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Preface to the Second Edition
Since the first edition publication of this book, substantial developments have 
occurred in the field of flexure-based compliant mechanisms, both at the modeling 
(analysis) and at the design (synthesis) levels, as reflected by the impressive num-
ber of publications in scientific journals and monographs. While the major topics 
of the first edition, such as the analytical description of flexure hinges in terms 
of compliances, the static, dynamic and finite element modeling of hinge-based 
compliant mechanisms, have solidified their worth in time, an updating of that 
information became necessary in order to better capture the advances in this field.

The second edition is a substantial update of the first edition in terms of topical 
coverage, modeling approaches and application pool. New straight-axis flexible-
hinge geometries are included here, alongside curvilinear-axis designs, which are 
dedicated each a separate chapter. Both hinge categories realize their final, often-
times complex, configuration by combining basic (or primitive) segments in either 
series or parallel, and by utilizing a compliance matrix approach to formulate 
their elastic characteristics. The quasi-static response of flexible-hinge mecha-
nisms is studied in two chapters: one describes the serial mechanisms and the 
other discusses the parallel mechanism architectures. The chapter formulating 
the dynamic model of flexible-hinge mechanisms has a comprehensive new sec-
tion on hinge inertia that are derived by means of compliance-based shape func-
tions, similar to finite element models. The finite element chapter incorporates 
a new section dedicated to circular-axis line elements. A miscellaneous chapter 
proposes a new section on straight- and circular-axis hinge precision of rotation, 
as well as new sections detailing flexible-hinge stress concentration, and actua-
tion/sensing by means of piezoelectric multilayer active hinges and blocks.

The matrix approach is applied throughout this book to model all problems 
either by compliance-based methods or by finite element modeling.

The sense that a more application-oriented approach in this type of book 
would benefit the reader was materialized by numerous newly solved examples of 
flexible-hinge mechanism applications.

My sincere hope is that this new edition could be of real assistance to the 
researcher interested in designing flexible hinges and flexible-hinge mechanisms 
that operate in the small-displacement/deformation domain and utilize linear 
models.

I would like to express my profound gratitude to all my colleagues at University 
of Alaska Anchorage, Technical University of Cluj-Napoca (Romania) and 
Cornell University who have helped this research book shape up with their direct 
contribution and advice on the research projects we have been collaborating since 
the publication of the first edition of this book. I was also very fortunate to be 
able to exchange ideas, discover new perspectives and hands-on solutions while 
exploring flexible-hinge mechanisms with my University of Alaska Anchorage 
(former) students Paul Bilodeau, Raphael Wunderle, Tim Kirk, Josh Lazaro, 
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Jesse  Wight-Crask, Collette Kawagley, Kaitie McCloud, Beth Steele, Dennis 
Kudryn and Jeff Leath.

My sincere thanks go to Jonathan Plant, former Mechanical Engineering and 
Applied Mechanics Executive Editor at Taylor & Francis/CRC Press, for patiently 
working with me over an extended period of time and gracefully offering me 
almost-endless deadline extensions to allow me to complete this manuscript. I am 
also indebted to Nicola Sharpe, Mechanical Engineering Editor at Taylor & Francis/
CRC Press, for her prompt and professional support with finalizing this project.

Last but not least, I am beyond grateful to my wife Simona for her constant 
encouragement, patience and unwavering faith that I will somehow, sometime get 
to the end of this effort and fully return to more mundane activities – I would not 
have done it without her.

April 2020, Anchorage, AK
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1

1 Introduction

This introductory chapter gives a brief description of flexible hinges and flexure-
based compliant mechanisms for macro- and micro-scale applications by high-
lighting the main traits of these mechanical members/devices. An outline of the 
subject matter and the associated approach in this book is also sketched here in 
order to identify and possibly locate the work in the context of similar  dedicated 
information that has already been published.

Derived from the term compliance, utilized by Paros and Weisbord [1] to 
 identify the reciprocal of stiffness, the compliant qualifier is utilized in this book 
to identify any mechanical device that comprises at least one elastically deform-
able joint, called flexible (or flexure) hinge. Such a mechanism usually includes 
other rigid links, which ensure the necessary rigidity and serve as input/output 
ports. The flexible-hinge mechanisms employ their mobility to perform conver-
sions between electric, thermal, magnetic, etc. and mechanical energies. Many of 
these mechanisms, which are typically of monolithic architecture, are designed to 
undergo relatively low levels of rotation/deformation in order to generate  accurate, 
quasi-continuous output motion. This work covers the flexure-based compliant 
mechanisms possessing all these traits.

Figure 1.1 shows the schematic representation of two microaccelerometers – 
sensing microdevices used to evaluate external acceleration. Both devices have a 
planar structure and comprise rigid links (fixed or movable) that are connected by 

(a)

Rigid link

Flexible hinges

Out-of-plane 

motion 

Anchor

Flexible hinges

Rigid link 

Rigid link 

Anchor 

In-plane motion 

(b)

FIGURE 1.1 Flexible-hinge microaccelerometers with: (a) in-plane motion; (b) out-of-
the-plane motion.
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flexible hinges of (constant) rectangular cross-section. The thinner in-plane cross-
sectional dimension of the eight hinges of the microaccelerometer, as shown in 
Figure 1.1a, also known as folded-beam accelerometer (Bhushan [2]), enables the 
central rigid link (the proof mass) to undergo in-plane, back-and-forth transla-
tory motions when its anchor links are attached to an external vibrating source 
along the motion direction. Alternatively, in order to sense acceleration along 
a direction perpendicular to the device plane, the design of Figure 1.1b, named 
resonant-beam accelerometer (see Tudor et al. [3]), utilizes flexible hinges whose 
out-of-plane dimension is smaller than the in-plane cross-sectional thickness; 
consequently, these hinges can bend along an in-plane axis and enable the mobile 
rigid link (also known as seismic mass) to displace out of the plane. Both devices 
use additional sensing (capacitive, for instance) to convert the mechanical accel-
eration into electrical voltage.

Flexible hinges are largely utilized in the auto/aviation industry in  applications 
such as acceleration/speed/position sensors, adaptable seats, airbags, fault- 
tolerant connectors, single-surface-independent aircraft control devices, actua-
tors for configurable-geometry foils, steering columns, antifriction bearings, 
suspension systems, satellite small-angle tilting mechanisms, laser-beam com-
munication systems between spacecraft, and flexible couplings. The biomedical 
industry is also a beneficiary of mechanisms that are based on flexible hinges, 
and  applications in this category include devices for vascular catheters, urethral 
compression devices, intravascular endoprostheses, cardiac massage apparatuses, 
orthotic devices and biopsy devices. The computers and fiber optics industries 
have also applications that incorporate flexible hinges, and the examples in this 
category include disk drive suspensions, laser systems, optical mirrors, optical 
disks, microscopes, cameras, print heads, optical scanning equipment, vibrating 
beam accelerometers, keyboard assemblies, kinematic lens mountings and rotary 
actuators for disk drives. Various other fields utilize flexible-hinge mechanisms, 
and a few application examples are coin packaging systems, systems for remotely 
playing percussion musical instruments, collapsible fishing net mechanisms, table 
tennis ball-retrieving systems, snow blade attachments, foot propulsion devices 
for float tube users, bicycle seats, steerable wheels for skate/roller ski, respiratory 
masks, grinding/polishing machines, fluid jet cutting machines and flywheels. 
The compliant micro-/nano-electromechanical systems (MEMS/NEMS) are 
almost entirely based on microdevices that generate their motions by means of 
flexible hinges. Examples in this industry comprise optical switches, miniature 
load cells, flexible mounts for imaging masks, load-sensitive resonators, gyro-
scopes, gravity gradiometers, disk memory head positioners, wire bonding heads, 
microfluidic devices, accelerometers, scan modules for bar code readers and can-
tilevers for microscopy.

A flexible hinge is a relatively thin member that provides the relative rotation 
between two adjacent rigid links mainly through flexing (bending), as sketched in 
Figure 1.2, where a conventional rotational joint is shown next to a flexible hinge.

In terms of this rotary function, a flexible hinge can be considered the struc-
tural correspondent of a bearing with limited rotation capability, as illustrated in 
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Figure 1.3. In a classical rotary bearing, the relative rotation takes place between 
a shaft and its housing, these mating parts are concentrically located, and the 
rotation can be limited to a specific angular sector, as indicated in Figure 1.3a. A 
flexible hinge can provide a similar limited rotary output, and the only difference 
is attributable to the fact that the “centers” of the two adjacent members undergo-
ing the relative rotation are no longer collocated, as shown in Figure 1.3b.

Physically, a flexible hinge can mainly be achieved in two different ways:

• Use an independently fabricated member (like a strip or shim in two-
dimensional applications or a cylinder-like part in three-dimensional 
applications) to connect two rigid members that are designed to undergo 
a relative rotation;

• Generate the flexible hinge by either subtractive or additive fabrication 
procedures. In this case, the flexure is integral (or monolithic) to the rigid 
links it connects.

Among the benefits provided by the flexible hinges, the most notable are:

• No friction losses;
• No need of lubrication;

(a)

Rigid links 

Rotation joint 
Flexible hinge

(b)

FIGURE 1.2 Joints enabling relative rotation in mechanisms: (a) conventional rotation 
joint; (b) skeleton representation of a generic flexible hinge.

(a)

Rotating hub

Fixed shaft 

Stops 

(b)

Mobile link

Fixed link 

Flexible hinge

FIGURE 1.3 Functional similarity between rotary bearings and flexible hinges: (a) col-
located (concentric) rotation produced by a rotary bearing; (b) non-collocated rotation 
produced by a flexible hinge.
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• No hysteresis;
• Compactness;
• Capacity to be utilized in small-scale applications;
• Ease of fabrication;
• Virtually no maintenance needed;
• No need of repair since the mechanism will operate until something will 

fail (usually the hinges) because of fatigue or overloading;
• Producing small-increment, quasi-continuous and very precise motion.

Flexible hinges do have limitations, however, and a few examples of such 
 drawbacks are:

• The hinges, particularly the notch ones, provide relatively low levels of 
rotations due to stress limitations;

• The rotation is not pure because the deformation of a flexible hinge is 
complex as it is produced by axial loading, shear and torsion in addition 
to bending;

• The flexible hinge is usually sensitive to temperature variations, and 
therefore, its dimensions change as a result of thermal expansion/contrac-
tion, which leads to modifications in the original hinge elastic properties.

For two-dimensional applications where the flexible hinge is fabricated by remov-
ing material from a blank piece, the manufacturing processes that are being 
 utilized for this purpose include end milling, electrodischarge machining (EDM), 
laser cutting, water/liquid jetting, metal stamping, three-dimensional printing and 
photolithographic/microfabrication techniques for MEMS/NEMS.

In two-dimensional, planar flexible mechanisms, the hinge is designed to be 
compliant about a single axis only (the input, compliant or sensitive axis), along 
which the relative rotation between the adjacent rigid links is taking place, and 
stiff (as much as possible) about all other axes and motions – see the designs 
of Figure 1.4a and c. These configurations are also known as single-axis flex-
ible hinges. For other hinge architectures that have rotational symmetry (they are 
revolute and their cross-section is circular), like the one pictured in Figure 1.4b, 
bending is indiscriminately possible about any axis that is perpendicular to the 
axial direction, and therefore, the compliant axis can instantaneously be set by 
the loading/boundary conditions of the three-dimensional compliant  mechanism. 
Consistent with the terminology that has already been utilized such flexible hinges 
are also called multi-axis. Single-axis flexible hinges are specifically intended 
for two-dimensional compliant mechanisms that have in-plane and out-of-plane 
motion, whereas multi-axis hinges are implemented in three-dimensional appli-
cations in order to take advantage of their capacity to produce relative rotation 
about two or more compliant axes.

While the designs of Figure 1.4a and b have straight longitudinal axes, flexible 
hinges with curvilinear longitudinal axis, like the one shown in Figure 1.4c, have 
also been designed and utilized in various applications.
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Oftentimes, it is convenient to use a simplified, skeleton representation of 
 flexible hinges by just drawing the longitudinal axis of the hinge, as illustrated in 
Figure 1.5.

A considerable number of compliant mechanisms utilize a reduced pool 
of flexible-hinge configurations. Apart from the constant cross-section (either 
 rectangular or circular) designs that present the inconvenience of high stress 
concentration at the areas joining the rigid links, two other geometries – the 
circular design (Paros and Weisbord [1]) and the right circularly corner-filleted 
 configuration (Lobontiu et al. [4]) (these basic configurations are sketched in 
Figure 1.6) – occupy an ample space of choices for flexible-hinge applications. 
The simplicity of their geometry and the relative ease of fabrication are two 
main reasons that prompted the widespread use of these two types of hinges. In 

Bending-sensitive

axis 

Flexible hinge 

(a)

Rigid link 
Rigid link

Bending-sensitive

axis 

(c)

Bending-sensitive

axis 

(b)

FIGURE 1.4 (a) Straight-axis flexible hinge of rectangular cross-section; (b) straight-
axis flexible hinge of circular cross-section; (c) curvilinear-axis flexible hinge of rectan-
gular cross-section.

(b)

Flexible hinge 

(a)

Rigid link
Flexible
hinge 

Rigid link 

(c)

Straight segment

Curved segment
 

FIGURE 1.5 Skeleton representation of: (a) straight-axis flexible hinge; (b) curvilinear-
axis flexible hinge; (c) flexible hinge with straight- and curvilinear-axis segments.

(b)(a) (c)

FIGURE 1.6 Commonly utilized flexible-hinge configurations with straight longitudi-
nal axis: (a) constant cross-section; (b) right circular; (c) right circularly corner-filleted.
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addition, both configurations come with the advantage of being able to reduce 
the stress concentration levels through the filleted regions at their corners (ends).

A thorough analytical presentation of single-axis and two-axis circular flexure 
hinges is provided in Paros and Weisbord [1]. The authors of this paper inter-
changeably utilized the terms flexure hinge and flexure to denote a mechani-
cal member, which is “compliant in bending about one axis but rigid about the 
cross-axes”, and mentioned that flexure hinges are incorporated in applications 
where angular motion is required about an axis – the compliant axis. The key 
merit of this seminal work consisted in the clear mathematical definition of a 
flexure hinge as a spring element, which displays two distinct behaviors: it is 
compliant about one axis, in order to produce the desired rotation, and stiff (as 
much as possible) in all other motions about the other axes in order to prevent/
minimize the respective parasitic motions. This paper provided analytical equa-
tions, both exact and approximate, for the spring rates (reciprocal to compliances) 
of single-axis and two-axis circular symmetric flexures in terms of the motions 
generated through the consideration of bending and axial effects. The alterna-
tive terminology of flexural pivot has also been utilized over the years in refer-
ring to the same mechanical member. The notch hinge has also been employed 
by several authors; see Smith [5], for instance, especially for single-axis flexible 
hinges. While the term flexure aptly depicts the primary function and operation 
mode of an elastic joint to flex (bend), there are also hinge configurations whose 
main intended/functional deformation is torsional. In order to cover all possible 
deformation modes, the terminology flexible hinge is used throughout this book. 
The term compliance (also known as flexibility) is utilized here in the original 
definition given in Paros and Weisbord [1] such that the term refers to the quantity 
which is the reciprocal of one flexure’s spring rate (or stiffness). As a terminology 
extension from  compliance – see also previous mention at the beginning of this 
 chapter – the qualifier compliant is used in this book to denote the behavior of a 
mechanical device/mechanism that moves by the elastic deformation of its flex-
ible hinges in order to realize a design objective (actuation or sensing).

Expanding the flexible-hinge design domain with new geometries and con-
figurations is prompted by practical need. The compliant behavior of flexible 
hinges and flexure-based mechanisms largely depend on the specific geometry 
of the hinge for a given material. Slight alterations in geometry and dimensions 
can sensibly modify the elastic response. This aspect is particularly important in 
mechanisms where precision is a key performance parameter or where a finely 
tuned, quasi-continuous output is expected in terms of displacement, force or fre-
quency (resonant) response. This book provides compliance equations for a large 
variety of flexible-hinge configurations that have been developed and reported in 
the specialty literature over the past years or which are new. It also qualifies and 
compares the flexible hinges in terms of level and precision of the output motion, 
sensitivity to parasitic (undesired) loading and stress levels.

The book essentially develops not only a process of discretization through 
which the compliance (stiffness) is primarily derived, but also studies the inertia 
and damping characteristics that are derived for a large variety of flexible hinges 



7Introduction

both analytically and by means of the finite element technique. With the analytical 
approach, a distributed-parameter flexible hinge is equivalently transformed into 
a discrete one with properties defined individually and independently in terms of 
its degrees of freedom (DOF). For a three-dimensional flexible hinge, one of its 
ends can move with respect to the other one (presumed fixed) by three translations 
and three rotations, respectively, as sketched in Figure 1.7. Consequently, a flexible 
hinge can be modeled as a six-DOF member in the three-dimensional space when 
only the position of one end relative to the opposite one is of interest.

Planar flexible hinges of rectangular cross-sections can be designed to operate 
in their original plane, as the microaccelerometer of Figure 1.1a does, or out of 
their plane, as the case is with the mechanism of Figure 1.1b.

For in-plane operation, a planar flexible hinge, like the curvilinear-axis one 
shown in Figure 1.8a, has its in-plane dimension thinner than its (constant) out-of-
plane dimension w. As a result, the free end O can translate along the x and y axes 
and rotate around the z axis. The quasi-static behavior of such a hinge, as shown in 
Chapters 2–4, is characterized by an in-plane compliance matrix connecting the 
load vector formed of the forces fx and fy and the moment mz to the corresponding 

fz, uz

my, θy mx, θx x

z Flexible hinge 

y 
mz, θz

fx, ux

fy, uy

O

Fixed end

FIGURE 1.7 Skeleton fixed-free flexible hinge with six DOF at the free end.

x 

z 

Mobile rigid link 

Deep flexible hinge
w 

y mz, θz

fx, ux fy, uy

O 

(a) 

Anchor (fixed rigid link)

fz, uz

x 
y

z

O

my, θy
mx, θx

w 

Shallow flexible hinge 

(b)

FIGURE 1.8 Curvilinear-axis flexible hinges for: (a) in-plane operation; (b) out-of-plane 
operation.
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displacement vector defined by the translations ux and uy and the rotation θz. 
The hinge deformation includes bending around the z axis, axial deformation along 
the x axis and shear along the y axis. Out-of-plane deformations produced by the 
other three loads, namely, mx, my and fz, are undesired and therefore parasitic.

Conversely, the flexible hinge shown in Figure 1.8b, with an out-of-plane 
dimension w smaller than the in-plane thickness, can easily deform out of its orig-
inal structural plane; as such, an out-of-plane compliance matrix can be derived 
to connect the load vector defined by the moments mx and my and the force fz to the 
resulting displacement vector formed of the rotations θx and θy and displacement 
uz. This particular hinge mainly deforms in bending around the y axis, torsion 
around the x axis and shear along the z axis. All other deformations resulting from 
the in-plane loads fx, fy and mz are undesired (parasitic).

It should be noted again that flexible hinges are approached in this book as 
members that are subjected to small deformations. This assumption stems from 
the reality that in numerous engineering applications the flexible hinges actu-
ally behave according to this model, which enables utilization of the linear (or 
first-order) bending theory and derivation of the spring rates for various hinge 
configurations.

In addition to the compliance-based approach utilized to model the static and 
dynamic behaviors of flexible-hinge mechanisms, which is a variant of the force 
(or flexibility matrix) method, this book also studies the flexible hinges and their 
mechanisms by means of the finite element technique using the classical dis-
placement (stiffness matrix) method. A flexible hinge of either straight or cur-
vilinear/circular axis is modeled as a two- or three-node line element with six 
DOF per node. A generic finite element formulation is developed by defining the 
elemental stiffness, mass and damping matrices. Explicit forms of these elemen-
tal matrices are derived for a few flexible-hinge configurations. These equations 
are subsequently utilized to characterize the static or dynamic response of various 
flexible-hinge mechanism examples.

Several other related topics, including stress concentration, combined stresses and 
theories of failure, flexible-hinge precision of rotation, layered flexible hinges, tem-
perature effects and piezoelectric actuation/sensing, are also studied in this book.
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2 Compliances of 
Basic Flexible-
Hinge Segments

Using the strain-energy Castigliano’s second theorem, this chapter derives and 
studies the compliances (flexibilities) of various basic planar segments with 
either straight or curvilinear longitudinal (centroidal) axis, which are used to 
build  flexible hinges of more complex geometry in Chapters 3 and 4. Each basic 
(or primitive) segment has its longitudinal profile defined by a planar analytical 
curve, such as a straight line or another curve. Individual compliances are sub-
sequently arranged in compliance matrices that model the in-plane and out-of-
plane elastic behavior of the basic flexible-hinge segments. The Appendix at this 
 chapter’s end offers a compliance database for some of the common straight-axis 
and curvilinear-axis hinge segments.

2.1  STRAIGHT-AXIS FLEXIBLE-HINGE SEGMENTS

Two categories of flexible-hinge segments with straight longitudinal axis are 
 discussed here: one category is formed of configurations of rectangular cross-
section with either one dimension variable (and the other one constant) or both 
dimensions variable, and the other category comprises geometries with circular 
cross-section of variable diameter.

The generic hinge segment longitudinal profile of Figure 2.1 has a length l 
and is defined by the curves y(x) and −y(x), which are symmetric with respect 
to the centroidal x axis. This is a necessary feature of any configuration whose 
 centroidal (longitudinal) axis is a straight line irrespective of the shape of y(x). 

t
O x

y

t(x) = 2y(x)

x

l

y(x)

−y(x)

y(x)

FIGURE 2.1 Front view of generic axially symmetric hinge segment whose variable
thickness t(x) is defined by an analytical curve y(x).
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For a rectangular cross-section hinge, the end thickness is t = 2y and the  variable 
thickness t(x) is equal to 2y(x) at an arbitrary distance x. A circular cross- section 
hinge segment with the same longitudinal profile of Figure 2.1 has an end diam-
eter d = 2y and a variable-position diameter d(x) = 2y(x). In order to keep the 
notation simple, this section utilizes t and t(x) for both rectangular and circular 
cross-section hinge segments.

2.1.1  Generic compliances

Consider the generic straight-axis flexible hinge, which is shown in skeleton form 
in Figure 2.2 as a fixed-free member in the reference frame Oxyz. Under the action 
of the free-end point forces fx, fy and fz and moments mx, my and mz, the corre-
sponding deflections ux, uy and uz and rotations (slopes) θx, θy and θz are produced.

The Castigliano’s second theorem (also known as Castigliano’s displacement 
theorem) is a very useful technique that enables calculating the deformations of 
elastic bodies under the action of external loading and support reactions, as detailed 
in Timoshenko [1], Richards [2], Muvdi and McNabb [3], Harker [4], Langhaar 
[5] or Cook and Young [6]. The theorem offers a simple and elegant mathematical 
tool to calculate a local deformation (either linear or angular) that is produced by 
a corresponding external load/support reaction (either force or moment) acting 
at that particular location. Specifically, the local deformation of an elastic body 
with linear elastic material properties is expressed as the partial derivative of the 
total strain energy stored in that body in terms of the force/moment acting at that 
location and along the direction of the specified deformation. A prerequisite of 
the theorem is that the elastic body under study is  sufficiently supported, mean-
ing that any rigid-body motions (motions allowed by insufficient external support 
and not produced by elastic deformation) are prohibited. A second requirement is 
that the strain energy be expressed in terms of loads and, consequently, it should 
contain no displacements. As shown in the following, this requirement is easy to 
comply with, by the very nature of formulating the strain energy.

The elastic body represented in Figure 2.3 undergoes both linear and angular 
deformations under the action of external loading and support reactions.

x

z 
l

Flexible hinge

x

ux, fx 

O P

y

uy, fy

uz, fz 

θz, mz 

θx, mx 

θy, my 

Fixed support

FIGURE 2.2 Schematic representation of generic fixed-free, straight-axis flexible hinge 
with free-end loads and deformations.
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According to Castigliano’s second theorem, the linear displacement ui at point 
i is expressed in terms of the force fi acting at that location; similarly, the angular 
deformation θj is calculated in terms of the moment mj acting at point j as:

 ;= ∂
∂

θ = ∂
∂

u
U

f

U

m
i

i
j

j

, (2.1)

where U is the elastic strain energy of the deformed body. Note that fi and ui need 
to be aligned at point i; similarly, mj and θj are aligned at point j, as illustrated in 
Figure 2.3.

Another formulation, known as the Castigliano’s first (or force) theorem, 
reverses the causality of the second theorem by expressing the load that is nec-
essary to produce a specific deformation of an elastic body based on the strain 
energy. This theorem is applied in Chapter 8 to derive flexible hinge stiffnesses by 
the finite element method. It is worth noting that while applicable to linear elastic 
materials, the Castigliano’s theorems are also valid for nonlinear elastic materials 
when the complementary energy needs to be used instead of the strain energy.

The displacements ux, uy, uz, θx, θy and θz at the free end of the generic flexible 
segment of Figure 2.2 are evaluated by means of Castigliano’s second theorem 
according to which:
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The fixed-free elastic flexible hinge is mainly deformed by the normal (axial) force, 
torsion moment and bending moments about the y and z axes. As detailed in Richards 
[2], Cook and Young [6] or Den Hartog [7], the total strain energy is expressed as:
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FIGURE 2.3 Spatially constrained, elastically deformable body under external load.
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where “a”, “t” and “b” stand for axial, torsion and bending, respectively. The axial 
force N(x), torsion moment Mt(x), z-axis bending moment Mb,z(x) and y-axis bend-
ing moment Mb,y(x) are defined at the generic point P of Figure 2.2 as:

 N( )x f= =x t; (M x) ;m Mx b, ,z y( )x f= − ⋅ +x mz b; (M xy z) .= ⋅f x + my  (2.4)

The flexible-hinge cross-section, which is assumed variable along the length, is 
defined in Eq. (2.3) by the area A(x), moments of area in torsion It(x), and bending 
Iy(x) and Iz(x). In the same equation, E and G are the material Young’s and shear 
moduli.

Combining Eqs. (2.2)–(2.4) yields:
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The necessary partial derivatives are calculated based on Eqs. (2.4). The following 
compliances (denoted by C) are used in Eqs. (2.5):
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to define the generic, variable cross-section flexible-hinge segment. The first 
part of a compliance’s subscript indicates any of the six free-end displace-
ments, whereas the second subscript portion denotes the load component 
generating the particular displacement. The first Eq. (2.5) provides the x-axis 
displacement at the free end in terms of solely fx as a result of axial loading, 
and similarly, the fourth Eq. (2.5) expresses the x-axis rotation of the free end 
as a function of mx through torsion deformation. The remaining four equations 
of Eq. (2.5), which characterize bending about the y and z axes, express the 
end-point slopes and deflections in terms of both a force and a moment; there-
fore, they reflect coupling effects. The second Eq. (2.5), for instance, which 
gives uy, shows that contributions are made by both the end-point force fy and 
the moment mz. Similarly, coupling occurs for fz and my in producing the defor-
mations uz and θy.

The compliance formulation so far was concerned with flexible hinges that 
are relatively long compared to their cross-sectional dimensions, and that are 
treated as Euler–Bernoulli-beam-type members. For such a model, the planar 
cross-section remains perpendicular to the neutral axis after the external bending 
has been applied. This model ignores the shear stresses and associated deforma-
tions. However, for relatively short beams, the shear effects need to be considered 
together with their corresponding additional deformation. A model that accounts 
for such additional shear effects is the Timoshenko short-beam model, which also 
incorporates rotary inertia effects to better describe the dynamic response of such 
members.

The extra shear-produced strain energy of an elastic beam-like component 
along the y axis, as shown in Young et al. [8] and Cowper [9], for instance, is 
expressed as:
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where Sy(x) is the shear force along the y direction at the generic point P of 
the flexible hinge shown in Figure 2.2 and αs is a shear correction factor that 
depends on the shape of the cross-section. For rectangular cross-sections, 
Cowper [9] suggests using αs = (12 + 11µ)/10/(1 + µ), where μ is Poisson’s ratio. 
By applying Castigliano’s second theorem, the shear-generated extra deflection 
is calculated as:
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where the first Eq. (2.6) has been used. As a consequence, the total deflection 
about the y axis (that sums up bending and shear effects) is:
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which yields the modified compliance:
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Equations (2.8)–(2.10) used the relationship between the shear modulus G and 
Young’s modulus E: E  2(1  )·G.= + μ

Considering now the shear effects along the z axis, the direct-bending compli-
ance corresponding to this axis, similar to Eq. (2.10), changes to:

 2 1 ., ( )= + α ⋅ ⋅ = + α ⋅ + µ ⋅− − − − −C C
E
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C C Cu f s u f
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2.1.1.1  In-Plane Load, Displacement Vectors and Compliance Matrix
With respect to the generic hinge segment of Figure 2.2, the following loads and 
displacements are formally assembled into the in-plane vectors:
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The first, second and sixth Eqs. (2.5) can therefore be written as:

 ;

0 0

0

0

  =       =



















−

− −

− θ −

u C f C

C

C C

C C

ip ip ip ip

u f

u f u m

u m m

x x

y y y z

y z z z

, (2.13)

where [Cip] is the in-plane compliance matrix. For relatively short hinges, when 
shear effects are considered, the compliance matrix of Eqs. (2.13) uses Eqs. (2.10) 
and becomes:
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2.1.1.2 O ut-of-Plane Load, Displacement Vectors 
and Compliance Matrix

The following out-of-plane load and displacement vectors are formed with the 
remaining components identified in Figure 2.2:
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These vectors enable reformulating the corresponding Eqs. (2.5) as:
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where [Cop] is the out-of-plane compliance matrix. When shear effects need to 
be considered in the case of short hinges, the compliance matrix of Eq. (2.16) 
combines with Eq. (2.11) and changes to:
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Notes on cross-sectional properties
Equations (2.6) utilize the following cross-section parameters: area A(x), 

moments of area Iy(x) and Iz(x), and torsional moment of area It(x).
A generic, variable cross-section hinge segment of length l and possessing 

axial symmetry is illustrated in front view in Figure 2.4a; a rectangular cross-
section is shown in Figure 2.4b, while a circular cross-section is sketched in 

(b)

y* 

z* 

w
w/2

t(x)
O*

(a)

O x, x* 

y

y(x)

x

l

O*

y* 

–y(x)

(c)

y* 

z* 

d(x)

O*

FIGURE 2.4 Planar geometry of variable cross-section flexible-hinge segment: (a) front 
view; (b) rectangular cross-section of constant width w and variable thickness t(x) at 
an arbitrary position; (c) circular cross-section of variable diameter d(x) at an arbitrary 
position.
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Figure 2.4c, both at an arbitrary abscissa x. The variable thickness of a rectan-
gular cross-section is t(x) = 2y(x), while the variable diameter is d(x) = 2y(x) for 
the circular cross-section. As a consequence, the variable cross-section properties 
need to be evaluated with respect to the reference frame located at point O* in the 
same Figure 2.4a, which is a point on the centroidal axis of this generic flexible 
segment.

