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Partial Differential Equations in Cartesian
Coordinates

An equation involving one or more partial derivatives of an unknown function
of two or more independent variables is called a partial differential equation.
Compared with ordinary differential equations, far more problems in physical
sciences lead to partial differential equations. In fact, most of mathematical
physics deals with partial differential equations.

In general, the totality of solutions of a partial differential equation is very
large. However, a unique solution of a partial differential equation correspond-
ing to a given physical problem can usually be obtained by the use of either
boundary and/or initial conditions. In practice, the boundary conditions fre-
quently serve as a guide in choosing a particular form of the solution, which
satisfies the partial differential equation as well as the boundary conditions.

The field of partial differential equation is very wide. We are going to focus
our attention on the equations that arise most often in physics, namely
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V2?u = ——, Diffusion equation
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V2u =0, Laplace’s equation,

where V? is the operator
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The Schrédinger equation in quantum mechanics also has a similar form
except that an imaginary number is attached to the time derivative.

In this chapter we only consider problems expressible in cartesian coordi-
nates. Problems with curved boundaries will be considered in Chap. 6.

The amazing thing is that there are many problems which are physically

unrelated, but they can be described by the same or very similar partial
differential equation.

V=
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5.1 One-Dimensional Wave Equations

5.1.1 The Governing Equation of a Vibrating String

As an example, we will derive the equation that governs the small vibrations of
an elastic string of length L, fixed at both endpoints. The dependent variable
u(x,t) represents, at time ¢, the displacement of the point of the string that
is at distance x away from the first end point 0.

We shall assume that the string is homogeneous, that is, the mass of the
string per unit length, denoted as p, is a constant. We also shall assume that
the string undergoes only small vertical displacements from its equilibrium
position. (The displacements do not have to be in vertical direction, but for
the sake of discussion, we assume it is.)

Let us consider the segment of the string between x and = + Az, where
Az is a small increment, as shown in Fig. 5.1. The quantities 77 and 75 in the
figure are the tensions at the points P and Q of the string. Both 77 and 75 are
tangential to the curve of the spring. Because there is no horizontal motion
of the string, the net horizontal force exerted on the segment must be zero.
In other words, the horizontal components of the tensions at P and Q must
be equal and opposite. That is

Ticosly =Thcosly =T, (5.1)

where T is a constant equal to the horizontal force with which the string is
stretched. If the amplitude is small, we can regard T as the tension of the
string.

There is a net force in the vertical direction, F,, that causes the vertical
motion of the string. Clearly

Fu == T2 Sil’leg - T1 Sin91.

By Newton’s second law, this force is equal to the mass of the segment, p Ax,
times the acceleration which is the second derivative of the displacement with
respect to time. That is

0%u

T5 si — T si =pAr—-.
5 sin 3 psina=p xat2

X X+ Ax

Fig. 5.1. A vibrating string at time ¢



5.1 One-Dimensional Wave Equations 231
Dividing this equation by T" and using (5.1), we have

TQ sin02 T1 sin01 - pAl‘@
Tycoshy Ticoshy T Ot

Thus

pise o
T ot2°

But tan s and tan 6 are the slopes of the curve of the string at © + Az and

x, respectively,
ou
tan 92 = <> y
Ox +Ax

tanf, = <gu> .
€ x

Hence (5.2) can be written as

ou ou\  pAzd*u

Recall the definition of a derivative

dr lim F(z+ Az) — F(x)
dz T Az—0 Az '

tan92 — tan01 = (52)

If it is understood that Az is approaching zero even without the limit sign,

then we can write AF
F(x+ Az) — F(z) = d—Ax.
T

Thus it is clear that

ou ou 0 (0Ou 0%u
— —(= ] ==— | = ) Az = Az
(3I>I+AI (833)1 ox (8:1:) . Ox? v
Therefore (5.3) becomes
Pu_p
0x2 T o2’
This is the so called one-dimensional wave equation. We see that it is

linear, homogeneous, and of second-order.
If the string is fixed at both ends, we have two boundary conditions

(5.4)

B.C.: u(0,t) =0; u(L,t) =0.

Furthermore, if the string is initially displaced into a position v = f(z)
and released at rest from that position, then we have the following initial
conditions:
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I.C.: u(z,0) = f(x); us(x,0) =0,
where u(x,0) denotes the first partial derivative of u(x,t) with respect to ¢
and then evaluated at ¢t =0
ou(zx,t)
ot

Uy (1’, 0) = .
t=0

The first condition says that the initial shape of the string is f(z), the second
condition simply says that at ¢ = 0, the velocity everywhere in the string is
Zero.

Of course, it is possible that the string also has initial velocity. In that
case, the initial conditions become

u(z,0) = f(z); w(z,0) = g(z).

5.1.2 Separation of Variables

To describe the motion of the string, one must solve the differential equation
and the solution must satisfy the boundary and initial conditions. Specifically
let us find a formula for the transverse displacement wu(z,t) of the stretched
string which satisfies (5.4). For simplicity of writing, let us first define

a® = —. (5.5)

It turns out a has a physical meaning which will become clear later.

A powerful and classical method of solving linear boundary value problems
in partial differential equations is the method of separation of variables which
reduces a partial differential equation into ordinary differential equations. Al-
though not all problems can be solved by this method and there are other
methods, generally separation of variables is the first method one should try.

Let us solve the mathematical problem consisting of the following:

O*u(x,t) 1 0?u(x,t)

DE: 00 = S22, (5.6)
B.C.: u(0,t) = 0; u(L,t) =0, (5.7)
I.C.: u(z,0) = f(z); we(x,0)=0. (5.8)

The assumption of separation of variables is that we can write u(x,t) as
u(z,t) = X (2)T(t),

where X is a function of z alone and T is a function of ¢ alone. The justifi-
cation of the assumption of this method is that it works. It follows from this
assumption, that:
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24 2
% - (%X(@) T(t) = X"(x)T(t),
X

% ~ X(2) (thT(t)> — X(@)T" ().

Thus (5.6) becomes

X" (2)T(t) = %X(x)T”(t).

Dividing both sides of the equation by X (z)T'(¢)

X"()T(@) _ 1 X(2)T"(t)
X(@)T(t)  a® X(@)T(t)

we obtain
X//(x) B iT//(t)

X(x) a2 T(t)'
The left-hand side of this equation is a function of x alone, it cannot vary
with ¢. However, it is equal to a function of ¢ which cannot vary with z. This

is possible if and only if both sides are equal to the same common constant
a. This leads to

X//(x) W
X(x) ’
1T"(t)
T "
It follows that:
X"(z) = aX(z) (5.9)
T"(t) = ad®T(t). (5.10)

The partial differential equation is now decomposed into two ordinary differ-
ential equations.

FEigenvalues and Eigenfunctions. If u(z,t) is to satisfy the first boundary con-
dition, then
u(0,t) = X(0)T'(t) =0

for all ¢. Since T'(¢t) is changing with ¢, the only possibility that this can be
true is that
X(0) =0.

Similarly, the condition u(L,t) = 0 leads to

X(L) = 0.
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So far we have not specified the value of the separation constant «, it could
be less than zero, equal to zero, or greater than zero. It is easy to show that
if & = 0, there is no solution that can satisfy these boundary conditions.

First, if o« = 0, the solution of (5.9) is X () = Az+B. In this case X (0) =0
requires B = 0. Thus, X (L) = AL. Since X(L) = 0, therefore A = 0. This
leads to X (x) = 0 which is a trivial solution for the case that u is identically
equal to zero for all x and t.

When a > 0, let us write a = p? with g being real. Then the solution of
X"(z) = p?X(z) is X(z) = C cosh px+ D sinh pz. With X (0) = 0, C must be
equal to zero. Thus X (x) = Dsinh pa. Since sinh L # 0, X (L) = 0 requires
D = 0. Again this gives only the trivial solution.

Therefore o must be less than zero. Let us write o = —p2, so (5.9) becomes

X"(z) = —p* X (z).
The general solution of this equation is
X(z) = Acos ux + Bsin uzx.
Thus X (0) = A and the condition X (0) = 0 means A = 0. Hence we are left

with
X (x) = Bsin pz.

To satisfy the condition X (L) = 0, p must be chosen to be

Therefore, for each n, there is a solution X,,(x)

X (x) :aninn%x, n=12... (5.11)
where B,, is an arbitrary constant. The numbers o = —n?7?/L? for which this

problem has nontrivial solutions are called eigenvalues, and the corresponding
functions (5.11) are called eigenfunctions.

Solution of the Problem. It is important to keep in mind that « in (5.9) and
in (5.10) must be the same. When o = —n?72/L?, (5.9) is a distinct problem
for each different positive integer n. For a fixed integer n, (5.10) becomes

n?n?

L2

T/ (t) = — a®T, (t).

The solution of this equation is

T, (t) = Cy, cos %t + D, sin ?t.

Thus, each
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is a solution of the differential equation. An important theorem of the linear
homogeneous partial differential equation is the principle of superposition. If
uy and ug are solutions of a linear homogeneous differential equation, then

U = C1U1 + Ca2Uz,

where ¢; and ¢y are arbitrary constants, is also a solution of that equation.
This theorem can be easily proved by showing the equation is satisfied with
this combination as the solution.

Therefore the general solution is given by

u(m,t) = chXn(x)Tn(t)

M

(an cos ?t + by, sin ?t) sin %x (5.12)

n=1

where we have combined three arbitrary constants ¢, C), B,, into a single con-
stant a,,, and ¢, D, B, into b,. Now the coefficients a,, and b,, can be chosen
to satisfy the initial conditions.

One of the initial condition is

> [d
ug(z,0) = Z [dt (an cos ?t + b, sin nzat)]t ) sin n%x =0,
n=1 =

which leads to

Z bn? sin n%x =0.

n=1

Since sin ”—L’Ta: is a complete set in the interval of 0 < z < L, all coefficients
must be zero. Another way to see that all b,, are zero is the following. This
equation is a Fourier sine series of zero. The coefficients are integrals of zero

times some sine function. Obviously they are zero. Therefore
b, = 0.

Thus we are left with

u(x,t) = Zan sin %x cos n—zau (5.13)
n=1

where the coefficients a,, can be chosen to satisfy the other initial condition.
Since u(z,0) = f(z), it follows from the last equation

u(z,0) = Z @y, Sin %x = f(x).
n=1
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This is the half-range Fourier sine series of f(z) between 0 and L. Therefore
a, is given by the Fourier coefficient

2 [t . nmx

Thus, the solution of this problem is given by

u(z,t) = l / f(z") sin

Example 5.1.1. A guitar string of length L is pulled upward at the middle so it
reaches height h. What is the subsequent motion of the string if it is released
from the rest?

!
Lx dx’} sin %x cos n—zat. (5.14)

Solution 5.1.1. To find the subsequent motion means to find the displace-
ment of the string as a function of ¢. That is, we have to solve for u(x,t) from
the equation
0?u(z,t) 1 9u(z,t)
0x2 a2 o2
Since the two ends of the guitar string are fixed, so we have to satisfy the
boundary conditions

u(0,t) =0, wu(L,t)=0.
Furthermore, it can be readily shown that the initial shape of the string is
given by
2h
— for 0<zx<—
T or 0<z< —,

f(x) =
20 L —z) for gngL.

7 (
Since it is released from rest, so the initial velocity everywhere in the string
is zero. This means the derivative of u(z,t) with respect to time evaluated at
t = 0 is zero. Thus the initial conditions are

u(z,0) = f(x), ut(x,0) = 0.
According to (5.14), u(z,t) is given by

nmwa
E ansm xcos i —t,

n=1

where

9 L
a":f/ f(x)sin?dx

L2 on 2 (L 2n
= —/ —xbin wdx 7 / f(L—aj) sin %dx
L/2

= sin 2 |
n2 772 2
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Therefore
8h o= 1
u(z,t) = 2 ; ) sin % sin %x cos ?t
8h [ . T y 1 3 '
= — [ sin =z cos —t — — sin —x cos —

w2 L 32 L L

n 1 . 5w 57Tat 1 . 7r 77rat+ (5.15)
— sin —x cos —t — — sin —x cos —— s .
52 L 2 72 L L

It is interesting to see the time development of the displacements. The shapes
of the string at various times are shown in the left-hand side column of Fig. 5.2.
The individual components are shown in the right-hand side column of the
same figure. The string oscillates up and down as expected. We have shown
the positions of the string within half of a cycle. After that it will go back

Fig. 5.2. The time development of the displacements of a string after its middle
point is pulled up a distance h and released from that position. The left-hand side
column is the shape of the string at various times obtained by summing up the first
four nonzero terms of the series (5.15). The right-hand side column are the positions
of the four individual terms of the series at the correponding times. Although differ-
ent components oscillate at different frequencies, they sum up to a string going up
and down as expected. It is seen that the fundamental (the first term) dominates
the motion
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to its original position and then repeat the motion. During this time interval
of half a cycle, the fundamental (the first term in the series, sin Tx cos Z2t)
also completes half of its cycle. The third harmonic (the second nonzero term,
sin %x cos 3%%) actually completes one and half of its cycle. Various com-
ponents oscillate at various different frequencies, yet together they sum up to
the oscillation shown in the left-hand side column. In fact we have summed up
only four nonzero terms, so the lines for the shape of the string are somewhat

curved and the corners are somewhat rounded. If we use the computer to plot

N
8h 1 . nm . nrm nwa
- Z o} sin > sin fx cos I t,

n=1
with N = 50, then all the lines in the left-hand side column will be straight
and all corners sharply pointed. The amplitudes of higher components are
very small, but they do make the sum converge to the exact value. It is seen
that in this case the fundamental dominates the motion.

