c) yes, (d) no.
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(a) Express the bounded solution of the following inhomogeneous differ-
ential equation

1=y’ —2ay +ky = f(x), —-1<z<1,
in terms of Legendre polynomials with the help of a Green’s function.
(b) If k=14 and f(x) = 523, find the explicit solution.
o) 2n 1Pn x’ Pn(l')
Ans. G (o', ) = Yooy 2t PG 1
(a) y(2) = X0 ganPn (2), an =2 im0, f (&) P (2f) da'.
(b) y(z) = (102 — 5z) /4.

Determine the eigenvalues and corresponding eigenfunctions for the fol-
lowing problems.

(a) ¥ +\y=0, y0)=0, y'(1)=0.
(b)y"+Ay=0, ¢ (0)=0, ¢/(r)=0.
() y"+ Ay =0, y(0)=y(2r), y(0)=y'(2n).

Ans. (a) Ay = [2n+D)7/2], n=0,1,2,...; yu(z) =sin §(2n+1)x.
M) A\ =n% n=0,1,2,...; yn(x)=cosnz.
() \n=n2% n=0,1,2,...; y,(z)=-cosnz, sinnz.

(a) Show that the following differential equation together with the bound-
ary conditions is a Sturm—Liouville problem. What is the weight function?

y' =2y +ly=0, 0<z <1,
y(0) =0, y(1)=0.

(b) Determine the eigenvalues and corresponding eigenfunctions of the
problem. Fix the multiplication constant by the requirement

' 1

Ans. (a) [e_wa’]/ +Xe 2y =0, w(z)=e2.
(b) A\p =n?7%2 +1,  yu(x) = e®sinnnz.
(a) Show that if a1, as,as,... are positive roots of

tana = —,
«
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then )\, = a2 and y,(z) = cosa,x, n = 0,1,2,... are the eigenvalues
and eigenfunctions of the following Sturm—Liouville problem:

y' + Ay =0, 0<z<1
y'(0) =0, y'(1)+hy(1) =0.

(b) Show that

1
2
/ €08 & €os @ da = B, Spm.-
0

5= o +h*+h
2(a2 + h?)
‘ 2a,h
Hint: 6% = % 4 2sinZay Sif;ia", sin 2qv, = 2sin ay, cos a,, = 7020(_: e

15. Find the eigenfunction expansion for the solution with boundary con-
ditions y(0) = y(m) = 0 of the inhomogeneous differential equation

y' +ky = f(x),

where k is a constant and

f(x)Z{ x 0<z<m/2

m—x w/2 <z <.

_1)(n=1)/2 |
Ans. y(z) =23, %22}977“2) sin nx.

16. (a) Find the normalized eigenfunctions y,(x) of the Hermitian operator
d?/dz? that satisfy the boundary conditions y,,(0) = y,(7) = 0. Construct
the Green’s function of this operator G(a/, x).

(b) Show that the Green’s function obtained from

2

d I\ ’
e G(z'z) =6(z' — x)

is

)

;L Ja@ —m)/r 0<2 <af
Gle I){x’(x—w)/w o <z<m.

(¢) By expanding the function given in (b) in terms of the eigenfunctions
yn(x), verify that it is the same function as that derived in (a).

Ans. (a) y, (z) = (%)1/2 sinnz, n=1,2,....
G(2',x) = —-23>>" L sinna’sinna.

s