Circular cross-section
For a circular cross-section defined by a variable diameter d(x), the parameters 

are:
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where the torsional moment of area It(x) becomes the polar moment of area Ip(x). 
Because of that, the following compliance relationships result from Eqs. (2.6):
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Rectangular cross-section
For a rectangular cross-section hinge segment with w constant and t(x)  variable, 

the area and the moments of area are: A(x) = w·t(x), Iz(x) = w·t(x)3/12 and Iy(x) 
= w3·t(x)/12. Note that the two moments of area are calculated in the reference 
frame O*x*y*z* in Figure 2.4b. The torsion moment of area of this cross-section 
can be expressed in three different ways depending on the dimensional relation-
ship between w and t(x) as discussed here. One equation for the torsion moment 
of area in Eq. (2.16) is suggested in Young et al. [8] as:
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 (2.20)

For either w < t(x) or w > t(x), the ratio formed of the two cross-section variables 
(t(x) and w) to the power of 5 is a very small quantity, which can be ignored and 
results in the simplified torsion moment of area:
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When the differences between the two cross-section dimensions w and t(x) are 
very large, the torsion moments of area provided in Eqs. (2.21) can be further 
simplified to:
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There are situations where t(x) < w for a length portion [0, x1], but as a result of 
increasing t(x), t(x) > w for the remaining length interval [x1, l]. The torsional com-
pliance in this case needs to be evaluated as:
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The threshold value x1 is calculated by solving the equation 2y(x1) = w, where 
y(x) is the curve defining the geometric profile of the axially symmetric hinge 
segment.

Using Eqs. (2.6) and (2.22), the following connections result between the 
 torsion and the bending compliances for hinge configurations with either w ≪ 
t(x) or w ≫ t(x):
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where “3” has been added to the torsional compliance to indicate that model 3 of 
the torsional moment of area – Eq. (2.22) – has been utilized.

Because the torsion moment of area can be expressed by one of the three 
expressions given in Eqs. (2.20)–(2.22), the torsion compliances can be expressed 
in three different ways by means of Eq. (2.6). A simple method identifying the 
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proper torsional compliance (and corresponding moment of area) studies the fol-
lowing relative compliance ratios:
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Should, for instance, the compliance ratio r13 (which compares the torsional 
 compliances resulting from the torsion moment Cθ −x xm ,1 of Eq. (2.20), to the most 
simplified moment Cθ −x xm ,3 of Eq. (2.22)) be smaller than an acceptable error 
level, then the most simplified compliance Cθ −x xm ,3 can be used with sufficient 
accuracy. If the errors resulting from Cθ −x xm ,3 are not acceptable, then the ratio 
r12 is calculated (which compares the compliance Cθ −x xm ,1 with the intermediate-
complexity compliance Cθ −x xm ,2 of Eq. (2.21)) and its value is compared to the 
tolerable error. If that error is acceptable, then Cθ −x xm ,2 will be used. If the error 
is too large, then Cθ −x xm ,1 needs to be utilized to evaluate the torsion compliance. 
Example 2.1 studies these options in the next section.

2.1.2 G eometric confiGurations

This section derives in-plane and out-of-plane compliances of basic (primitive) 
straight-axis hinge segments whose cross-section dimensions are defined by a 
single analytical curve y(x). Various curves y(x) are proposed to define the axial 
profile of hinge segments, including the circle, ellipse, hyperbola, parabola and 
Bézier curves. While this section only provides equations of the profile curve 
(explicitly, parametrically or in polar form) and the corresponding equations for 
the cross-section dimensions, the Appendix at the end of this chapter includes 
closed-form compliance equations for these hinge segments with rectangular and 
circular cross-sections.

2.1.2.1  Straight-Line Profile Segments
In this section, the hinge segments have longitudinal profiles that are defined 
by line segments and are obtained when the curve y(x) defining the upper edge 
of the generic hinge segment in Figure 2.1 is a straight line. The generating line 
segment can be either parallel to the centroidal axis – case where the hinge has a 
constant cross-section – or can be inclined with respect to the centroidal axis, and 
the resulting longitudinal profile of the hinge is trapezoid.

2.1.2.1.1  Constant Cross-Sectional Segment
The in-plane and out-of-plane compliances of the constant cross-section segment 
of Figure 2.5, defined by the planar geometric parameters l and t (or d), are calcu-
lated with respect to the frame Oxyz.
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Rectangular cross-section:
A rectangular cross-section member has the following in-plane compliances:
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  (2.26) 

whereas the out-of-plane bending compliances are:
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Both Eqs. (2.26) and (2.27) result from the generic Eqs. (2.6) by using t(x) = t.
When t(x) = t, the torsion moment of area given in Eq. (2.20) becomes:
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Similarly, the simplified torsion moment of area of Eq. (2.21) is:
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FIGURE 2.5 Front view with planar geometry of constant cross-section flexible 
segment.
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Eventually, the torsion moments of areas formulated in Eqs. (2.22) simplify to:
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Example 2.1

Given a constant rectangular cross-section (dimensions are w < t), straight-axis 
hinge, study the relative variation of the torsional compliance in terms of the 
w/t ratio when considering the possibility and applicability of using the three 
torsional moments of area of Eqs. (2.28)–(2.30).

Solution:

The second compliance ratio of Eq. (2.25) becomes for this design:
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The plot of r13 in terms of the cross-sectional ratio w/t is shown in Figure 2.6.
For w/t ratios smaller than 0.7, the errors in the torsional compliance are less 

than 10% when using the most simplified torsional moment of inertia instead 
of the most complex one, as seen in Figure 2.6. Imposing certain threshold 
values to this relative difference in compliance, the limit values of w/t given in 
Table 2.1 are obtained, which indicate that the simplified compliances based 
on It3 of Eq. (2.30) can be used safely up to that limit with the corresponding 
error listed in the same row of the table.

w/t

[%]
Cθx–mx,1 –Cθx–mx,3

Cθx–mx,1

FIGURE 2.6 Plot of the relative errors between the torsional compliances defined 
by It1 and It3.
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If the errors resulting from using the most simplified torsional moment of 
inertia are unacceptable, the first compliance ratio introduced in Eq. (2.25) 
needs to be utilized instead; for the constant cross-section, this ratio is:
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, (2.32)

which used the torsion moments of areas of Eqs. (2.28) and (2.29) corresponding 
to w < t.

As seen in the plot of Figure 2.7, the percentage of the relative compliance 
difference of Eq. (2.32) increases with the increasing ratio w/t; for an upper limit 
of w/t = 1, the percentage is slightly more than 12%, which might be unaccept-
able. However, when a maximum (acceptable) value is associated with the 
relative compliance difference of Eq. (2.32), the same equation can be solved 
for w/t and Table 2.2 includes a few pairs of acceptable percentage differences 
and their related dimensional ratios. Provided a relative compliance difference 
is selected, values of the w/t ratio up to the threshold value of Table 2.2 can 
be utilized in conjunction with the simplified torsion compliances given in 
Eqs. (2.29).

TABLE 2.1
Upper Limits of the w/t Ratio for Allowable Percentage 
Relative Compliance Errors Based on It1 and It3

C
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θ
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1 0.4

2 0.47

5 0.58

10 0.68

Cθx–mx,1 –Cθx–mx, 2

Cθx–mx,1
[%]

w/t

FIGURE 2.7 Plot of the relative errors between the torsional compliances defined 
by It1 and It2.
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Circular cross-section:
For a circular cross-section of constant diameter d, the compliances that result 

from Eqs. (2.6) are:
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In regard to shear deflections with respect to long (Euler–Bernoulli) vs. short 
(Timoshenko) beam theory, it has become somewhat of an undisputed truism that a 
long beam is one whose length is “sufficiently long” compared to its cross-sectional 
dimensions. The threshold length-to-thickness ratio that separates long from short 
beams is assigned values ranging from 3 to 5 in most of the dedicated literature (a 
value of 3 is given in Young et al. [8], while Cowper [9] assumes a limit value of 5). 
It is also recognized that the deflection produced by shear in a short beam becomes 
comparable to the regular deflection produced by bending. A method enabling to 
discriminate between short and long beams evaluates the shear-to-bending deflec-
tion ratio and compares it to a limit value or error. The situation where the ratio 
exceeds the error limit for a particular geometry will place that particular beam 
into the “short” category; otherwise, it will fall in the “long” class.

Example 2.2

A straight-axis, constant rectangular cross-section hinge of length l and section 
dimensions w and t (assume w < t) is constructed of mild steel with Poisson’s 
ratio µ = 0.3. Study the variation of the l/t ratio in terms of the permissible 
deflection ratio uy,s/uy. Repeat the problem for a hinge that has a constant 
 circular cross-section of diameter d by analyzing the ratio l/d.

Solution:

The shear deflection uy,s and the bending deflection uy for a cantilever beam 
under the action of a tip force fy are obtained from Eqs. (2.8) and (2.26):

TABLE 2.2
Upper Limits of the w/t Ratio for Allowable Percentage 
Relative Compliance Errors Based on It1 and It2
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1 0.65

2 0.73

5 0.86

10 0.96
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By considering the relationship between the shear modulus G and the Young’s 
modulus E: G = E/[2·(1 + µ)], the ratio of the shear deflection to the bending 
deflection of Eq. (2.34) becomes:
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The cross-sectional properties of Eq. (2.35) are the following ones for the rect-
angular and circular cross-sections:
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Substitution of the rectangular cross-sectional properties – first row in Eq. 
(2.36) – into the deflection ratio of Eq. (2.35) enables to express the following 
length-to-thickness ratio:
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. (2.37)

The deflection ratio for a circular cross-section can be obtained by substituting 
the cross-sectional properties of the second row of Eq. (2.36) into Eq. (2.35), 
which results in the length-to-diameter ratio:
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Figure 2.8 plots the l/t and l/d ratios in terms of the threshold error uy,s/uy for the 
rectangular and circular cross-sectional hinges. The shear coefficient is αs = 6/5 
for the rectangular cross-section and αs = 10/9 for the circular cross- section. 
These are conservative, average values provided in Young et al. [8] – the inter-
ested reader can find a more nuanced approach and refined values of αs in 
Cowper [9], Rentor [10] or Stephen [11], for instance. The plot shows that as 
the shear deflection increases relative to the bending deflection, the length-
to-thickness (or length-to-diameter) ratio that marks the long/short beam 
 separation decreases. For a deflection ratio of 0.1, for instance, one gets l/t 
= 2.793 and l/d = 2.327. As also shown in Figure 2.8, circular cross-sectional 
cantilevers can be considered long beams for length-to-diameter ratios that 
are slightly smaller than the length-to-thickness ratios of the rectangular cross-
sectional beams at the same error limit. This is also demonstrated by combin-
ing Eqs. (2.37) and (2.38) to get the following ratio (l/d)/(l/t) = 5/6. 
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It should be noted that for variable cross-section flexible-hinge segments, 
Eqs. (2.34) and (2.35) are no longer valid and one must use the more generic 
equation:
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2.1.2.1.2  Linearly Varying-Thickness/Diameter (Trapezoid) Segment
A trapezoid segment is sketched in Figure 2.9. Its geometry is defined by the 
minimum thickness t (for rectangular cross-sections) or minimum diameter 
d (for circular cross-sections), the length l and the longitudinal inclination 
angle α.

The equations of the upper profile y(x) and the variable thickness t(x) – or 
diameter d(x) – are:
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The in-plane and out-of-plane compliances are calculated based on their defini-
tion of Eqs. (2.6) and are provided in the Appendix at the end of this chapter.

2.1.2.2 Curvilinear-Profile Segments
Hinge segments that are defined by a curvilinear profile are studied in this section. 
Figure 2.10a shows the upper portion of an axially symmetric segment defined by 
a planar curve y(x). The variable thickness of a rectangular cross-sectional hinge 
is t(x) = 2y(x), and the two tangents at the curve’s ends have arbitrary directions 
defined by the angles α0 and αe (where “e” stands for end). This general segment is 
denoted as (α0, αe) to indicate the two end tangents’ angles. Three particular cases 
stemming from the general design of Figure 2.10a are possible, namely, segments 
(0, αe), as the one of Figure 2.10b whose left tangent is horizontal (and forms an 
angle of 0 with the x axis); segments (α0, π/2), as shown in Figure 2.10c where the 
right-end tangent is perpendicular to the x axis; and segments (0, π/2) with the 
left-end tangent parallel to the x axis and the right-end tangent perpendicular to 
the same axis, as shown in Figure 2.10d.
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αe = π/2

αe = π/2
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y(x)
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FIGURE 2.10 Base half-segments of variable thickness with: (a) generic geometry – ( α0, αe) 
type; (b) horizontal left tangent – (0, αe) type; (c) vertical right tangent – (α0, π/2) type; (d) hori-
zontal left tangent and vertical right segments – (0, π/2) type.



26 Compliant Mechanisms

The choice of a specific curve to define the upper half of a flexible-hinge 
 segment can produce major shape changes that translate directly in large differ-
ences between similar compliances. Figure 2.11, for instance, illustrates a few 
curves that can be used to form a (0, αe) segment. The specific curve equations 
and corresponding compliances are discussed in more detail in the following sec-
tion of this chapter. As it can be seen in Figure 2.11, although all curves are (0, αe) 
curves, there are major differences between a hyperbolic profile and an inverse 
parabolic one, as an example.

There are multiple (α0, αe) curves – of the type sketched in Figure 2.10a – that 
can be used to generate hinge segments to be placed either as intermediate (con-
necting) portions or as end segments (in corner-filleted configurations whose end 
tangent angle is smaller than π/2). In addition to the specified end-point slopes, 
the thickness values are also specified at the same points – as seen in the same 
Figure 2.10a – such that the four end conditions are expressed as:
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In essence, any curve determined by four parameters can be used to satisfy the 
four end conditions of Eq. (2.41). Out of the multitude of curves that can be used 
as upper edges for the generic hinge segment of Figure 2.10a, typical curves such 

c

l

y

O x

Hyperbola

t/2

Parabola Ellipse

Inverse parabola

FIGURE 2.11 Front view with planar geometry of generic half-segments defined by a 
few curves resulting in (0, αe) hinge segments.
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as circles, ellipses, hyperbolas, parabolas or polynomials are studied in this sec-
tion. While all these curves result in (α0, αe) and (0, αe) segments – as depicted 
in Figure 2.10a and b, the circular and standard elliptical configurations (with its 
semi-axes parallel to the local frame Oxy) can also generate (α0, π/2) and (0, π/2) 
segments – as shown in Figure 2.10c and d. The last part of this section focuses 
entirely on (0, π/2)-type segments (which are also known as right segments) by 
extending the geometry domain to include all conic-section profiles (circular, 
elliptic, hyperbolic, parabolic), as well as polynomial and rational Bézier curves.

2.1.2.2.1 Circular-Profile Segment   
Consider the (α0, αe) circular half-segment of Figure 2.12a, which is defined by 
the radius r, the angles φ0 and φe, and the minimum thickness t/2. By selecting 
an arbitrary abscissa x with respect to the reference frame Oxyz, the variable 
thickness t(x) = t(φ) can be defined. Using the polar coordinate φ, the following 
relationships are established based on Figure 2.12a:
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It should also be noticed that α0 = φ0 and αe = φe due to the fact that the tangents 
to the circular profile are perpendicular to the respective radii at the curve end 
points.

Rectangular cross-section
The cross-sectional area and area moments with respect to the z axis and the y 

axis of the full, axially symmetric rectangular cross-section at the arbitrary posi-
tion x are calculated as:
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FIGURE 2.12 Front view with planar geometry of circular half-segments: (a) generic 
(α0, αe) segment, (b) right (0, π/2) segment.
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The in-plane compliances are expressed using the transformation Eqs. (2.43) in 
their definition of Eqs. (2.6):
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where the differential substitution: dx = r·cosφ·dφ has been used.
The out-of-plane compliances are defined similarly to Eqs. (2.44) based on 

Eqs. (2.6) as:
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where It,i (i = 1, 2, 3) is the torsional moment of inertia, as provided in Eqs. (2.20), 
(2.21) or (2.22). The final expressions of these compliances as they result from 
Eqs. (2.44) and (2.45) are too complex and are not included here.
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For cases where w > t, it is possible that t(φ) becomes larger than w starting 
from an angle φ = φ1, where t(φ1) = w. Using this condition, it follows that:

 2 1 cos cos
2
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1 1
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t r w

r
, (2.46)

and the torsional compliance is calculated as:
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due to the two different torsional moments of area on the two subintervals [φ0, φ1] 
and [φ1, φe].

The compliances corresponding to (0, αe) segments are calculated by using 
φ0 = 0 in Eqs. (2.44) and (2.45) since α0 = φ0. Similarly, the compliances of (α0, 
π/2) segments are determined from the same Eqs. (2.44) and (2.45) with φe = π/2 
because αe = φe. Their equations are complicated and are not given explicitly here.

Right segments of the (0, π/2) type are obtained by using φ0 = 0 and φe = π/2 
in Eqs. (2.44) and (2.45) when the arbitrary circular segment becomes the right 
quarter-circle segment of Figure 2.12b. The closed-form in-plane and out-of-plane 
compliances are provided in the Appendix at the end of this chapter.

Circular cross-section
The planar profile of the (α0, αe) circular half-segment is shown in Figure 

2.12a, which is defined by the radius r, the angles φ0 and φe, and the minimum 
diameter d/2. The variable diameter is:

 ( ) ( ) 2 1 cos( )= ϕ = + − ϕd x d d r . (2.48)

The compliances are:
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Right segments of the (0, π/2) type are obtained by using φ0 = 0 and φe = π/2 in 
the compliances of Eqs. (2.49) and are included in the end-of-chapter Appendix.

2.1.2.2.2 Elliptical-Profile Segment   
A generic elliptical-profile segment of the (α0, αe) type is represented in 
Figure  2.13a, which is defined by a minimum thickness t and the elliptical 
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semi-axes lengths a and b. The axial dimension of the segment is set by the 
angles φ0 and φe. The polar coordinate φ is used to express the abscissa x and the 
 corresponding variable thickness t(x) as:
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with φ varying between φ0 and φe.
It should be remarked that, unlike the circle, the two slopes at the extremi-

ties of the elliptical upper edge do not coincide with the polar angles cor-
responding to those points. Using Eq. (2.50), the slope of the ellipse is 
calculated as:
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As a consequence, the relationships between the slope angles and the polar angles 
corresponding to the two end points of the elliptical segment of Figure 2.13a are:
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Rectangular cross-section
The in-plane compliances are calculated based on their definition Eqs. (2.6) as:
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FIGURE 2.13 Front view with planar geometry of elliptical segments: (a) generic (α0, αe) 
segment, (b) right (0, π/2) segment.
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where Eqs. (2.50) have been used, as well as the differential substitution: 
dx = a·cosφ·dφ. Note that for a = b = r (when the ellipse becomes a circle), the 
variable thickness of the elliptical segment in Eq. (2.50) is identical to the one 
of Eq. (2.42), which corresponds to a circular segment; as a consequence, the 
 elliptical-segment compliances of Eqs. (2.53) become identical to the  compliances 
of Eqs. (2.44), which correspond to a circular-thickness segment.

The out-of-plane compliances are calculated from Eqs. (2.6) as:
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The closed-form equations resulting after the integrations necessary in Eqs. (2.53) 
and (2.54) are quite complex and are not included here.

For cases where w > t, t(φ) may become larger than w from an angle φ = φ1, 
where t(φ1) = w. This angle is:
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and the torsional compliance is calculated as:
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due to the two different torsional moments of area on the two subintervals [φ0, φ1] 
and [φ1, φe].

The compliances of (0, αe) elliptic segments are determined by using α0 = 0 in 
Eqs. (2.53) and (2.54). Similarly, the compliances corresponding to (α0, π/2) seg-
ments are determined from the same Eqs. (2.53) and (2.54) by using αe = π/2 at 
the end point of the elliptical edge. Their equations are, again, quite involved and 
are not provided explicitly here.

The particular design (0, π/2) is the right quarter-ellipse segment, which is 
sketched in Figure 2.13b and whose angular limits are α0 = 0 and αe = π/2. Equations 
(2.53) and (2.54) yield the closed-form compliance equations for the in-plane and out-
of-plane compliances – they can be found in the Appendix at the end of this chapter.

Circular cross-section:
The variable diameter is:

 ( ) ( ) 2 1 cos( )= ϕ = + − ϕd x d d b , (2.57)

and the hinge segment compliances are:
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 (2.58)

The compliances of a right segment (0, π/2) are obtained by substituting α0 = 0 
and αe = π/2 in Eqs. (2.58) – they are explicitly given in the Appendix at the end 
of this chapter.

2.1.2.2.3 Hyperbolic-Profile Segment   
A hyperbolic curve is illustrated in Figure 2.14a, which defines the upper half of 
an axially symmetric generic (α0, αe) flexible segment. The hyperbola possesses 
a symmetry axis, and its equation in the reference frame O1x1 y1z1 (where the y1 
axis coincides with the symmetry axis) is:
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with the slope at the origin being zero.
Rectangular cross-section:
Using the general boundary conditions of Eq. (2.41), the constants c0 and c1 

of Eq. (2.59) are determined (note that c1 = t/2). Taking into account that x1 = x 
+ l0 (as seen in Figure 2.14a), the variable thickness (which is related to y1(x1) of 
Eq. (2.59)) becomes:
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l l
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With the thickness of Eq. (2.60), the in-plane and out-of-plane compliances of the 
general (α0, αe) hyperbolic segment can be determined by means of their defini-
tion Eqs. (2.6).

The (0, αe) hyperbolic segment is illustrated in Figure 2.14b, and its variable 
thickness is found by using l0 = 0 in Eq. (2.60), namely:
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The in-plane and out-of-plane compliance equations are calculated for the (0, αe) 
configuration by means of the definition of Eqs. (2.6) and the variable thickness of 
Eq. (2.61); they are included in the Appendix at the end of this chapter.

Circular cross-section:
The variable diameter d(x) is expressed similarly to the variable thickness 

t(x) of Eq. (2.60) with the help of Figure 2.14a for a generic (α0, αe) hyperbolic 
 segment as:
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FIGURE 2.14 Front view with planar geometry of hyperbolic segments: (a) generic (α0, 
αe) segment; (b) (0, αe) segment.
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For the (0, φe) segment, whose planar profile is illustrated in Figure 2.14b, the 
variable diameter is obtained from Eq. (2.62) with l0 = 0:

 ( )
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4 2 2 2( )= ⋅ ⋅ + ⋅ + ⋅d x
l

c c d x l d . (2.63)

The compliances of this segment are expressed in the Appendix at the end of this 
chapter.

2.1.2.2.4 Parabolic-Profile Segment   
A generic (α0, αe) parabolic flexible-hinge segment is illustrated in Figure 2.15a 
in its half-configuration.

Rectangular cross-section:
The hinge segment of Figure 2.15a has a length l, and its full minimum thick-

ness is t. The upper curve of this profile is a parabola, which is symmetric with 
respect to the y1 axis and which defines a variable thickness of the generic seg-
ment that is expressed in the O1x1 y1z1 frame as:
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with the slope at the origin being zero. Using the boundary conditions:

 (0) /2; ( ) /21 1 0y t y l l t c= + = +  (2.65)

in conjunction with the change of variable x1 = x + l0, the variable thickness of Eq. 
(2.64) is expressed in the local frame Oxyz as:
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FIGURE 2.15 Front view with planar geometry of parabolic segments: (a) generic ( 0, 
αe) segment; (b) (0, αe) segment.
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Using the definition Eqs. (2.6) and the thickness of Eq. (2.66) enables expressing 
the in-plane and out-of-plane compliances of the generic (α0, αe) parabolic seg-
ment, which are too complex and are not included here.

A (0, αe) parabolic segment is depicted in Figure 2.15b whose variable thick-
ness results from the one of Eq. (2.66) by using l0 = 0, namely:

 ( ) /2; ( ) 2 ( )
2

2
2

2
2y x

c

l
x t t x y x

c

l
x t= ⋅ + = = ⋅ + . (2.67)

The compliances of this segment are calculated with this thickness substituted in 
the definition Eqs. (2.6); they are explicitly provided in the Appendix at the end 
of this chapter.

Circular cross-section:
The variable diameter d(x) is expressed similarly to the variable thickness t(x) of 

Eq. (2.66) with the help of Figure 2.15a for a generic (α0, αe) parabolic segment as:

 ( )
2

0
2 0

2

( ) ( )=
+

⋅ + +d x
c

l l
x l d. (2.68)

For the (0, αe) segment, whose planar profile is illustrated in Figure 2.15b, the 
variable diameter is obtained from Eq. (2.68) by using l0 = 0:

 ( )
2

2
2= ⋅ +d x

c

l
x d . (2.69)

The compliances of this segment are included in the Appendix at the end of this 
chapter.

2.1.2.2.5  Inverse Parabolic-Profile Segment
A generic (α0, αe) inverse parabolic-profile segment is similar in shape and param-
eters to the parabolic segment pictured in Figure 2.15a. The upper-edge curve is 
symmetric with respect to the y1 axis and defines the variable thickness of the 
segment in the O1x1 y1z1 frame as:

 ( )1 1 2
1
2y x

a

b x
=

−
. (2.70)

Equation (2.70) can also be expressed by means of the parameter θ as:

 ( ) sin ; ( )
cos

1 1 2 2θ = ⋅ θ θ =x b y
a

b
. (2.71)

⋅ θ

The slope of this curve is found by means of Eqs. (2.71) as:
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As indicated in Eq. (2.72), the slope at the origin (with x1 = 0 and θ = 0) is zero, 
and therefore, an inverse-parabola curve can produce a (0, αe) flexible segment, 
like the one of Figure 2.15b.

Rectangular cross-section:
The constants a and b are determined with the boundary conditions of 

Eqs. (2.41) as:
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The in- and out-of-plane compliances can now be calculated with Eqs. (2.6) by 
using the following variable thickness:
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They are evaluated in the hinge reference frame Oxyz, as indicated in Figure 2.15a.
The (0, αe) segment of Figure 2.15b has a variable thickness of:
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c

resulting from Eq. (2.74) for l0 = 0. The closed-form compliances for this particular 
segment are provided in the Appendix at the end of this chapter.

Circular cross-section:
For a generic (α0, αe) inverse-parabola segment, the variable diameter d(x) is 

expressed similarly to the variable thickness t(x) of Eq. (2.74) as:
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For the (0, φe) segment, the variable diameter is obtained from Eq. (2.76) for l0 = 0:
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The closed-form compliances of this segment are included in the Appendix at the 
end of this chapter.

2.1.2.2.6  Right Corner-Filleted (0, π/2) Segments 
by Rational Bézier Functions

A right corner-filleted flexible hinge is designed by means of a curve whose end-
point tangents coincide with the perpendicular edges of two adjacent segments, 
as sketched in Figure 2.16a. These segments were introduced as (0, π/2) sections 
in Figure 2.10d, where the tangent at the start point to the curve makes an angle 
α0 = 0 with the horizontal, whereas the tangent to the end (terminal) point of the 
curve makes an angle αe = π/2 with the horizontal. The resulting region that is 
shown in Figure 2.16b is a right corner-filleted half-segment that can be used 
to form more complex hinge configurations. Obviously, the right corner-filleted 
design is a particular case of the filleted hinge where the two edges of the adjacent 
segments form an angle different from π/2.

Filleted hinge configurations are mainly utilized to reduce stress concentration 
at the connection region between a non-filleted hinge segment and a rigid link. 
Besides this primary usage, filleted hinges can substantially alter the flexible prop-
erties of non-filleted designs, particularly their compliances. Corner-filleted flex-
ible hinges bring about another advantage over non-filleted hinge configurations. 
Compare, for instance, the two designs of Figure 2.17 where the segments to the 
right of the hinges are (supposed to be) rigid segments. While for the non- filleted 
configuration of Figure 2.17a, the supposedly rigid segments have an in-plane 
thickness that might not be sufficient to render them truly rigid, the filleted design 
of Figure 2.17b allows us to increase the thickness of the segments adjacent to the 
hinge to values that will ensure the deformations of these segments are negligible.

Moreover, a right corner-filleted design would usually be a choice over a 
 corner-filleted configuration with non-perpendicular edges due to both design 
simplicity and to the fact that compliance equations are simpler than those of the 
non-right variant.
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Perpendicular edges 
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(a) (

FIGURE 2.16 (a) Fillet curve tangent to two perpendicular edges of adjacent segments; 
(b) resulting right corner-filleted half-hinge segment.
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Two right corner-filleted segments that have already been discussed in a previ-
ous section are the circular one of Figure 2.12b, which utilizes a quarter-circle 
arc, and the elliptic shape of Figure 2.13b, which uses a quarter ellipse to realize 
the respective fillet regions.