5.1.3 Standing Wave

For the physical interpretation of the series (5.14), let us suppose that the
string is suddenly released from the position u(x,0) = sin 2%33 In this case,
the coefficient a,, is given by

2 L orn mrxd 1 n=2,
an = | sin sin 7 T = 0 n#2.

Therefore the subsequent displacement of the string is

(z,t) =si 2m co 27rat
u(x,t) = sin —x cos —t.
L L
This motion is shown in Fig. 5.3. At any instant of time, u(x,t) is a pure sine
curve

2
u(zx,t) = As(t) sin %x,

2
where Ay(t) is the amplitude of the sine wave and As(t) = cos %at. Note

that the points at x = 0, x = L/2, and x = L are fixed in time. They are
called nodes. Between the nodes, the string oscillates up and down. This kind
of motion is known as standing wave.

In general (5.13) can be regarded as

u(z,t) = Zanun(a:,t), (5.16)
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Fig. 5.3. The standing wave of sin Q%x cos %Tat

where
_.onm nwa
Up (2, t) = sin & cos Tt

is known as the nth normal mode. One characteristic of a normal mode is
that once the string is vibrating in the standing wave of that mode, it will
continue to vibrate in that mode forever. Of course, if there is damping, its
amplitude will eventually die down.

The time dependence of each normal mode is given by cos %‘” which is a
periodic function. The period is defined as the time interval after which the

function will return to its original value. Let P, be the period, so that

cos ?(tJrPn) = cos ?t. (5.17)
Since nmwa nwa, nwa
cos T(t + P,) = cos (Tt + TP">
clearly
?PH — o
Therefore o
Py=—.
na

Frequency v, is defined as the number of oscillations in one second (the
unit of frequency is called Hertz, Hz), that is

1 na

Vn_Pn_ﬁ

Therefore the series (5.16) represents the motion of a string (of violin or
guitar) as a superposition of infinitely many normal modes, each vibrating
with a different frequency. The lowest of these frequencies

a 1 /T

vV = — = — —

YUaor a2\
is called the fundamental frequency. Here we have used the definition of a
given in (5.5). The fundamental frequency usually predominates in the sound



240 5 Partial Differential Equations in Cartesian Coordinates

we hear. The frequency v,, = nvy, of the nth overtone or harmonic is an
integral multiple of v4.

Note that once L, T, p are chosen, the fundamental frequency is fixed.
The initial conditions do not affect v1; instead, they determine the coefficients
in (5.14) and hence the extent to which the higher harmonics contribute to
the sound produced. Therefore the initial conditions affect the overall fre-
quency mixture (known as timbre), rather than the fundamental frequency.
For example, if the string of a violin is bowed at some other point than its
center, the amplitudes of higher harmonics would have been different than
shown in Fig.5.2. By choosing the point properly any desired harmonic may
be emphasized or diminished, a fact well known to musicians.

Once a musical instrument is constructed, the length of string L and the
density p cannot be changed. Therefore tuning is usually done by changing
the tension 7.

The spatial dependence of the first few normal modes is shown in Fig. 5.4.
The first mode (n = 1) is called the fundamental mode, represents a harmonic
time dependence of frequency a/2L. The second harmonic or first overtone
(n = 2) vibrates harmonically with frequency a/L, twice as fast as the fun-
damental mode. Its motion is also shown in Fig.5.4. Note that, in addition
to the two end points, the midpoint of this harmonic is a node. Similarly,
the third (n = 3) and fourth (n = 4) harmonics have two and three nodes,
respectively, in addition to the two end points.

In describing the frequency of the oscillation, the angular frequency
wy, (radians per second) in often used

™ma
Wy = 2TV, = I

Another quantity associated with wave motion is the wavelength. The
wavelength A, is defined such that u,(z,t) will return to its original value if
x is increased by A,, that is

Un (T + An,to) = un (2, to). (5.18)

Fig. 5.4. The first four normal modes of a vibrating string. Each normal mode is a
standing wave. The nth normal mode has n — 1 nodes, excluding the nodes at the
two end points
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Since

n n nwa
Up (T + Ap, to) = sin (lx + i)\n) cos Lto;

L L L
(2.0 = i nw nma,
un(@, to) = sin —a cos ——t
it is clear that (5.18) will be satisfied if
%)\n =27
Therefore ol
P—— 5.19
! (5.19)

Thus, for n = 1, L:%)\; n=2 L=\ n=3, L:%)\, n=4, L =2\
These relations are clearly demonstrated in Fig.5.4. Therefore the distance
between two nodes of a standing wave is half of a wavelength.

Often a quantity known as wave number k,, (number of wavelengths in the

interval of 27)

2
-

_nm
Ao L
is used to describe the wave form. In this notation, the normal mode u, (z, t)
is written as

(5.20)

Up (2, t) = sin k,x coswy,t. (5.21)

A very important relationship between the frequency and the wavelength is

UnAp = E2L =

= -~ .22
2L n (5-22)

T
P

This relation says that the frequency is proportional to the inverse of the
wavelength and the proportionality constant is equal to the square root of
tension over density. A standard physics experiment is shown in Fig.5.5. A
string of density p and tension 7" is connected to a vibrator, the frequency of
which can be varied. Standing wave patterns will occur for certain discrete
values of the frequency. The wavelength of each standing wave can then be
measured. After several standing waves of different wavelength are measured,

Fig. 5.5. A standing wave experiment to verify the relationship between the
frequency and the wavelength
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we can plot the frequency against the inverse of the wavelength. The curve is
indeed a straight line and the slope of the line is indeed equal to /T/p.

This is not only a demonstration of a physical principle, but also a demon-
stration of the power of analysis. We have applied the Newton’s law, which
relates the force to the acceleration of the particle, to the motion of a string
through the use of calculus and concluded that the frequency and the wave-
length must satisfy the relation shown in (5.22). This can then be verified in
the laboratory.

If the wave is traveling down on an infinite line, one may think that the
frequency is the number of wave cycles generated per second and each extends
a distance of one wavelength, therefore v, )\, = a is the distance the wave
travels in one second. In other words, a is the velocity of a traveling wave.
This is indeed the case, as we will clearly see in Sect. 5.1.4.

5.1.4 Traveling Wave

In Sect.5.1.3, we have shown that each normal mode is a standing wave.
Now we wish to show that the same normal mode can also be regarded as a
superposition of two traveling waves in the opposite direction.

Using the trigonometric identity

1
sinacosb = 3 [sin(a + b) + sin(a — b)],
we can write (5.21) as
1, 1.
Up(x,t) = 3 sin(kpz + wnt) + 3 sin(kpz — wpt)
1 1
=3 sinfkn (z + at)] + 3 sinfkn, (z — at)], (5.23)

where we have used the fact

Before we discuss the interpretation of (5.23), let us first examine the
behavior of the function f(x — ct). In this function, the variables « and ¢ are
combined in the particular way of x — ct. Suppose at ¢t = 0, the function f(x)
looks like the solid curve in Fig.5.6. If the maximum value of the function
f(am) is at = xy,, then at a later time ¢, the function f(x — ct) will have the
same maximum value f(z,,) at £ = xy, + ct. This means that the maximum
point has moved a distance ct in the time interval of t. In fact, it is not
difficult to see that the whole function has moved a distance ct to the right
in the time interval ¢, as shown by the dotted curve in Fig.5.6. Therefore
f(x — ct) represents the function bodily moving (without changing the shape
of the function) to the right with velocity c. Similarly, f(x+ ct) represents the
function traveling to the left with velocity c.
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f——oct —

X X

Fig. 5.6. Traveling wave. The solid curve shows what the function f(x — ct) might
be like at t = 0, the dashed curve shows what the function is at a later time ¢

It is now clear that sin [k, ( + at)] and sin [k, (z — at)] in the normal mode
of (5.23) are two sine waves traveling in opposite directions with the same
speed a. Tt is interesting to write (5.13) in terms of traveling waves

u(z,t) Z ap [sinky, (z + at) + sink, (x — at)] . (5.24)

n=1

Since initially at ¢ = 0 the string is displaced into the form f(z)

f(x) =u(x,0) Z an sinkyx (5.25)
clearly
flz+at) = Z an sin ky, (z + at),
n=1
flz — at) Zansmk (z — at).
Thus

u(z,t) = %f(x—l—at) + %f(x—at). (5.26)

In other words, when the string is released at ¢ = 0 from the displaced position
f(z), it will split into two equal parts, one traveling to the right and the other
to the left with the same speed a.

However, there is a question about the range over which f(z) is defined.
The initial displacement f(x) is defined between 0 and L. But now the argu-
ment is x + at or x — at. Since t can take any value, the argument certainly
exceeds the range between 0 and L. In order to have (5.26) valid for all ¢, we
must extend the argument of the function beyond this range. Since (5.26) is
obtained from (5.25) and sin k,z = sin “* 2, which is an odd periodic function
with period 2L, the functions in (5.26) must also have this property. So if we
denote f* to be the odd periodic extension of f with period 2L, then

u(z,t) = %f*(x +at) + %f*(x — at) (5.27)

is valid for all ¢.



244 5 Partial Differential Equations in Cartesian Coordinates

Ezxample 5.1.2. With the traveling wave interpretation, solve the problem of
the previous example of a string pulled at the middle.

Solution 5.1.2. With the initial displacement of the string

2h L
fm if0<x<5

2h L ’
f(L—gc) if 5<1:<L

the subsequent displacement u(z,t) is given by
1., 1.,
u(w,t) = if (x + at) + §f (x — at).

To interpret this expression, first we imagine the function f(z) is antisym-
metrically extended from 0 to —L, and then periodically extended from —oo
to oo with a period 2L. Then half of this extended function is moving to the
right with velocity a and the other half moving to the left with the same ve-
locity as shown in Fig. 5.7. The sum of these two traveling waves in the region
0 <z < L is the displacement u(z,t) of the string.

Fig. 5.7. The traveling wave interpretation of the solution of the wave equation
with initial and boundary conditions. The displacement u(z,t) is the sum of half of
the extended initial function traveling to the left and half traveling to the right with
the same velocity a

As a consequence, we see that at any time t =T, for T' < 2L—a, the displace-
ments are

u(z,T) = % {2Lh($+aT) + QLh(:E—aT)}

2h L
T if0<x<<2—aT>a
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>

u(z,T)

N N =

{2 [L(x+aT)}+2Lh(a:aT)}
Lh(2—aT> if (g—aT)§x§<§+aT>7

(@, T) = % {?[L— (z +aT)] + %[L— (x—aT)}}

2h
L

= &

L
(L —x) if (§+aT)§x§L.

These results are shown as the thick line in Fig. 5.7.

The displacements u(z,t) as a function of time are shown in Fig.5.8. In
the left-hand side column, the positions of the string are shown at various
times t. Each case is a superposition of two traveling waves, one to the left
and one to the right, shown in the right-hand side column. Both of them
are traveling with the same speed a. The sum of these two traveling waves
describes the exact up and down motion of the string. It is interesting to
compare Fig. 5.8 with Fig.5.2. They describe the same motion but with two
different interpretations.

Fig. 5.8. The graph of the solution of the vibrating string with initial displacement
u(z,0) shown on the top of the left-hand side column. At various time ¢, the string
will assume such positions as indicated in the left-hand side column. The positions
are obtained as the superposition of a wave traveling to the right and a wave traveling
to the left shown in the right-hand side column
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Problems with Initial Velocity. Let us consider the case that the string is
initially at rest but with a initial velocity of g(z). The displacements of the
string is the solution of the following problem:

Pu(z,t) 1 9*u(x,t)

D.E.: =
Ox? a2 Otz "’

B.C.: u(0,t)=0; u(L,t) =0

LC.: w(z,0)=0; w(x,0)=g(x).

With separation of variables, we will obtain (5.12) just as before, since the
differential equation and the boundary conditions are the same

oo

u(z,t) = Z (an cos - L LI by, sin zat) sin n%rx

n=1

The initial condition u(z,0) = 0 means that

o0
0) = Zansin%x =0.
n=1

Therefore all a,, must be equal to zero. Thus

)
Zb . mrat .onm
= n Sl ——1 81N —X
L L
n=1
and

—u x,t) Z by, D78 os —t sin %x (5.28)

It follows from the other initial condition wu;(x,0) = g(x) that:
> nma . nw
ug(x,0) = Z by, sin —x = g(x). (5.29)
This is a Fourier sine series, therefore

L
. nw
bnT = f/o g(z) sin T dz.