The circle and the ellipse are not the only planar curves resulting in right 
 corner-filleted flexure segments. Rational Bézier curves can also be used to gener-
ate right corner-filleted flexible hinges, and these curves are actually conic- section 
curves, as shown here. Conic-section curves include the parabola, hyperbola and 
ellipse (or circle, as a limit case of an ellipse with equal semi-axes). They result 
by intersecting a conic surface with a plane that is in one of the following posi-
tions: at an angle with respect to the cone axis and intersecting both the lateral 
surface and the circular base of the cone – this results in a parabola, parallel to 
the cone axis – producing a hyperbola, and at an angle with respect to the cone 
axis and intersecting the lateral cone surface but not the circular base of the cone– 
this results in an ellipse, perpendicular to the cone axis – producing a circle; the 
parabola, hyperbola and ellipse are illustrated in Figure 2.18.

The general equation of a conic is:

 02 2A x B x y C y D x E y F⋅ + ⋅ ⋅ + ⋅ + ⋅ + ⋅ + = , (2.78)

with x and y being the coordinates of an arbitrary point in the planar reference 
frame Oxy. The theory of conics – see Hall [12], for instance – shows that the 
discriminant Δ = B2 – 4A·C determines whether a conic is a hyperbola, a parabola 
or an ellipse as follows:
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. (2.79)

Rational (or polynomial) Bézier curves are part of the larger family of splines and 
are defined by the parametric equations:

(a)
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t/2

t1 

FIGURE 2.17 (a) Flexible hinge without fillet; (b) right corner-filleted flexible hinge.
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where the points Pi of coordinates xPi and yPi are called control points, Bi (p) are 
known as the Bernstein polynomials and wi are weight coefficients – more details 
can be found in Cohen et al. [13]. The parameter p varies between 0 and 1. Two 
important properties of polynomial Bézier curves are that they pass through the 
extreme control points P0 and Pn and are tangent to the extreme lines P0P1 and 
Pn−1Pn, as illustrated in Figure 2.19.

The curves defined as in Eqs. (2.80) will pass through the extreme points when 
the weights of those points are w0 = wn = 1.

yO

z

x

Ellipse plane

Hyperbola plane

Parabola plane 

Cone 

FIGURE 2.18 Parabola, hyperbola and ellipse resulting from particular planes intersect-
ing a cone.
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Rational quadratic Bézier curves are a frequent choice and their parametric 
equations are obtained from Eqs. (2.80) for n = 2 as:
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A rational quadratic Bézier curve requires three control points to define it, which 
are P0, P1 and P2. The following coordinates of the control points: xP0 = 0, xP1 = 
xP2 = l, yP0 = yP1 = t/2, and yP2 = t/2 + c, as well as w0 = w2 = 1, are substituted in 
Eqs. (2.81), which become:
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To implicitize the parametric Eqs. (2.82), the auxiliary functions f and g are built as:
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where the coefficients of Eqs. (2.83) are:
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FIGURE 2.19 Plot of a generic planar Bézier curve of degree n.
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The implicit equation of the curve defined parametrically in Eqs. (2.84) is found by 
equating the Sylvester determinant (a polynomial using the coefficients of f and g) 
to zero – see more details in Sederberg and Anderson [14] or Bareiss [15], which is:
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Using the coefficients given in Eq. (2.84), Eq. (2.85) yields:
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which is the equation of a conic section. The discriminant of this equation is 
obtained by comparison to the generic Eq. (2.78) as:
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and therefore, as defined in Eq. (2.79), the conic section is:
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The weight w1 corresponding to the middle point of the three points defining the 
conic section is therefore instrumental in generating one of the three types of conic 
sections, as well as in altering the curve shape. Figure 2.20 plots an ellipse for w1 = 
1/3, a parabola that is drawn for w1 = 1 and a hyperbola corresponding to w1 = 3. 

As the graphs of Figure 2.20 indicate, the two perpendicular lines connecting 
the three control points P0, P1 and P2 and passing through the end points P0 and 
P1 are also tangent to the curve at these points. This latter trait is always valid as 
seen from calculating the slope of the spline from Eqs. (2.82):
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The slopes at the curve’s ends are therefore:
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which demonstrate that indeed, the two tangent lines are horizontal and vertical, 
respectively, with respect to the reference frame Oxy.

While for a fixed group of points P0, P1, P2 (as in Figure 2.20, where the param-
eters t, c and l clearly define these points), there is one single parabola passing 
through the two end points because the parameter w1 assumes the value of 1, there 
is an infinite number of hyperbolae and ellipses that are all passing through the 
end points – Figure 2.21 graphs several plot examples. With w1 > 1, the hyperbolae 
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FIGURE 2.20 Right corner-filleted hinge segment shapes generated by means of va rious 
conic-section curves expressed as Bézier quadratic rational functions.
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FIGURE 2.21 Right corner-filleted hinge of: (a) hyperbolic profile; (b) elliptic profile.
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move closer to the perpendicular tangent lines P0P1 and P1P2 as w1 increases. 
Similarly, the ellipses move further away from the tangent lines and become 
(apparently) more deformed from their regular elliptic aspect as w1 < 1 decreases.

Rectangular cross-section:
For rectangular cross-section hinges of constant width w, the following rela-

tionships need to be used in Eqs. (2.6):

 
( )

; ( ) 2 ( )= ∂
∂

⋅ =dx
x p

p
dx t p y p , (2.91)

with x(p) and y(p) of Eq. (2.82). The in-plane compliances of this right corner-
filleted segment are calculated as:
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The out-of-plane bending-related compliances are evaluated as:
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The torsion compliances are calculated based on the following equation:
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Flexible hinges of rectangular cross-section that are obtained using Bézier curves 
have also been studied by Vallance et al. [16].



44 Compliant Mechanisms

Circular cross-section:
The variable diameter in this case is:

 ( ) 2 ( )=d x y p , (2.95)

and the compliances of this segment are calculated as:
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2.1.2.2.7  Segment of Rectangular Cross-Section with 
Variable Width and Thickness

The segment of Figure 2.22 has a rectangular cross-section where both dimensions 
are variable over the hinge length. There are two pairs of identical and mirrored 
notches that form this configuration, and each pair is symmetric with respect to 
the longitudinal axis – this results in a hinge with axial symmetry. One notch pair 
is in the xy plane, while the other one is located in the xz plane. In the xy plane, the 
defining outline curve is y(x), while in the xz plane, the similar curve is z(x). At the 
abscissa x, the variable dimensions of the rectangular cross-sections are:

 ( ) 2 ( ); ( ) 2 ( )= =t x y x w x z x . (2.97)
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FIGURE 2.22 Rectangular cross-section hinge segment with variable thickness t(x) and 
width w(x).
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It is assumed that the minimum cross-sectional dimensions are t and w, and they 
correspond to x = 0, as illustrated in Figure 2.22.

The eight compliances that characterize the generic segment of Figure 2.22 
are calculated as per Eqs. (2.6) where the cross-sectional parameters are: A(x) = 
w(x)·t(x), Iz(x) = w(x)·t(x)3/12 and Iy(x) = w(x)3·t(x)/12. The torsional moment of area 
It(x) is calculated as in Eqs. (2.20), (2.21) or (2.22). In all these equations, w(x) 
should be used instead of w.

Example 2.3

Express the compliances of a two-axis notch segment like the one of 
Figure  2.22 where the two defining curves are the parabolas shown in 
Figure 2.23.

Solution:

The variable cross-sectional dimensions are:

 ( )
2

; ( )
2

2
2

2
2= + ⋅ = + ⋅t x t

c

l
x w x w

c

l
xt w . (2.98)

The torsional moment of area is calculated with one of the Eqs. (2.20), (2.21) or 
(2.22) depending on the relationship between the two cross-sectional dimen-
sions and using w(x) instead of w. While the explicit algebraic compliances 
of the parabolic segment are not included here, Example 3.4 in Chapter 3 
 studies a notch hinge with transverse symmetry whose half-segment is the one 
 discussed in this example.

(a)

ct

y

Parabola

xO

l
x

y(x)t/2

(b)

w/2

z

Parabola

xO

l
x

z(x)

cw

FIGURE 2.23 Planar geometry of two-axis flexible segment defined by parabolas 
in (a) Oxy plane; (b) Oxz plane.
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2.2  CURVILINEAR-AXIS FLEXIBLE-HINGE SEGMENTS

This section studies flexible-hinge segments whose centroidal axis is a curve, such 
as circle, ellipse, parabola or hyperbola. Similar to the straight-axis segments, 
planar configurations are considered of either rectangular cross-section (with the 
out-of-plane dimension w constant) or circular. These segments can be combined 
with other segments to form full flexible hinges such as those studied in Chapter 4.

2.2.1  Generic compliances

The small-displacement analytic compliances of generic flexible hinges with 
 curvilinear centroidal (longitudinal) axis are formulated here to characterize 
their elastic response to in-plane and out-of-plane loading. Figure 2.24a shows 
the skeleton representation of a generic curvilinear-axis flexible-hinge segment, 
while Figure 2.24b plots the inner and outer curves yi(x) and yo(x) that define the 
in-plane profile of the same hinge segment.

The forces fx, fy and fz and the moments mx, my and mz are applied at the free end 
O of a flexible-hinge segment whose longitudinal axis is a planar curve defined 
as y(x) in the Cartesian frame Oxyz, as illustrated in Figure 2.24a. The aim is to 
relate the displacements ux, uy, uz, θx, θy and θz at the same point O to the loads in 
terms of the particular geometry and material parameters of the flexible hinge. 
The displacements are determined using Castigliano’s second theorem based on 
the total strain energy U stored by the flexible hinge under load as per Eqs. (2.2).

The total strain energy is expressed in relation to a generic point P on the cen-
troidal axis in Figure 2.24a. At P, the tangent (denoted by t) is defined, as well as 
the normal (perpendicular to the tangent and identified as n) and the binormal axis 
b (perpendicular to the hinge plane, which is also the plane formed by t and n; b 
is parallel to z and has the same direction as z). The six free-end point loads are 
reduced to a group of three loads at P that deform the flexible hinge in its plane 
and that are formed of N (the normal force along t), the shear force Sn (along the 

(b)

β

Po

t

n

x

y

Pi P

O
x

y

y*

t(x)

y(x)

yi(x)

yo(x)

(a)

y

O

β

lx

P

x

mz, θz 

mx, θx 

my, θy x

y

t

n

fz, uz

fx, ux

fy, uy

y(x)

FIGURE 2.24 Curvilinear-axis flexible hinge with fixed-free ends: (a) skeleton representa-
tion with free-end loads and displacements; (b) front-view representation with planar geometry.
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normal axis n) and the bending moment Mb,z (acting along the binormal). The three 
other loads, namely, the torsion moment Mt (along the t axis), the bending moment 
Mb,n (along the n axis) and the shear force Sz (perpendicular to the hinge plane and 
oriented along the binormal direction), cause the flexible hinge to deform out of its 
original plane. Correspondingly, the in-plane displacements at O are ux, uy and θz, 
whereas the out-of-plane displacements are θx, θy and uz. The loads at P are obtained 
from the original free-end loads based on the geometry of Figure 2.24a as:
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, (2.99)

with β = tan−1 (dy(x)/dx). For a homogeneous and isotropic material, the total 
strain energy produced by the six loads of Eqs. (2.99) is:
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A(s), It(s), Iz(s) and In(s) are the arbitrary-position cross-section area and moments 
of area (in either torsion – along the tangential direction or bending – along the 
z or along the normal direction). The parameter l in Eq. (2.100) is the length 
of the curvilinear element measured along the centroidal axis. The elementary 
length ds along the curvilinear centroidal axis and the trigonometric functions of 
Eqs. (2.99) are expressed as:
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When substituting Eqs. (2.101) into Eqs. (2.99) and (2.100), the variable x 
 substitutes s, and the upper limit of the integrals of Eqs. (2.100) is lx, the x-axis 
projection of the curvilinear length l.
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2.2.1.1 In-Plane Compliances  
Combining Eqs. (2.99)–(2.101) generates the following relationship between the 
in-plane loads fx, fy and mz and the corresponding displacements ux, uy and θz by 
means of a symmetric in-plane compliance matrix [Cip]:
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, (2.102)

with the individual compliances:
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The superscripts “b”, “n” and “s” in Eqs. (2.103) denote the compliances that are 
associated with bending, normal force and shear force, respectively. These com-
pliances are calculated as:
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While the compliances of Eqs. (2.102) were defined with respect to the Oxyz ref-
erence frame shown in Figure 2.24b, there are cases when it is necessary to use 
the reference frame Oxy*z* (also pictured in Figure 2.24b) whose y* and z* axes are 
oriented in directions opposite to the y and z axes, respectively. When referenced 
to the Oxy*z* frame, the in-plane compliance matrix of Eq. (2.102) becomes:
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with the individual compliances provided in Eqs. (2.103) through (2.106). As 
Eq. (2.107) indicates and compared to the compliance matrix of Eq. (2.102), the 
compliances involving the axes pairs x-y and x-z changed their signs, but all other 
compliances kept their original plus sign. This modification is due to the fact that 
when formulating compliances by means of Eqs. (2.99) and (2.100), a sign change 
occurs in any of the six loads of Eqs. (2.99) when either y or z is flipped since fy 
becomes –fy and mz changes to –mz.

The straight-axis hinge compliances as a particular case:
Assuming the curvilinear-axis hinge becomes a straight-axis one, both the 

slope dy(x)/dx and y(x) become zero – see Figure 2.24a. In this particular case, 
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the x-axis length projection lx is simply the length l. As a consequence, as it can be 
checked easily from Eqs. (2.103) – (2.106), these compliances become:
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which are the compliance equations of a straight axis with variable cross-section 
as per the definition Eqs. (2.6).

2.2.1.2 Out-of-Plane Compliances  
A relationship similar to the in-plane Eq. (2.102) is obtained by c ombining 
Eqs.  (2.99)–(2.101) that connect the out-of-plane loads mx, my and fz to the 
 corresponding displacements θx, θy and uz by means of a symmetric out-of-plane 
compliance matrix [Cop] as:
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with the individual compliances being calculated as:
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where the new superscript “t” indicates torsion. The compliances in the right-
hand side of Eqs. (2.110) are:
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When the y and z axes are replaced by their opposite-direction y* and z* axes, the 
out-of-plane compliance matrix of Eq. (2.109) becomes:
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with the individual compliances calculated as in Eqs. (2.110) – (2.116) by follow-
ing a reasoning similar to the one applied in deriving  *

Cip  from Cip .
The straight-axis hinge compliances as a particular case:
When the curved-axis hinge becomes a straight-axis one and similar to the in-

plane case, the out-of-plane compliances of Eqs. (2.110) – (2.116) become:
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To derive Eqs. (2.118), which are identical to the definition Eqs. (2.6), the follow-
ing particular values have been used in Eqs. (2.110) through (2.116): dy(x)/dx = 0, 
y(x) = 0 lx = l and In(x) = Iy(x).
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2.2.2  Geometric confiGurations

This section formulates in- and out-of-plane compliances of flexible segments 
defined by various longitudinal curves, including circular, elliptic and parabolic 
profiles. The cross-section is assumed variable.

2.2.2.1  Circular-Axis Hinge Segment
Consider the particular design of Figure 2.25 where the curve y(x) is a circular 
segment. The in-plane and out-of-plane compliances that have been defined for a 
generic curve y(x) will be expressed here.

The Cartesian coordinates x and y are expressed in terms of the polar 
 coordinate β as:

 sin ; cos ; 1 cos ,( )= ⋅ β = ⋅ β ⋅ β = ⋅ − βx R dx R d y R  (2.119)

which results in:
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FIGURE 2.25 Skeleton representation of a circular-axis hinge segment with defining 
geometry.
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Substituting Eqs. (2.119) and (2.120) into Eqs. (2.104)–(2.106), the following in-
plane compliances are obtained for a generic circular-axis hinge segment:
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Combination of Eqs. (2.119) and (2.120) with Eqs. (2.111) – (2.116) yields the 
 out-of-plane compliances of a generic circular-axis flexible-hinge segment:
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The Appendix at the end of this chapter includes the compliances of a circular-
axis hinge segment of constant cross-section.
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2.2.2.2 E lliptical-Axis Hinge Segment
This section formulates the in-plane and out-of-plane compliances of a hinge seg-
ment whose centroidal axis is an ellipse – Figure 2.26 shows its skeleton repre-
sentation. The compliance derivation is limited to the general case of a variable 
cross-section hinge segment.

The following relationships connecting the Cartesian coordinates x and y to 
the polar coordinate β of Figure 2.26 are needed in the compliance integrations:
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β

 

Equations (2.104)–(2.106) are used in conjunction with Eq. (2.132), to yield the 
following in-plane compliances for a generic elliptical-axis hinge segment of 
variable cross-section:
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geometry.
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The parameters of Eqs. (2.132) are substituted into Eqs. (2.111) – (2.116), which 
results in the out-of-plane compliances of a generic elliptical-axis flexible-hinge 
segment:
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2.2.2.3  Parabolic-Axis Hinge Segment
Consider the centroidal axis of the hinge segment shown in Figure 2.24 is a parab-
ola whose equation and associated parameters are:

( ) = ⋅
2

y x a x2; (dy x d)/ x a= ⋅2 ;x d1 (+ =( )y x)/dx
2

p p 1 2+ ⋅( )a xp . (2.144) 

The in-plane compliances of a variable cross-section hinge result from 
Eqs. (2.103) – (2.106), while the out-of-plane compliances of the same segment are 
obtained from Eqs. (2.110) – (2.116); they are not included here, but the Appendix 
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at the end of this chapter provides the equations of the  in-plane and out-of-plane 
compliances of a constant cross-section parabolic-axis hinge segment.

2.2.2.4  Corner-Filleted Hinge Segments
Similar to straight-axis corner-filleted segments that can be combined with other 
flexible segments to join (usually) rigid links and reduce stress concentration in 
those areas, corner-filleted segments of curved axis can also be considered for 
similar purposes. The fillet area is obtained by means of a curve arc that is tangent 
to both the hinge profile curve and the rectilinear segment that intersects that hinge 
profile curve and marks one edge of the rigid link adjoining the hinge. As sche-
matically shown in Figure 2.27a, the rigid-link edge segment can coincide with 
the normal to the centroidal curve (which is perpendicular to the tangent to the 
centroidal curve), case where the filleted corner is a right one. For angles between 
the terminal edge of the adjacent rigid link and the tangent other than 90° – as 
illustrated in Figure 2.27b – the resulting hinge is a regular corner-filleted one.

The particular design of Figure 2.28 (more details on this configuration can 
be found in Lobontiu and Cullin [17]) shows a planar hinge segment that is con-
structed around a circular centroidal axis of radius R. The two end  segments AB 
and DE are directed along two radial directions spaced at a  center angle α. The 
two circular fillets of radii r1 and r2 are both tangent to the radial line CA, and the 
minimum segment in-plane thickness is t. Assuming this segment connects to a 
rigid link to the right of segment AB, the segment ABDE of Figure 2.28 is a right 
circularly corner-filleted one. This fillet segment can connect to another flexible 
segment to the left of DE in order to form a fl exible-hinge configuration.

The two fillet radii r1 and r2 are expressed in terms of R, t and α as:
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The length of segment MN in Figure 2.28 represents the variable thickness t(β) 
that is evaluated at an arbitrary angle . This length is calculated based on the 
angles δ = ε EC2 1M C; = NC :

β
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FIGURE 2.27 Connection areas between curvilinear-axis hinge segment and rigid link 
resulting in: (a) right corner fillet; (b) regular corner fillet.
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as:
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The maximum thickness of the root segment AB, tmax, is calculated as:
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from Eqs. (2.145) – (2.147) for β = α.
In the design of Figure 2.28, the circular longitudinal axis of radius R is not a 

centroidal axis because the two thickness portions determined between the circle 
and the inner and outer curves, MP and PN, are not equal; it can simply be shown 
that:
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It can be checked that MP > PN for a generic angular position in Eq. (2.149), which 
would mean that the compliances that are calculated using the circular axis as 
the centroidal axis (specifically those using the moments of area involved in 
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FIGURE 2.28 Right circular-axis fillet hinge segment of variable thickness t(β).
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bending and torsion) need to be corrected. One possible solution is to determine 
the centroidal axis from the design of Figure 2.28, in other words, to find the 
equation of a new centroidal axis that would ensure that MP = PN when P lies 
on this centroidal axis. However, the new centroidal axis to be determined will 
cause the radial-direction thickness not to be perpendicular to the tangent, which 
will require projecting the radial thickness on the direction perpendicular to the 
new centroidal axis – this would lead to a complex mathematical model, which 
is unnecessary provided the errors by the circular-centroid model are relatively 
small, as discussed in a related application in Chapter 4.

APPENDIX A2: C LOSED-FORM COMPLIANCES

a2.1  straiGht-axis seGments

A2.1.1  Rectangular Cross-Section of Constant Out-of-Plane 
Width w and Minimum In-Plane Thickness t
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A2.1.1.2  Right Circular Segment
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A2.1.1.3  Right Elliptic Segment
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A2.1.1.4 Hyperbolic Segment  
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A2.1.1.5 Parabolic Segment  
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A2.1.1.6  Inverse Parabolic Segment
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A2.1.1.7  Quadratic Polynomial Bézier Segment
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A2.1.2 Circular Cross-Section 
For all configurations: C Cu my z− −= − u mz y .

A2.1.2.1  Linearly Varying-Diameter Segment
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A2.1.2.2  Right Circular Segment
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A2.1.2.3  Right Elliptical Segment
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A2.1.2.4 Hyperbolic Segment  
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A2.1.2.5 Parabolic Segment  
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A2.1.2.6 Inverse-Parabolic Segment  
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A2.1.2.7  Quadratic Polynomial Bézier Segment
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a2.2  curvilinear-axis seGments of constant cross-section

A2.2.1 Circular-Axis Segment  
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A2.2.2 Parabolic-Axis Segment  
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3 Compliances 
of Straight-Axis 
Flexible Hinges

The straight-axis basic elastic segments introduced in Chapter 2 can be connected 
in series to form flexible hinges of more complex geometry and functional ver-
satility, as discussed in this chapter. Hinges resulting from connecting two or 
more individual flexible hinges or segments in parallel are studied here as well. 
This chapter also analyzes the folded, spatially periodic designs that use several 
straight-axis, non-collinear and serially connected hinge segments. In-plane and 
out-of-plane compliance matrices are formulated for all the final hinge designs 
by using matrix translation, addition, rotation, symmetry and mirroring. Finite 
 element analysis is used to confirm the analytical compliances for several hinge 
configurations. The analytical compliances are utilized to compare the elastic 
deformation capabilities of various hinge designs.

3.1  COMPLIANCE MATRIX TRANSFORMATIONS

Various straight-axis hinge segments, such as those analyzed in Chapter 2, can 
be combined in series or in parallel to form more complex segments to be used as 
building blocks for subsequent final-design hinges (through more serial or paral-
lel connections) or to result directly in final hinge configurations. To obtain the 
in-plane and out-of-plane compliance matrices of the final straight-axis flexible 
hinges in a global reference frame (placed at one end of the hinge), the segment 
compliance matrices, which are defined in their local (native) reference frames, 
need to be transferred to the global frame by using matrix operations, such as 
translation, addition, rotation and mirroring.

3.1.1  compliance matrix translation

Flexible hinges can be formed by connecting two or more basic (primitive) straight-
axis hinge segments in either series or parallel, as sketched in Figure 3.1a; note that 
the basic segments of the functionally parallel connection are also placed with 
their longitudinal axes in parallel, but that is not the general configuration, as seen 
later in this chapter. In both configurations, the local reference frame Oixiyizi of 
segment i and the global reference frame Oxyz are identified. It is assumed that the 
in-plane and out-of-plane compliance matrices of a generic segment i are specified 
in its local frame. Known is also the position of segment i with respect to the global 
reference frame. Calculating the in-plane and out-of-plane compliances of serial 



74 Compliant Mechanisms

flexible hinges like the one of Figure 3.1a involves transferring the local-frame 
hinge segment compliance matrices into the global frame, which is mathemati-
cally achieved through matrix translation.

This section derives the relationships for translating the in-plane and 
 out-of-plane compliance matrices of hinge segments between reference frames 
with parallel axes.

3.1.1.1 Series Connection   
3.1.1.1.1  In-Plane Compliance Matrix
The in-plane loads fx, fy and mz are statically transferred from their application 
point O to the point Oi – the origin of flexible segment i in Figure 3.1b – as fxi, fyi 
and mzi:

 

;

;
1 0 0
0 1 0
0 1

.

f f

f f

m m f x

f

f

m x

f

f

m

xi x

yi y

zi z y i

xi

yi

zi i

x

y

z

=

=

= − ⋅ ∆


























=
−∆

















⋅

















or  (3.1)

Equation (3.1) is written in a condensed form as:
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FIGURE 3.1 (a) Flexible hinge with segments connected in series or in parallel; (b) actual 
loads/displacements at the global-frame origin O and loads/displacements transferred at 
the local-frame origin Oi of flexible-hinge segment i.
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, (3.2)

where the subscript “ip” stands for in-plane and T ( )i
 OOi ,ip  is the in-plane transla-

tion matrix that relocates the load vector from O to Oi. Equation (3.2) also enables 
the load transformation in the reversed manner as:
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In the local frame Oixiyizi, the load vector and the displacement vector corre-
sponding to the flexible segment i are related by means of the native in-plane 
compliance matrix as:
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The displacement vector u( )i
 O ii , p  can be statically transformed into u( )i

 O i, p  by 

transferring it from Oi to O as:
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which can be written as:
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Combining now Eqs. (3.2), (3.4) and (3.6) yields:
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Equation (3.7) enables transferring (translating) the native in-plane compliance 

matrix C ( )i
 O ii , p  from Oi to O by transforming it into C ( )i

 O i, p .

3.1.1.1.2  Out-of-Plane Compliance Matrix
A procedure similar to the one applied to determine the translated in-plane 
 compliance matrix of a hinge segment is used to evaluate the out-of-plane com-
pliance matrix of the same segment. The out-of-plane loads mx, my and fz that are 
applied at the free end of the hinge O in Figure 3.1a are transferred to point Oi – the 
origin of flexible segment i – as mxi, myi and fzi in Figure 3.1b, namely:
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Equation (3.8) can also be formulated as:
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where “op” means out-of-plane and T ( )i
 OOi ,op  is the out-of-plane translation matrix 

transferring the force vector from O to Oi. The load transformation of Eq. (3.9) 
can also be expressed as:
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 (3.10)

The load and displacement vectors applied at point Oi of the flexible segment i 
are connected in the local reference frame by means of the native out-of-plane 
compliance matrix as:
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The displacement vector ( )
u i ( )i

O oi , p  changes into uO o, p  through static transfer from 

Oi to O by means of the transformation:
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which is concisely written as:
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Combining now Eqs. (3.9), (3.11) and (3.13) yields:
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Equation (3.14) transfers (translates) the native out-of-plane compliance matrix 

C ( )i
 O oi , p  of segment i from Oi to O by transforming it into C ( )i

 O o, p .

3.1.1.2 Parallel Connection   
3.1.1.2.1  In-Plane Compliance Matrix
The end Oi of segment i of the parallel connection illustrated in Figure 3.1a is 
offset by Δxi and Δyi from the global frame Oxyz. Therefore, the z-axis moments 
are connected as shown in the following equation, which also changes the matrix 
Eq. (3.1) and the corresponding in-plane translation matrix, namely:
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Similarly, the displacement relationships of Eqs. (3.5) change to:
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Using the translation matrix of Eq. (3.15), the global-frame, in-plane compliance 
matrix can be calculated as per Eq. (3.7).

3.1.1.2.2  Out-of-Plane Compliance Matrix
The out-of-plane load vector is translated to O from Oi based on the following 
relationships, which stem from Eqs. (3.8):
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Similar to Eqs. (3.12), the displacements are statically translated from Oi to O as:
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which shows that the global-frame displacements are obtained from the local-
frame ones left-multiplied by the transposed translation matrix of Eq. (3.17). 
The out-of-plane compliance matrix of segment i with respect to the global frame 
is calculated as in Eq. (3.14) with the translation matrix of Eq. (3.17).

3.1.2  compliance matrix rotation

A basic tool in formulating compliances of hinges that display transverse symme-
try is expressing the native compliance matrices of a hinge segment in a reference 
frame that is rotated with respect to the segment local frame. Figure 3.2 is the 
skeleton representation of a hinge segment referred to its local frame Oxyz and a 
rotated frame Oxryrzr.
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3.1.2.1 In-Plane Rotation  
Assume an in-plane load formed of fxr, fyr and mzr is applied at the free end O ≡ Or 
of a hinge segment (as shown in Figure 3.2a). The aim is to find the in-plane 
compliance matrix that connects this load to the displacements uxr, uyr and θzr 
recorded in the rotated frame as:
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by means of a rotated compliance matrix Cr
ip .

The in-plane loads fxr, fyr and mzr are projected from their axes to the 
 corresponding axes of the reference frame Oxyz, which is rotated in the plane xryr 
by an angle δ – see Figure 3.2a, so that the loads fx, fy and mz are obtained:
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Equation (3.20) can be written in the form:

(a) (b)
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fy, uy 

mz, θz 

O, Or xr

FIGURE 3.2 Flexible-hinge segment in rotated local and global reference frames with: 
(a) in-plane loads and displacements; (b) out-of-plane loads and displacements.
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where [ ]R  is the rotation matrix at O ≡ Or.
In the native frame Oxyz, the in-plane load and displacement vectors are 

related by means of the compliance matrix as:

 .u C f u u uip ip ip ip x y z

T

  =   ⋅     = θ



with  (3.22)
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which is written in matrix form:
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Combining now Eqs. (3.21), (3.22) and (3.24) yields Eq. (3.19) with the rotated 
in-plane compliance matrix:

 .C R C Rip
r T

ip[ ] [ ]  = ⋅   ⋅  (3.25)

3.1.2.2 Out-of-Plane Rotation  
A similar approach is applied to evaluate the compliance matrix relating the out-
of-plane loads mxr, myr and fzr to the displacements θxr, θyr and uzr with respect to 
the rotated frame Orxryr – see Figure 3.2b:
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The out-of-plane, local-frame loads mx, my, and fz are expressed in terms of the 
global-frame loads mxr, myr and fzr as:
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which can be expressed in the form:
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by means of the rotation matrix [R] defined in Eq. (3.21).
The out-of-plane load and displacement vectors are connected by the compliance

matrix in the native frame Oxyz as:
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The displacements in the Orxryrzr frame are obtained from the ones in the native 
Oxyz frame based on the equations:
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which is also:

 .
1

u R u u R uop
r T

op op
T

op
r( )[ ] [ ]  = ⋅     = ⋅  

−
or  (3.31)

The rotated out-of-plane compliance matrix defined in Eq. (3.26) results from 
Eqs. (3.28), (3.29) and (3.31):

 .C R C Rop
r T

op[ ] [ ]  = ⋅   ⋅  (3.32)

3.2  SERIES-CONNECTION FLEXIBLE HINGES

Primitive straight-axis elastic segments, such as those presented in Chapter 2, 
can form standalone, single-profile flexible hinges. An example list (not at
all exhaustive), which studies the elastic behavior of flexible hinges by ana-
lytical methods, includes work on hinges of (right) circular profile by Paros 
and Weisbord [1], Lobontiu and Paine [2], Yong and Lu [3], Wu and Zhou [4], 
Zelenika et al. [5] and Schotborg et al. [6]; conic-section (ellipse, parabola, 
hyperbola) geometry – as discussed in Smith et al. [7], Smith [8], Lobontiu 
et al. [9–11] and Chen et al. [12,13]; polynomial configuration – see Linβ et al. 
[14], Li  et al. [15]; or defined by spline (Bézier) curves, as in Vallance et al. 
[16]. These hinge configurations have either rectangular cross-section with one 
dimension constant and the other variable, or circular cross-section of variable 
diameter. A flexible-hinge design of rectangular cross-section with both dimen-
sions variable and consisting of two pairs of collocated notches is presented in 
Lobontiu and Garcia [17].

 

To enhance the design space and the elastic response performance, flexible 
hinges can also be built by serially connecting several primitive segments to result 
in a wide variety of multiple-profile configurations, of which the corner-filleted 
family is the most popular – examples can be found in Lobontiu et al. [18], Meng 
et al. [19], Lobontiu et al. [20], Lin et al. [21] and Wu et al. [22], among others. 
The V-shaped flexure hinges – see Tian et al. [23], Tseytlin [24] – also belong 
to the same category of multiple-profile hinges. While the compliance (or, con-
versely, stiffness) properties of multiple-profile flexible hinges can be evaluated 
through direct integration, the matrix approach has also been utilized to combine 
the simpler compliance matrices of primitive segments into the full-hinge compli-
ance matrices by means of matrix operations such as translation, rotation, mir-
roring or addition – see Lobontiu et al. [25], Lobontiu [26] or [27]. Optimization 
of the various hinges’ geometry (shape) and dimensions – as detailed in De Bona 
and Munteanu [28], Liu and Shih [29] or Li and Gou [30] – has also been a focal 
research direction in the area of flexible hinges.

Studied here are flexible hinges that are formed by serially connecting 
 several straight-axis, compliant segments. One configuration category includes 
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designs with similar segments whose axial directions are aligned. These hinges 
can be without or with transverse symmetry. The other category of hinges com-
prises designs that are formed of straight-axis segments that are coupled in a 
folded manner and whose axial directions are not collinear. The compliance 
matrix approach is used, which is similar to the finite element force (or flex-
ibility matrix) method. The compliance matrix modeling procedure, which is 
applied in this chapter, as well as in the other chapters of this book that study 
series connection of elastic members, considers that all independent flexible 
segments/hinges are free-fixed members, which is consistent with the basic 
assumption used in Chapter 2 to derive segment compliance matrices.

3.2.1  flexible hinGes without transverse symmetry

The majority of straight-axis flexible hinges possess transverse symmetry; how-
ever, hinge configurations without transverse symmetry can also be designed 
as detailed in this section. These hinges can produce deformations that are not 
obtainable through transversely symmetric hinge designs.

3.2.1.1  Compliance Matrices through Addition and Rotation
The overall compliance matrices of flexible hinges that are generated by seri-
ally connecting several primitive segments (whose compliances are known) can 
be found by adding and rotating the global-frame compliance matrices of all 
 components’ basic segments.

3.2.1.1.1  In-Plane Compliance Matrix
Returning to the flexure hinge of Figure 3.1a, which is formed of n serial  segments, 
the aim is to determine its overall in-plane compliance matrix connecting the 
 free-end load and displacement vectors as:

 ., , ,u C fO ip O ip O ip  =   ⋅    (3.33)

Because the load-displacement relationships are linear for the assumed small 
deformations, the displacement vector of Eq. (3.33) is the sum of all displacement 
vectors pertaining to the individual segments, which results in:
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where Eq. (3.7) was used. Comparison of Eqs. (3.33) and (3.34) indicates that the 
overall in-plane compliance matrix is:
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where the native compliance matrix of segment i is:
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Equation (3.35) also used the in-plane translation matrix of Eq. (3.2).

3.2.1.1.2  Out-of-Plane Compliance Matrix
The out-of-plane compliance matrix of the full hinge sketched in Figure 3.1a 
 connects the free-end load and displacement vectors as:

 ., , ,u C fO op O op O op  =   ⋅    (3.37)

Due to the linear load-displacement relationship and the assumption of small 
deformations, the displacement vector of Eq. (3.37) is the sum of the d isplacement 
vectors resulting from all the individual segments:
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where Eq. (3.14) was used. Comparing Eqs. (3.37) and (3.38) shows that the 
 out-of-plane compliance matrix of the full hinge is:
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with the native out-of-plane compliance matrix of segment i being:
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The expanded-form compliance matrix of Eq. (3.39) utilized the out-of-plane 
translation matrix of Eq. (3.9).

Example 3.1

Express the in-plane and out-of-plane components of the compliance matrices 
in the Oxyz reference frame for the flexible hinge sketched in Figure 3.3. The 
hinge is formed of two serially connected generic segments whose compli-
ances are known.
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Solution:

Equation (3.35) becomes:
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with T (2)
 OO2 ,ip  expressed in Eq. (3.2), where Δx2 = l1. The individual co mpliances 

of Eq. (3.41) are:
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Similarly, the out-of-plane compliance matrix results from Eq. (3.39) as:
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T (2)
 OO2 ,ip  is given in Eq. (3.9). The full-hinge compliances of Eq. (3.43) are:
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FIGURE 3.3 Skeleton representation of flexible hinge formed of two serially 
 connected segments.
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Two-segment hinges with one rotated segment:
Consider the two-segment flexible hinge whose front (longitudinal) view is 

sketched in Figure 3.4a. Let us calculate the in-plane and out-of-plane compliance 
matrices of the hinge with respect to the end reference frame Oxyz when knowing 
the compliances of the two segments with respect to their corresponding refer-
ence frames O1x1y1z1 and O2x2y2z2 – see Figure 3.4b.

The following operations are needed to express the in-plane and out-of-plane 
compliances of the two-segment hinge with respect to the end reference frame 
Oxyz:

• Rotation of segment 1 by 180° in order to align its local frame with 
the Oxyz frame and to express its compliance matrices in terms of this 
frame, namely:
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FIGURE 3.4 Front view of (a) two-segment serial flexible hinge; (b) hinge segments in 
their local frames.
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• Translation of the two-segment compliance matrices (which are now both 
formulated in the O2x2 y2z2 frame) to express them in the end  reference 
frame Oxyz, and addition of the individual segment  compliances because 
the segments are connected in series:
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The final equations resulting from Eqs. (3.46) are:
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3.2.1.2 Geometric Configurations   
The generic hinge design of Figure 3.4a can result in numerous configurations 
that combine various straight-axis primitive segments. Figure 3.5 shows two right 
corner-filleted hinge designs from this category.

Example 3.2

A right circular cross-sectional flexible hinge with the structure of Figure 3.5a 
has its segment 1 defined by a circular profile of radius r1 and segment 2 
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defined by a different circular curve of radius r2. The flexible hinge has a circu-
lar cross-section. Analyze the variation of the compliance ratio C Cu fy y− −/ u fx x  
in terms of the geometric parameters d (d is the minimum cross-sectional 
 diameter), r1 and r2. The hinge is fabricated from mild steel with Young’s modu-
lus E = 2.1·1011 N/m2 and Poisson’s ratio μ = 0.33.

Solution:

For the particular design of Figure 3.5a, the generic length l1 of Figure 3.4 
is l1 = r1. The first Eq. (3.47) provides the compliances needed in the exam-
ple’s ratio:
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 (3.48)

The individual compliances of Eqs. (3.48) are calculated with Eqs. (A2.16) of 

Chapter 2. The compliances C (1)
u fy y− ,s and C (2)

u fy y− ,s included the shear effects 

as per Eqs. (2.10), with αs = 10/9 for the circular cross-section. Figures 3.6 
and  3.7 illustrate the variation of the compliance ratio with d, r1 and r2. 
The following constant parameters have been used: d = 0.004 m, r1 = 0.01 m 
and r2 = 0.015 m.

The values of the ratio illustrate the active bending capability of this hinge in 
relation to the parasitic axial deformation capacity. Large ratio values indicate, 
simultaneously, high bending capacity and relatively low axial deformation 
potential, which reflect good performance by the flexible hinge. As the plots of 
Figures 3.6 and 3.7 indicate, the bending compliance along the y axis is sub-
stantially larger than that of the x-axis compliance – the ratio of the two compli-
ances can be as high as 50,000. The ratio increases with r1 and r2 increasing 
and with the minimum diameter d decreasing.

d
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y

x
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Segment 1  

Segment 2 

r2

(a) (b)

t/2
t/2

x

y

O

a1

a2

b2

b1

FIGURE 3.5 Two-segment serial right corner-filleted flexible hinges formed of 
 dissimilar segments of: (a) circular profiles; (b) elliptic profiles.
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3.2.2  transversely symmetric flexible hinGes

This section studies flexible hinges that are transversely symmetric, in addition to 
being axially symmetric. A generic mathematical model is derived that calculates 
the in-plane and out-of-plane compliance matrices in terms of the corresponding 
compliance matrices of half the transversely symmetric hinge. Several configura-
tions are subsequently studied based on the generic compliance model.

3.2.2.1  Generic Compliance Matrices
Transverse symmetry in a flexible hinge enables expressing the full-hinge com-
pliance matrices in terms of half-hinge compliance matrices. Moreover, when 
the reference frame is placed at the symmetry center (which is at the intersection 
of the axial and transverse symmetry axes), the in- and out-of-plane compliance 
matrices of the full hinge are diagonal, and therefore, the load action is fully 
decoupled, as discussed in this section. The generic flexible and axially sym-
metric segment of Figure 3.8 is mirrored (flipped) with respect to its yh axis, and 
the two resulting segments are joined to obtain the transversely symmetric hinge 
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FIGURE 3.6 Plot of the compliance ratio C Cu fy y− −/ u fx x  in terms of the minimum 
 diameter d.
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FIGURE 3.7 Plots of the compliance ratio C Cu fy y− −/ u fx x  in terms of the: 
(a) radius r1; (b) radius r2.
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illustrated in the same figure. Consider that known are the in- and out-of-plane 
compliance matrices of the original segment (identified by the superscript “h” as 
the half-segment), namely:
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 (3.49)

The full symmetric hinge structurally results by serially combining the flipped 
half-segment to the original half-segment. In terms of the central reference frame 
Ohxhyhzh, the full-hinge compliance matrices are calculated by adding the trans-
formed compliance matrices of the flipped segment to the unaltered compliance 
matrices of the original half-segment. When expressed in the Of fx y f fz  frame, the 
compliance matrices of the flipped segment are identical to the ones of the original 
half-segment in its local frame Ohxhyhzh. At the same time, due to axial symmetry, 
the flipped segment has the same compliance matrices in terms of O x y* *

f f f fz  and 
the Of xf yf zf frames of Figure 3.8. As a consequence, the flipped segment compli-
ance matrices are transferred to the central frame Ohxhyhzh by an 180° rotation 

Half segment

l/2
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Symmetric hinge 

yh
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Oh x, xh

y

O

Flipped segment

l/2

yf

*

fy
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fx

FIGURE 3.8 Transversely symmetric flexible hinge obtained by mirroring (flipping) 
one segment about an axis and joining the two segments.
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of the original half-segment compliance matrices, and the  in-plane compliance 
matrix of the full hinge is expressed as:
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Combining Eqs. (3.49) and (3.50) yields:
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 (3.51)

Equation (3.51) shows that the in-plane compliance matrix of a transversely and axi-
ally symmetric hinge is diagonal with respect to a frame located on the  transverse 
symmetry axis (and at the symmetry center), and therefore, there is no coupling 
(cross-connections) between loads and deformations. This means that a force applied 
along yh at Oh only produces a deflection along that direction (and not a rotation). 
Moreover, only the three direct compliances of the half-hinge are needed to evalu-
ate the full-hinge in-plane compliance matrix. The full-hinge,  in-plane compliance 
matrix is expressed in the end reference frame Oxyz in terms of the one written in 
the central frame Ohxhyhzh by means of an x-axis translation offset Δx = l/2 account-
ing for the distance from O (considered now the global-frame origin) to Oh, namely:
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Combining now Eqs. (3.51) and (3.52) results in:
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The non-diagonal terms in the compliance matrix of Eq. (3.53) indicate the pres-
ence of bending coupling when the reference frame is located at the end O or at 
any other point on the axial line that is not the symmetry center Oh. It should 
also be noted in Eq. (3.53) that only three direct compliances of the half-hinge, 

namely, C C( )h , a( )h nd C ( )h
u fx x− −u fy y θ −z zm , are needed to formulate the in-plane compli-

ance matrix of the full hinge in the end-point reference frame.
A similar approach is followed to calculate the out-of-plane compliance matri-

ces of a transversely symmetric flexible hinge. In the Ohxhyhzh reference frame, 
the out-of-plane compliance matrix is obtained in terms of the similar matrix of 
the half-hinge as:
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with the rotation matrix of Eq. (3.50) and the half-hinge out-of-plane compliance 
matrix given in Eq. (3.49). Again, there is full decoupling between axes as illustrated 
by the diagonal form of the compliance matrix in Eq. (3.54). The compliance matrix 
of Eq. (3.54) is translated from Oh to the end point O as:
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which yields:
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after substituting the center-point compliance matrix of Eq. (3.54) into Eq. (3.55). 
Note that there is coupling between the y and z axes, as indicated by the two 
identical non-diagonal terms. Also note in Eq. (3.56) that only three compliances 
of the half-hinge, namely, C C( )h ( )h ( )h

θ −x xm , aθ −y ym nd Cu fz z− , are necessary to express the 
out-of-plane compliance matrix of the full hinge with respect to the end-point 
reference frame.
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Notes:
Rectangular cross-section:
Equations (3.53) and (3.56) show that the following compliances of the full, 

symmetric hinge are connected as:
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Assuming that the half-hinge is formed by serially connecting n different 
 segments, the following compliances can be calculated:
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according to Eqs. (3.35) and (3.39). As per Eqs. (2.24), the torsion compliance of a 
rectangular cross-section hinge segment i with constant out-of-plane width w and 
variable in-plane thickness t(x) is expressed as:
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for a homogeneous material with G = E/[2(1 + µ)]. Combining Eqs. (3.57)–(3.59), 
and also considering Eqs. (3.53) and (3.56), yields:
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The relationships of Eqs. (3.57) and (3.60) indicate that five full-hinge compli-
ances need to be calculated independently out of the total eight in-plane and 
out-of-plane compliances defining the elastic properties of a flexible hinge with 
rectangular cross-section and transverse symmetry. However, when neither 
t(x) ≪ w nor t(x) ≫ w, the torsional compliance Cθ −x xm  has to be also calculated 
separately and independently.

Circular cross-section:
For circular cross-sectional hinges, the following compliances are identical:

 , , .C C C C C Cm m f u m u f u fz z y y y z y z z z y y= = − =θ − θ − θ − − − −  (3.61)

In addition, as seen in Eqs. (3.57) and (3.60), the following compliance connec-
tions can be formed:
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where the second Eq. (3.62) also used Eq. (2.19). The compliance connections 
expressed in Eqs. (3.61) and (3.62) demonstrate that from the eight compliances 
defining the spatial elastic properties of a flexible hinge with circular cross- section 
and transverse symmetry, only three compliances are independent.

When using the full displacement vector [u] = [ux uy θz θx θy u T
z]  at the end O 

of the generic, transversely symmetric hinge of variable circular cross-section, 
the following compliance matrix, which combines the in-plane and out-of-plane 
 compliance matrices of Eqs. (3.53) and (3.56), together with the compliance iden-
tities and connections of Eqs. (3.61) and (3.62), is obtained:
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Example 3.3

The half-part of a transversely symmetric flexible hinge is formed of two s erially 
connected, axially symmetric segments, as shown in the skeleton represen-
tation of Figure 3.9. Considering that all native compliances of the two seg-
ments are known, calculate the in- and out-of-plane compliance matrices of 
the resulting flexible hinge with respect to the central reference frame and the 
end-point reference frame.
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Solution:

Equations (3.41) and (3.43) provide the in-plane and out-of-plane compliance 
matrices (with respect to the central frame Ohxhyhzh) of a hinge portion that 
is formed of two segments connected in series. This portion is the half-hinge 
formed of segments 1 and 2 to the right of the symmetry line in Figure 3.9. 
Combining Eqs. (3.41) and (3.51) yields the in-plane compliance matrix of the 
full hinge with respect to the central reference frame:
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 (3.64)

Equations (3.53) and (3.64) yield the in-plane compliance matrix with respect 
to the end-point reference frame located at the end point O: 

 

2

0 0

0

2

2

2

0
2

.,

(1) (2)

(1) (2)
1

(2)
1
2 (2)

1 2
2

(1) (2)

1 2

(1) (2)

1 2

(1) (2)

(1) (2)

C

C C

C C l

C l C

l l

C C

l l

C C

l l

C C
C C

O ip

u f u f

u f u f

u m m

m m

m m

m m

m m

x x x x

y y y y

y z z z

z z z z

z z z z

z z z z

z z z z

)
)

)

(

( )

( )

( )

(

(

( )
( )

( )

  = ⋅

+

+ − ⋅

+ ⋅

+ + ⋅

+

− + ⋅

+

− + ⋅

+
+











































− −

− −

− θ −

θ − θ −

θ − θ −

θ − θ −

θ − θ −

(3.65) 

yh, y1 y2 

l1

Oh, O1 

x, xh, x1, x2

O2

Fixed end

Symmetry line

O

l1 l2l2

l/2 

y

Segment 1 Segment 2

FIGURE 3.9 Skeleton representation of transversely symmetric flexible hinge 
with  half-hinge formed of two serially connected segments.
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Equations (3.39) and (3.54) are combined to produce the out-of-plane 
 compliance matrix referenced to the midpoint Oh:
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 (3.66) 

Equation (3.66) is now used in conjunction with Eq. (3.56) in order to find the 
 following out-of-plane compliance matrix formulated in the Oxyz reference 
frame:

2

0 0

0 2

0
2 2

2

.

,

(1)

(2)

(1) (2)
1 2

(1) (2)

1 2

(1) (2)

(1) (2)

1
(2)

1
2

(2) 1 2
2

(1) (2)

C

C

C

C C l l C C

l l

C C

C C

l C l

C
l l

C C

O op

m

m

m m m m

m m

u f u f

f

m

m m

x x

x x

y y y y y y y y

y y y y

z z z z

y z

y y

y y y y

)
)

( )

( )

( )

(

)
(

(

( )

( )
( )

 

= ⋅

+

+ + ⋅ +

+ ⋅

+

+

+ ⋅ + ⋅

+ + ⋅

+











































θ −

θ −

θ − θ − θ − θ −

θ − θ −

− −

θ −

θ −

θ − θ −

 (3.67) 

3.2.2.2 H inge Configurations: Finite Element 
Confirmation of Analytical Compliances

Several flexible-hinge designs with transverse symmetry and rectangular or 
circular cross-sections are studied in this section. The analytical model compli-
ance predictions are compared with finite element analysis (FEA) simulation 
data for several configurations, and the two methods’ results generate small 
relative errors.

In the FEA models, one end is free (the one comprising the origin O of 
the reference frame Oxyz in Figure 3.10a), while the other end A is fixed. 
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For the majority of finite element tests, point loads were applied at O and the 
corresponding displacements were determined in order to calculate the FEA 
compliances. The axial compliance was determined by applying a pressure 
on the free-end surface in order to avoid local effects resulting from a point 
axial load.

For hinges with rectangular cross-section of constant out-of-plane width w, 
as shown in Figure 3.10a, two-dimensional, four-node shell elements with six 
degrees of freedom per node were used to model the various designs. The three- 
dimensional flexible hinges of circular cross-section – see Figure 3.10b – were 
meshed by means of ten-node tetrahedron elements with three degrees of free-
dom per node.

Equations (3.53) and (3.56) were used to calculate the analytic compliances 
of the full hinges in terms of the half-hinge compliances for various designs. 
Numerical data for all rectangular cross-section hinge configurations is included 
in this section, while compliance values of circular cross-section hinges are only 
provided for circular flexible hinges.

3.2.2.2.1  Circular Flexible Hinge
Figure 3.11a shows the front view of a (0, αe) circular hinge, whereas Figure 3.11b 
illustrates a right circular flexible hinge of the (0, π/2) type; both configurations 
identify their planar geometry corresponding to rectangular cross-sections. For 
designs with circular cross-sections, the diameter d should be used instead of 
the thickness t. These designs have double symmetry, and as a consequence, 
their compliances are found from the compliances defining half a segment, as 
shown in Figure 2.12. For a (0, αe) design, the half-hinge compliances are found 
by using α0 = 0 in Eqs. (2.44) and (2.45), which express the in- and out-of-plane 
compliances of the half-hinge. The compliances of a right half-hinge are pro vided 
in Eqs. (A2.3) for rectangular cross-sections and in Eqs. (A2.16) for circular 

Free end

y

xO
A

Fixed end

z

y

x

A

Fixed end

Free end

O

(a) (b)

FIGURE 3.10 Finite element models: (a) front view of rectangular cross-section  flexible 
hinge; (b) isometric view of circular cross-section flexible hinge.
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cross-sections. The full right design (0, π/2) has its compliances provided in the 
Appendix at the end of this chapter for both the configuration with rectangular 
cross-section (of constant width w and minimum thickness t) and the variant with 
circular cross-section (of minimum diameter d = t).

Rectangular cross-section:
Table 3.1 lists ten different designs (four of which are right hinges where 

α = 90°) with their parameters, whereas Tables 3.2 and 3.3 display the analytical 
model and finite element simulation compliance results together with the relative 
differences between the two models predictions.

It should be noted that designs 1 through 6 have a relatively large out-of-plane 
width w as these designs are meant for in-plane bending applications. For them, 

(a) (b)

r
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α α
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α α

r

r
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r
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t/2

r

x, xe

ye

Oe

FIGURE 3.11 Front view with geometric parameters of: (a) (0, αe) circular flexible hinge; 
(b) (0, π/2) right circular flexible hinge.

TABLE 3.1
Circular Hinges of Rectangular Cross-Section with Geometric Parameters

Loads/Displacements Design # w (m) t (m) r (m) α (deg)

In-plane 1 0.006 0.001 0.03 30

2 0.006 0.0005 0.03 30

3 0.006 0.001 0.03 45

4 0.006 0.001 0.015 30

5 0.006 0.001 0.03 90

6 0.01 0.0015 0.03 90

Out-of-plane 7 0.0002 0.001 0.03 30

8 0.0002 0.0015 0.03 30

9 0.0002 0.0015 0.03 90

10 0.0002 0.0015 0.04 90
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TABLE 3.2
In-Plane Compliances of Circular Hinges with Rectangular Cross-Section

Cux −− fx Cuy −− fy  Cuz −− fz θθ −C x −mx 
Design Results (N−1·m) (N−1·m) y −−Cu mz  (N−1) (N−1·m) θCθ −y − fz  (N−1) (N−1·m−1)

1 A 1.106 × 10−8 1.506 × 10−5 9.627 × 10−4 9.649 × 10−7 5.53 × 10−5 4.17 × 10−2

FEA 1.14 × 10−8 1.525 × 10−5 9.745 × 10−4 9.777 × 10−7 5.63 × 10−5 4.12 × 10−2

% diff 3.07 1.46 1.23 1.33 1.81 1.2

2 A 1.69 × 10−8 8.369 × 10−5 5.463 × 10−3 1.481 × 10−6 8.452 × 10−5 0.237

FEA 1.715 × 10−8 8.374 × 10−5 5.496 × 10−3 1.512 × 10−6 8.583 × 10−5 0.228

% diff 1.48 0.6 0.6 2.1 1.55 3.8

3 A 1.187 × 10−8 2.952 × 10−5 1.363 × 10−3 2.04 × 10−6 8.391 × 10−5 4.18 × 10−2

FEA 1.222 × 10−8 2.992 × 10−5 1.38 × 10−3 2.117 × 10−6 8.643 × 10−5 4.11 × 10−2

% diff 2.95 1.36 1.25 3.77 3.00 1.67

4 A 7.006 × 10−9 2.740 × 10−6 3.375 × 10−3 1.798 × 10−7 1.752 × 10−5 2.92 × 10−2

FEA 7.127 × 10−9 2.797 × 10−6 3.448 × 10−3 1.858 × 10−7 1.78 × 10−5 2.80 × 10−2

% diff 1.73 2.08 2.16 3.34 1.60 4.11

5 A 1.237 × 10−8 5.844 × 10−5 1.928 × 10−3 4.076 × 10−6 1.237 × 10−4 4.2 × 10−2

FEA 1.297 × 10−8 5.58 × 10−5 1.85 × 10−3 4.3 × 10−6 1.29 × 10−4 3.97 × 10−2

% diff 4.91 4.73 4.22 5.50 4.28 5.48

6 A 5.866 × 10−9 1.28 × 10−5 4.19 × 10−4 7.18 × 10−7 2.112 × 10−5 9.1 × 10−3

FEA 5.939 × 10−9 1.34 × 10−5 4.38 × 10−4 7.51 × 10−7 2.18 × 10−5 8.8 × 10−3

% diff 1.24 4.7 4.53 4.60 3.32 3.3

TABLE 3.3
Out-of-Plane Compliances of Circular Hinges with Rectangular 
Cross-Section

Design Results

Cu fx x−−  
(N−1·m)

Cu fy y−−  
(N−1·m) Cu my z−−  (N−1)

Cu fz z−−  
(N−1·m)

Cθθ −x z− f

(N−1)
 Cθθ −x x−m  

(N−1·m−1)

7 A 3.318 × 10−7 4.519 × 10−4 2.888 × 10−2 2.604 × 10−2 1.493 70.41

FEA 3.377 × 10−7 4.567 × 10−4 2.919 × 10−2 2.624 × 10−2 1.503 68.81

% diff 1.78 1.06 1.07 0.77 0.67 2.27

8 A 2.552 × 10−7 1.665 × 10−4 1.044 × 10−2 2.042 × 10−2 1.148 52.719

FEA 2.599 × 10−7 1.693 × 10−4 1.061 × 10−2 2.057 × 10−2 1.155 50.927

% diff 1.84 1.68 1.63 0.73 0.61 3.4

9 A 2.933 × 10−7 6.389 × 10−4 2.094 × 10−2 8.741 × 10−2 2.640 60.22

FEA 3.1 × 10−7 6.409 × 10−4 2.099 × 10−2 9.073 × 10−2 2.645 58.74

% diff 5.69 0.31 0.24 3.80 0.19 2.46

10 A 3.468 × 10−7 1.31 × 10−3 3.23 × 10−3 0.1818 4.162 71.34

FEA 3.5 × 10−7 1.38 × 10−3 4.00 × 10−3 0.1883 4.193 72.16

% diff 0.92 5.34 2.38 3.58 0.70 1.15
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the independent compliances that directly contribute to the active deformation 
are C Cu fy y− −and u my z . The other independent compliances C Cu fx x− −, au fz z nd Cθ −y zf  

are helping to evaluate the parasitic motions. On the contrary, the designs 7, 8, 
9 and 10 have the dimension w smaller than the minimum thickness t. They are 
meant to work actively through out-of-plane deformation, and for them, the com-

pliances C Cu fz z− θand y z− f  are the active ones – the other compliances are parasitic. 

In Tables 3.2 and 3.3, “A” stands for analytic results and “% diff” denotes the rela-
tive percentage difference between analytic and FEA results.

It is also worth noting that for designs 1, 2, 3, 4, 5 and 6 (which are all  having a 
relatively large out-of-plane parameter w), the variable thickness t(x) < w for an angu-
lar interval [0, α1] and then t(x) > w for the remaining interval [α1, α]. As per Eqs. 
(2.20)–(2.22) of Chapter 2, the torsional compliance has to be calculated accordingly 
with the proper It(x).

Circular cross-section
Similar calculations were made for the circular cross-sectional flexible-hinge 

designs listed in Table 3.4. The analytical and finite element results exhibit, 
again, little divergence for the three independent compliances, as illustrated in 
Table 3.5.