Thus the solution wu(z,t) is given by the infinite series

u(x,t) = Zl lmm/o g (a)sin n%x, d:v/l sin ?t sin n%x

n=

This solution is expressed in terms of a summation of infinite standing
waves. We can also express it in terms of the sum of two traveling waves.
With trigonometric identity
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. 1. . .
sina cosb = 3 [sin(a + b) + sin(a — )],

we can write (5.28) as

a oo

au(x,t) = nz::l bn% cos ?t sin %x
= 1ib 078 T (x + at) + 1i (x at).
24 L L 2 &~

Using (5.29,) we can write this expression as

%u(x t) =
where ¢* is the odd periodic extension of g with period of 2L, for the same
reason as f* is the odd periodic extension of f with a period of 2L.

An integration of %u(m,t) will yield u(z,t). The constant of integration
is determined by the initial condition w(z,0) = 0. This condition is satisfied
by the following integral:

t / 1t 1t
u(x,t) = / %dt’ =5 / g (x +at')dt' + 3 / g* (x —at’)dt’.
0 0 0

With a change of variable

1 1
59" (e at) +5g" (o —at).

1
T=z+at', dt'=-=dr,
a

the first integral on the right-hand side can be written as

1 t 1 x+at
5/0 g (x+at')dt' = %/m g*(m)dr,

sinceat ' =0, rT=xz and at t' =¢, 7 =z + at.
Similarly, the second integral can be written as

1 t 1 r—at
5/ g (x—at)dt' = —— g*(r)dr.
0

It follows that:

1 xz+at 1 r—at
wat) =5 [ gwar—g [ g

=5 g*(7)dr. (5.30)

r—at

This is the solution for the case that the string has no initial displacement
but is given an initial velocity g(x).
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Superposition of Solutions. If the string is given both an initial displacement
and an initial velocity,

u(z,0) = f(z), w(z,0)=g(z), (5.31)

then the subsequent displacements can be written as the superposition of
(5.27) and (5.30,) namely

1
u(z,t) = 5

r+at
[f* (x —at) + f* (x +at)] + % /_ t g*(T)dr. (5.32)

Note that both terms satisfy the homogeneous differential equation and the
boundary conditions, while their sum clearly satisfies the initial conditions of
(5.31).

In general the solution of a linear problem containing more than one
nonhomogeneous conditions can be written as a sum of the solutions of prob-
lems each of which contains only one nonhomogeneous condition. The resolu-
tion of the original problem in this way, although not necessary, often simplifies
the process of solving the problem.

5.1.5 Nonhomogeneous Wave Equations

Vibrating String with External Force. If there is an external force acting on the
stretched string, then there will be an extra term in the governing differential
equation. For example, if the weight of the string is not negligible, then in
the derivation of (5.4), we must add to the equation the downward gravita-
tional force, —p Axg, where g is the constant gravitational acceleration. As
a consequence, (5.6) becomes

0%u(z,t 1 0%u(x,t
#_iziy_ (5.33)
Ox? a2  a?  Ot?
Let us solve this equation with the same boundary and initial conditions as
the previous problem:

u (0,t) =0, u(L,t) =0,
u(z,0) = f(x), w(x,0)=0.

Since (5.33) is an nonhomogeneous equation, a straightforward application
of separation of variables will not work. However, the following device will
reduce this nonhomogeneous partial differential equation into a homogeneous
partial differential equation plus an ordinary differential equation which we
can solve. Let

u(a:,t) = U(J?,t) + (b(l‘),
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then
O*u(x,t)  0*U(x,t) n d?¢(z)
ox2  Ox? dz?
O*u(x,t)  0*U(x,t)
oz o2

so the problem becomes

02U (z,t)  d®¢p(z) g 1 92U (x,t)
DB Ox? T e @ oz’

B.C.: u(0,t) = U(0,£) + ¢ (0) = 0, w(L,t) = U(L,t) + ¢ (L) = 0,

I.C.: wu(x,0) =U(x,0) + ¢(x) = f(z), w(x,0) = U z,0)=0.
Now we require

d*¢(z) g _,
dx? a? ’

¢(0) =0, ¢(L)=0.

This is a second-order ordinary differential equation with two boundary con-
ditions, which can be readily solved to give

o(x) J (2* — Lx).

" 22

With ¢(z) so chosen, what we are left with are the differential equation and
boundary and initial conditions for U (z,t)

O*U(x,t) 1 0°U(a,t)
9x2 a2 o2 7
U(,t)=0, U(L,t)=0,
U(z,0) = f(z) — ¢(x), Ug(z,0) =0.

Note that other than the modification of one of the initial conditions, this is
the same equation we solved before. Therefore we can write down its solutions
immediately,

oo
Uz, t) = Z b, cos ?t sin %az,
n=1
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It follows that the displacements of the string, including the effect of its own
weight, are given by:

u(z,t) = %;2 (z® — Lx)

e L
+Z:1{i/o [f(x) - % (z® - Lx)} sin n;xdx} cos ?t sin %x

Forced Vibration and Resonance. Now suppose that the string fixed at both

ends is influenced by a periodic external force per unit length F(t) = F] cos wt.

In this case, the string will satisfy the nonhomogeneous partial differential
equation

2 0?u(x,t) 0?u(x,t)

Ox? otz

where Fy = F}/p. The boundary conditions remain the same

+ Fycoswt = (5.34)

u(0,t) =0, w(L,t)=0.

If the string is initially at rest in equilibrium when the external force
begins to act, then the displacement w(z,t) will also have to satisfy the initial
conditions

w(z,0) =0,  w(x,0)=0.

Since the external force is purely sinusoidal, it is relatively easy to find a
solution to satisfy the differential equation and the boundary conditions. Just
like solving ordinary differential equation, we know that the particular solution
will have to oscillate with coswt. Therefore, let us take the trial solution

v(z,t) = X(x) cos wt.
Replace u(x,t) with v(z,t) in (5.34), we have
a’X"(x) coswt + Fy coswt = —w” X (x) coswt

or 5
w FO
X'(@) = =5 X (1) - =,

which yields the solution

F
X(x) = Acos 2L 4 Bsin¥Y 20,
a

The boundary conditions require

Thus
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Fy Fy
Furthermore
FO wlL FO
or
B_ Fy (1—(:05%)
Cw? sin «L ’

a

except for w = nwa/L with even n, in that case B = 0. Therefore, in general
F wr  Fy (1 —cos«k wr F
X(x)zicosi+70( a)sini_ 0

w? a w?  sin % a w?’

(5.35)

v(z,t) = X(z) coswt.

But this solution does not satisfy the initial conditions. Therefore we resort
to the method of splitting the solution into two parts

u(z,t) = v(z,t) + U(x,t).

In terms of v and U, the original equation and the boundary of initial condi-
tions become

o2 0?v(x,t) N 5 02U (,t) v(x,t)  9%U(x,t)

Ox? T o  Focoswt = ot2 oz’
u(0,t) = v(0,t) + U(0,t) =0,
uw(L,t) = v(L,t) + U(L,t) =0,
u(z,0) = v(z,0) + U(z,0) =0,
ug(x,0) = ve(x,0) + Ug(2,0) =0
Since
0?v(x,t) 0?v(x,t)
2 ’ )
a W + F()COSUJt = T,
v(0,t) =0, w(L,t)=0,
and
v(z,0) = X(x), v(z,0)=—-wX(x)sin0=0.
Hence

o2 0?U (x,t) _ 0%U (x,t)
0z oz’
U0,t) =0, U(L,t)=0,
U(z,0) = —X(x), U(z,0)=0.
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This is the homogeneous differential equation we solved before
U(x,t) = i _2 /L X (2') sin DT da' ) sin o cos 2% (5.36)
e = L J L L L~ '

Therefore the solution u(z,t) is given by
u(z,t) = X () coswt + U(z, 1)

with X (z) given by (5.35) and U(x,t) given by (5.36).

This solution is valid for any w. However, if w approach w,, = *7* with
an odd integer m, then X (z) in (5.35) approaches oo, thus resonance occurs.
But if w = ™% with an even integer m, then

Fy mrx  Fy
X(x)zﬁcos T "2

and resonance does not occur in this case.

5.1.6 D’Alembert’s Solution of Wave Equations

Using the separation of variables, we have solved the vibrating string problem
by first finding the eigenvalues and eigenfunctions dictated by the boundary
conditions. In the next step, we used the initial conditions to determine the
constants in the Fourier series of the solution. Now we will introduce a method
of doing just the opposite. We will first solve the initial values problem, and
then find the solution to satisfy the boundary conditions.

Let us solve the following pure initial values problem:

Pu(z,t) 1 9*u(x,t)
D.E.: 02— 2 o2

I.C.: wu(x,0) = f(x), u(z,0) = g(zx),

for 0 <t < oo and —oo < z < oo. It turns out the general solution of this
equation can be found by a change of variables:

(=x+at

n=ux— at.

According to the chain rule

9 9 moa 9 9

oz~ 9zdc ozay o oy
0 9o o 9 )

ot otoc Taton “ac “on



5.1 One-Dimensional Wave Equations 253

so the differential equation becomes

9 ON(o  oN _ L (O ON( 9 9
(ac " 5?7) (84 - an) ‘T (“ac ‘“an> (“ac ‘“an)“

o 92 92 o2 92 o2 o2
—Z 19 — -2 _9 —
(642 oo " 6n2)“ <a<2 acon an?)“
Clearly
32
aCanuf().

This new equation can be solved easily by two straightforward integrations.
Integration with respect to ¢ gives an arbitrary function A (n) of n, that is

0

0 0 0
ac(em) = gcAm =0

The second integration with respect to n gives

since

u=/A<n>dn+G(o,

where G (¢) is an arbitrary function of . Since A (n) is arbitrary, we might
as well write F' (n) in place of [ A (n)dn. Thus

u(Cm) =Fn)+G((Q)-

Substituting back the original variables, we have
u(z,t) = F (z —at) + G (z + at) . (5.37)

Thus the general solution of the wave equation is a sum of two arbitrary
moving waves, each moving in opposite direction with velocity a.

It is easy to see that (5.37) is indeed the solution of the wave equation.
We can use the chain rule

Ou(x,t)  dF(x—at) O(x —at)  dG(z + at) d(x + at)
ot d(z—at) ot d(z + at) ot

= —aF'(z — at) + aG'(z + at),

0%u(x,t) dF'(z — at) O(z — at) dG' (x + at) O(z + at)

a2 “d(z—at) ot Az + at) ot

= a®F"(z — at) + a*G" (z + at).
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Similarly, we obtain

0?u(x,t)

9z F'(z —at) + G (z + at).
It is readily seen that the differential equation

O*u(x,t) i82u(x,t)
ox2 a2  Ot?

is satisfied.
Now if we impose the initial conditions

u(z,0) = f(z),

ui(,0) = g(x),
we have
u(z,0) = F(z) + Gx) = f(x), (5.38)
wi(,0) = —aF' () + al () = g(x). (5.39)
Integrating (5.39) from any fixed point, say 0, to & gives
“aF(z) + aG(x) + aF(0) — aG(0) = /O " ()’

or

_F(z) + Glz) = 2 /0 " g(a)de’ — F(0) + G(0). (5.40)

Solving for F(z) and G(z) from (5.38) and (5.40), we get
Flo) = @)~ 5o [ o) + 3 [FO GO (a1
G(z) = %f (z) + % /0 Ig(x’)dx’ - % [F(0) — G(0)]. (5.42)

If we replace the argument = by 2 — at on both sides of (5.41), we can write

Flz—at) = % Flo—at) — % /0 T e + % [F(0) — G(0)].

Similarly, replacing the argument x by x + at on both sides of (5.42), we have

x+at
Gz +at) = %f(x +at) + %/0 g(z")dz’ — % [F(0) — G(0)].
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Thus

w(@,t) = F(z — at) + G(x + at) = % [f(x — at) + f(x + at)]

1 x+at 1 x—at

g(x')da' — — g(z")da'.

+ 2a 0

2a Jy
Reversing the upper and lower limits of the last integral and combining it
with the preceding one, we obtain

r+at
u(z,t) = = [f(z —at) + f(z + at)] + 1 / g(z")dx'. (5.43)

2(1 —at

DN =

This is the solution for —oo < z < oo without any boundary condition.
Now suppose that the string is of finite length from 0 to L, and both ends
are fixed, so we have the following boundary conditions:

u(0,t) =0, w(L,t)=0.