TABLE 3.4
Circular Hinges of Circular Cross-Section with Geometric Parameters

Design # d (m) r (m)

1 0.001 0.03 30

2 0.0015 0.03 30

3 0.001 0.02 30

4 0.001 0.03 45

5 0.001 0.03 90

6 0.0015 0.03 90

7 0.0015 0.02 90

α (deg)

TABLE 3.5
Compliances of Circular Hinges with Circular Cross-Section

Design Results Cu fx x−−  (N−1·m) Cu fy y−−  (N−1·m) Cu my z−−  (N−1)

1 A 5.348 × 10−8 1.263 × 10−4 8.194 × 10−3

FEA 5.395 × 10−8 1.27 × 10−4 8.2 × 10−3

% diff 0.86 0.58 0.07

2 A 2.87 × 10−8 3.091 × 10−5 1.979 × 10−3

FEA 2.895 × 10−8 3.115 × 10−5 2.0 × 10−3

% diff 0.89 0.76 0.9

(Continued )
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3.2.2.2.2  Elliptical Flexible Hinge
The front view of a (0, αe) elliptical flexible hinge of rectangular cross-section 
with its defining geometry (semi-axes lengths a and b, minimum thickness t and 
half-segment angle α) is shown in Figure 3.12a, whereas its right counterpart 
design is sketched in Figure 3.12b. Because of its transverse symmetry, this con-
figuration’s compliances are algebraically calculated from the direct compliances 
that define a half-elliptical segment, like the one pictured in Figure 2.13 – see 
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FIGURE 3.12 Front view with geometric parameters of: (a) (0, αe) elliptical flexible 
hinge; (b) (0, π/2) right elliptical flexible hinge.

TABLE 3.5 (Continued )
Compliances of Circular Hinges with Circular Cross-Section

Design Results Cu fx x−−  (N−1·m) Cu fy y−−  (N−1·m) Cu my z−−  (N−1)

3 A 4.305 × 10−8 4.637 × 10−5 4.453 × 10−3

FEA 4.343 × 10−8 4.672 × 10−5 4.486 × 10−3

% diff 0.89 0.77 1.25

4 A 5.399 × 10−8 2.492 × 10−4 1.159 × 10−2

FEA 5.464 × 10−8 2.505 × 10−4 1.16 × 10−2

% diff 1.22 0.52 0.51

5 A 5.413 × 10−8 4.951 × 10−4 1.639 × 10−2

FEA 5.488 × 10−8 4.976 × 10−4 1.647 × 10−2

% diff 1.39 0.51 0.51

6 A 2.93 × 10−8 1.2 × 10−4 3.96 × 10−3

FEA 2.983 × 10−8 1.21 × 10−4 3.99 × 10−3

% diff 1.80 0.77 0.76

7 A 4.395 × 10−8 1.801 × 10−4 8.911 × 10−3

FEA 4.474 × 10−8 1.815 × 10−4 8.979 × 10−3

% diff 1.79 0.78 0.76
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Eqs. (2.53) through (2.56), where φ0 = 0. The Appendix at the end of this chap-
ter  includes the closed-form compliance equations of rectangular and circular 
cross-sectional right elliptical flexible hinges. They were obtained using the com-
pliances of a right elliptic half-segment given in Eqs. (A2.5) and (A2.6).

Table 3.6 displays the geometric parameter values of several elliptic-hinge 
designs whose compliances were calculated both analytically and by FEA – these 
compliance values are included in Tables 3.7 and 3.8. Note that only the active 
compliances are included in Tables 3.7 and 3.8, not the parasitic ones – this means 
that for designs with large w, the active compliances are C Cu fy y− −and u my z , whereas 
for thin designs (with small w), the compliances of interest are C Cu fz z− θand y z− f .

TABLE 3.6
Elliptical Hinges of Rectangular Cross-Section with Geometric Parameters

Loads/Displacements Design # w (m) t (m) a (m) b (m) α (deg)

In-plane 1 0.006 0.001 0.03 0.02 30

2 0.008 0.001 0.03 0.02 30

3 0.006 0.001 0.03 0.02 45

4 0.006 0.001 0.04 0.02 30

5 0.006 0.001 0.02 0.03 30

6 0.008 0.001 0.03 0.02 90

7 0.008 0.0008 0.007 0.00325 90

8 0.008 0.0012 0.008 0.00325 90

Out-of-plane 9 0.0002 0.0015 0.03 0.02 30

10 0.0002 0.001 0.03 0.02 90

11 0.0002 0.001 0.02 0.03 30

TABLE 3.7
In-Plane Compliances of Elliptical Hinges with Rectangular 
Cross-Sections

Design Results Cuy −− fy  (N−1·m) Cu my −− z  (N−1)

1 A 1.868 × 10−5 1.175 × 10−3

FEA 1.883 × 10−5 1.184 × 10−3

% diff 0.77 0.77

2 A 1.401 × 10−5 8.809 × 10−4

FEA 1.412 × 10−5 8.878 × 10−4

% diff 0.78 0.77

3 A 3.645 × 10−5 1.665 × 10−3

FEA 3.677 × 10−5 1.679 × 10−3

% diff 0.88 0.86

(Continued )
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3.2.2.2.3 R ight Circularly Corner-Filleted Flexible Hinge
The front view of a right circularly corner-filleted flexible hinge of rectangular 
cross-section together with its geometry is shown in Figure 3.13. The compli-
ances of this design were calculated considering that the half-portion of the hinge 

TABLE 3.8
Out-of-Plane Compliances of Elliptical Hinges with Rectangular 
Cross-Section

Design Results Cuz −− fz (N−1·m) Cθ yθ −− fz  (N−1)

9 A 2.372 × 10−2 1.308

FEA 2.374 × 10−2 1.31

% diff 0.11 0.15

10 A 0.131 3.96

FEA 0.134 4.007

% diff 1.85 1.19

11 A 7.717 × 10−3 0.664

FEA 7.87 × 10−3 0.674

% diff 1.94 1.54

TABLE 3.7 (Continued )
In-Plane Compliances of Elliptical Hinges with Rectangular 
Cross-Sections

Design Results Cu fy y−−  (N−1·m) Cu my z−−  (N−1)

4 A 4.424 × 10−5 2.088 × 10−3

FEA 4.443 × 10−5 2.097 × 10−3

% diff 0.43 0.44

5 A 4.476 × 10−4 4.279 × 10−4

FEA 4.596 × 10−4 4.392 × 10−4

% diff 2.61 2.59

6 A 5.387 × 10−5 1.767 × 10−3

FEA 5.416 × 10−5 1.776 × 10−3

% diff 0.54 0.52

7 A 3.022 × 10−6 4.022 × 10−4

FEA 2.96 × 10−6 3.94 × 10−4

% diff 2.05 2.04

8 A 1.102 × 10−6 1.45 × 10−4

FEA 1.12 × 10−6 1.46 × 10−4

% diff 1.63 0.69
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pictured in Figure 3.13 is formed of one segment (segment 1) of constant thickness 
t, which is serially connected to segment 2 – a (0, π/2) circular segment. The in-
plane and out-of-plane compliances of the half-hinge are evaluated by means of 
Eqs. (3.41) and (3.43). The compliances of segment 1 are provided in Eqs. (2.26) 
through (2.30), while those of segment 2 are given in Eqs. (A2.3) and (A2.4) of 
Chapter 2.

The analytical model predictions for several hinge configurations were vali-
dated with finite element simulation by testing the in-plane and out-of-plane com-
pliances of the designs whose parameters are listed in Table 3.9. The  corresponding 
compliance results are given in Tables 3.10 and 3.11.

TABLE 3.9
Right Circularly Corner-Filleted Hinges of Rectangular Cross-Section with 
Geometric Parameters

Loads/Displacements Design # l (m) t (m) r (m) w (m)

In-plane 1 0.01 0.001 0.025 0.006

2 0.014 0.001 0.025 0.006

3 0.01 0.002 0.025 0.006

4 0.01 0.001 0.04 0.006

5 0.01 0.001 0.025 0.004

Out-of-plane 6 0.01 0.001 0.025 0.006

7 0.014 0.001 0.025 0.006

8 0.01 0.002 0.025 0.006

9 0.01 0.001 0.04 0.006

10 0.01 0.001 0.025 0.004

l/2

r

t/2C

r

yC

t/2
x, xC

y

O

r

r

l/2

FIGURE 3.13 Front view with geometric parameters of a right circularly corner-filleted 
flexible hinge.
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TABLE 3.10
In-Plane Compliances of Right Circularly Corner-Filleted Hinges with 
Rectangular Cross-Section

Design Results Cuy −− fy  (N−1·m) Cu my −− z  (N−1)

1 A 189.46 × 10−8 322.24 × 10−6

FEA 196.74 × 10−8 332.59 × 10−6

% diff 3.70 3.11

2 A 607.26 × 10−8 717.80 × 10−6

FEA 622.82 × 10−8 732.25 × 10−6

% error 2.50 1.97

3 A 273.20 × 10−9 438.76 × 10−7

FEA 289.77 × 10−9 462.28 × 10−7

% error 5.72 5.09

4 A 111.86 × 10−8 203.83 × 10−6

FEA 111.75 × 10−8 213.26 × 10−6

% error 0.10 4.42

5 A 284.19 × 10−8 483.36 × 10−6

FEA 295.21 × 10−9 498.97 × 10−6

% error 3.73 3.13

TABLE 3.11
Out-of-Plane Compliances of Right Circularly Corner-Filleted Hinges with 
Rectangular Cross-Section

Design Results Cθ yθ −− fz  (N−1) Cuz −− fz (N−1·m)

6 A 147.26 × 10−3 911.88 × 10−6

FEA 152.32 × 10−3 959.51 × 10−6

% diff 3.32 4.96

7 A 308.56 × 10−3 271.82 × 10−5

FEA 305.66 × 10−3 981.13 × 10−5

% error 0.94 3.31

8 A 78.82 × 10−3 499.47 × 10−6

FEA 81.60 × 10−3 526.37 × 10−6

% error 3.41 5.11

9 A 112.49 × 10−3 678.41 × 10−6

FEA 119.92 × 10−3 728.41 × 10−6

% error 4.73 6.86

10 A 536.64 × 10−4 332.49 × 10−6

FEA 556.23 × 10−4 350.89 × 10−6

% error 3.52 5.25
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3.2.2.2.4  Right Elliptically Corner-Filleted Flexible Hinge
The front view of a right elliptically corner-filleted flexible hinge of rectangular 
cross-section with its defining geometric parameters is pictured in Figure 3.14. 
The analytical compliances were calculated using the procedure outlined for the 
right circularly corner-filleted hinges. Segment 2 of the half-hinge of Figure 3.14 
is a (0, π/2) elliptical portion whose compliances are provided in Eqs. (A2.5) and 
(A2.6).

Table 3.12 lists the geometric parameters of the rectangular cross-section right 
elliptically filleted notch hinges that were analyzed, while Tables 3.13 and 3.14 
show the analytical and FEA compliances. A length l = 0.01 m was used for all 
designs.

t/2C

a

yC

t/2
x, xC

y

O

a

b

b

a

a

b

b

l/2 l/2

FIGURE 3.14 Front view with geometric parameters of a right elliptically corner -filleted 
flexible hinge.

TABLE 3.12
Right Elliptically Corner-Filleted Hinges of Rectangular Cross-Section 
with Geometric Parameters

Loads/Displacements Design # t (m) w (m) a (m) b (m)

In-plane 1

2

0.001

0.001

0.006

0.006

0.0025

0.001

0.001

0.0025

3 0.0015 0.008 0.0025 0.001

Out-of-plane 4

5

0.0002

0.0002

0.025

0.025

0.0025

0.001

0.001

0.0025

6 0.0002 0.025 0.0025 0.001
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3.2.2.3  Hinge Configurations: Internal Comparison
This section studies the influence of geometric parameters on the bending com-
pliance of several flexible hinges of either single- or multiple-profile configura-
tions. The approach also enables comparing the deformation capability of the 
designs under consideration; it allows, as well, to perform shape and dimensional 
optimization in a straightforward manner.

3.2.2.3.1 (0, αe) Single-Profile Hinges   
(0, αe) symmetric flexible hinges that are generated by single curves, such as 
 circular, elliptic, hyperbolic, parabolic and inverse parabolic, are studied here; 
these configurations have either rectangular or circular cross-sections.

TABLE 3.13
In-Plane Compliances of Right Elliptically Corner-Filleted Hinges with 
Rectangular Cross-Section

Design Results Cuy −− fy  (N−1·m) Cu my −− z  (N−1)

1 A 2.31 × 10−6 3.79 × 10−4

FEA 2.42 × 10−6 3.91 × 10−4

% diff 4.25 3.06

2 A 2.75 × 10−6 4.35 × 10−4

FEA 2.89 × 10−6 4.51 × 10−4

% error 4.80 3.57

3 A 5.58 × 10−7 8.87 × 10−5

FEA 5.72 × 10−7 9.06 × 10−5

% error 2.55 2.08

TABLE 3.14
Out-of-Plane Compliances of Right Elliptically Corner-Filleted 
Hinges with Rectangular Cross-Section

Design Results Cθθ −y z− f  (N−1) Cu fz z−−  (N−1·m)

4 A 3.30 × 10−1 2.10 × 10−3

FEA 3.35 × 10−1 2.15 × 10−3

% diff 1.62 2.50

5 A 3.45 × 10−1 2.23 × 10−3

FEA 3.57 × 10−1 2.34 × 10−3

% error 3.35 4.98

6 A 2.27 × 10−1 1.46 × 10−3

FEA 2.31 × 10−1 1.51 × 10−3

% error 1.73 2.70
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Rectangular cross-section:
A generic (0, αe) hinge that is formed by a single curve has its planar profile 

defined by l, t and c, as shown in Figure 3.15 for a quarter hinge with axial and 
transverse symmetry. The influence of the geometric parameters l, t and c on the 
compliance Cu fy y−  is studied here; the analysis also serves at comparing the per-
formance of various hinge configurations. The geometric parameters of a planar 
curve (a circle, ellipse, etc.) can be expressed in terms of the generic parameters 
l, c and t, as shown next.

For a circular hinge, with α = αe, the following relationships express α, r and 
t(x) in terms of l, t and c:

 2 tan
2

;
1 cos

; ( ) 2 (1 cos ).1 c

l
r

c
t x t rα = 



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= + − ϕ−  (3.68)

where φ ranges in the [0, α] interval.
The following connections apply to a standard elliptic hinge:
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The variable thicknesses of hyperbolic, parabolic and inverse parabolic hinges 
are expressed as:
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FIGURE 3.15 Planar geometry of the quarter segment of a flexible hinge with axial and 
transverse symmetry.
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Brief discussion on the elliptical hinge:
As seen in Eqs. (3.68) and (3.70), the geometrical parameters that are needed 

to calculate the compliances of circular, hyperbolic, parabolic and inverse para-
bolic hinge configurations are uniquely defined in terms of l, t and c. However, 
for elliptical flexible hinges, the (first) two connections of Eqs. (3.69) comprise 
three parameters l, c and α – this indicates that one of the three parameters can 
be arbitrarily chosen and the other two can be expressed in terms of the arbitrary 
selection. For instance, if α is selected, the ellipse semi-axes are calculated based 
on the first two Eqs. (3.69). It can be visualized in Figure 3.15 that for specified 
values of l and c, there is an infinite number of ellipses passing through the end 
points A and B. To better substantiate this observation, Figure 3.16 plots the fol-
lowing compliance ratio: C Cu fy y− −/ u fy y ,min for an elliptic hinge, where Cu fy y− ,min 
represents the smallest compliance corresponding to the minimum value of the 
angle α in the [20°; 75°] interval, which is α = 20°. As the figure illustrates, the 
compliance Cu fy y−  increases as the angle α increases although the values of l, c 
and t were kept constant.

The following ranges were considered: l → [0.01; 0.05] m, t → [0.0005; 0.0015] 
m and c → [0.001; 0.01] m, in order to study the variation of the compliance Cu fy y−  
for the flexible hinges defined in Eqs. (3.68)–(3.70). For all these hinge configura-
tions, the compliance increased with an increase in l, a decrease in t and a decrease 
in c in a monotonic manner. It was also noticed that the hyperbolic design gener-
ates the smallest compliance of all the configurations analyzed for the same va lues 
of l, c and t. As a consequence, the five hinge configurations were compared based 
on the ratio of the circular, elliptic, parabolic and inverse parabolic hinge compli-
ances Cu fy y−  to the same compliance of the hyperbolic hinge. Table 3.15 displays 
the extreme values of these ratios. The subscript “eh” means elliptic-to-hyperbolic, 
and similarly, “ch”, “ph” and “ih” relate the circular, parabolic and inverse para-
bolic hinges to the hyperbolic hinge geometry. An angle α = 70° was used for the 
elliptic designs. The following constant values were also utilized in conjunction 
with the parameter ranges: l = 0.05 m, t = 0.0005 m and c = 0.002 m.

As Table 3.15 shows, the most compliant configuration of the four designs that 
are compared to the hyperbolic version is the inverse parabolic one, for which 
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FIGURE 3.16 Plot of compliance ratio C Cu fy y− −/ u fy y ,min in terms of the ellipse angle α.
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the compliance relative to the hyperbolic-hinge compliance is the largest. It can 
also be seen that, except for the circular design, the compliance ratios of all other 
hinge configurations are constant when l varies.

Shape/dimension optimization:
The trends highlighted by the data in Table 3.15 enable to perform a relatively 

simple optimization given the monotonic variation of the compliances and their 
ratios. The largest values of the Cu fy y−  compliance are obtained when l is maxi-
mum and t and c are minimum for all analyzed hinge configurations. Conversely, 
the smallest compliance values result for l being minimum and t and c being max-
imum. The maximum compliance of all configurations is produced by the inverse 
parabolic profile, while the minimum compliance corresponds to the hyperbolic 
design. The following compliance ratio values related to the extreme values were 
obtained from the parameter ranges under consideration:
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All these ratios are very large, and they point out that relatively small  dimensional 
changes can lead to substantial variations in the bending compliance of any given 
hinge configuration (Eq. (3.71) only looks at the hyperbolic – superscript “h” – 
and the inverse parabolic – superscript “i” – designs, but similar figures are 
obtained for the other hinges considered here). The last ratio of Eq. (3.71) addi-
tionally  indicates that choosing a particular shape of a notch hinge over another 
shape could produce substantial changes in the bending compliance, particularly 
if dimensions are also altered correspondingly.

Circular cross-section:
A similar study is performed for circular cross-sectional hinges. Note that Eqs. 

(3.68)–(3.70) are still valid – the only difference is that a variable diameter d(x) should 
be used instead of the thickness t(x). For elliptical designs, the angle α can be arbi-
trarily selected to determine the values of a and b from Eqs. (3.69). It is noted again 
that the compliance Cu fy y−  increases with the angle α in the case of elliptical hinges.

TABLE 3.15
Compliance Ratio Comparing Flexible Hinges of Rectangular Cross-
Section with Elliptic, Circular, Parabolic and Inverse Parabolic Profiles 
to the Hyperbolic Profile

l (m) t (m) c (m)

lmin = 0.01 lmax = 0.05 tmin = 0.0005 tmax = 0.0015 cmin = 0.001 cmax = 0.01

reh 2.3 2.3 2.30 1.55 1.77 4.69

rch 2.04 1.91 1.91 1.32 1.49 4.14

rph 1.9 1.9 1.90 1.32 1.48 3.84

rih 4.79 4.79 4.79 2.08 2.75 21.09
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A parameter analysis and compliance comparison similar to the one used for 
rectangular cross-sectional hinges have been performed for circular cross-section 
hinges, and the results are included in Table 3.16. An angle α = 70° was used 
for the elliptical hinge. The following constant values were utilized: l = 0.05 m, 
d = 0.0005 m and c = 0.002 m.

The inverse parabolic design is the most compliant, whereas the least compli-
ant is the hyperbolic configuration.

Shape/dimension optimization:
The monotonic variation of the compliances and their ratios, as displayed in 

Table 3.16, facilitates optimization in a straightforward manner. Similar to the 
rectangular cross-sectional hinges, the largest values of the Cu fy y−  compliance are 
obtained when l is maximum and d and c are minimum for all analyzed configura-
tions. The maximum compliance of all configurations is produced by the inverse 
parabolic profile, while the minimum compliance corresponds to the hyperbolic 
profile. The following maximum compliance ratio values were obtained for the 
parameter ranges under consideration:
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The ratios of Eq. (3.72) indicate that relatively small dimensional changes, as 
well as different hinge shapes, can result in very large variations in the bending 
compliance.

3.2.2.3.2  Right Corner-Filleted Flexible Hinges
Two classes of right corner-filleted flexible hinges are studied in this section: 
one comprises configurations defined by single curves, whereas the other class 
is formed of hinges whose geometric profiles are defined by two (or more) planar 
curves. All designs have axial and transverse symmetry.

Single-profile hinges:
The standard elliptic hinge is compared to the configurations defined by ratio-

nal quadratic Bézier curves (ellipse, parabola and hyperbola). Configurations with 
 rectangular and circular cross-sections are discussed separately.

TABLE 3.16
Compliance Ratio Comparing Flexible Hinges of Circular Cross-Section 
with Circular, Elliptic, Hyperbolic, Parabolic and Inverse Parabolic Profiles

l (m) d (m) c (m)

lmin = 0.01 lmax = 0.05 dmin = 0.0005 dmax = 0.0015 cmin  0.001= cmax = 0.01

reh 2.44 2.44 2.44 1.65 1.88 4.97

rch 2.15 2.01 2.01 1.38 1.56 4.38

rph 2.00 2.00 2.00 1.38 1.56 4.07

rih 5.36 5.36 5.36 2.30 3.07 23.46
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Rectangular cross-section: The quarter model has, again, an envelope of 
dimensions l/2 and t/2 + c, as illustrated in Figure 3.15; therefore, the geometric 
parameters that define the  planar geometry of these designs are l, t and c.

For an elliptic hinge, the semi-axes lengths and the variable thickness are 
expressed as:
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with φ ranging in the [0, π/2] interval.
A generic point on a rational quadratic Bézier hinge has the coordinates x(p), 

y(p) and a thickness t(p), which are expressed based on Eq. (2.82), where l/2 is 
used instead of l, namely:
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The parameter p varies in the [0, 1] interval. As discussed in Chapter 2, the 
parameter w1 assumes the following values: w1 < 1 for elliptic curves, w1 = 1 for 
parabolic profiles and w1 > 1 in the case of hyperbolic shapes.

The compliance Cu fy y−  has been used, again, to form ratios in order to assess 
the deformation performance of these hinge configurations in terms of the four 
parameters: l, t, c and w1. For each parameter, a variation range was used while 
keeping the other three parameters constant – the constant values were l = 0.02 m, 
t = 0.001 m, c = 0.004 m and w1 = 0.1 for ellipses, and w1 = 10 for hyperbolic 
curves. All compliances increase with an increase in l and w1 and with a decrease 
in t and c. It was also noticed that the least compliant configuration is the Bézier 
elliptic hinge; as a consequence, compliance ratios based on Cu fy y−  were formed 
having the compliance of the Bézier elliptic hinge in the ratio denominator, while 
the other three hinge compliances were in the numerator. Table 3.17 shows these 
compliance ratios.

In Table 3.17, the subscripts “h”, “p”, “e” and “es” stand for hyperbolic, 
 parabolic, elliptic (all Bézier curves) and standard elliptic, respectively. The most 
compliant configuration, as given in Table 3.17, is the Bézier hyperbolic hinge, 
followed by the Bézier parabolic, the standard elliptic and the Bézier elliptic 
design. It can also be seen that the hinge length variation does not affect the 
compliance ratio; however, the compliance ratio increases with an increase in c 
and with a decrease in t.

Circular cross-section: A similar analysis was performed for the right corner-
filleted flexible hinges studied in the previous section by considering a circular 
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cross-section this time. All considerations and parameter values/ranges used in 
the case of the rectangular cross-sectional hinges were also applied here; the only 
differences are that the diameter d needs to be used instead of the thickness t, and 
the adequate properties of a circular cross-section need to be utilized. The results 
and trends in the compliance ratio that are indicated in Table 3.18 are similar to 
those of Table 3.17.

As Table 3.18 points out, and as the case was with the rectangular cross- 
sectional configurations, the least compliant design is the Bézier elliptic hinge, 
followed by the standard elliptic, the Bézier parabolic and the Bézier hyperbolic 
configurations. The hinge length l variation does not influence the compliance 
ratios, while increasing c and decreasing d produce an increase of the compliance 
ratio.

Multiple-profile hinges:
There are numerous possible right corner-filleted hinge designs that are 

defined by multiple curves – see Figure 3.17, for instance. The configuration of 
Figure 3.17a, whose quarter segment is formed of a parabolic curve and a circular 
curve, has been analyzed in Lobontiu et al. [20]; the interested reader may want 
to study the (new) design of Figure 3.17b. Discussed are here two common right 
corner-filleted configurations, namely, the circular design of Figure 3.13 and the 
elliptical configuration of Figure 3.14.

TABLE 3.17
Compliance Ratio Comparing Rectangular Cross-Sectional Right Corner-
Filleted Hinges of Standard Elliptic and Bézier Profiles

l (m) t (m) c (m)

lmin = 0.01 lmax = 0.05 tmin = 0.0005 tmax = 0.0015 cmin = 0.001 cmax = 0.008

rhe 11.09 11.09 17.39 8.32 4.02 17.39

rpe 3.75 3.75 4.63 3.26 2.23 4.63

rese 2.97 2.97 3.56 2.63 1.92 3.56

TABLE 3.18
Compliance Ratio Comparing Circular Cross-Sectional Right Corner-
Filleted Hinges of Standard Elliptic and Bézier Profiles

l (m) d (m) c (m)

lmin = 0.01 lmax = 0.05 dmin = 0.0005 dmax = 0.0015 cmin = 0.001 cmax = 0.008

rhe 14.57 14.57 22.07 11.08 5.33 22.07

rpe 4.32 4.32 5.20 3.80 2.62 5.20

rese 3.35 3.35 3.94 3.00 2.20 3.94
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The planar geometry of a right circularly corner-filleted flexible hinge is 
defined by its length l, constant thickness t and fillet radius r. Because r = c, this 
configuration is fully described by l, t and c. A right elliptically corner-filleted 
hinge is characterized by its ellipse semi-axes lengths a and b in addition to l and 
t. As seen in Figure 3.14, b = c, and therefore, the planar profile of this design is 
fully defined by l, t, c and a. When the two configurations are compared in terms 
of their elastic behavior, the elliptic design has one extra parameter, its ellipse 
length a. As a consequence, the following compliance ratio: C Cc

u f / e
y y− −u fy y  (where 

“e” stands for elliptical and “c” means circular) can be utilized as a relative quan-
tifier of the two hinges’ in-plane bending capabilities.

Figure 3.18a is the plot of this compliance ratio with a being the variable 
(a ranges from a = c to a = l/2). The other parameters are constant, namely, 
l = 0.05 m, t = 0.0005 m, c = 0.005 m, w = 0.008 m and E = 2·1011 N/m2. It can be 
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FIGURE 3.18 Plots of compliance ratio C Cc e
u fy y− −/ u fy y  in terms of the ellipse semi-axis 

length a for: (a) rectangular cross-section; (b) circular cross-section.
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seen that as a increases, the circular design becomes more bending compliant 
than the elliptic design. When a = l/2 (and the elliptic hinge becomes a right ellip-
tical configuration), the circular design compliance is approximately five times 
larger than the one of the elliptical configurations. A similar plot is shown in 
Figure 3.18b for circular cross-sectional designs. The same values of the con-
stant parameters were used (with a diameter d instead of the thickness t), and the 
conclusions are similar to the ones pertaining to the rectangular cross-sectional 
configurations. The circular variant can be six times more bending-compliant 
than its elliptical counterpart.

3.2.2.4  Two-Axis Flexible Hinges
The flexible hinges studied thus far in this chapter had either variable circular 
cross-section or a rectangular cross-section with one dimension constant and the 
other variable. The latter design category identified a sensitive axis for hinge bend-
ing, which is the primary (desired) deformation of a notch hinge. We discuss here 
two design groups that enable the hinge to bend around two perpendicular axes. 
Both configurations have rectangular cross-sections and are defined by two pairs 
of notches in perpendicular planes. In one design group, the notch pairs are axi-
ally collocated and the rectangular cross-section has both dimensions w(x) and 
t(x)  variable. The notch pairs in the other design category are serially connected, 
and each notch pair has only one cross-sectional dimension variable – either t(x) 
or w(x).

3.2.2.4.1 Collocated Notches   
The hinge of Figure 3.19 is the three-dimensional rendering of a flexible hinge 
with two pairs of identical and mirrored notches – a similar design is introduced 
in Lobontiu and Garcia [17]; the hinge of Figure 3.19 is based on the segment stud-
ied in Chapter 2 and shown in Figure 2.22 – that segment is half the hinge shown 
in Figure 3.19, and this final configuration has transverse symmetry in addition to 
axial symmetry. Therefore, the notches are axially collocated. For this design, two 

Secondary 

bending axis 

Primary 

bending axis 

y
z

FIGURE 3.19 Three-dimensional view of two-axis flexible hinge with collocated notches.
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bending axes can be defined at the hinge symmetry center: one is the primary axis 
and is associated with the maximum bending capacity, whereas the other axis, 
the secondary axis, is designed to produce a hinge design that is slightly stiffer in 
bending. This configuration can be tailored to be sensitive to well-defined bending 
loads that deform the hinge about the two central axes.

Consider, for instance, that the hinge of Figure 3.19 is formed of two identical 
halves, each defined by two parabolic notches, as illustrated in Figure 2.23 and 
 discussed in Example 2.3. The parameters that define this configuration are the 
minimum thickness t, the minimum width w, the length l as well as the root dimen-
sions ct and cw. It can be assumed that t < w and also ct < cw, which means that 
t(x) < w(x). In this situation, the primary bending axis is the z-axis (see Figures 2.23 
and 3.19), which is perpendicular to the minimum parameter t, and the secondary 
bending axis is the y-axis. The compliance ratio r C= u fy y− −/ Cu fz z  is of interest as 
it reflects the relationship between the two bending axes.

Example 3.4

Compare the bending performance about the primary axis to that about the sec-
ondary axis by graphically analyzing the compliance ratio r C= u fy y− −/ Cu fz z  for 
a two-axis flexible hinge with collocated parabolic notches, as in Example 2.3. 
Consider the following parameter ranges: t → [0.001; 0.003] m, w → [0.003; 
0.006] m, ct → [0.001; 0.006] m and cw → [0.006; 0.01] m.

Solution:

The two compliances of this ratio are calculated based on half-hinge compli-
ances as per Eqs. (3.53) and (3.56):
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The variable thickness and width are expressed based on the similar param-
eters formulated in Eq. (2.98) of Example 2.3 for a hinge segment of length l:

 ( )
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; ( )
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.2
2

2
2t x t

c

l
x w x w

c

l
xt w= + ⋅ = + ⋅  (3.76)

The four half-hinge compliances that intervene in Eqs. (3.75) are determined with 
the aid of Eqs. (2.6). The plots of Figures 3.20 and 3.21 show the compliance ratio 
variation in terms of t, w, ct and cw. The following constant values were used: 
l = 0.015 m, t = 0.001 m, w = 0.005 m, ct = 0.005 m and cw = 0.006 m in conjunc-
tion with the parameter that was varied. It can be seen that the compliance ratio 
decreases with an increase in t and ct; the ratio increases when w and cw increase.
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3.2.2.4.2 � Non-Collocated Notches
When the two notches of the hinge configuration of Figure 3.19 are combined in 
series, instead of being axially collocated, the flexible hinge of Figure 3.22 results. 
A  similar design with circular notches has been studied in Paros and Weisbord 
[1]. The geometric details of a generic non-collocated design are shown in Figure 
3.23. The hinge is formed of two portions connected in series: each segment has 
one dimension of its rectangular cross-sectional constant, while the other dimen-
sion is variable. It is also assumed that the two segments have the same length l. 
Assuming, again, that t < c and ct < cw, the primary bending axis is the one per-
pendicular on t; the secondary bending, also identified in Figures 3.22 and 3.23, is 
perpendicular to w.

The in-plane compliance matrix of the full hinge considers bending around 
the z-axis, which is parallel to the primary sensitive axis, and is calculated in the 
Oxyz reference frame in Figure 3.23 as:
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FIGURE 3.21  Plots of compliance ratio in terms of root parameter: (a) ct; (b) cw.
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FIGURE 3.20  Plots of compliance ratio in terms of the: (a) minimum thickness t; 
(b) minimum width w.
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The out-of-plane compliance matrix quantifies bending around the global y-axis, 
which is parallel to the secondary sensitive axis – this matrix is expressed as:
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FIGURE 3.23 Geometric parameters of non-collocated flexible hinge: (a) front view; 
(b) side view.
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FIGURE 3.22 Three-dimensional view of two-axis flexible hinge with non-collocated 
notches.
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Both hinge segments have transverse symmetry, and as a result, these segments’ com-
pliances are expressed in terms of their half-segment compliances, as per Eqs. (3.53) 
and (3.56). As a consequence, the in-plane compliance matrix of Eq. (3.77) becomes:
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The out-of-plane compliance matrix of Eq. (3.78) is expressed as:
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Example 3.5

Compare the deformation performance in bending around the primary axis 
of a non-collocated hinge design to its collocated counterpart by using the 
 parabolic profile with the basic geometric parameters of Example 3.4.

Solution:

The cross-sectional properties of the two segments’ halves in the n on- collocated 
configuration are:
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The torsional moments of area in Eqs. (3.83) assumed thin sections. However, 
for the other possible cross-sectional dimensions, Eqs. (2.20) or (2.21) should 
be used appropriately.

The plots of Figures 3.24 and 3.25 illustrate the variation of the Cu fy y−  
ratio (non-collocated compliance to collocated compliance) for the 
 constant  values of l = 0.015 m, t = 0.001 m, w = 0.005 m, ct = 0.005 m and 
cw = 0.006 m – these values were used in conjunction with the parameter 
that was varied.
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FIGURE 3.24 Plots of compliance ratio in terms of the: (a) minimum thickness t; 
(b) minimum width w.
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As Figure 3.24 indicates, the non-collocated design is slightly less 
 compliant in bending about the primary (z)-axis for values of t and w  situated 
on the lower portion of the selected range – this is shown by the ratio val-
ues smaller than 1. However, the compliance ratio increases and assumes 
values larger than 1 when t and w increase, which indicates that the non-
collocated hinge becomes more flexible than the collocated one. The non-
collocated design is more compliant than its collocated counterpart when ct 
varies, as illustrated in Figure 3.25a, except for a small interval close to the 
upper limit, where the relationship reverses. The non-collocated variant is 
less compliant than the collocated hinge for the entire range of cw, as seen 
in Figure 3.25b.

3.2.3  folded, spatially periodic flexible hinGes

Folded hinges can be designed to highly increase the deformation capacity of 
 regular, solid flexible hinges by serially connecting several straight-axis seg-
ments (of constant or variable cross-section) in a meandering manner, as illus-
trated in Figure  3.26. The folding segments can be confined by a rectangular 
envelope (as shown in Figure 3.26a) or by any other envelope curve (as suggested 
in Figure 3.26b).
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FIGURE 3.25 Plots of compliance ratio in terms of root parameter: (a) ct; (b) cw.
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FIGURE 3.26 Skeleton representation of folded flexible hinges with: (a) rectangular 
envelope; (b) curvilinear envelope.
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While Chapter 4 studies the class of folded hinges with curvilinear envelope, the 
analysis here is limited to folded hinges defined by rectangular envelopes. Consider 
the design of Figure 3.27a showing the skeleton representation of a configuration 
whose envelope curves are lines parallel to and symmetric with respect to the x axis, 
which results in a rectangular area of length l and height 2b enveloping the full hinge.

Assume that all longer, vertical segments are of constant cross-section and 
bending-compliant only, whereas the shorter, horizontal segments connecting the 
longer beams are rigid. This particular design results in units that are geometri-
cally identical; as a consequence, the full hinge has a spatial periodicity along the 
x axis and its compliances can be evaluated from the compliances of the basic 
rectangular unit sketched in Figure 3.27c. The in-plane compliance matrix of the 
full hinge is derived next – they are important to predict the motion capability of 

the entire hinge. An in-plane load vector f f f mx y z

T

[ ] = 



  applied at 

the hinge free end O produces the displacement vector u u ux y z

T

[ ] = θ



  

at the same point. The two vectors are connected by means of a compliance 

matrix as u C fO [ ][ ][ ] = .
The compliance matrix of the basic segment i sketched in Figure 3.27c is 

determined first. It is assumed that this segment is free at the end Oi and fixed at 
the opposite end Oi+1. When axial deformation is neglected, the in-plane compli-
ance matrix of either the left segment OiOli or the right segment OriOi+1 in their 
local frames is:
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where E is the material Young’s modulus and I is the z-axis area moment of the 
vertical beams constant cross-section. The in-plane compliance matrix of the basic 
unit i in the reference frame Oixiyizi is calculated by transferring the compliances 
of the two serially connected beams from their local frames to the Oixiyiyz frame 
and adding them as:
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The compliance matrix of the same segment can also be expressed in the  reference 
frame: O x y* *

i i i iz  as:
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where the matrix components are taken from C ( )i
 Oi

 of Eq. (3.85). Note that 

Eq.  (3.87) also expresses the compliance matrix C ( 1i+ )
 Oi

 of the segment i + 1, 

which is sketched in Figure 3.27b next to the segment i. The minus signs in 

Eq.  (3.87) indicate the components that correspond to an axis that is flipped 
(either yi or zi).
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The in-plane compliance matrix at O of the full hinge shown in Figure 3.27a is 
calculated by adding the translated matrices of Eqs. (3.85) and (3.87) as:
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After performing the summation involved in Eq. (3.88), the final expression of the 
in-plane compliance matrix for the full flexible hinge of Figure 3.27a is:
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Assuming the flexible beams have a constant rectangular cross-section of in-plane 
thickness t and out-of-plane width w, the area moment is I = w·t3/12. It is noteworthy 
to compare the direct compliance Cu fy y−  of the folded hinge to the similar com-
pliance Cs

u fy y−  of a solid flexure hinge defined by the same dimensions l, b and 
w, and Young’s modulus E. The compliance of the solid hinge is l3/(3EIs), where 
Is = w·2b3/12. The compliance ratio is plotted in Figure 3.28 in terms of the num-
ber n of identical units. As the figure indicates, the direct compliance decreases 
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nonlinearly from approximately 25,500 to 21,000 when the number of segments 
increases from 5 to 60. The following numerical values were used: b = 0.007 m, 
t = 0.001 m p = 0.004 m, and l = p · n.

3.3  PARALLEL-CONNECTION FLEXIBLE HINGES

Traditionally, a flexible hinge is a single member, possibly formed by seri-
ally   connecting several geometrically dissimilar segments and attached to 
adjoining rigid links. Expanding upon this concept, two rigid links can also be 
connected by two or more, identical or dissimilar, flexible segments, as sketched 
in Figure 3.29. Collectively, the parallel-connection segments can be considered a 
single hinge from a functional standpoint – see Lobontiu [31], for instance.

Figure 3.30 is the skeleton generic representation of a flexible hinge with n 
straight-axis segments connected in parallel. Note that each parallel member can 
be formed by serially combining several individual flexible segments. Also observe 
that the parallel-connection hinge segments do not have to be geometrically parallel.
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FIGURE 3.28 Plot of compliance ratio C Cs
u fy y− −/ u fy y  in terms of the number of segments n.

(a) (b) (c)

Rigid link

Hinges

Rigid link

FIGURE 3.29 Parallel flexible hinges with: (a) two geometrically parallel and identical 
segments; (b) two axially symmetric and identical segments; (c) three (multiple) geometri-
cally parallel segments with dissimilar lengths.
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Consider that one of the rigid links is fixed and the other one is mobile. Under 
the action of an external load [ f] = [ fx fy mz mx my fz]T applied at a point O on the 
mobile rigid link, the same point experiences the displacement [u] = [ux uy θz θx θy 
uz]T due to the elastic deformations of the n flexible hinges. The deformation and 
load vectors at O are related as:
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where [CO] is the compliance matrix of a single hinge equivalent to the n actual 
parallel-connection hinges and C ( )i

 O  is the compliance matrix of the generic 
 segment i with respect to the frame centered at O.

The in-plane and the out-of-plane loads/displacements are separated as follows:
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The in- and out-of-plane compliance matrices are calculated based on the 
 corresponding segment compliance matrices as:
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FIGURE 3.30 Parallel-connection flexible hinge identifying loads and displacements at 
the mobile rigid link.
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We study here three categories of parallel hinges: one category is formed of 
 identical segments that are placed symmetrically with respect to an axis; the 
 second category is formed of identical segments that are geometrically parallel; 
the third group includes cross-leaf hinges with segments that are offset spatially.

3.3.1  two-member flexible hinGe with symmetry axis

A parallel flexible hinge with two identical members that are placed symmetri-
cally with respect to the x-axis is shown in skeleton form in Figure 3.29b and, with 
more geometric details, in Figure 3.31. Each of the two identical members can be 
formed of multiple collinear segments that are connected in series. It is assumed 
that the in- and out-of-plane compliance matrices of the top member are known/
defined with respect to the reference frame Otxtytzt (where “t” denotes the top 
segment).

3.3.1.1  In-Plane Compliance Matrix
The in-plane compliance matrix of the two identical members in their local 
frames is assumed to be known; for instance, the matrix of the top member is:
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with respect to the Otxtytzt reference frame. This matrix is transferred at O in the 
global Oxyz reference frame as:

l
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FIGURE 3.31 Skeleton representation of a parallel-connection flexible hinge with two 
identical and symmetric segments.
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In a similar fashion, the compliance of the bottom member (the superscript “b” 
means bottom) is transferred to the Oxyz reference frame from its local frame 
located at Ob as:
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The top and bottom segments are connected in parallel, and therefore, the i n-plane 
compliance of the full, two-member hinge of Figure 3.31 is calculated as:
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The elements of the matrix shown in Eq. (3.97) are very large and are not 
included here.

3.3.1.2  Out-of-Plane Compliance Matrix
A similar approach is used to calculate the out-of-plane compliance matrix of the 
full hinge with respect to the global frame Oxyz. The out-of-plane compliance 
matrix of the top member is:
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with respect to the Otxtytzt reference frame. This matrix is transferred from Ot at 
O in the global Oxyz reference frame as:
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Similarly, the compliance of the bottom member is transferred to the Oxyz refer-
ence frame from its local frame located at Ob as:
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The top and bottom segments are connected in parallel, and therefore, the out-
of-plane compliance of the two-member flexible hinge of Figure 3.31 is:
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 

The elements of the matrix shown in Eq. (3.103) are too complex and are not 
included here.

Example 3.6

Consider the two-member parallel hinge of Figure 3.31. The two identical hinge 
members have a constant rectangular cross-section with the in-plane dimen-
sion t and the out-of-plane dimension w. The material is steel with Young’s 
modulus E = 2·1011 N/m2. Graphically analyze the variation of the compliance 
ratio C C( )t

u fy y− / u fy y−  in terms of α, b, l and t.
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Solution:

The following values were used as constants: α = 20°, b = 0.005 m, l = 0.03 m 
and t = 0.001 m. Equations (3.94) through (3.97) were utilized with the basic 
compliances of a straight-axis element of constant cross-section. The plots of 
Figures 3.32 and 3.33 show the variation of the compliance ratio in terms of 
the four geometric parameters. It can be seen that the bending compliance of a 
single hinge member can be up to 160 times larger than the similar compliance 
of the two-member flexible hinge for large values of α and l, as well as for small 
values of b. The single-hinge compliance is around 40 times larger than the 
two-member flexure for small values of the in-plane thickness t.

3.3.2 � Two-Member Flexible Hinge with Identical 
and Geometrically Parallel Segments

When α = 0, the two identical flexure hinges of Figure 3.31 become physically 
parallel, and the in-plane compliances of Eq. (3.97) are:
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while the out-of-plane compliances of Eq. (3.101) are:
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A displacement-amplification device is discussed in Chapter 5 where two iden-
tical, geometrically parallel, right circularly corner-filleted flexure hinges are 
 connected in parallel to a rigid lever.

3.3.3  the crossed-leaf sprinG

The three-member flexible hinge shown in Figure 3.34a is known as a crossed 
flexure pivot – Wittrick [32], strip bearing – Weinstein [33], or crossed-leaf 
spring; research related to this design and the modeling of its elastic behavior 
can also be found in Zhao and Bi [34], Kang and Gweon [35], Pei and Lu [36] or 
Martin and Robert [37]. The spring consists of three identical thin metal strips, 
two of which are parallel and perpendicular to the third one. Variants with only 
two perpendicular strips or more than three are also possible. The length of the 
strips is l, while the constant cross-section is rectangular with dimensions w and 
t, as illustrated in Figure 3.34a.

Assume a planar load formed of fx, fy and mz is applied at O in Figure 3.34b 
along the global frame axes x, y and z. The aim is to evaluate the corresponding 
displacements at O, which are ux, uy and θz. There are two identical hinges defined 
in their local frame O2x2 y2z2 and a third hinge, rotated at 90° from the hinge pair 
and whose local frame O1x1 y1z1 coincides with the global frame Oxyz. The three 
hinges are connected in parallel between the two rigid links, one of which is fixed 
(the anchor), while the other is mobile. The compliance of the three-hinge pivot is 
calculated as:
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Equation (3.105) took into account that the local-frame compliance matrices of 
hinges 1 and 2 are identical, namely:
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The translation and rotation matrices of Eq. (3.105) are:
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Substituting Eqs. (3.105)–(3.107) into Eq. (3.104) results in:
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Compared to Eq. (3.106), Eqs. (3.108) show that the compliances Cu my z−  and 

Cθ −z zm  are three times smaller than the corresponding compliances of a single 

flexible hinge with geometrical parameters identical to those of the three strips of 
the crossed-pivot design.

APPENDIX A3:  INDEPENDENT CLOSED-FORM COMPLIANCES

a3.1  flexible hinGes of rectanGular cross-section with constant 
out-of-plane width w and minimum in-plane thickness t

A3.1.1  Right Circular Hinge
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a3.2  flexible hinGes of circular cross-section

A3.2.1  Right Circular Hinge
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A3.2.2  Right Elliptical Hinge
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4 Compliances of 
Curvilinear-Axis 
Flexible Hinges

Flexible hinges with curved/circular axis are employed in applications where 
 coupling between axial and bending deformation, as well as between bending 
and torsion, are necessary. Analytical modeling and design of circular-axis hinges 
for in-plane mechanism applications with either small or large deformations have 
been studied by Hsiao and Lin [1], Lee and Ziegert [2], Shisheng et al. [3], Callegari 
et al. [4], Howell [5] or Jagirda [6], for instance. Similar analysis/design methods 
have also been developed to characterize the out-of-plane (diaphragm) behavior 
of circular-axis elastic members in a wide array of applications, including opto-
mechanics, precision positioning or robotics – see Trylinski [7], Sydenham [8], 
Vukobratovich et al. [9], Kyusogin and Sagawa [10], Hermann [11], Mohamad 
et al. [12], Duong and Kazerounian [13], Shielpiekandula and Youcef-Toumi [14], 
Yong and Reza-Mohemani [15], Awtar [16], Awtar and Slocum [17], Trease et al. 
[18], Ishaquddin et al. [19] and Kress et al. [20]. Finite element methods as detailed 
in Ishaquddin et al. [19], Kress et al. [20], also see Chapter 8 – and compliance 
matrix-based approaches – as detailed in Lobontiu and Cullin [21], Lobontiu et al. 
[22], Lobontiu [23–26], Lobontiu et al. [27], Lobontiu [28] – have been utilized to 
model curvilinear-axis flexible hinges and mechanisms incorporating them.

This chapter formulates the in-plane and out-of-plane compliance matrices of 
planar flexible hinges that are fully formed of curvilinear-axis segments or com-
bine curvilinear-axis segments with straight-axis segments. By means of transla-
tion, addition, rotation and mirroring, the local-frame compliance matrices of the 
individual segments, like those studied in Chapter 2, are mixed either in series or 
in parallel to produce the compliance matrices of the final hinge configurations. 
Flexible-hinge designs, which are symmetric or antisymmetric with respect to 
an axis, are studied in this chapter by means of compliance matrices of simpler 
hinge portions. Folded hinges are also analyzed; they comprise curvilinear-axis 
segments in arrangements that are inscribed in geometric envelopes of straight/
curvilinear profile or may be of radial design.

4.1  COMPLIANCE MATRIX TRANSFORMATIONS

In order to formulate the in-plane and out-of-plane compliance matrices of fl exible 
hinges that incorporate curvilinear-axis segments, the local-frame segment com-
pliance matrices need to be transferred to the global frame; this is mainly achieved 
by matrix translation and rotation, but it can also include mirroring.
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Assume that a load formed of fx, fy, mz, mx, my and fz is applied at a point O that 
is rigidly connected to the free end Oi of a generic curvilinear-axis flexible hinge, 
which is fixed at the opposite end, as illustrated in Figure 4.1. The aim is to evalu-
ate the displacements ux, uy, θz, θx, θy and uz in the global reference frame Oxyz in 
terms of the load at O and to express the flexible-hinge compliance matrices with 
respect to O based on the hinge native compliance matrices that are formulated 
in the Oixiyizi local frame. The load/displacement vectors are formally separated 
into in-plane and out-of-plane components.

4.1.1  in-plane compliances

The in-plane loads fx, fy and mz statically transfer to Oi from their original 
 location O as:
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Equation (4.1) can be written in matrix form as:
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FIGURE 4.1 Rigid link connected to planar curvilinear-axis flexible hinge in global and 
local reference frames under the action of load displaced from its free end.
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where [R(i)] is the rotation matrix and T ( )i
OOi ,ip  is the in-plane translation matrix.

The global-frame displacements ux, uy and θz are expressed in terms of the 
local-frame displacements uxi, uyi and θzi as follows:
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Equations (4.3) are rewritten in the matrix form as:
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The local-frame loads and displacements are related by means of the hinge 
 in-plane compliance matrix by the known relationship:
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Combining Eqs. (4.2), (4.4) and (4.5) yields:
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where  ( )
C i

O i, p  is the global-frame, in-plane compliance matrix of the generic 

 curvilinear-axis flexible hinge.

4.1.2  out-of-plane compliances

A similar procedure is applied to determine the relationship between 
 global-frame out-of-plane loads and displacements. The out-of-plane loads mx, 
my and fz are statically reduced (moved) to Oi from their original location O as:
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which are collected in the matrix form:
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The rotation matrix [R(i)] is calculated in Eq. (4.2) and T ( )i
OOi ,op  is the out-of-plane 

translation matrix. The displacements θ , 
x θy and uz are expressed in terms of the 

displacements θ , 
xi θyi and uzi as:
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 (4.9)

Equations (4.9) can also be written in matrix form as:
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By definition, the out-of-plane compliance matrix connects the corresponding 
loads and displacements in the local frame as:
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Equations (4.8), (4.10) and (4.11) are combined into:
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 (4.12)

where  ( )
C i

O o, p  is the global-frame, out-of-plane compliance matrix of the generic 

curvilinear-axis flexure hinge.
It is important to note that the transformation equations derived in this s ection 

for a curvilinear-axis hinge are also valid for a straight-axis hinge. The only 
 difference is that the in-plane and out-of-plane, local-frame compliance matrices 
of a straight-axis hinge need to be used instead of those of a curvilinear-axis hinge.
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4.2  SERIES-CONNECTION FLEXIBLE HINGES

This section formulates compliance matrices for flexible hinges that result 
from serially connecting several basic curvilinear-axis segments; straight-axis 
 segments can also be incorporated into these hinges. Hinge configurations that 
have a symmetry axis, an antisymmetry axis or are, simply, without symmetry are 
studied here. Discussed are also folded hinges defined by envelope curves that are 
either straight-axis or curvilinear-axis, as well as folded flexible hinges of radial 
configuration. Like in Chapter 3, this chapter utilizes the compliance matrix 
approach based on which the individual flexible segments/hinges  composing a 
complex series hinge/chain configuration are considered free-fixed members – 
this assumption enables to operate with the segment compliance matrices derived 
in Chapter 2.

4.2.1  compliance matrices of flexible hinGes without symmetry

The generic planar flexible hinge of Figure 4.2 has one end free and the other end 
fixed. The hinge is formed by serially connecting n different segments whose in-
plane and out-of-plane compliance matrices are formulated in their local frames; 
the positions of all individual segments are also known with respect to the global 
reference frame Oxyz, which is positioned at the free end of the hinge. The seri-
ally connected flexible segments composing the hinge have curvilinear centroidal 
axes, but some of the segments can be of straight longitudinal axis. This section 
derives the in-plane and out-of-plane, global-frame compliance matrices of the 
full, series-connection flexible hinge.

Δxi

xi

O Δyi

x

y

Δyn

Δxn Segment n

yn

δn

On

xn

δiOi

yi

Segment i

mx, θx 

my, θy 

mz, θz 

fx, ux 

fy, uy 

fz, uz 

Segment 1

FIGURE 4.2 Fixed-free planar multiple-segment serial flexible hinge.
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4.2.1.1 I n-Plane Compliance Matrix
In the global frame, the in-plane displacements and loads at the free end O (which 
is also the global-frame origin) are connected by means of a compliance matrix 
(to be determined) as:

 ., , ,
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,
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f f f m

O ip O ip O ip
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with  (4.13)

 

The displacement [uO,ip] is calculated by summing all corresponding individual 
 displacements pertaining to the n serially connected segments based on Eq. (4.6) as:
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 (4.14)

Comparing Eqs. (4.13) and (4.14) shows that the in-plane compliance matrix of 
the full serial hinge of Figure 4.2 is:
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=

 (4.15)( )
4.2.1.2  Out-of-Plane Compliance Matrix
The out-of-plane compliance matrix of the series-connection flexible hinge connects 
the out-of-plane displacements and loads that are applied at O in the form:
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Because of the series connection, the displacement [uO,op] is determined with the 
aid of Eqs. (4.12) by adding all individual global-frame, out-of-plane d isplacements 
of the hinge segments, namely:
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The full-hinge out-of-plane compliance matrix is identified by comparing 
Eqs. (4.16) and (4.17) as:

 
n

C T ∑( )( ) ( ) ( ) ( )
, =  ( )


i

O op 
T T


i i i i

OOi i,op   R C   O o, p   R T   OOi ,op  . (4.18)
i=1

Example 4.1

The planar flexible hinge of Figure 4.3 is formed by serially connecting two quar-
ter-circle segments of radii R1 and R2. The hinge has a constant rectangular cross-
section with an in-plane thickness t and an out-of-plane width w. Graphically 

study the variation of the compliance ratio C Cu fx x− −/ u fy y , in terms of the two 

radii for t = 0.001 m, w = 0.008 m and E = 2·1011 N/m2. The two compliances are 
evaluated in the global reference frame Oxyz.

Solution:

The in-plane compliance matrix of this hinge is:
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 (4.19)
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FIGURE 4.3 Skeleton representation of planar flexible hinge formed of two 
 quarter-circle segments.
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where ,,
(1)

,
(1)

,
(2)

1 2
C C CO ip O ip O ip  ≡     are the local-frame, in-plane compliance matri-

ces of the two serially connected segments. They are provided in Eqs. (A2.22) 
through (A2.26). The translation and rotation matrices that realize the transfer 
of segment 2 compliance matrix from its local frame O2x2y2z2 to the global 
frame Oxyz are:
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The compliance ratio of interest C Cu fx x− −/ u fy y  is plotted in Figure 4.4 in terms 
of R1 and R2.

The plot of Figure 4.4a was drawn for R2 = 0.03 m, while the plot of 
Figure 4.4b is graphed for R1 = 0.06 m. It can be seen in Figure 4.4a that the 
compliance Cu fx x−  is always larger (up to three times larger when R1 is small) 
than Cu fy y−  for the numerical range of R1. However, for values of R1 larger 
than the particular ones used in the plot of Figure 4.4a, the compliance ratio 
becomes smaller than 1 – that situation is not captured in Figure 4.4a. The 
compliance Cu fx x−  is smaller than Cu fy y−  for small values of R2, but Cu fx x−  
becomes larger than Cu fy y−  for larger values of R2, as illustrated in Figure 4.4b.

4.2.2  compliance matrices of flexible hinGes with symmetry axis

This section analyzes the class of multiple-segment, curvilinear-axis flexible 
hinges that are symmetric with respect to an axis. The in-plane and out-of-plane 
compliance matrices of a generic hinge are derived first based on the correspond-
ing matrices that define half the hinge. The resulting compliance matrices are 
subsequently used to study several particular symmetric hinge configurations.
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FIGURE 4.4 Plots of compliance ratio C Cu fx x− −/ u fy y  in terms of the: (a) radius R1; 
(b) radius R2.
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4.2.2.1  Generic Hinge and Compliance Matrices
Curvilinear-axis flexible hinges are frequently symmetric with respect to an axis 
in order to facilitate similar motion capabilities when the load direction alternates 
and/or to use geometric symmetry in conjunction with load symmetry to generate 
motion along predesigned directions.

A generic planar flexible hinge with multiple serially connected curvilinear-
axis segments, which is symmetric with respect to an axis, is represented in 
Figure 4.5. Any individual hinge segment i (i = 1 to n) in the right half-plane 
Osxsyszs has a counterpart that is placed symmetrically (or mirrored) with respect 
to the ys axis in the left half-plane. The in-plane and out-of-plane compliance 
matrices could be calculated using the algorithm presented in Section 4.2.1 by 
summing all segment compliance matrices after transforming them (through 
rotation and translation) in terms of the global reference frame Oxyz that is 
placed at the free end of the hinge with the load being applied at the same point. 
However, it is possible to first calculate the hinge compliance matrices with 
respect to the Osxsyszs reference frame.

The in-plane compliance matrix of the full hinge with respect to the Osxsyszs 
frame is calculated by means of Eqs. (4.15) and by pairing each hinge segment 
i on the right-hand semi-plane to its mirrored counterpart that is located in the 
left-hand semi-plane, namely: 
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 (4.21)
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FIGURE 4.5 Skeleton representation of a generic planar, symmetric, multiple-segment 
flexible hinge.
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where the subscript “s” denotes the symmetry reference frame and the “m, i” 
superscript indicates the segment that is the mirrored counterpart of segment i. 
Note that the mirrored segment i uses the local axis identified by ymi in Figure 4.5 
in order to enable rotation of its frame by π − δi from the xs axis. The compliance 
matrices of segments i and mi are: 
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As explained in Section 2.2.1, the compliances corresponding to the pairs xmi-ymi 

and xmi-zmi in  ( , )
C m i

O imi , p  are the similar compliances of  ( )i
CO ii , p  with a minus sign in 

front of them. This is because the mirrored segment i has its local axes ymi and zmi in 
directions opposite to the local axes yi and zi of the original segment i. The rotation 
and translation matrices of Eq. (4.21) are:
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Making the calculations of Eqs. (4.21)–(4.23) results in:
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where C C( )i
s x, x s

, ,( )i ( ) ( )
O u f O u, x zm C Ci i

− − O us y, − θfy s
and O m, z z−  are the symbolic compliances of 

the generic segment i evaluated in the reference frame centered at Os. The full-
hinge in-plane compliance matrix of Eq. (4.24) has zero terms that denote no 
interaction (no coupling) between ys (the symmetry axis) and either xs or zs. The 
compliance matrix of Eq. (4.24) can now be transferred to the global frame of 
Figure 4.5 by using the equation:

 ., , , ,C T R C R TO ip OO ip
T T

O ip OO ips s s[ ] [ ]  =        (4.25)

The rotation matrix [R] is calculated as in Eq. (4.2) with δ shown in Figure 4.5 
and used instead of δi; the translation matrix is also determined by means of Eq. 
(4.2) with the offsets Δx and Δy indicated in Figure 4.5 and used instead of Δxi 
and Δyi.