In this case, f(z) and g(z) are, of course, defined only in the range of 0 < x <
L. We want to find the solution that satisfy these additional conditions.
First, if u(0,¢) = 0, then according to (5.43)

“+at

u(0,1) = 3 [f(~at) + f(at)] + - / o(z/)da’ = 0.

—at

Since f(z) and g(x) are two unrelated functions, to satisfy this condition we
must have

f(—at) + f(at) =0, (5.44)
“+at
/ g(z")dz" = 0. (5.45)
It is clear from (5.44) that
f(z) = —f(==).

Therefore f(x) must be an odd function. In other words, f(z) should be
antisymmetrically extended to negative x.
The integral in (5.45) can be written as

0 at
/ g(x)dz' + / g(z)dz = 0.
—at 0

With a change of variable 2’ = —z in the first integral, we can write it as

/Oatg(x')dx’ = /Oatg(x)dx.
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/Oat g(—z)dz + /Oat g(x)dx =0,

g(=z) = —g().

Therefore, g(x) also is an odd function.
Similarly, to satisfy the other boundary condition

For

we must have

1 L+at , ,
u(L,t) = B [f(L—at)+ f(L+at)] + % /Liat g(z")dz' =0,
we require
f(L—at)+ f(L+at) =0, (5.46)
L+at
/ g(x')dz" = 0. (5.47)
L—at

Thus
f(L—ct)=—f(L+ct).

Since f(z) is an odd function, so
f(L—ct)=—f(—L+ct).
Therefore
f(=L+ct) = f(L+ ct).
It follows that:
f(=L+ct+2L)= f(L+ct) = f(—L +ct)

This shows that f(z) should be a periodic function of period 2L.
Now (5.47) can be written as

L L+at
/ g(x")daz" + / g(z")dz" = 0.
L—at L

With a change of variable, 2’ = L — = in the first integral, it becomes

L ct
/ g(z')da' = / g(L — x)dz.
L—at 0

Change the variable 2’ to L + x in the second integral, we can write

L+at ct
/ g(x')da’ = / g (L + z)du.
L 0
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So for
ct ct
/ g(L — z)dx + / g(L+ x)dzx =0,
0 0

we must have

9(L —z) = —g(L + x).
Since g(L — z) is an odd function, so

g(L—xz)=—g(—L+z).
Thus

g(—L+ ) =g(L + x).
It follows that:

g(—L+x+2L)=g(L+z)=g(—L+x)

Therefore g(z) should also be a periodic function of period 2L.

Thus, if we define f*(x) and ¢g*(x) as the odd periodic functions of period
2L, whose definitions in 0 < z < L are, respectively, f(x) and g(x), then the
solution of the problem is given by

N =

z+at
u(z,t) = = [[*(x—at)+ f[*(z+ at)] + — / 9" (7)dr, (5.48)

2a —at

which is exactly the same as (5.32).

This is known as D’Alembert’s solution. The French mathematician Jean le
Rond D’Alembert (1717-1783) first discovered it around 1750s. This method
is very elegant but unfortunately it is limited to the solution of this type of
equations. The method of separation of variable which, as we have seen, can
also give the same solution, is more general. We shall use it to solve many
other types of partial differential equations.

Example 5.1.3. A string of length L with tension T" and density p, fixed at
both ends, is initially given the displacement of a small triangular pulse at
x = L/4, shown on the top line of Fig. 5.9, and is released from rest. Determine
its subsequent motion.

Solution 5.1.3. Let the initial triangular pulse be f(z), the subsequent dis-
placement is simply given by

1
u(@,t) = 5 [f* (@ —at) + f*(z + at)]
where f* is equal to f(x) in the range of 0 < z < L, outside this range f*
is the antisymmetrical periodic extension of f(x) with a period of 2L. This
extension is shown in Fig. 5.9 as the dotted lines. The actual displacements of
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Fig. 5.9. Time development of an initial triangular pulse at z = L/4 on a string of
length L, fixed at both ends

the string are shown in Fig. 5.9 as the thick dark lines in the “physical” space
between 0 and L. However, after ¢ > L/4a, what happens in the physical
space is the result of some dotted pulse moving from the “mathematical”
space into the “physical” space. In other words, the finite string of length L
can be regarded as if it is only a segment of an infinitely long line. The pulses
are moving on this infinite line. What happens in the segment between 0 and
L is the displacements of the real string that we can see. Other parts of this
infinitely long line are only mathematical constructs which are used to predict
what will happen in the real string.

Soon after the pulse is released, it splits into two equal parts and moving
in the opposite direction with the same velocity a which is equal to /T/p.
This motion is shown in the second line of Fig.5.9. At ¢ = L/4a, the left
pulse reaches the end point at x = 0. It will gradually disappear as shown in
the third line of the figure. Then an identical pulse will reappear but upside
down. In the time interval L/4a < t < 3L/4a, there are two pulses L/2
distance apart, one up and one down, both moving to the right as shown
in the fourth line. At ¢ = 3L/4a, the right pulse reaches the end point at
x = L and gradually disappears. This is shown in the fifth line. Soon after
an identical pulse reappears upside down, and moves to the left. In the time
interval 3L/4a < t < L/a, two pulses, both upside down, are moving toward
each other. This is shown in the sixth line. The end of the first half cycle is at
t = L/a. At that time, the original pulse appears upside down at = 3L/4.
This is shown in the last line of Fig.5.9. After that the motion will repeat
itself in reverse direction until ¢ = 2L/a. That is the end of the first cycle and
the string will return to its original shape. These are a well-known facts which
can be easily checked.
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Ezxample 5.1.4. When a piano wire is struck by a narrow hammer at zg, a
localized velocity is imparted to that point. At that moment, the wire is still
at rest, but it will start to vibrate thereafter. Describe the motion assuming
a=+/T/pand 0 <zy < L/4.

X,
ﬂ O<t< 20
_— Xo a . e
TP | x-at xo+at B
PES— JE—
— —
X
- <|: 20 ct< L-Xx
= A e
—
....... 1.
-— -«
B —
=X I
..... . ‘4'_ a O<t< a + peeserrene s ssaane
B
e P
_ L
| t=3 = |
R N g L+ X DT d
IR ol D i s
-L 0 L 2L

Fig. 5.10. The motion of wire of length L after a locialized velocity is imparted
at xo

Solution 5.1.4. To find the displacements of the wire, we have to solve the
boundary value problem of the vibrating string with the following initial con-
ditions

w(z,0) =0 and  wus(x,0) =6 (z — o),

where d§ (x — x0) is a delta function. According to (5.48),

x+at
u(x,t) = %/ §* (2 — x) da’,

r—at

where 6" (x — x) is the odd periodic function of period 2L, whose definition
between 0 and L is the delta function § (x — ) . By the definition of delta
function

r+at .
, , J1if z—at<zo<z+at
/z 0(z" —mo)da’ = {O otherwise ’

—at
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By adding at to both sides, we see that the condition z —at < xq is equivalent
to x < xg + at. Similarly, xg < x + at is equivalent to x¢g — at < x. That is,
between zy — at and xy + at, the integral is equal to 1, outside this range, it
is equal to zero.

This result can also be obtained by using

d
5(x—x0):£U(x—xo),

where U (x — xg) is the step function, and

x+at
/ §(2' —xo)da’ =U (z + at — z0) — U(z — at — x)

—at

=U(x — (zg —at)) — U (x — (xo + at)) .

This gives the same result. This means that soon after the wire is struck, a
rectangular pulse centered at xg with a height of 1/2a will appear as shown
in Fig. 5.10.

The actual displacements of the wire between 0 and L (which we call the
“physical” space) are shown as the thick dark lines in Fig. 5.10. The images due
to antisymmetrical and periodic extensions in —L <z <0 and 0 <z < 2L
(which are part of the “mathematical” space) are shown as dotted lines in the
figure. These rectangular pulses will continue to expand at a constant rate
on an infinite line without limit. After a while, some images are coming from
the mathematical space into the physical space. They will then cancel part of
the expanding rectangular pulse originally in the physical space to give the
actual displacements of the wire. As a result, the motion of the wire appears
as follows.

First the width of the rectangular pulse will expand at a constant rate
as shown in the first line of Fig.5.10. At ¢t = zo/a, the left edge of this
rectangular pulse reaches the end point at x = 0. Immediately it bounces back
and moves toward the right. In the time interval zg/a < t < (L — zg)/a, a
rectangular pulse of constant width of 2z is moving to the right with velocity
of a. This motion is shown in the second and the third line of Fig.5.10. At
t = (L—x0)/a, the right edge of the rectangular pulse reaches the end point at
x = L and bounces back. The width of the rectangular pulse starts to shrink
as shown in the fourth line of Fig.5.10. At ¢ = L/a, the pulse disappears.
What happened is that the two negative rectangular pulses have moved from
the mathematical space so far into the physical space so that they touch
each other. As a consequence, they completely cancel the positive rectangular
pulse. This is shown in line five. Soon after that, the two negative rectangular
pulses overlap and over compensate the positive rectangular pulse, as a result
another reactangular pulse reappears up side down. This is shown in the last
line of Fig.5.10. After that the motion will repeat itself in reverse order. The
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end of the first cycle is at ¢ = 2L /a. At that moment, the pulse will disappear,
but will soon reappear to repeat the motion.

5.2 Two-Dimensional Wave Equations

5.2.1 The Governing Equation of a Vibrating Membrane

A vibrating membrane such as a drumhead is a two-dimensional version of a
vibrating string. We assume that the membrane is stretched uniformly under a
tension 7T per unit length. That is, at each point of the membrane the tension
per unit length along any straight line through that point, independent of the
orientation of the line, is perpendicular to that line with a magnitude T.

Let us consider the vibration of such a membrane; we shall suppose that
the density p defined as the mass per unit area is a constant. If its equilibrium
position is taken as the zy plane, then we are concerned with displacements
z (x,y,t) perpendicular to this plane. Consider a small rectangular element
of sides Az, Ay shown in Fig.5.11. We proceed as before. We assume the
weight of the element is negligible compared with the tensile force. Applying
Newton’s second law to the element Ax Ay, we have

0%z

To AysinOy—T) Aysin0y+Ty Axsin0,—T5 Axsinfs = p Az Ayw. (5.49)
Now there is no horizontal motion either in z- or in y-directions, therefore

Trcosfy =Tycosly,  Tycosby = Tjcosbs. (5.50)

y y+Ay

X

X X+ AX

Fig. 5.11. A membrane under uniform tension
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We assume the slopes % and g—; are uniformly small over the domain, so

these horizontal components in (5.50) can be regarded as the tension T' of
membrane. Since the tension is uniform, so

Tocosy =Ty cosly =Tycosly =T3cos03 =T.

Dividing both sides of (5.49) by the appropriate expression of T, we obtain

2
Aytanf, — Aytanf; + Az tanfy — Az tanfz = %pAoj Ayg;
or
0z 0z 0z 0z 1 0%z
Ay | — - — + Az | — - — = —pArAy—.
<8ac otne OT 1) <8y viny  OY y) T ot?

In the limit of Az — 0, Ay — 0, the last equation can be written as

0%z 0%z 1
Ay—A Ar—Ay=—pAzx A
y3m2 T x8y2 4 Tp ray

=
ot?’
It follows that:

0%z 9%z 1 0%z

92 T a2 T o

T
V=4)—.
p

5.2.2 Vibration of a Rectangular Membrane

where

Let us consider the vibration of the rectangular membrane shown in Fig. 5.12.
The displacements z (x, y,t) of the membrane out of the zy plane are given
by the solution of the following problem:

Y
z(x,b,t)=0
. (x.b.1)
o o
I
g azz . azz _ 1_& =
N o 2 o =
=) R
~ N
X
z(x,0,t)=0 a

Fig. 5.12. A vibrating rectangular membrane
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0%z 0%z 1 0%
DE: —+4+——=——
Ox? * oy? w2 ot2’

B.C.: z(0,y,t) =0, z(a,y,t)=0,
z(z,0,t) =0, z(x,b,t)=0,
LC.: z(x,v,0) = f(z,y), 2 (2,9,0)=g(z,y).
We will again use the method of separation of variables,
z(z,y,t) = X(2)Y (y)T(t).

The differential equation can be written as
X'(@)Y ()T (t) + X () Y'(y)T(t) = 5 X (2)Y ()T"(t).

Dividing by X (2)Y (y)T(t), we have

X"x) Y'(y) _ 1T"()

X(@) = Y(y) 2T

The left-hand side is a function of x and y, and the right-hand side is a function
of t. Since x,y,t are independent variables, both sides must be equal to the
same constant

177 (¢t
o T(Ef)) = A, (5.51)
X'z) Y'(y) _
X(x) Yy
We can separate the x and y dependence by writing
X'(@) | Y'(y)
X(x) Y(y)

The left-hand side is a function of x alone and the right-hand side is a function
of y alone, so it follows that both sides must be equal to the same constant.
The constant must be a negative number for the same reason as the separation
constant in the vibrating string problem is negative. Otherwise the boundary
conditions in x would not be satisfied. Therefore we write

B Y”(y) o
Y(y) ’

X"=z)

X(x) '

Thus,
X"(x) = —a?X(z), (5.52)



264 5 Partial Differential Equations in Cartesian Coordinates

Y'(y) = (A +a?) Y(y).