A similar procedure is applied to evaluate the out-of-plane compliance 
matrix. In the central reference frame, the full-hinge compliance matrix is 
calculated as
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 (4.26)

where the out-of-plane compliance matrices of segments i and mi are: 
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The translation matrices of Eq. (4.26) are:
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Substituting the matrices expressed in the left-hand side of Eqs. (4.27) and (4.28) 
into Eq. (4.26) results in:
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(4.29)

where C C( )i
,θ − x s

, ,( )i ( )i ( )i
O ms x O f,θ −x z

C CO ms y,θ − y s
and O u, z z− f  are out-of-plane symbolic com-

pliances of the generic segment i that are calculated with respect to the central 
system Osxsyszs. Like in the planar-deformation case, the full-hinge out-of-plane 
compliance matrix has zero components that identify decoupling between the 
symmetry axis ys and either xs or zs. The compliance matrix of Eq. (4.29) is trans-
formed into the following global-frame matrix:

 ., , , ,C T R C R TO op OO op
T T

O op OO ops s s[ ] [ ]  =        (4.30)

where TOOs ,op  is calculated with Eq. (4.8) by using the offsets shown in Figure 4.5.
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4.2.2.2 Flexible-Hinge Configurations   
A few design examples of curvilinear-axis hinges having a symmetry axis are 
 discussed in this section. Some of the designs have a single centroidal axis 
(for instance, a circle), whereas a few other designs are formed by serially connect-
ing hinge segments of different centroidal axes, both curvilinear and straight.

4.2.2.2.1  Circular-Axis, Right Flexible Hinge
Figure 4.6a shows the planar geometry of a circular-axis, right-circular flexible 
hinge, which is the counterpart of the straight-axis, right-circular flexible hinge 
studied in Chapter 3 and illustrated in Figure 3.11b. This configuration, which 
is defined by a single, circular median curve, is obtained from the half-hinge of 
Figure 2.28, which identifies all the geometric parameters. The design has a rect-
angular cross-section of constant out-of-plane width w. In-depth details on the in-
plane compliances of this hinge design are provided in Lobontiu and Cullin [21]. 
Finite element simulation and experimental measurements (a photograph of the 
experimental setup is pictured in Figure 4.6b) did acceptably match the analytical 
model compliance predictions. It should be noted that the circular axial line of this 
hinge is actually different from the centroidal curve; because the cross-sectional 
properties were evaluated with respect to the axial line, the relatively small devia-
tions of the analytical results from the finite element and experimental predictions 
(as reported in Lobontiu and Cullin [21]) are explicable.

It is of interest to compare the y direction and the x direction in-plane compli-
ances, which can be achieved by means of the ratio C Cu fy y− −/ u fx x , for instance. Note 
that the x and y directions denote the respective global-frame axes identified in 
Figures 4.5 and 4.6. The basic in-plane compliances of the half-hinge are calculated 
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α

Symmetry axis

α

t

C

y

xO
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ys

Os

FIGURE 4.6 (a) Front-view geometry of symmetric, circular-axis, right flexible hinge; 
(b) experimental setup.
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by means of Eqs. (2.121), (2.124), (2.145), (2.146) and (2.147). Equation  (4.22) 
are subsequently applied to evaluate the compliances C Cu fx x− −and u fy y .  
The offsets in the in-plane translation matrix of Eqs. (4.2) and (4.25) – where the 
 subscript i is dropped because the half is formed of a single segment – are Δx = R·sinα 
and Δy = R·(1 ‒ cosα); the rotation matrix of the same Eqs. (4.2) and (4.25) uses 
δ = α. The following constant values: t = 0.001 m, w = 0.006 m, E = 2·1011 N/m2, 
R = 0.08 m and α = 30°, were used to produce the plots of Figure 4.7, which show 
the compliance ratio variation in terms of α and R, respectively. The angle α 
 variation range was [10°; 45°], while R varied from 0.03 to 0.08 m. It is noticed 
that the y-direction compliance is larger than the x-direction one. For small values 
of the angle α, Cu fy y−  is substantially larger than Cu fx x− , as seen in Figure 4.7a; 
however, the compliance ratio is less sensitive to the radius variation, as illustrated 
in Figure 4.7b.

4.2.2.2.2  Circular-Axis, Right Circularly Corner-Filleted Flexible Hinge
The symmetric flexible hinge of Figure 4.8a is another example that uses a 
single circular curve as its median axis. The half-part, which is represented in 
Figure 4.8b, is formed of a constant-thickness portion extending over a center 
angle α1, and a variable-thickness segment of center angle α2; this segment is 
the one of Figure 2.28, also used as half the hinge of Figure 4.6a. The in-plane 
 compliances of this configuration have been studied in Lobontiu et al. [22], while 
its out-of-plane elastic response was studied in Lobontiu [23].

Based on Eq. (4.24), the in-plane compliance matrix of the full hinge with 
respect to the middle reference frame Osxsyszs is:
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where  (1)
C C,  and  (2)

O is p O 2 ,ip  are the local-frame, in-plane compliance matrices of 

the two segments sketched in Figure 4.8b. The in-plane compliances of  (1)
CO is , p  
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FIGURE 4.7 Plots of compliance ratio C Cu fy y− −/ u fx x  in terms of the (a) angle α; 
(b) radius R.
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are provided in Eqs. (A2.22) through (A2.26), whereas the compliances of 

C (2)
O i2 , p  are calculated based on the definition of Eqs. (2.121) through (2.125) with 

the geometric parameters and variable thickness given in Eqs. (2.145)–(2.147). 
The translation matrix of Eq. (4.31) is:
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The full-hinge, global-frame, in-plane compliance matrix is calculated as in 
Eq. (4.25) with:
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FIGURE 4.8 Geometry of symmetric, circular-axis, right circularly corner-filleted 
 flexible hinge: (a) full hinge; (b) half-hinge.
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Similarly and using Eq. (4.29), the out-of-plane compliance matrix of the full 
hinge with respect to the middle reference frame Osxsyszs is:
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The translation matrix of Eq. (4.34) is calculated as:
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The full-hinge out-of-plane compliance matrix is calculated in the global frame 
Oxyz as in Eq. (4.30) with:
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 (4.36)

Very good match is reported in Lobontiu et al. [22] and Lobontiu [23] between the 
analytical model, experimental test and finite element compliance values.

The in-plane compliance Cθ −z zm  of this design is compared to the same compli-
ance of a straight-axis, right circularly corner-filleted hinge – see also Lobontiu 
et al. [22] for a similar comparison. It is assumed that the two designs have the 
same length l = 2R·α (with α = α1 + α2) and that the fillet radius of the straight-
axis design is r = r1 (see Figure 4.8). The compliance ratio C Cs

θ −z zm / θ −z zm  (where 
the superscript “s” stands for the straight-axis design) was graphically analyzed 
in terms of the angle α2 – the resulting plot is shown in Figure 4.9a, as well 
as in terms of the circular-axis radius R – the corresponding plot is graphed in 
Figure  4.9b. Both simulations considered hinges with a constant out-of-plane 
width w and a minimum in-plane thickness t. The following constant param-
eter values were used in the plot of Figure 4.9a: w = 0.006 m, t = 0.001 m, 
R = 0.08 m, α = 30° and E = 2·1011 N/m2. For the plot of Figure 4.9b, the radius 
r = r1 = 0.002 m was used. The angle α2 depends on the radii R and r1, as per 
Eq. (2.145), namely: α2 = sin−1 [r1/(R − r1 − t/2)]. As Figure 4.9a shows it, the com-
pliance ratio C Cs

θ −z zm / θ −z zm  increases nonlinearly with the angular opening of the 
filleted portion of the circular-axis design, which shows that the straight-axis 
design’s compliance becomes larger than the one of the circular-axis configura-
tion as α2 increases. The same compliance ratio is almost insensitive to the varia-
tion of R, as illustrated in Figure 4.9b.



157Curvilinear-Axis Flexible Hinges

The out-of-plane compliant behavior of the design depicted in Figure 4.8 is 
compared to the in-plane response of the same design, as well as to the out-of-
plane elastic performance of a similar, constant cross-sectional hinge – details are 
offered in Lobontiu [23].

4.2.2.2.3  Design with Circular-Axis Segment of Constant Cross-Section 
and Straight-Axis, Right Circularly Corner-Filleted Segment

The design of Figure 4.10a, whose out-of-plane compliances are derived and 
 studied in Lobontiu [24], has its half-part formed of a constant cross-section, 
circular-axis segment extending over a center angle α and a straight-axis, right 
circular segment – these two segments are shown in Figure 4.10b and c; they both 
have the same constant out-of-plane width w.
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FIGURE 4.9 Plots of compliance ratio C Cs
θ −z zm / θ −z zm  in terms of the (a) angle α2; 

(b) radius R.
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FIGURE 4.10 Symmetric right circularly corner-filleted flexible hinge: (a) full con-
figuration; (b) circular-axis, constant-thickness segment 1; (c) straight-axis right circular 
 segment 2 (rotated).
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Equations (4.29) and (4.34) are used to calculate the out-of-plane compli-
ance matrix of the full hinge with respect to the reference frame centered at the 
midpoint Os (see Figure 4.10b). The translation and rotation matrices enabling the 
transfer from Os to O (and allowing the calculation of  ,CO op  per Eq. (4.30)) are:
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As discussed in Lobontiu [24], the analytical compliance results match the finite 
element simulation for several designs. The influence of the parameters R, α, 
r and w on the out-of-plane deformation capabilities of the flexible hinge of 
Figure 4.10a is studied here by graphing the compliance ratio θ − θ −/C Cm my y x x  as 
illustrated in Figures 4.11 and 4.12. It can be seen that >θ − θ −C Cm my y x x  for all 
values of the four geometric parameters. The following constant values were 
used: R = 0.03 m, r = 0.005 m, t = 0.004 m, w = 0.001 m, E = 2·1011 N/m2, μ = 0.3.
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FIGURE 4.11  Plots of compliance ratio θ − θ −/C Cm my y x x in terms of the: (a) radius R; 
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FIGURE 4.12  Plots of compliance ratio θ − θ −/C Cm my y x x in terms of the: (a) fillet radius r; 
(b) out-of-plane width w.
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4.2.2.2.4  Right Elliptically Filleted Flexible Hinge with 
Parabolic-Axis and Straight-Axis Segments

A design similar to the previous one and shown in Figure 4.10a is discussed in 
Lobontiu 2015 [25] and is depicted in Figure 4.13a. The half-part of this symmet-
ric flexible hinge consists of a constant-thickness, parabolic-axis segment, which 
is serially connected to a straight-axis right elliptically corner-filleted segment – 
these segments are shown in Figure 4.13b and c. The full hinge has a rectangular 
cross-section with a constant out-of-plane width w.

The parabolic segment 1 of Figure 4.13b has its centroidal axis defined by the 
equation y a 2

1 1= ⋅p x  in its local frame O1x1 y1z1. The segment has an x-axis length 
lx1 and a constant in-plane thickness t. The planar profile of the straight-axis seg-
ment 2 of Figure 4.13c is defined by the ellipse semi-axes lengths a and b, and the 
minimum thickness t.

The in-plane compliance matrix of the full hinge with respect to the central 
reference frame Osxsyszs is calculated based on Eqs. (4.24) and (4.31). The transla-
tion and rotation matrices enabling the transfer from Os to O (and calculation of 
CO i, p  as in Eq. (4.30)) are:
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FIGURE 4.13 Symmetric right circularly corner-filleted flexible hinge: (a) full 
 configuration; (b) parabolic-axis, constant-thickness segment 1; (c) straight-axis right 
elliptically corner-filleted segment 2 (rotated).
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The in-plane response of the flexible hinge shown in Figure 4.13a is evaluated by 
plotting the compliance ratio C Cu fy y− −/ u fx x  in terms of relevant planar  geometric 
parameters. Figures 4.14–4.16 show the compliance ratio variation with 
respect to a, b, ap, lx1 and t for the following constant values of the parameters: 
w = 0.01 m, a = 0.015 m, b = 0.005 m, ap = 20 m‒1, lx1 = 0.01 m and t = 0.001 m; a 
value E = 2·1011 N/m2 was also used for these plots.

It can be seen that C Cu fy y− −> u fx x  for all five parameters over their variation 
ranges.
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FIGURE 4.14 Plots of compliance ratio C Cu fy y− −/ u fx x  in terms of the elliptical semi-axi
length: (a) a; (b) b.
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4.2.3  compliance matrices of flexible hinGes with antisymmetry axis

Multiple-segment flexible hinges may have an antisymmetry axis, case 
where the full-hinge compliance matrices can be, again, evaluated based 
on the  compliance matrices of half the hinge. This section derives a generic 
 compliance model for antisymmetric flexible hinges and discusses a particular 
design from this category.

4.2.3.1  Generic Hinge and Compliance Matrices
A generic flexible hinge with antisymmetry axis is sketched in Figure 4.17.

The hinge can be obtained physically from one half, like the one shown in the 
reference frame Ohxhyhzh to the right of the yh axis. Its antisymmetric counterpart 
is obtained by rotating the original half-part 180° clockwise around point Oh and 
the full flexure hinge is formed by serially connecting the two parts. Assuming 
that the compliance matrices of the original half flexible segment are determined 
in its reference frame Ohxhyhzh, the aim is to calculate the compliances of the full 
hinge in the global reference frame Oxyz.

The full-hinge, in-plane compliance matrix is first determined in the reference 
frame Ox*y*z*, which has its y* axis parallel to the antisymmetry axis yh, namely:
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The first term in the parenthesis of the right-hand side,  ( )
C h

O ih , p , is the compli-

ance matrix of the right half-hinge in Figure 4.17 – this is translated from its 
local frame Ohxhyhzh to the parallel axis, global frame Ox*y*z* (the superscript “h” 
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FIGURE 4.17 Skeleton representation of generic flexible hinge formed of two segments 
that are antisymmetric with respect to an axis.
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stands for half). Similarly, the second term in the parenthesis in the right-hand 
side of Eq. (4.41) – with the superscript “r” meaning rotated – represents the com-
pliance matrix of the 180°-rotated left half-hinge; this compliance matrix is trans-
ferred through translation and rotation from its local reference frame Orxryrzr to 
the same Ox*y*z* frame. Note that the two halves are identical when represented 
in their local frames Ohxhyhzh and Orxryrzr, and as a consequence, the same matrix 

C ( )h
O ih , p  defining the half-hinge in its local frame is used in both terms. It should 

also be remarked that the translation matrices of the two segments are identical 
since the two local frames are collocated. The displacements needed to evaluate 
the translation matrix of Eq. (4.41) are: Δx = lx and Δy = ly. The translation and 
rotation matrices of Eq. (4.41) are:
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The full-hinge, global-frame, in-plane compliance matrix is obtained from the 
matrix of Eq. (4.41) by means of a rotation transformation:
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The rotation matrix [R] of Eq. (4.43) is calculated using Eq. (4.2) with δ = −γ 
(see Figure 4.17).

A similar approach is used to determine the out-of-plane compliances of the 
generic, antisymmetric hinge of Figure 4.17. The full-hinge, out-of-plane compli-
ance matrix is calculated in the reference frame Ox*y*z* as:
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The full-hinge, global-frame, out-of-plane compliance matrix is:
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4.2.3.2 Flexible-Hinge Configuration   
Figure 4.18 illustrates a flexible serpentine hinge with antisymmetry axis whose 
in-plane compliance matrix was formulated and analyzed in Lobontiu [26]. The 
basic half-hinge is formed of two constant cross-section straight-axis segments – 
one constant cross-section circular-axis segment and one variable cross- section 
root circular-axis segment, which has a filleted configuration and which is used to 
connect the hinge to a rigid link.

The in-plane and out-of-plane compliance matrices are derived here, and the 
planar elastic response of the serpentine hinge is characterized in terms of defin-
ing geometric parameters. The hinge is shown in skeleton form in Figure 4.19a, 

Half hinge 

knildigiRknildigiR

Antisymmetry axis

180o-rotation center 

FIGURE 4.18 Planar geometry of serpentine flexible hinge with antisymmetry axis.
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while the basic half-hinge is depicted in Figure 4.19b together with its compo-
nent segments.

Assuming the in-plane compliance matrix of the basic half-hinge is available, 
the full-hinge compliance matrix with respect to the global frame Oxyz is calcu-
lated based on Eqs. (4.41)–(4.43) by taking into account that no (mathematical) 
matrix rotation is needed at O since the reference frames Ohxhyhzh and Oxyz are 
parallel; as a consequence, the global-frame, in-plane compliance matrix is:
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The components of the Eq. (4.46) matrix characterize the half-antisymmetric 
flexible hinge of Figure 4.19b. Equation (4.46) considered that ly = 0 in the in-
plane translation matrix of Eq. (4.42), while lx = 2R2 + R4, as seen in Figure 4.19b. 
The in-plane compliance matrix of the half-hinge pictured in Figure 4.19b is 
expressed in terms of the four segments’ in-plane compliance matrices as:
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FIGURE 4.19 Skeleton representation of constant cross-sectional serpentine flexible hinge: 
(a) full-hinge configuration; (b) basic half-hinge with individual segments and geometry.
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where the rotation matrices are:
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and the translation matrices are:
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The in-plane compliance matrices of the straight-axis segments 1 and 3 are 
 provided in Eqs. (2.26). The in-plane compliance matrix and components of the 
circular-axis segment 2 are calculated by means of Eqs. (A2.22) through (A2.26) 
and Eq. (2.107). Lastly, the in-plane compliance matrix of segment 4 is formed 
using Eqs. (2.102) through (2.106) together with Eqs. (2.145)–(2.147).

A similar approach enables to calculate of the out-of-plane compliance matrix 
of the full hinge in terms of the Oxyz reference frame with the aid of Eqs. (4.44) 
and (4.45) as:
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(4.50)

where, again, the individual compliances of Eq. (4.50) represent the half-hinge 
compliances calculated in the Ohxhyhzh reference frame. The out-of-plane compli-
ance matrix of the half-hinge shown in Figure 4.19b is calculated by adding the 
transformed matrices of segments 1 through 4, namely:
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The translation matrices of Eq. (4.51) are calculated as:
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with the offsets provided in Eq. (4.49). The out-of-plane compliance matrices of 
the two straight-axis segments 1 and 3 are given in Eqs. (2.27). The out-of-plane 
compliance matrix of segment 2 is assembled by means of Eqs. (A2.27) through 
(A2.32) and Eq. (2.117), while the similar matrix of segment 4 is evaluated using 
(2.109) through (2.116) in combination with Eqs. (2.145)–(2.147).

Note that for the circular-axis segment 2, the local frame O2x2 y2z2 has its regu-
lar x axis swapped from the regular position, which is opposing x2 of Figure 4.19b; 
as a result, both the in-plane and out-of-plane compliance matrices of segment 
2 use minus signs in their regular x-y and x-z compliances, as also captured in 
Eqs. (2.107) and (2.117), namely:
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Example 4.2

Identify the geometric parameters of the flexible hinge shown in Figure 4.19 
that result in the maximum compliance −Cu fx x  and the minimum compli-
ance −Cu fy y  when considering the following parameter ranges: l1 → [0.015; 
0.03] m, R2 → [0.003; 0.015] m and R4 → [0.002; 0.01] m. Assume that the 
constant cross-section is rectangular with the out-of-plane width w = 0.01 m 
and in-plane (minimum) thickness t = 0.002 m. The material Young’s modulus 
is E = 2.1·1011 N/m2.

Solution:

Maximizing −Cu fx x  while minimizing −Cu fy y  is akin to maximizing the compli-
ance ratio − −/C Cu f u fx x y y . To help identify the parameters l1, R2 and R4 that 
achieve this objective, the compliance ratio is plotted in terms of these three 
parameters in Figures 4.20 and 4.21. Note that l3 = l1 − R4.
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As shown in Figures 4.20 and 4.21, the compliance ratio varies mono-
tonically with the three geometric parameters; the ratio is maximum when l1 
reaches the upper limit of its interval, which is l1 = 0.03 m, R2 is at the lower 
limit, R2 = 0.003 m, and R4 assumes its lowest value, R4 = 0.002 m; for these 
parameter values, the C Cu fx x− −/ u fy y  ratio is equal to 1.294.

4.2.4  folded flexible hinGes

Section 3.2.3 introduces the folded hinges of rectangular envelopes that are formed 
of straight-axis flexible segments connected by rigid connectors – see Figure 3.27. 
Folded hinges of either rectangular or curvilinear geometric envelope can also 
be designed by including curvilinear-axis flexible segments in combination with 
other straight-axis segments, as illustrated in Figure 4.22. This section discusses 
the generic configurations of Figure 4.22 – more details can be found in Lobontiu 
et al. [27].

In-plane compliance matrices are formulated for the two families of folde
hinges shown in Figure 4.22.
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FIGURE 4.20 Plots of compliance ratio C Cu fx x− −/ u fy y  in terms of the: (a) length 
l1; (b) radius R2.
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4.2.4.1  Straight-Line (Rectangular) Envelope
4.2.4.1.1 Generic Configuration   
A folded hinge that is inscribed in a rectangular area of dimensions l and 2ye is 
sketched in Figure 4.23a. The full hinge is the series combination of the half- 
portion situated to the right of the midpoint Oh and the other half, located to the 

(a)

Folded hinge

Straight-line 
envelope 

(b)

Curved-line 

envelope

Folded hinge

FIGURE 4.22 Straight-axis folded flexible hinges with axial symmetry and: (a) straight-
line (rectangular) envelope; (b) curvilinear-line envelope.
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FIGURE 4.23 (a) Folded flexible hinge with rectangular envelope; (b) geometry of two 
neighboring generic unit segments; (c) geometry of segment i.
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left of Oh; the left half results by an 180° rotation of the right half around Oh, and, 
therefore, the full hinge is antisymmetric with respect to the yh axis. Several equi-
distant points P1, P2, …, Pn are positioned on the two envelope curves ye and −ye on 
the right hinge portion. The axial pitch distance between two consecutive points 
is p. A generic point Pi (such as the one of Figure 4.23b) has the following coordi-
nates in the Ohxhyhzh reference frame:

 ( 1)
2

2 1
2

; ( 1) .x i p
p i

p y yi i
i

e= − + = − ⋅ = −  (4.54)

with i = 1, 2, ..., n. Consider the generic hinge segment i of Figure 4.23c, which is 
inscribed in a r ectangle of dimensions p and ye. This segment is symmetric with 
respect to the Piy0i axis and is formed of the curvilinear segments Ai‒1Pi and PiAi.

Because the two segments of Figure 4.23c are connected in series, the com-
pliance matrix of the segment Ai‒1Ai with respect to a frame centered at Pi is 
expressed as:
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where “r” and “l” mean right and left, respectively. The compliance matrix of 
the left segment is obtained from the one of the right segment with the appro-
priate sign changes accounting for the mirroring about the Piy0i symmetry axis. 
The compliance matrix of segment i is transferred to the frame Ai−1xiyizi of 
Figure 4.23c as:
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The next segment i + 1, which is structurally identical to the segment i except 
from being mirrored with respect to the x axis, has the following in-plane compli-
ance matrix:
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The compliance matrix of the right half of the full hinge – the one to the right 
of Oh in Figure 4.23a – is calculated by adding the compliance matrices of all n 
individual segments as:
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The compliance matrix of the left half of the hinge is obtained by a 180° rotation 
of the right half compliance matrix in order to express it in the Ohxhyhzh reference 
frame. The matrices of the two halves are then added, and the resulting matrix is 
translated at O – the global-frame origin where the load is applied and where the 
displacements need to be calculated; this final matrix is:
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The explicit compliances of [CO] expressed in Eq. (4.59) are provided in Lobontiu 
et al. [27].

4.2.4.1.2  Design with Basic Segment Formed of 
Elliptical and Straight-Line Portions

Consider the design shown in Figure 4.24a, which is formed of any number of 
identical units. The right portion of a basic segment is sketched in Figure 4.24b, 
and it comprises two members: one-quarter of an ellipse (the semi-axes lengths 
are a and b) and a straight-line segment of length h.

The in-plane compliance matrix of the half-segment with respect to the ref-
erence frame centered at Pi is obtained by adding the transformed compliance 
matrices of the two serially connected segments:
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where “e” stands for the first (elliptical) portion and “s” for the second (straight line) 
segment. The in-plane compliances of the elliptical-axis segment are  provided 
in Eqs. (2.133) through (2.137), while the straight-line segment  compliances are 
given in Eqs. (2.26).

Equations (4.55) through (4.60) are subsequently used to express the in-plane 
compliance matrix of a rectangular envelope-folded hinge with the half-basic 
 segment of Figure 4.24b. All segments composing the folded hinge have the same 
constant rectangular cross-section defined by in-plane thickness t and out-of-
plane width w. The variation of the compliances Cu fx x−  and Cu fy y−  are studied in 
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FIGURE 4.24 (a) Rectangular-envelope folded flexible hinge; (b) geometry of basic 
half-segment formed of a quarter ellipse and a straight line.
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terms of the parameters t, h and a, which are identified in Figure 4.24b; this can be 
achieved by analyzing the compliance ratio C Cu fy y− −/ u fx x . Figures 4.25 and 4.26 
plot the variation of the compliance ratio in terms of these parameters. For each 
plot, the constant values of the other parameters were: n = 6, a = 0.008 m, b = a/2, 
t = 0.001 m, w = 0.008 m and h = 0.015 m. A Young’s modulus E = 2·1011 N/m2 was 
also used. As the two figures indicate, the y axis compliance is larger than the 
x-axis compliance for all three parameters over their selected ranges.

4.2.4.2 Curvilinear-Line Envelope   
4.2.4.2.1 Generic Configuration   
The two symmetric curves ye(x) and −ye(x) of Figure 4.27a are envelopes of the 
skeleton folded hinge sketched in the same figure. Two adjacent segments, i and 
i + 1, are shown in Figure 4.27b. The coordinates xi and yi of a generic point Pi 
(like the one shown in Figure 4.27b) are calculated with Eq. (4.54).

The compliance matrix of the generic segment i with respect to the frame 
Ai−1xiyizi of Figure 4.23c is calculated by means of Eqs. (4.55)–(4.57) with 
ye(xi) instead of ye. The compliance matrix of the right half of the hinge – see 
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Figure 4.27a – is determined by adding the compliance matrices of all the indi-
vidual symmetric segments (after translations from their local frames to the com-
mon origin Oh) as per Eq. (4.58). The compliance matrix of the full flexure hinge 
of Figure 4.27a is calculated in the reference frame Oxyz with Eq. (4.59).

4.2.4.2.2  Design with Circular-Line Envelope and Basic Unit 
Formed of Elliptical and Straight-Line Segments

As an illustration of the compliance calculation procedure for a generic, 
 curvilinear-line-envelope folded hinge, the particular design of Figure 4.28 is 
briefly discussed here – more details are offered in Lobontiu et al. [27].
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FIGURE 4.27 (a) Folded flexible hinge with symmetric, curvilinear envelopes; 
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The two envelope curves are circular segments of radius R disposed symmetri-
cally with respect to the axial direction. The basic symmetric segment, the right 
half of which is shown in Figure 4.28c, is formed of one elliptic quarter with 
semi-axes lengths a and b, and a straight line of length hi. As Figures 4.28b and c 
indicate, the pitch distance is p = 2a and the envelope radius is R = l/2 = n·p = 2n·a 
for a half-portion formed of n scaled units. The dimensions H1, H2, …, Hn, as well 
as h1, h2, …, hn of Figure 4.28b and c, are:

 2 1 ; .2 2 2H R B R i a h H bi i i( )= + − − − = −   (4.61)

with i = 1, 2, …, n. The midpoints Pi of the elliptical portions are located on the 
circular envelopes. The compliance matrix of the half-segment adds the compli-
ance matrices of the quarter ellipse and the straight line (after rotating + translat-
ing the native matrix of this portion), as in Eqs. (4.60).

Because R  n·p = 2n·a, the envelope radius R is related to the number of 
segments n, the long semi-axis length a and the pitch distance p. Figure 4.29 
plots the variation of the rotary compliance ratio C Cθ − / (1)

z zm θ −z zm  in terms of 
R for B = 0.002 m, n = 3 a = 0.01 m, b = a/2, t = 0.001 m, w = 0.008 m and 
E = 2·1011 N/m2. C (1)

θ −z zm  is the compliance of the first unit located to the right of 
Oh in Figure 4.28b. The compliance decreases nonlinearly with increasing R, as 
shown in Figure 4.29.