Since \ is a constant yet to be determined, so we can combine it with o? as
another constant. Again to satisfy the boundary conditions in y, that constant
must be a negative number, therefore we write

A a? =32 (5.53)

and
Y'(y) = =B°Y (y). (5.54)

The boundary conditions in terms of X (x) and Y (y) are
X(0) = X(a) =0; Y(0) =Y (b) =0.
The solution to (5.52) and (5.54), together with these boundary conditions are

nm
X(x) = sinax, a=—, n=12.3,...
a

Y (y) = sin By, ﬁ=%7 m=1,23,....

To emphasize the fact that for each integer n, there is a separate eigenfunction
solution, we write

X, (z) = sin L
a

Similarly, for each m, there is a separate Y,,(y),

Yin(y) = sin "y,

It follows from (5.53) that for each pair of n and m, there is a constant A

nm\ 2 mm\ 2
/\nm = - (7) + (7) .
a b
Clearly, A\,,, depends on two integers n and m. For each A,,,, there is a
time-dependent equation as seen from (5.51)

T (1) = Xm0 T (1) .

Therefore
Tom(t) = Gnm €OS Wpmt + brm SIN Wy t,

where , 12
o= = [(2) ¢ (2]

Thus, for each pair of n and m, we have a solution

Znm (2, Y, t) = X ()Y (8) Toomn (2).-
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We can regard this as the (n,m) normal mode. The complete solution to prob-
lem of vibrating rectangular membrane can be expressed as a superposition
of these normal modes

J;y, Zzznmxy?

o0 o0
. . nmTT mmy
= E E (@nm €OS Wnmt + by SIN Wy, t) sSin —— sin
a

. (5.55)

The coefficients a.,,, and by, are determined by the initial conditions.
Using the condition, at t = 0, z(z,y,0) = f(z,y), we have

. nmT . mmy
0) = nm S 3 = »Y)-
z(z,y,0) Z Qnm SI0—— sin — f(z,y)

This is known as a double Fourier series. We will assume that f(x,y) can
indeed be expressed in such a series. If we define R,,(x) as

R (x) = A SIN @, (5.56)
a

n=1

then
Z R,,(z) sin T

For a fixed z, this is a half-range Fourier sine expansion of f(z,y)on0 <y <.
Therefore

/f z,y Smidy (5.57)

By definition, R,,(z) is also given by (5.56), which is a half-range Fourier sine
expansion of R,,(z) on 0 <z < a. So

2 a
Anm = 7/ R, (z) sin wdz.
0

a a

Putting R,,,(z) of (5.57) into this expression, we obtain

/ / f(z,y) sm—sm ded (5.58)

This is the generalized Euler coefficients for the double Fourier series.
To determine b,,,,, we differentiate (5.55) termwise with respect to ¢, using
the condition z; (z,y,0) = g (z,y), we obtain

nmTr . mmy
Z Z Wnmbpm sin —— sin —-—= =g(z,y).

t=0 n=1m=1

9z
ot
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Proceeding as before, we obtain

brm / / z,9) sin % gin —dx dy. (5.59)

wnm ab
If the initial conditions are
U($7y70):f(x,y)7 Ut (xayao):g(xay)zov
then b,,,, = 0 and
> - nwT mmy

t) = " Sw. .t Si .

z(z,y,t) n:1mz_:1a m COS Wymt sin - sin—

with apm, given by (5.58).
In general, since

U, COS Whmt 4 by SN Whmt = G €08 (Whmt + dpm)

we can write the (n,m) normal mode as

Znm (T,Y, 1) = Cpm €08 (Wnmt + Opm ) Sin PTT sin % (5.60)
a
Its frequency is
Wnm n®>  m? 1/2 ™ n? m2\ T 1/2
v 27 [a2+ bz] 27 [<a2+ b2)4p} (5.61)

The fundamental vibration is the (1,1) mode, for which the frequency is

(L, 1)
P\ T ) 1|

The overtones in (5.61) are not related in any simple numerical way to the
fundamental frequency, not like the vibrating string where the overtones (har-
monics) are all simple integer multiples of the fundamental. For some reason,
our ears find the sound more pleasing if the overtones are simply related to
the fundamental. Therefore, the sound of a vibrating rectangular membrane
is much less “musical” to the ear than that of a vibrating string.

According to (5.61,) the frequency of vibration depends on two integers m
and n. As a result, it may happen that there are several different modes having
the same frequency. For example, if a = 3b, then (3,3) and (9,1) modes have
the same frequency. When two or more modes have the same frequency, we
call it degenerate. Any combination of these degenerate modes gives another
vibration with the same frequency.

In the (m , n) mode of (5.60) there are nodal lines at x = 0, &, 27;’, ce,a,
andy =0, 2 - ffz, ..., b. On opposite sides of any nodal line the displacement
has opposite sign. A few normal modes are shown in Fig.5.13, in which the
shaded and the unshaded parts are moving in opposite directions.
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(1,1) 2,1)

(3,1) (3,2)

Fig. 5.13. Nodal lines and displcements of the normal modes z11, 221, 231, 232 of
a rectangular membrane

5.3 Three-Dimensional Wave Equations

A great many physical quantities satisfy the three-dimensional wave equation

0%u 0% @ 1 0%u

a2 a2 ToRr T 2o

For example, in electrodynamics we learn that the electric field E, the mag-
natic field B, the scalar potential ¢, and the vector potential A, all together
10 quantities, satisfy this equation.

Following the separation of variables:

u(z,y,2,t) = X(@)Y (y) Z2(2)T (1),

we obtain four ordinary differential equations

X' Y, 2,
X(z) oY) T Z(2) ’
LT"(t) 4
2T

where [, m, n, a are separation constants and they must satisfy the relation
2+ m?+n?=a
The general solutions of these equations can be easily found to be

X(z) = Acoslz + Bsinlzx,

Y (y) = Ccosmy + Dsinmy,

Z(z) =
) =

(¢

Ecosnz + Fsinnz,
G cos cat + H sin cat, (5.62)
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where A, B, ..., H are constants. Since e'* = coslz + isin [z, this set of solu-
tion can be expressed in an alternative form

X(x) = A'exp (ilz) + B’ exp(—ilz),

Y (y) = C' exp(imy) + D' exp(—imy),

Z(2) = E' exp(inz) + F' exp(—inz),

T(t) = G’ exp(icat) + H' exp(—icat), (5.63)
where A’, B’,..., H' are another set of constants. It can be readily verified

by direct substitution that the expressions in (5.63) are solutions of the wave
equation. Therefore we can use (5.63) and assume that we always refer to the
real part, or we can just use (5.63) as it stands, without reference to its real

or imaginary parts.
It is also possible that one (or two) of 12, m?, n? is negative. For example if
—P+m?4+nt=0a?

3

then

X(z) = A” coshlx + B" sinhlz,

Y (y) = C" cosmy + D" sinmy,

Z(z) = E" cosnz + F" sinnz,

T(t) = G" coscat + H" sin cat, (5.64)
where A”, B”,..., H" are still another set of constants.

Depending on the geometrical properties of any specific problem, one set of
solutions is usually more convenient than others. Furthermore, the boundary
conditions of the problem may restrict [, m, n to a set of allowed discrete
values.

5.3.1 Plane Wave

Let us take the following set of solutions of the separated equations
X(@)=el, Y(y) =™, Z()=e",
T(t) = e e,

This gives a particular solution of the wave equation

u (I‘, v, 2, t) _ ei(lirmernzfcoct)'
This expression has a physical interpretation. To make it clear, we define a
“wave vector” k

k :l?erj\JrnE,
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n M \ /v wavefront
\ / /v wavefront

wavefront

Fig. 5.14. A plane wave propagating in the direction of the vector k

Wherei 3, k are three unit vectors along the coordinate axes. Let r be a posi-
tion vector from origin O to a general point (z,y, z) on a plane perpendicular
to k, as shown in Fig. 5.14. Since

r= x/i\—l— y}—k zﬂ,

SO
k-r=lz+my+nz.

Furthermore,
k-k=Fk =1"+m’>+n*=a".

Thus u (x,y, z,t) can be written as

u (.T, v, z, t) _ ei(k-rfckt)’
where we use the fact that o = k. This represents a plane wave in three
dimension moving in the direction of k. A plane wave is one in which the
disturbance is constant over all points of a plane perpendicular to the direction
of propagation. Such a plane is often called a wavefront.

Let n be a unit vector in the direction of k, then

k-r=kn-r=ko

where g is the perpendicular distance from the origin O measured along the
vector n to the point ) at which this line meets the wavefront, as shown in

Fig.5.14. Thus
ei(k-r—ckt) — ei(kg—ck:t) _ eik:(g—ct).

If k is in the z-direction, this expression is just e*(=¢") which we recognize
as a one-dimensional wave moving with velocity c¢. Furthermore, k = 27/
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and kc = w, where A is the wavelength and w, the angular frequency of this
sinusoidal wave. Therefore

el(la:-i—my—i—nz—cat) — el(k~r—wt)

represents a sinusoidal plane wave moving in the direction of k, with wave
length 27 /k and angular frequency w = ke.

Since k can be in any direction with any magnitude, the three-dimensional
wave equation can have solutions which are plane waves moving in any
direction with any wavelength. Since the wave equation is linear, we may have
simultaneously as many plane waves, traveling in as many different directions.
Thus the most general solution of the three-dimensional wave equation is a
superposition of all kinds of plane waves in all kinds of directions, which is
just a Fourier integral in three dimensions.

5.3.2 Particle Wave in a Rectangular Box

A free particle (a particle without force acting on it) is described in quan-
tum mechanics by a somewhat different wave equation, known as Schrodinger
equation

h? 2. . h 0
w2 M “orar
where M is the mass of the particle and & is the Planck’s constant. While
a discussion of quantum mechanics is outside the scope of this book, we can
take it as a mathematical problem.

Using the separation of variables, we assume that

v

)

¥ (2,y,2,1) = X(2)Y (y)Z (2) T(1),
so the equation becomes

h2 <X// Yl/ Z//> . h T/

EeM\X Y T 7)) T T

vty T (5.65)

Both sides of this equation must be equal to a constant. Let

h T

11— — =
2 T

So
T(t) — e(27rE/ih)t )

If we identify T'(t) as the time-dependent part of the wavefunction and write

e(27TE/1h)t — efuut7

then
E =hw/21 = hv,



5.3 Three-Dimensional Wave Equations 271

which is recognized as the energy of the particle, since according to the
Planck’s rule that energy is equal to h times the frequency.
The separated ordinary differential equations in x, y, z are

XI/
X

Yl/
Y

Z//
—m?, - = —n?, (5.66)

—2
where [, m, n are separation constants. Because of (5.65), they must satisfy
the relation
h2
E =
8m2M

Suppose that the particle is confined in a rectangular box of length « in
z-direction, b in y-direction and c in z-direction. The fact that the wavefunc-
tion ¥ must vanish at the walls means ¥ must satisfy the following boundary
conditions:

(I +m? +n?). (5.67)

W(O’ y, Z? t) = w(a7 y’ Z7t)
¥ (2,0,2,t) =¥ (x,b,2,t) =0
w(‘r7y7 07 t) = W(‘r?y? C7 t) = 0

0

In order to satisfy these boundary conditions, the space part of the wavefunc-
tion must take the form

.o T . Naom . nsm
U (z,y,z,t) = sin —x sin =, ysin——y,
a c

where n1, ng, ng independently assume the integer values of 1, 2, 3, ....
This means that I, m, n in (5.66) must take the values of
nym nom nam

lzi’ = — =

a b c

It follows from (5.67) that the energy is given by

B =y () 4 (2) + ()]

Thus we see that the energy is quantized, by which we mean that the particle
in the box cannot have just any energy, it has to be one of these special allowed
values corresponding to ni, ns, ns, each assuming one of the integer values
of 1, 2, 3, .... This is in sharp contrast to the classical case.

Discrete energies exhibited in experiments were one of the main reasons
that the quantum mechanics was developed. It is interesting to note that the
quantization of energy is the consequence of the boundary conditions on the
solutions of the Schrodinger equation.
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5.4 Equation of Heat Conduction

To obtain the equation governing the flow of heat, we use the following ex-
perimental facts:

— Heat flows in the direction of decreasing temperature.

— The rate at which heat flows through an area is proportional to the area
and to the temperature gradient normal to the area. The proportionality
constant is called thermal conductivity k.

— The quantity of heat gained or lost by the body when its temperature
changes is proportional to the mass of the body and to the temperature
change. The proportionality constant is called the specific heat c.

The constants k, ¢, and density p (mass per unit volume) of most materials
are listed in the handbooks of chemistry and physics.

Let the temperature be u(x,y, z,t). The quantity of heat AQ required to
produce a temperature change Aw in the small box with a mass Am shown
in Fig.5.15 is

AQ = cAm Au = cp Az Ay Az Au. (5.68)
The rate at which heat flows across the surface ABCD into the box is
AQ _

At

..  Ou . L .
Note that a positive 5 means the temperature is increasing in the positive

y-direction and the heat is flowing in the negative y-direction, so the heat
is acturally flowing out of the box, thus the negative sign in the equation.

C Ay G
z

B E AZ

T SRIITH IILLRES H

AX
z
Al E
Y
X

y,

X

Fig. 5.15. The heat energy increased per unit time in this small element of mass is
equal to the heat flux flowing into this element through its six surfaces
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The subscript y in [g—ﬂ signifies the gradient is evaluated at the surface
Y

perpendicular to y-axis and is at a distance y units from the origin. Hence the
heat flowing into the box through ABCD in the time interval At is

AQ, = —k {81‘] Ax Az At.
9,

Similarly the heat flowing into the box through the surface EFGH is

It follows that:

AQs +AQ =k {au} Az Az At — k [%} Az Az At
0y y+Ay 9y Yy
=k [au} - [(?u] Ax Az At
9y y+Ay Iy Y
0%u
= ka—y2Ay Ax Az At.

It can be shown in the same way that the heat flowing into the box through
the top surface BFGC and bottom surface AEHD in the time interval At is
given by

0%u
AQs + AQ4 = k@ Az Ax Ay At
and through the front and back surfaces is

0%u

AQs + AQg = k—Ax Ay Az At.
Ox?
Thus the total amount heat flowing into the box through its six surfaces
must be

AQ = AQ1 + AQ2 + AQ3 + AQ4s + AQs + AQs

?u  0%u  O%u
=k (5‘y2 + 72 + 8:&2) Az Ay Az At. (5.69)

This heat is responsible for raising the temperature of the box, therefore AQ
in (5.69) must be the same AQ in (5.68). Thus

u  Pu  O%u
k (<9y2 + 52 + 83:2> Ax Ay Az At = cpAx Ay Az Au
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or
k [0%u 0%u O%*u Au
— =5 +33+753| = o
cp |0y? 022 Oz At
In the limit of A¢ — 0, this equation becomes

9%u @ 62711 1 Ou

— = —— 5.70

Ox? + Oy? + 022 a2 ot’ (5.70)
where L
o=
cp

is known as the thermal diffusivity.

This is the equation of heat conduction. It is interesting to note that
nowhere in the derivation of the equation was any use made of boundary
conditions. The flow of heat in a body is described by the same equation
whether the surface is maintained at a constant temperature, insulated against
heat loss, or allowed to cool freely by conduction to the surrounding medium.
In general, as we shall soon see, the role of boundary conditions is to determine
the form of those solutions of a partial differential equation which are relevant
to a particular problem.

This equation differs from the one-dimensional wave equation in that the
time derivative is only first order, whereas in the wave equation it is second
order.

This equation is also called diffusion equation, because it not only governs
the diffusion of heat, it also governs the diffusion of material, such as the
diffusion of pollutants in water or the diffusion of drugs in the liver.

5.5 One-Dimensional Diffusion Equations

A number of situations involve only one coordinate. For example, if the lateral
surface of a long slender rod of length L in the x-direction is insulated and no
heat is generated in the rod, then the temperature distribution in the rod is
governed by the one-dimensional heat equation

0%u 1 Ou

022 a2 Ot
This is because the insulation prevents heat flux in the radial direction, hence
the temperature will depend on x coordinate only.

This one-dimensional equation also describes the temperature distribution
of a large two-dimensional slab, infinite in y- and z-directions and bounded by
planes at © = 0 and = = L. If the initial and boundary conditions are known,
the temperature distribution u(z,t) inside the slab can be found.

In the following subsections, we will solve this one-dimensional problem
with several kinds of boundary conditions.
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5.5.1 Temperature Distributions with Specified Values
at the Boundaries

Both Ends at the Same Temperature. A long rod is subjected to an initial
temperature distribution along its axis; the rod is insulated on the lateral
surfaces, and the ends of the rod are kept at the same constant temperature.
As long as both ends are at the same temperature, we can assume that they
are at 0°. If they are not at 0°, a simple change of scale can make them
equal to 0° in the new scale. Let the length of the rod be L and the initial
temperature distribution be f(x). To find the temperature u(z,t) anywhere
in the rod at a later time is to solve the following problem:

O*u(x,t) 1 du(z,1)
or2 a2 Ot
B.C.: u(0,t) =0, u(L,t)=0,

I.C.: u(z,0) = f(x).

D.E.

Following the procedure of separation of variables:
u(z,t) = X (2)T(t),

the differential equation becomes

X" (@)T(t) = %X(a:)T’(t).

Dividing both sides by X (x)T'(¢)

X"(@)T() 1 X(2)T'(t)

X(x)T(t) — o2 X(2)T(t)’

we have
X" (x) 1 T'(¢)

X(z) o T(D)

This equation can hold if and only if both sides equal to the same constant

X"(x)
X@) "
LT't) o
2T M

The general solution of X" (z) = —p?X (z) is

X (z) = Acos pux + Bsin .
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Since the boundary conditions require

it follows that:

where n is an integer. For each n, the solution of the space part is
. /nm
X, (z) = sin <fx> .
Corresponding to this n, the equation for T'(¢) becomes
nm 2
—(a—) T(t).
(O‘ L ) ®)
Therefore the time-dependent part is given by
2
T, (t) = exp [ (F) t] .

Hence for each integer n, there is a solution X, (z)T},(t). The general solution
is the linear combination of these individual solutions

© 2
u(x,t) = Z Cp, Sin (n%z) exp { (?) t] .
n=1
The initial condition requires

T'(t)

u(z,0) = i Cp Sin (%J:) fx).
n=1

This is a Fourier sine series, the coefficient ¢,, is given by
9 (L
Cn = Z/o f(z)sin (%x) dz.

Thus the complete solution of this problem is

oo 9 L

u(w,t) = ; {L/o f(a')sin (%x’) da:’}
i (mr ) (amr)Qt
sin (—x)exp|—(—— .
L')eP L

This solution certainly makes sense. No matter what the initial tempera-
ture is, as t — oo the whole rod will eventually settle to 0° as its two ends.
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Two Ends at Different Temperatures. A more realistic problem is that the
two ends of the rod are at different temperatures. In that case our problem is
changed to

O*u(x,t) 1 du(x,1)
ox2 a2 Ot
B.C.: wu(0,t) =0, u(L,t) =K,

I.C.: wu(z,0) = f(z).

D.E.:

One way to solve the problem is to transform it into the problem we just
solved. This can be done by splitting the dependent variable u(z,t) in the
following way:

u(z,t) = v(z,t) — P(x).

So it follows:

O*u(z,t)  9*v(z,t)

Ox? Ox? — v (@),
Ou(z,t)  Ov(z,t)
o0 ot
Now, if we require
Y (z) =0, (5.71)
$(0) =0, ¥(L)=-K (5.72)

then
*v(z,t) 1 Ov(z,t)
9r2 a2 Ot
v(0,t) =0, v(L,t) =0
v(x,0) = f(z) + ().

Clearly we can solve for v(z,t) with the same method of last problem. If we
can find ¢(x), then u(z,t) can be obtained.
It follows from (5.71) that:

Y(x) =a+ bx.

The conditions (5.72) requires

a=0 and b=-—

K
L

Therefore

Y(x) = ——=zx.
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Thus
u(z,t) = v(z,t) — P(z)
K > .o/nm anm\ 2
= fac + ;bn sin (f:c) exp {— (T) t] ,
where

2 b K . onm
bn_f/o [f(x)—La:]smLxdx.

Again, this result makes sense, as t — oo, the temperature in the rod will

increase linearly from 0 to K.

5.5.2 Problems Involving Insulated Boundaries

Both Ends Insulated. The flux of heat across the faces at x =0 and z = L is

U U
proportional to — at those faces. To set — = 0 is to ensure there is no heat

x x
transfer. Thus, if both ends are insulated, to find the temperature distribution

u(zx,t), we have to solve the following problem:

o Qu(z,t) 1 Ou(x,t)
D.E. B R R v

B.C. {au(%t)L:O o, {au(x,t)L_L _o.

ox ox
I.C.: w(z,0) = f(x).
Separation of variable now leads to
X"(x) = —p* X (x),
X'(0) = X'(L) =0.
It can be easily shown that

X (x) = cos px
nm
L b

where 7 is an integer starting from n = 0.
The corresponding T'(t) function is still

T(t) = exp(—a?p’t).

Thus the general solution can be written as

1 - 2
u(z,t) = 5€0 + Z Cp, COS %x exp {— (?) t} .
n=1

(5.73)
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The initial condition gives us the Fourier cosine series
1 o0
u(z,0) = oo + ; Cp CO8 n%x = f(z).
Thus .
2
en = Z/O () cos %xd:p, n=0,12,.... (5.74)

Therefore (5.73) with ¢,, given by (5.74) is our final solution.
One End at a Constant Temperature and the Other End Insulated. In this
case, the problem becomes

0%u(x,t) 1 Ou(z,t)

DB e T e
B.C.. u(0,t) =0, [au(x’t)] =0,
(9x =L

I.C.: w(z,0)= f(z).

Upon separation of variables u(z,t) = X (z)T(t), we find

X"(x) = —p*X (x), (5.75)
X(0)=0, X'(L)=0

and
T'(t) = =T (t). (5.76)

From (5.75) we have
X (z) = Acos ux + Bsin pz.
The condition X (0) = 0 requires A = 0. Therefore we are left with
X(z) = Bsinux

$0
X'(z) = uB cos px.

The other boundary condition X'(L) = 0 becomes
X'(L) = uBcospuL = 0.

This condition requires pL to be a half integer times 7, that is

2n—1\ «
= — =1,2,3,....
M ( 2 )L’ n Y ]
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Thus for each n, the solution of the space part is

. (2n—1\ 7
Xn(x)sm( 5 )Lx

and the solution of the corresponding equation for T'(t) is

Ty (t) = exp l— (W)Qt] .

Therefore the general solution is a linear combination of X, (x) T, (t)

u(z,t) = Z Cp Sin Msc exp l— (OMT) t] . (5.77)
n=1

2L 2L

From the initial condition
= . (2n—-1)r
O = n —_—r = s
u(z,0) 321 Cn SN ———m——a f(z)

the coefficients ¢, can be easily determined to be

(2n—1)m

9 L
Cn:Z/O f(x)sinTxdx, n=123,....

Therefore (5.77) with ¢, given by the above expression is the solution of our
problem.

5.5.3 Heat Exchange at the Boundary

If heat exchange takes place, then according to Newton’s law of cooling, the
temperature function satisfies the relation

hu(z,t) + é%u(x,t) =0,

where the constant h is an appropriate heat transfer coefficient.

Suppose we want to know the temperature u(z,t) of a slab which initially
has a uniform temperature ug. The face of the slab at = 0 is held at
temperature 0, at the face x = L, heat exchange takes place so that

ug (L, t) = —hu(L,t).
To find u(x,t), we have to solve the following problem:

0%u 1 Ju
DE: —=——
0x2 a2 ot’

B.C: w(0,t) =0, wux(L,t) =—hu(L,t),
IC:  w(z,0) = up.
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Again, we assume the variables can be separated,
u(z,t) = X (z)T'(¢),

SO

and
T = —a®)\°T, X" =-\?X.

The solution for X is
X(z) = Acos Az + Bsin \z.
The boundary condition u(0,¢) = 0 means X (0) = 0. Thus
X(0)=A=0.
The other boundary condition at © = L, u,(L,t) = —hu(L,t), becomes

X'(L)T(t) = —hX (2)T(t)

or
X'(L) = —hX(x).
Thus
BAcos AL = —hBsin AL
or

tan AL = —%. (5.78)

The values of A that satisfy this equation are the eigenvalues of this problem.
Let AL = (3, so
p

tan 8 = YA (5.79)

The solution of this equation are the points of intersection of the graphs of
y = tanz and y = —z/hL, as indicated in Fig.5.16. It is apparent from the
figure that there is an infinite sequence of positive roots 3;, 35, 85,.... The
eigenvalues of (5.78), are given by

B
A = 22
L

forn=1,2,3,.... In other words,

An

tan A, L = — (5.80)
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Fig. 5.16. The solutions of tan 3 = —(3/hL are the intersections of y = tanz and
y=—x/hL

Equation (5.79) appears frequently in many applications, its solutions for
various values of hL are tabulated in Table 4.19 of Abramowitz and Stegun,
Handbook of Mathematical Functions (Dover, New York, 1965).

The eigenfunction X,,(x) associate with the eigenvalue \,, is

X, (x) =sin A\,x.

According to Sturm—Liouville theory, these eigenfunctions are orthogonal.
This can be explicitly shown. Let

L
Lym = / sin A\, x sin \,,x dx.
0

By trigonometrical identity or by changing it into exponential form, one can
show that the integral is equal to

sin (A —Am) L sin(An +Am) L

T = % [ O — Am) (M + Am) (5.81)
If A\, # A, then
Lym = M [Am sin \pL cos Ay L — A, sin Ay, L cos A, L] .
Using (5.80,) which can be written as
hsin \;L = —)\; cos \; L, (5.82)
We see that
Lym = v [h sin A\, L sin A\, L 4+ h sin A\, L sin A, L] = 0.

(A% =)
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Therefore {sin Az} is an orthogonal set.
For A\, = A, we can either use L’Hospital’s rule on the first term of (5.81)
or integrate directly, the result is

]nnzl L — —sin2)\,L :1 L—isin)\nLcos)\nL .
2 2 An

Again by (5.82,)

1

1
Inn_ = 57
2

=3 (Lh + cos? )\nL) .

1
{L + = cos? )\nL]
h
Corresponding to each A, the solution to the equation for T}, (¢) is
Tn(t) _ e—)\ia%.

So the general solution for u(z,t) can be expressed as
s 2 2
u(z,t) = Z cne M tsin \, .
n=1
The coefficients ¢,, can be determined by the initial condition, u(z,0) = ug,
oo
Z Cp Sin A\, x = ug.
n=1

Multiplying both sides by sin A, and integrating from 0 to L,

00 L L
g Cn, / sin A,z sin A,z dx = / ug sin A\, x dzx,
n=1 0 0

we have
> 1
Z cnlnm = cmdmm = )\—(1 — cos A L)ug.
n=1 m
Thus o )
up
=0 2 (1~ cos A, L
= Th T o2 Ly (L T 8 An )
and
> 1 —cosA,L 2 2
t) =2h z A sin A,
u(zx,t) uonz::l (L £ cos? )\nL)e sin A\, ,
where A1, Ao, ... are positive roots of

A
tan AL = ——.
an W
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5.6 Two-Dimensional Diffusion Equations: Heat
Transfer in a Rectangular Plate

Suppose that the edges of a rectangular plate are bounded by the line z = 0,
x =a,y =0, and y = b. Its faces are insulated so that % = 0. The edges
are held at temperature zero and initially the temperature distribution in the
plate is f(z,y). We want to find the expression for u(z,y,t).

Our problem can be formulated as follows:

Pu(xz,y,t)  *u(x,y,t) 1 Ou(z,y,t)
da2 o2 a2 ot
u(0,y,t) =0, wu(a,y,t) =0,
u(z,0,t) =0, u(x,b,t)=0,

U(Z',y,()) = f(m,y)

Again we assume the variables can be separated
u(z,y,t) = X ()Y (y)T(1).

Then the differential equation can be written as

XY )T + X @Y ()T(0) = 5 X (@)Y ()T (1)

Dividing by X (z)Y (y)T'(t), we have

~

X)) Yy _ 1T
X(x)  Y(y) a>T()

. X'z) 1T V')

X(@) 2Tt Yy
Since the left-hand side is a function of x only, and right-hand side is a
function of ¢ and y, they can be equal if and only if both sides equal to the
same constant

X"(x) o 1 T'@M) _Y"(y)

X@@) 7 arT(t) Yy

For the same reason as in the one-dimensional case, we anticipate the constant
to be —\?,

X//(:L'

~
I
\
>
[ )

1T@ Yy
a2 T(t)  Y(y)
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The last equation can be written as

Vi) 1T
Y) a2 1) T

Again, both sides have to equal to another constant

Yy, 1T .
v - M TeETn T

It is easy to see that the boundary conditions require

With these conditions, the equation

X"(z) = =N’ X(z)
can have solution only if

A= n=1,2,3,....
a

and corresponding to each n the solution X, is

X (x) =sin .

a

The equation governing Y (y)

Y'(y) = —p?Y (y)

has solution only if
with

The equation for T'(t) is
T'(t) = —(\* + p?)a*T ().

For each set of (n,m), the solution of this equation is

Tpm(t) = exp {— [(nZO‘)Q + (m;ra)z} t} :

285

The linear combination of X,, ()Y, (y) Ty m (t) is the most general solution,

thus
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u(z,y,t) Z Z Crm SID —x sin Ty exp{ [(717;04)2 + (m;)roz)Q] t} .

n=1m=1
(5.83)
Applying the initial condition, we obtain
> nw mi
0)= = n —_— Y.
u(z,y,0) = f(z,y) nz:: z::c m Sin " x sin ;Y
Now if we define -
Z‘) = Z Cnm SID Ex, (584)
n=1 a

we can write
g gm ) sin —y

We can regard this equation as a Fourler sine series in y for each fixed z, and
the coefficient g,,(x) is given by

2 [P . omT
gnle) =5 [ Fpsin "y,
0

On the other hand (5.84) is a Fourier sine series in z, and the coefficient
Cnm 18 given by

2 a
Chm = 7/ gm () sin @dx
a Jo a

4 a b
3L [ e

Thus the solution of our problem is (5.83) with coefficient ¢y, given by (5.85).
This problem is another example of the two-dimensional double Fourier series.

sin ?dy da. (5.85)

5.7 Laplace’s Equations

One of the most important partial differential equations in physics is the
Laplace’s equation
Viu =0,

named after French mathematician Pierre-Simon Laplace (1740-1827) The
theory of the solution of Laplace equation is called potential theory. Solutions
of the equation that have second derivatives are called harmonic functions.

ou
Laplace equation may be obtained by setting Frin 0 in the heat equation.

This describes the steady-state temperature distribution in a solid in which
there is no heat source or sink.
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Laplace’s equation also describes the electrostatic potential in a charge
free region. Since the electric field is given by the gradient of a potential

E=-VV
and the divergent of E is equal to zero in a free space, therefore
V-E=-V.VV=-VV=0,

the potential V is the solution of the Laplace equation. Similarly, the potential
of the gravitational field in a region containing no matter also satisfies the
Laplace equation.

Furthermore, Laplace equation is also very important in hydrodynamics.
It applies to the incompressible fluid flow with no source, sink, and vortex. In
this case, the velocity is given by the gradient of the velocity potential which
satisfies the Laplace equation.

5.7.1 Two-Dimensional Laplace’s Equation: Steady-State
Temperature in a Rectangular Plate

Suppose that the three edges z = 0, * = a, and y = 0 are maintained at zero
temperature

U(O, y) =0, u (aa y) =0, U(:U, 0) =0, (586)

and the fourth edge y = b is maintained at a temperature distribution f(z)

u(z,b) = f(z). (5.87)

We want to find the temperature throughout the plate after the steady-state
temperature distribution is reached.

To find the answer we must determine the solution of the two-dimensional
Laplace equation

?u  0%u
s+ a5 =0
0x2 = Oy?
subject to the boundary conditions (5.86) and (5.87).
Again we use the method of separation of variables
u(z,y) = X(2)Y (y)
to write the equation as
X"Y + XY" =0.
Dividing by u(x,y), we have
X// Y//
X v

It follows that both sides must be equal to a constant
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X//

Y/l
==X ——=
X )

_ 2
v = A°.
Thus
X"(x) = -N*X(2),
Y"(y) = XY (y).

Note that we choose a negative constant in order for X(z) to satisfy the
boundary conditions. With this choice, X (z) is given by

X (x) = Acos Ax + Bsin \z.
The boundary conditions «(0,y) = u (a,y) = 0 require X (x) to be one of
X, (x) =sin A\,

where o
A=—, n=12,3,....
a

The solutions for Y (y) can be written in terms of e’¥ and e=*Y, or in terms
of hyperbolic cosine and sine

cosh \y = % (e/\y + e_>‘y) , sinh\y = % (e)‘y - e_)‘y) .

In the present problem, it is more convenient to express the solution in
the hyperbolic functions, since at y = 0, cosh Ay = 1, and sinh Ay = 0. Thus

Y (y) = Ccosh Ay + Dsin \y
and the boundary condition u(z,0) = 0 requires C' to be zero
Y(0)=C=0.
Therefore
Y, (y) = sinh A\, y.

A linear combination of X,,(x)Y,(y) is the general solution

oo
.. nmwy . nux
u(z,y) = g cnsthsm—.

a
n=1

To satisfy the other boundary condition u(x,b) = f(x), we must have

nmtb . nnx
sin ——

u(x,b) = Z ¢p sinh —

a a

= f(x).

n=1

It is clear that ¢, sinh ”T’Tb

of f(x). Therefore

is the Fourier coeflicient of the sine series expansion
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b2 [F
cnsinh%:z/o f(z)sin?dx.

Thus, the steady-state temperature distribution is given by

o 9 rL ’ b -1
u(z,y) =Y (L/o f (') sin nzm dx/) [Sinh nZ} sinh% sin ?
n=1

It is clear that the solution of the more general problem where the temper-
ature is prescribed by nonzero functions along all four edges can be obtained
by superimposing four solutions analogous to the one obtained here, each
corresponding to a problem in which zero temperatures are prescribed along
three of the four edges.

5.7.2 Three-Dimensional Laplace’s Equation: Steady-State
Temperature in a Rectangular Parallelepiped

Suppose that the temperatures of five faces of a rectangular parallelepiped are
maintained at zero

u (O? y’ Z) =u (a7 y7 Z) =u ('T;’ 07 Z) =u (x’ b7 Z) = O’ (5'88)
u(z,y,0) =0
and the sixth face is maintained at a prescribed temperature distribution
u(z,y,d) = f(z,y).

We want to know the steady-state temperature distribution in the interior.
In this case we have to solve the three-dimensional Laplace equation

Pu P
0x?  Oy? 022

with the specified boundary conditions.
With the assumption

u(z,y,2) = X(2)Y(y)Z(2),
the equation can be written as

Xll_y//+Zl/
X Y zZ

Since both sides must be equal to the same constant, we have

Lﬂ+£—a2
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It follows from the second equation:

Y// Z// 9
vy
Thus
X" = -a’X,
YII _ _62}/7

7" =(a*+p%)Z.

The homogeneous boundary conditions (5.88) are satisfied if X (z) and Y (y)
are one of the following eigenfunctions

. nm
Xp(x) =sinayz, a,=—, n=1,23 ...,

Yi(y) =sing,,y, B,, = & M= 1,2,3,...
The solution for Z(z) corresponding to X, (x) and Yy, (y) is

Znm(z) = Acoshn,,,,,z + Bsinh~,,,. 2,

= [+ ()]

The boundary condition u (z,y,0) = 0 requires Z (0) =0

where

Znm(0) =A=0.
Thus
Znm(z) = sinhy,,,, 2.

Therefore, for each set of (n,m), there is a solution
Unm (7,9, 2) = Xn ()Y (y) Znm (2)-

The general solution is given by the linear combination

oo oo

u(x,y,z) = Z Z Cnm SIN Q2 sin B,y sinhy,,,. 2.

n=1m=1
To satisfy the boundary condition on the top surface, we have

oo

o0
u(z,y,d) = Z Z Cnm SIN Q@ sin B,y sinh~y,,..d = f(x,y).
=1

m=1

Clearly ¢y sinhvy,,,,d are the coeflicients of the double Fourier series of
f(z,y). Therefore
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Cnm Sinh vy, . d = / / flz,y) bln—sl %dy dzx.

Thus the steady-state temperature distribution inside the parallelepiped is
given by

o o
b Y ain T g T
(x,y, 2 A [siDh 7y, d] sin —— sin

Yy .
sinh vy,,,,, %,

where

Anm = / / f(z,y sm—sdeyd
mmy 2]/
Y = {((L) +(7) ] -

5.8 Helmholtz’s Equations

An equivalent approach to the Laplace’s equation of Sect. 5.7 consists of first
seeking a product in the form of

u(z,y,2) = F(x,y)Z(2),

where the Z(z) factor is treated in a distinct way since only along a bound-
ary z = constant is a nonhomogeneous condition imposed. The process of
separation of variables will give

L (#F@y) PPy P2
F(z,y) Ox2 oy? N 022 ’

where k% is the separation constant. Thus, F(z,y) is the solution of the
following equation:
O°F (z,y) | O°F (z,y)
Ox? Oy?

+E*F (2,y) = 0.

This equation is known as the Helmholtz’s equation named after Hermann
von Helmholtz (1821-1894) who studied this equation in connection with
acoustics.

A great number of important engineering and physics problems can be
reduced to solving the Helmholtz equation. As we have seen, if we put a time
dependence exp (iwt) in the wave equation, the space part is given by the
Helmholtz equation. Similarly, with a time dependence exp (—At), the space
part of the heat equation is also given by the Helmholtz equation.

So far we have used only cartesian coordinates. The success of solving the
problems in this chapter are due to the facts that the Helmholtz equation is
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separable in cartesian coordinates and the boundaries of straight lines and
planes can be easily described by the rectangular coordinates.

Actually the Helmholtz equation is separable in 11 different curvilinear,
orthogonal coordinate systems. However, most of the problems in engineering
and physics can be formulated in either cartesian, cylindrical, or spherical
coordinates. In Chap. 6, we will study the solutions of the Helmholtz equation
in the cylindrical and spherical coordinates.

Exercises

1. Show that the solution of
O*u(x,t) i@Qu(x,t)
or2 w2 o2 7
u(0,t) =0; w(L,t) =0,
u(z,0) = f(x); wue(x,0) =g (x)

is given by
Z (A cos —t + B, sin Tt> sin n%x,
n=1
where
A, = / f(z)sin —dx
nwx
B, =— —d
il g(x) sin 7 da

2. The transverse displacements wu(z,t) in a string of length L stretched
between the point 0 and L, and initially displaced into a position u(z,0) =
f(z) and released from rest is given by the solution of

O*u(x,t) 1 0u(a,t)

9r2 w2 a2
u(0,t) =0; wu(L,t)=0
u(z,0) = f(z); w(z,0)=0.

Show that the solution can be expressed as

o0
Z{A sin x—vt)—FB sin

n=1

T (x +ot)] .

Express A,, and B,, in terms of quantities given in the problem.
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. Show that the motion of every point of the string of the previous problem
is periodic in ¢ with a period 2L /v.

. If the initial displacement of the previous problem is f(z) = C'sin %x,
find u(z,t). What is the frequency of this vibration?

. If the initial displacement of the previous problem is f(z) = Asin T +
Bsin %x, find the subsequent displacements u(z,t).

. Find the solution of the following boundary value problem

0?u(x,t) o, 0%u(z,t)
D.E.: 92 = a 50z

B.C.: u(0,t) =0, w(L,t)=0,

x

— T

SIS

L.C.: u(x,0) =0, wu(x,0)= {L

vy O
LA
VLA

_4L? 00 1 i) T iy RAT 3y NTQ
Ans. u(x,t) = 223 > 7 5 sin 5 sin 27 sin 7L,

. Find u(z,t) of the previous problem if the initial velocity is changed to

0 0<x< 35 —w,
w(z,0) =3 h 2 —w<z<Ltuw,
0 % +w<zx<L
_1\n+1 . _ . _ . _
Ans. U(l‘,t) = % fzo:l E2;71)2 sin (2n Ll)'rrw sin (QnLl)ﬂ'x sin (2n Ll)ﬂat.

. If the vibrating string is subject to viscous damping, the governing equa-
tion can be written as

O*u(x,t)  O%u(w,t) B 2h8u(x,t)
oz Oa? ot

where h is a constant. Let the boundary and initial conditions be

B.C.:  w(0,t) =0, u(L,t) =0,
I.C.: wu(z,0)= f(x), wu(z,0)=0.

Show that, assuming h < 7/L, u(z,t) is given by

(o)
kn,  hL . ky )\ .
u(z,t) = Z b, et (cos ft + . sin Lt) sin n—zx,
=1 n

o L
where b, = —/ f(x)sin @dx, ky = £/ (nm)?® — (hL)?.
L, L
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9. Show explicitly that the following functions:

(a) (x+at)?,  (b) 27@=9D°  (¢) 5sin[3 (z — at)] + (z + at).
satisfy the wave equation

Pu(z,t) 5 0%u(,t)

oz~ " a2
10. What is the solution to the initial value problem

Pu(z,t)  O%u(w,t)

D.E. %2 - a2 —oco<zr<oo, 0<t<oo
) u(z,0) = e
P

Ans. u(x,t) = % {e—(x—tﬁ +e_(gc+t)2 .

11. What is the solution to the initial value problem
O*u(x,t)  0%u(x,t)
oz 02
I.C.: {u(:r, 0) =0

ue(x,0) =ze”

D.E.:

—o<r<oo, 0<t<oo

{L’2

Ans. u(z,t)=1 {ef(zft)Q _ o (@+)?

12. A stretched string between 0 and L is set to motion by a sudden blow at
xg. This problem can be modeled by the fact that the string at zq is given
a certain velocity at ¢ = 0. Find the displacements of the string u(z,t) by
solving the following boundary problem:

O*u(x,t) i@Qu(x,t)
or2 a2 02
B.C.. w(0,t)=0, w(L,t)=0,
I.C.: wu(z,0)=0, 1w (z,0)= Lvyd (x — x0) .

D.E.

Ans. u(z,t) = 2l 570 | Lgip MTL0 gip BTy gip 0704,

13. If the external force acting on the stretched string is proportional to the
distance from one end, then the displacement u(z,t) is governed by the
differential equation

0?u(x,t) 0?u(x,t)
27 7\ - V0
3 + Ax 92



14.

15.

16.
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If the boundary and initial conditions are
u(0,t) = 0, u(L,t) =0,
u(z,0) = f(x), wu(x,0)=0,

295

find wu(z,t).
Ans. u(z,t) = Fpa (L2 — %) 4+ 307 bysin 7 % cos mt
7 L
bn =% fo [ — —250 (L2 2)} sin 2% 2 dzz.
L
Determine the vibrational behavior of a rectangular membrane described
by
2 2 2
pE: L0z_ 0=z, 0%
vZ Ot2  9x2  Oy?
B.C.: z(0,y9,t) =z (a,y,t) =0,

z(2,0,t) = z (x,b,t) =0
if it is initially displaced according to
. T, Ty
’ 70 = — 7
z (z,y,0) = sin L sin
and then released from rest.
1) 1/2

Ans. z (x,y,t) = sin =F sin 5 cos {(a% + 12

’Uﬂ't}

Solve the equation
Lo o ot
v2 Ot2 Qa2 Oy?
with the conditions
(O Y, ): (ay7 ):O
2y (2,0,t) = 2y (z,b,t) =
(‘Tvyv ) ( ) Zt (w,y,O)ZO

o0 o0
Ans. z (z,y,t) = E E Unm COS Wyt sin 7% cos =7 where

n=1m=0

n2 m2 1/2 4 /a/bf( )si nmT mmy
W, = VT A, = — z,1) sin —— cos

Find the solution of the following heat conduction problem:
0%u O u(z,t) _ 1 du(z,1)
D.E. ==—"
022 o ot
B.C.: w(0,t)=0, wu(l,t)=0,

I.C.:  wu(x,0) =sin(2mz) + %sin (4mz) .

dz dy.
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Ans. u(z,t) = e~ 2™’ gin (27z) 4 %e_(‘l”am sin (47z) .

17. What would be the solution to the previous problem if the initial condition
is changed to
u(z,0) =2 —2?, 0<az<l.

Ans. u(z,t) =% e~ ()t sin (rz) + 2i7e’(3”‘)2t sin (3mz) + - - } :
18. Solve the following nonhomogeneous heat equation:

1 ou(z,t)  BPu(x,t)
D.E. 2o - a2 + sin(wx)

B.C.: w(0,t)=0, wu(l,t)=0,
I.C.:  wu(x,0) =sin(2mz).

Ans. u(z,t) =% (1 - e_(’"")zt) sin(rz) + e~ 27’ gin(27).

19. Solve the following problem where u(z,t) is the temperature of a bar of
length L with its lateral surface and one end insulated and the other end
kept at a constant temperature.

1 Ju(x,t) 0%u(x,t)
az ot 0x2
B.C.:  wug(0,t) =0, u(L,t) =1,

I.C.: w(z,0)=0.

D.E.:

(2n+1)a7r 2
_1_ 4 — (2n+1)w
Ans. = E (2n+1) ] COS 5.

20. Solve the following problem:

1 Qu(z,t)  0%u(z,t)

DE.:. — =
a2 Ot 0x?
B.C.: w(0,t) =0, —uy(l,t)=K,
I.C: wu(z,0)=0.
X <2n+1)mr 2
Ans. Z (2(7Li1)2e 2 ] " sin w‘r — K.

21. Assume the temperature u(wz,t) in a bar of thermal diffusivity a? and
length L that is perfectly insulated, including the ends at z = 0 and
x = L, is initially given by u(z,0) = f(x), the subsequent distribution of
the temperature is given by the solution of the following problem:



22.

23.
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o1 ou(x,t)  O%u(w,t)
DE 370 = o
B.C: wuy(0,t) =0, wu,(L,t)=0,

LC.: wu(x,0)= f(x).

Express u(z,t) in an infinite series.

’VLOéTr
Ans. u(z,t) E Ape "I T cos Tx, where

9 L
/f An:Z/O f(:v)cos%xdz7 n=12,3,....

All four faces of an infinite long rectangular prism with thermal diffusivity
a? bounded by the planes x = 0, z = a, y = 0, and y = b are kept at
temperature zero. If the initial temperature distribution is f(z,y), derive
the following formula for the temperature u (z,y,t) in the prism:

2

% %)wza% . nmxr . mmny
xy, E E Apm€ \a b sstmT,

n=1m=1

4 a b
a m:—/ / f(x,y)sin@sinwdxdy.
ab 0 0 a b

If f(z,y) = g(x)h(y), show that the double Fourier series reduces to prod-
uct of two series

where

u(z,y,t) =v(z, hw (y,1)

and note that v and w represent temperatures in the slabs 0 < z < a and
0 <y < b with their faces at temperature zero and with initial tempera-
tures g(x) and h(y), respectively.

Let u(z,y) be the steady-state temperature in a thin plate in the shape of
a semi-infinite strip. Let the surface heat transfer takes place at the face
so that

d%u (z,y) N %u (z,y)

Ox2 8]]2 _bu(wvy)zoa Oﬁxgl,yzo

If w is bounded as y — oo and satisfies the conditions

u(0,y) =0, wu(l,y)=—hu(ly), u(z,0)=1
Show that

o0
A [z,
u(z,y) = 2h Z a—ne_ btV sin a,
n=1 "
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where
1 —cosay,
Ay =7——5—
h + cos? a,
and aq,as, asg, ... are positive roots of the equation
¢ o}
ana = ——.
h

Hint: With u(z,y) = X (2)Y (y), show that

X, (z) =sina,z,  Y,(y) = o—V/bFazy,

1 .
1 sin 2«
.2 n 2
n dex = - — =2h(h+ n) -
‘/O S1mm” X dx B) 1 ; ( COS™ « )

24. Find the solution of the problem consisting of

ou 0%
ot~ o TN
u(0,t) =0, w(L,t)=0,
u(z,0) = f(x).

Here the term on the right may represent loss of heat due to radioactive
decay in the bar.

Ans. u(z,t) = U(x,t) + ¥(x),

L
U(z,t) = Z [i/o [f(z) — ¥ (z)]sin n%x dz| e~ (mma/D)% gip n%x
n=1

U(zx) = _ai\lch [e™™ + (1 —e *)z/L—1].

25. Find the electrostatic potential inside an infinitely long rectangular wave
guide with conducting walls. The guide measures L by b. One of the sides
of length L is held at a constant potential V[, the other three sides are
grounded (That is, V = 0).

Hint: The answer is given by the solution of the problem:

9?V (x,y) N OV (z,y)

Ox? 9y =0,
V(0,y) =V(L,y) =V(z,0) =0,
Viz,b) =V

-1
Ans. V(z,y) = % anl 2n1_1 [sinh (znzl)ﬂb} sinh (2nzl)7ry sin (anl)wx.



26.

27.
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Find the solution of the problem consisting of
Pu o
oxr2 = 0y?
u(z,0) =0, wu(xz,b) =0,
u(0,y) = ug, u(oo,y) =0.

=0, 0<z<o00, 0<y<h.

Here u(z,y) is the steady-state temperature distribution in a semi-infinite
rectangular plate of width b, the temperature at far end and along its two
long sides is fixed at 0°, and temperature at x = 0 is fixed at a constant
temperature ug.

Ans. u(q;,y) = Zn:l (2:301)‘“_6 @n=Dmz/b g 2 b 17_‘_y.

Determine the solution of the Laplace’s equation
Pulzy)  Oulzy)
ox? Oy?

in the rectangular region 0 < = < L, 0 < y < b, which satisfies the
conditions

=0

u(O,y) = U(L,y) =0,
u(m,O) = f(CL'), u(w,b) = g(.%‘)

Hint: Show that wu,; = sinh “Fy sin “Fx satisfies the equation and
the boundary conditions: u(0,y) = u(L,y) = u(zr,0) = 0, and up2 =
sinh 2% (b — y) sin T satisfies the equation and the boundary conditions:

u(0, y) =u(L,y) = u(z,b) = 0. Thus, uy = Up,1 + Un2.

Ans. u(z,y) = Y.,_; [ansinh 2%y sin %%z + by, sinh X (b — y) sin “Xx]

where
bl 2 [
apn, = {smh m} f/ g(z) sin ?dx

b, = {sm Lb} / f(x)sin —dx.