=

4.2.4.3  Radial Folded Hinge with Rigid Connectors
The planar flexible hinge of Figure 4.30 is inscribed in a circular sector of angle 
α and is formed of several (i = 1, 2, …, n) circular-axis flexible segments inter-
connected by radial shorter and identical segments, which are assumed rigid – 
all these segments are connected in series. The rigid segments have a length g, 
and therefore, the circular flexible portions are equidistant; the radii of two con-
secutive circular segments are connected as: Ri+1 = Ri + g or Ri+1 = R1 + (i − 1)g. 
Assuming the load vector is applied at the hinge end O, while the opposite end is 
anchored, the in-plane and out-of-plane compliance matrices of this flexible hinge 
are formulated in this section.
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4.2.4.3.1  In-Plane Compliance Matrix
The in-plane compliance matrix of a circular-axis segment i of center angle α is 
expressed in its local frame Oixiyizi (not shown in Figure 4.30) as:
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where the matrix components are given explicitly in Eqs. (A2.22) through 
(A2.26). Consider segment 2 (O2A2) in Figure 4.30 plays the role of the generic 
segment i. The odd-number circular-axis segments 1, 3, …, 2i − 1, … have their 
yi axes collinear with the global y axis. For these segments, the in-plane compli-
ance matrices are expressed in the global frame Oxyz by means of a translation as:
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As illustrated in Figure 4.30, the even-number circular-axis segments 2, 4, …, 
2i, … have their local frames both offset and rotated with respect to the global 
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FIGURE 4.30 Planar geometry of folded hinge formed of flexible, concentric, circular-
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frame; as a consequence, their in-plane global-frame compliance matrices are 
formulated based on the corresponding local-frame matrices as:
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with
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Note that the global-frame matrix  ( )
C i

O i, p  is calculated from the local-frame com-

pliance matrix  ( *)
C i

O i, p  through translation and rotation. Because the even-number 

segments are mirrored with respect to their local y axes – see segment O2A2 in 

Figure 4.30,  ( *)
C i

O i, p  results from  ( )
C i

O ii , p  of Eq. (4.62) by using minus signs in 

front of the components that combine the x-y and y-z axes.
The in-plane compliance matrix of the full hinge is the sum of all compliance 

matrices of Eqs. (4.63) and (4.64) since the flexible components are linked in 
series:

 ., ,
( )

1

C CO ip O ip
i

i

n

∑  =  
=

 (4.66)

For constant rectangular cross-sectional circular-axis segments with in-plane 
width w and out-of-plane thickness t, the compliances of the full-hinge compliance 
matrix depend on the parameters n, R1, g, α, w and t. All compliances increase 
when n, R1, g and α increase, and w and t decrease. The following  compliance 
ratio is analyzed:
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where the compliance with the superscript “0” represents the minimum value. 
For α ranging in the [15°; 120°] interval, the minimum compliance occurs at 
α0 = 15°, whereas for w in the [0.001; 0.003] m range, the minimum compli-
ance corresponds to w0 = 0.003 m. The other constant parameters were: n = 6, 
R1 = 0.03 m, g = 0.015 m, t = 0.001 m, α = 50° and w = 0.005 m. The compli-
ance ratio of Eq. (4.67) is plotted in Figure 4.31a in terms of α and in Figure 
4.31b as a function of the cross-sectional width w – the ratio varies nonlinearly 
with both α and w.

4.2.4.3.2  Out-of-Plane Compliance Matrix
The local-frame, out-of-plane compliance matrix of a segment i is:
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 (4.68)

and its components are provided in Eqs. (A2.27) through (A2.32). Using a reason-
ing similar to the one applied to the in-plane compliance matrix, the global-frame 
compliance matrix of odd-number circular segments is:
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whereas the compliance matrix of even-number segments is transferred at the 
global frame using the equations:
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Equations (4.64) and (4.70) were obtained using the same reasoning. The full-
hinge compliance [CO,op] is expressed as in Eq. (4.66) by using “op” instead of 
“ip” in the subscript.

The out-of-plane compliances of the full-hinge matrix depend upon the param-
eters n, R1, g, α, w and t. All compliances increase when n, R1, g and α increase, 
and w and t decrease. Figure 4.32a and b illustrates the variation in the following 
compliance ratio:
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where the compliance with the superscript “0” represents the minimum value. 
For α ranging in the [15°; 120°] interval, the minimum compliance occurs at 
α0 = 15°, whereas for t spanning the [0.0005; 0.002] m range, the minimum com-
pliance corresponds to t0 = 0.002 m. The other constant parameters were: n = 6, 
R1 = 0.03 m, g = 0.015 m, t = 0.001 m, α = 50° and w = 0.005 m. The compliance 
ratio of Eq. (4.72) varies nonlinearly with both α and t.
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The variation in terms of n (the number of circular segments) of the two repre-
sentative compliances that have been studied here is presented in Table 4.1. It can 
be seen that a three times increase in the number of circular segments increases 
the two compliances more than five times. All other constant parameters have the 
values utilized for the plots of Figures 4.31 and 4.32.

4.3  PARALLEL-CONNECTION FLEXIBLE HINGES

A few examples of hinges comprising two or more curved-axis flexible segments 
connected in parallel are sketched in Figure 4.33.

TABLE 4.1
Variation of Representative Compliances (in m/N ⋅ 10−4) with the 
Number of Circular Segments n

n 2 3 4 5 6

Cuy − fy
0.108 0.305 0.690 1.356 2.413

Cuz − fz 4.963 14.038 31.762 62.389 111.024

Rigid link

Hinge

Rigid link

Hinge

(a) (b) (c)

FIGURE 4.33 Parallel-connection flexible hinges: (a) axially symmetric configuration 
with circular-axis segments; (b) axially symmetric design with curvilinear-axis segments; 
(c) configuration with multiple, concentric circular-axis segments.
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 Hinge # 1

Hinge # i

mx, θx
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mz, θz 

fx, ux 

fy, uy 
fz, uz
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FIGURE 4.34 Parallel connection of planar curvilinear-axis flexible-hinge segments 
with loads and displacements of mobile rigid link.
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Figure 4.34 is the generic representation of a planar flexible hinge with multi-
ple curvilinear-axis segments connected in parallel. Note that each parallel mem-
ber can be formed by serially connecting several individual segments.

The n planar, curvilinear-axis flexible-hinge segments (shown in skeleton 
form in Figure 4.34) connect two adjacent rigid links, one of which is assumed 
fixed and the other one movable. As demonstrated in Chapter 3, the in-plane and 
out-of-plane loads and displacements corresponding to the rigid mobile link are 
expressed as in Eq. (3.92), which is rewritten here:
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 (4.73)

The compliance matrices of Eq. (4.73) are the ones given in Eq. (3.93):
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Studied next is the parallel-connection hinge of Figure 4.35a – a similar pre-
sentation can be found in Lobontiu (2015) [28]. This generic configuration has 
two symmetry axes and therefore, a symmetry center C. Because of the double 
symmetry, the compliance matrices of the full hinge in a global frame centered 
at O (which is considered the point where the external load is applied) can be 

Oq xq
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C x
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F
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FIGURE 4.35 Skeleton representation of: (a) two-member parallel-connection flexible 
hinge with symmetry center; (b) lower-right quarter hinge segment.
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expressed in terms of the compliance matrices of one-quarter of the full hinge. 
Figure 4.35b sketches the lower-right quarter segment in its local frame centered 
at Oq. This segment, which stretches between Oq and Aq, can be a single segment 
or can be formed of multiple segments connected in series; it is assumed that 
the in- and out-of-plane compliance matrices of the quarter segment are known/
defined with respect to the reference frame Oqxqyqzq.

4.3.1  in-plane compliance matrix

The lower member of the two-member parallel hinge of Figure 4.35a is formed by 
serially connecting the right lower quarter comprised between points Oq and Aq to 
the identical quarter stretching between Bq and Oq (this left quarter results by mir-
roring the right quarter with respect to the symmetry axis yq). Due to mirroring, 
the compliance matrix of the left lower quarter with respect to the Oqxqyqzq frame 
results from the one of the right quarter segments (illustrated in Figure 4.35b) by 
changing the signs of the cross-terms involving the axes pairs xq-yq and yq-zq. The 
two segments are connected in series, and therefore, their compliance matrices 
with respect to the frame centered at Oq are added, resulting in:
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where the subscript “h, l” stands for left half, and “q, r” and “q, l” signify right 
quarter and left quarter, respectively. The compliance matrix of the lower 
 half-segment is translated to the global frame Oxyz of Figure 4.35a. This latter 
compliance matrix is:
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Because the upper half-segment of the two-member parallel hinge is the lower half-
segment mirrored with respect to the symmetry x axis, the in-plane compliance matrix 
of the upper half-segment is obtained from the one of the lower half segment as:
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where “h, u” signifies the upper half-portion. The upper and lower half-segments 
are connected in parallel, and therefore, the in-plane compliance matrix of the 
full, two-member hinge of Figure 4.35a is calculated as:
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4.3.2  out-of-plane compliance matrix

A similar reasoning and procedure are applied to calculate the out-of-plane com-
pliance matrix of the full hinge with respect to the global frame Oxyz. The com-
pliance matrix of the lower member with respect to the frame centered at Oq 
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is calculated by adding the compliance matrices of the right and left quarter 
 segments forming the lower half, namely:
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The compliance matrix of the lower half-segment is translated to the global frame 
Oxy, which yields:
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The out-of-plane compliance matrix of the upper half-segment is obtained from 
the one of the lower half-segments as:
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The out-of-plane compliance matrix of the full hinge is calculated by combining 
the upper- and lower halves compliances in parallel as:
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Example 4.3

Consider the two-member parallel hinge of Figure 4.36a, which is formed of 
two circular-axis half-segments. The hinge cross-section is constant rectangu-
lar with the in-plane thickness t and the out-of-plane width w. The material is 
steel with Young’s modulus E = 2·1011 N/m2 and G = 7.7·1010 N/m2. Graphically 
analyze the variation of the compliance ratio − −/C Cu f u fy y z z  in terms of all geo-
metric parameters. Use the following constant parameters: R = 0.02 m, α = 60°, 
h = 0.005 m, t = 0.001 m and w = 0.008 m.

Solution:

The device of Figure 4.36a was analyzed by finite element analysis in Lee and 
Ziegert [2], among others. Comparing the dimensions of Figure 4.36a and b – the 
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FIGURE 4.36  Skeleton representation of: (a) two-member parallel-connection flexible 
hinge with symmetry center and circular-axis segments; (b) lower-right quarter hinge 
segment with geometry.
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latter one shows the geometric parameters defining the lower-right quarter – it 
follows that the two offset distances of Figure 4.35a are:

 l Rx y= ⋅ sin ;α =l h + ⋅R ( )1 c− αos . (4.85)

Using Eqs. (4.75) through (4.85) in conjunction with Eqs. (A2.22) through 
(A2.32), which define the compliances of a constant cross-sectional circular-
axis segment of angle α, the plots of Figures 4.37–4.39 are obtained.

Note that the compliance ratio is proportional to the in-plane compliance 
and inversely proportional to the out-of-plane compliance. Larger values 
of this ratio indicate good in-plane deformation capabilities (due to Cu fy y− )  
coupled with relatively small sensitivity to out-of-plane parasitic loading 
(which is represented by Cu fz z− ). While the ratio can reach a maximum value 
of 2.4 for the selected geometric parameters’ ranges, it can be seen that the 
ratio increases with an increase in R and w, as well as with a decrease in h, 
α and t.
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FIGURE 4.37 Plots of compliance ratio C Cu fy y− −/ u fz z  in terms of the: (a) radius R; 
(b) offset distance h.

0.9 1.0 1.1 1.2 1.3 1.4 1.5

1.4

1.6

1.8

2.0

2.2

2.4

α [rad]

C
o

m
p

li
an

ce
 r

at
io

 

FIGURE 4.38 Plot of compliance ratio C Cu fy y− −/ u fz z  in terms of the quarter center angle α.
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5 Quasi-Static Response 
of Serial Flexible-
Hinge Mechanisms

This chapter studies the quasi-static response of serial mechanisms that c omprise 
flexible hinges and rigid links by using the compliance matrix approach. 
Collinear and planar (two-dimensional) mechanisms are analyzed and designed 
using mathematical models that incorporate the in-plane and/or out-of-plane 
compliance matrices of straight- and curvilinear-axis flexible hinges, such as 
those presented in Chapters 2–4. The quasi-static model assumes that the exter-
nal load is applied gradually and slowly from zero to its nominal value, which 
allows the exclusion of any dynamic effects in evaluating the final (deformed) 
state of the mechanism. Various boundary, loading and symmetry conditions 
are considered. Serial spatial (three-dimensional) mechanisms are also quali-
fied in terms of their quasi-static behavior. Applications include symmetric 
devices, displacement-amplification and precision-positioning flexible-hinge 
mechanisms.

Modeling procedures that are based on small-deformation compliance/ 
stiffness, as well as illustrative applications of serial hinge mechanisms, are 
provided by Smith [1], Xu [2], Henin et al. [3], Zhang and Zhu [4] or Zentner 
and Linβ [5]. Serial, flexible-hinge chains can be used as standalone (open-loop) 
mechanisms that use levers to achieve amplified input displacements – as dis-
cussed by Boronkay and Mei [6], Williams and Turcic [7], Jouaneh and Yang 
[8] and Lobontiu [9]. However, serial flexible chains are also incorporated into 
more complex, parallel or serial/parallel mechanisms, of which the most common 
applications are precision displacement-amplification devices – see Du et al. [10], 
Kim et al. [11], Quyang et al. [12], Choi et al. [13], Lobontiu and Garcia [14,15], 
Ma et al. [16], Mottard and St-Amant [17], Scire and Teague [18], Her and Chang 
[19], Park and Yang [20], Mukhopadyay et al. [21], Zettl et al. [22], Furukawa 
and Mizuno [23], Kim et al. [24], Chang and Du [25], Tian et al. [26], Choi et al. 
[27,28], Tian et al. [29], Wu et al. [30], Pham and Chen [31] and Ryu et al. [32]. 
Flexible-hinge precision-positioning stages were studied by Yong and Lu [33], 
Ryu et al. [34], Hua and Xianmin [35], Yue et al. [36] and Wang et al. [37], among 
many others. As reported in the literature, the quasi-static modeling of serial flex-
ible mechanisms undergoing relatively small deformations/motions has mainly 
been performed by the finite element method, by lumped-parameter procedures 
(such as the loop-closure method) and by the compliance matrix approach, which 
is the method utilized in this chapter – see also Lobontiu [9,38].
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5.1  PLANAR (2D) MECHANISMS

Mechanisms whose structure is planar (two-dimensional, 2D) are modeled in this 
section based on a compliance matrix approach. Load/displacement models are 
derived for simpler serial chains formed of one flexible hinge and one rigid link, 
as well as for more complex chains comprising multiple links.

5.1.1  serial chain with one flexible hinGe and one riGid link

This section derives and discusses the quasi-static model of the basic serial chain 
sketched in Figure 5.1, which is formed of a flexible hinge and a mobile rigid 
link. The model requires translation and/or rotation transformation of the hinge 
in-plane and out-of-plane compliance matrices. Both properly constrained (deter-
minate) and overconstrained (indeterminate) configurations are analyzed here.

This planar configuration is the simplest possible, and the resulting mathemati-
cal model is fundamental to the analysis and design of more complex flexible-
hinge mechanisms. The first part of the section establishes vector relationships 
allowing to transfer loads and displacements between two arbitrary points on a 
rigid link. The second part derives an algorithm that transforms the local-frame 
compliance matrices of a generic flexible hinge in order to evaluate resulting dis-
placements and loads at various points of interest on the mobile rigid link that is 
adjacent to the hinge.

5.1.1.1  Rigid-Link Load and Displacement Transformation
Chapters 3 and 4 introduce the in-plane and out-of-plane transformations of com-
pliance matrices in relation to flexible hinges that are formed by combining basic 
hinge segments in series and/or in parallel. This section, which is similar to the 
corresponding sections in Chapters 3 and 4 covering the compliance matrix trans-
formation, describes the matrix transformations pertaining to planar compliant 
mechanisms that combine rigid links and flexible hinges.

5.1.1.1.1 In-Plane Transformations   
Consider the rigid link of Figure 5.2a undergoes a general (planar) motion in 
the plane Oxyz. Also, consider that the planar load consisting of fx1, fy1 and mz1 
acts at point A of the rigid link and generates displacements ux1, uy1 and θz1 at the 

Flexible hinge

[ f ], [ u ] 

Fixed support

Rigid link

FIGURE 5.1 Skeleton representation of flexible hinge connected to a movable rigid link 
and a fixed support.
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same point. The objective is to express the transferred loads and displacements at 
a  different point B in terms of a reference frame that is rotated with respect to the 
one attached to point A.

Loads:
As per Eq. (3.2), the original load at A is first translated at B as:
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(5.1)

where [TAB,ip] is the in-plane translation matrix realizing the load offset from A to B.
The load vector of Eq. (5.1) is now projected on the rotated reference frame 

Bx3y3z3 as:
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where [R] is the rotation matrix and is defined in Eq. (4.2). Combining Eqs. (5.1) 
and (5.2) yields:
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FIGURE 5.2 Load and displacement transfer in a planar rigid link undergoing: 
(a)   in-plane motion; (b) out-of-plane motion.
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Defining a transformation matrix [TrAB,ip] as:

 ., ,Tr R TAB ip AB ip[ ]  =    (5.4)

Eq. (5.3) becomes:

 .3, , 1, 1, ,
1

3,f Tr f f Tr fip AB ip ip ip AB ip ipor  =       =    
−

 (5.5)

Displacements:
The displacements at B in the Bx3y3z3 reference frame, which are ux3, uy3 and 

θz3, are now expressed in terms of the original displacements at A: ux1, uy1 and 
θz1. The displacements at B that are recorded with respect to the reference frame 
Bx2y2z2 (which is a translated frame with respect to Ax1y1z1) are connected to the 
displacements at A as in Eq. (3.6), namely:
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The displacements in the Bx2y2z2 and Bx3y3z3 rotated frames are related as in 
Eq. (4.4) – with an identity translation matrix:
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Combining Eqs. (5.6) and (5.7) results in the following displacement vector 
connections:
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5.1.1.1.2 Out-of-Plane Transformations   
Consider now Figure 5.2b, which depicts the same rigid link being acted upon by 
a load vector at A that contains the three out-of-plane components mx1, my1 and 
fz1 in the frame Ax1y1z1; this load produces, correspondingly, the displacements 
θx1, θy1 and uz1 at the same point A on the rigid link. Load and displacement rela-
tionships are sought connecting the source at A to the transfer point B where the 
reference is the rotated frame Bx3y3z3.
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Loads
The out-of-plane load at A is first translated to B using the procedure discussed 

when deriving Eq. (3.9):

 f T2,op  =  AB, 1op   f f, 1op  or  , ,op  = T f
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















 (5.9) 

where [TAB,op] is the out-of-plane translation matrix realizing the translation from 
A to B. Comparing this matrix to the in-plane translation matrix of Eq. (5.1), it 
can be seen that:

 .,
1

,T TAB op AB ip
T

  =  
−

 (5.10)

The loads corresponding to the Bx2y2z2 frame that were obtained in Eq. (5.9) are 
projected to the rotated reference frame Bx3y3z3 axes as in Eq. (4.8) – with an 
identity translation matrix, namely:

 

f R f f R f R f

f m m f

op op op op
T

op

op x y z

T

,

3, 2, 2,
1

3, 3,

3, 3 3 3

[ ] [ ] [ ]  =     =   =  

  = 





−or with
 (5.11)

where the rotation matrix [R] is defined in Eq. (5.2). Combination of Eqs. (5.9) 
and (5.11) results in:
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3, , 1,

1, ,
1 1

3, ,
1
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f R T f

f T R f T R f
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op AB op op AB op
T

op

[ ]

[ ] [ ]
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  =     =    
− − −

or
 (5.12)

The out-of-plane transformation matrix [TrAB,op] is defined as:

 Tr R TAB op AB op ,, ,[ ]  =    (5.13)

which changes Eq. (5.12) into:

.3, , 1, 1, , 3, , 3,f Tr f f T R f Tr fop AB op op op AB ip
T T

op AB ip op[ ]  =       =     =    or
 (5.14)
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Displacements:
Similar to the in-plane displacements transfer, the original displacements at A 

are translated to B by means of the equations that follow the derivation of Eqs. 
(3.13), namely:

 

; .

1, , 2, 2, ,

1
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1, 1 1 1 2, 2 2 2
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

−
or with

 (5.15)

As per the definition Eq. (4.10) and using an identity translation matrix, the 
 following relationships connect the displacements in the rotated frames Bx2y2z2 
and Bx3y3z3:
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 (5.16)

Equations (5.15) and (5.16) are combined as:

 

.

3, ,

1

1, , 1, , 1,

1, , 3, , 3,

u R T u R T u Tr u

u T R u Tr u

op AB op
T

op AB ip op AB ip op

op AB op
T T

op AB op
T

ip

( )[ ] [ ]

[ ]

  =     =     =    

  =     =    

−

or  (5.17)

Some connections between loads and displacements can be formulated using in-
plane and out-of-plane transformation matrices. For instance, the second Eq. (5.3) 
can be combined with Eq. (5.10) and results in:

 f T R f T R f Tr fip AB ip ip AB op
T T

ip AB op
T

ip ,1, ,
1 1

3, , 3, , 3,[ ] [ ]  =     =     =    
− −  (5.18)

whereas the first Eq. (5.8) is reformulated as:

 .3, ,

1

1, , 1, , 1,u R T u R T u Tr uip AB ip
T

ip AB op ip AB op ip( )[ ] [ ]  =     =     =    
−

 (5.19)

with the aid of the same Eq. (5.10).

5.1.1.2 Fixed-Free Chain   
The serial chain of Figure 5.3 is composed of a rigid link and a fixed-end flexible 
hinge. The in-plane and out-of-plane loads acting on the rigid link at F deform the 
flexible hinge and, as a consequence, the rigid link displaces. The displacements 
at another point P of the rigid link need to be determined.
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5.1.1.2.1 In-Plane Transformations
The in-plane load [ fF,ip] = [ fx fy mz]T is applied at F on the rigid link, which rigidly 
connects to the flexible hinge at H. The subsequent hinge deformation produces 
a displacement [uP,ip] = [ux uy θ T

z]  at an arbitrary point P on the rigid link. As per 
Eqs. (5.3) and (5.4), the original load at F is transferred to the root H of the hinge 
by means of a transformation matrix as:

   

 f Tr f R T fH ip FH ip F ip FH ip F ip ,, , , , ,[ ]  =     =      (5.20)

where the rotation and translation matrices realizing the transfer from F to H are:
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 (5.21)

The relationship between the flexible hinge’s displacements/deformations and 
loads in the native (local) reference frame OHxHyHzH is:

 u C f C Tr fH ip ip H ip ip FH ip F ip ,, , , ,  =     =        (5.22)

where [Cip] is the hinge in-plane compliance matrix. Equation (5.22) was obtained 
by also using Eq. (5.20). The resulting displacement at H (which is shared by both 
the hinge and the adjacent rigid link) is transferred at P based on Eq. (5.8) as:

P

O

yH

fx 

Flexible

hinge

x

xHFixed end

fy 

mzF

H

y

ΔxFH

ΔyFH

ΔyPH

δH

xF

yF

xP

ΔxPH
yP 

fz

mx

my

Rigid link 

FIGURE 5.3 Schematic representation of planar serial chain with one rigid link, one 
flexible hinge and one-point external loading.
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 (5.23)

where Eq. (5.22) was also utilized and where the new translation matrix is:

 
1 0 0
0 1 0

1
.,T

y x
PH ip

PH PH

  =
∆ −∆

















 (5.24)

Equation (5.23) is written in short form as:

T
., , , , , ,u C f C Tr C TrP ip PFH ip F ip PFH ip PH ip ip FH ip  =       =      with  (5.25) 

The three-letter subscript in the compliance matrix [CPFH,ip] indicates the three 
relevant points, namely, P where the displacements are calculated, F where the 
external load is applied and H, which is the moving end of flexible hinge (also 
shared by the rigid link).

When the displacements are to be calculated at the load application point F 
(which means when P and F are identical), Eq. (5.25) is written in a two-letter 
subscript notation:
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with
 (5.26)

5.1.1.2.2 Out-of-Plane Transformations   
Consider now that the out-of-plane load [ f T

F,op] = [mx my fz]  is applied at point 
F on the rigid link of Figure 5.3. Due to the hinge deformation, the resulting 
 displacement [uP,op] = [θx θy uz]T at the generic point P on the rigid link needs to be 
determined. The load at F is transferred to H as per Eqs. (5.12) and (5.14):

 f Tr f R T fH op FH op F op FH op F op ,, , , , ,[ ]  =     =      (5.27)

where the new translation matrix is:
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 (5.28)

The out-of-plane displacements and loads at H are related by means of the flexible 
hinge’s compliance matrix [Cop] defined in the native reference frame OHxHyHzH, 
namely:
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 u C f C Tr fH op op H op op FH op H op ,, , , ,  =     =        (5.29)

where Eq. (5.27) was used. The displacement at H is transferred at P based on 
Eq. (5.17) as:
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 (5.30)

Equation (5.29) was also used to obtain Eq. (5.30), where the new translation 
matrix is:
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Equation (5.30) is written in short form as:
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Similar to the in-plane load/deformation, when points P and F coincide, Eq. (5.32) 
is written in the form:
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 (5.33)

5.1.1.3 Overconstrained Chains   
The fixed-free serial chain studied in Section 5.1.1.2 is statically determinate (properly 
constrained) as it introduces three reaction loads at the fixed end (in either in-plane 
or out-of-plane loading), which can be determined from the static equilibrium equa-
tions. An overconstrained chain has redundant boundary conditions, which result in 
more unknown reactions than the number of static equilibrium equations – the sys-
tem is therefore statically indeterminate. Using compatibility conditions (consisting 
of zero displacements at support points) alongside the static equilibrium equations, 
the overconstrained system is equivalently transformed into a statically determinate 
one. Two examples are analyzed next to illustrate the procedure.

Example 5.1

A unidirectional, non-amplified actuator has its symmetric elastic frame 
designed as shown in Figure 5.4a. It consists of a middle rigid link where the 
load is applied along the symmetry axis and two identical flexible hinges of 



198 Compliant Mechanisms

right elliptically corner-filleted configuration – see Figure 3.14. Determine 
the stiffness ky along the actuation direction knowing the hinge geometric 
parameters a = 0.01 m, b = 0.005 m, l = 0.03 m, t = 0.001 m, w = 0.008 m, the 
length parameter l1 = 0.01 m, as well as the hinge material Young’s modulus 
E = 2.1·1011 N/m2.

Solution:

Due to both geometry and load symmetry, the half-mechanism of Figure 5.4b 
can be analyzed instead of the original device of Figure 5.4a. The skeleton 
representation of the simpler half-mechanism is sketched in Figure 5.4c. This 
design falls under the particular case of the general configuration analyzed in 
this section with the point of load application and the point of displacements 
being collocated, F ≡ P. In addition, as Figure 5.4c points out, the hinge inclina-
tion angle is δH = 0, which renders the rotation matrix [RFH] into a unity matrix. 
As a consequence, Eq. (5.26) simplifies to:
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with  (5.34)

The translation matrix is calculated as per Eq. (5.21) with ΔxFH = l1/2 and 
ΔyFH = 0. The transformed compliance of Eq. (5.34) becomes:

Fixed supportFlexible hinge

Load
Rigid link 

Symmetry axis

Symmetry axis

y 

(a) 

(b)

(c)

l1/2

fy, uy

l

F H
xF, xH

yF

mz, θz = 0

yH

fy, uy

Symmetry axis

Guiding support

FIGURE 5.4 Symmetric mechanism with two identical right elliptically 
 corner-filleted flexible hinges, one connecting rigid link and symmetric loading: 
(a)  schematic of full mechanism; (b) schematic of half-mechanism; (c) skeleton 
 representation of half-mechanism.
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 (5.35)

The matrix of Eq. (5.35) connects the displacement vector at F, [uF,ip], to the 
load applied at the same point, [fF,ip], in the explicit form:
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 (5.36)

Equation (5.36) considered the zero displacement along the x axis, ux = 0 and the 
zero rotation along the z axis θz = 0 at point P, which is guided – see Figure 5.4c. 
The first algebraic equation of Eq. (5.36) shows that fx = 0. The remaining  system 
consists of two algebraic equations. The last equation allows expressing the 
reaction moment mz in terms of the actuation force fy as:
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The moment mz of Eq. (5.37) is substituted in the remaining nontrivial Eq. (5.36) 
to yield:
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Because the original mechanism of Figure 5.4a comprises two identical por-
tions with the flexible hinge of one-half connected in parallel to the hinge of 
the other (identical and mirrored) half, the stiffness of the mechanism is twice 
the stiffness of half the mechanism. Therefore, the mechanism stiffness is:
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 (5.39)

For the particular design of a straight-axis flexible hinge with axial and trans-
verse symmetry, like the one of this example, the full-hinge compliances of 
Eq. (5.39) are calculated by the method presented in Section 3.2.2.2.4. With 
the given numerical values, the stiffness of Eq. (5.39) is ky = 10,268,549 N/m.



200 Compliant Mechanisms

Example 5.2

A stage designed for out-of-plane motion is formed of a central rigid platform and 
three identical circular-axis flexible hinges (of median radius R) that are placed 
equidistantly in a radial manner, as illustrated in Figure 5.5a – this  particular 
design was studied in Lobontiu [38]. Determine the out-of-plane translation 
(piston-motion) stiffness kz of this device along the z axis for a generic circular-
axis hinge. Consider the particular design of flexible hinges with a constant 
rectangular cross-section – see Figure 2.25. Known are R = 0.04 m, in-plane 
hinge thickness t = 0.008 m, out-of-plane hinge width w = 0.001 m, α = 60°, 
Young’s modulus E = 2·1011 N/m2 and Poisson’s ratio μ = 0.3.

Solution:

Due to geometry and load symmetry, the portion corresponding to one flex-
ible hinge – see Figure 5.5b – is analyzed instead of the full mechanism of 
Figure 5.5a with its three identical flexible hinges. Because of the stage z-axis 
translation produced by a central force perpendicular to the device plane, 
the end point H of the hinge (which also belongs to the rigid link separated 
from the original platform) undergoes the same translation motion as the plat-
form, which means that the only nonzero out-of-plane displacement at H is 
uz. Preventing the rotations around the local xH and yH axes are the reaction 
moments mx and my, which need to be determined.

As shown in Figure 5.5b, the point of load application F and the point of 
displacements evaluation P are collocated. It is also seen that δH = π/2, which 
yields the following rotation matrix [RFH]:

 
0 1 0
1 0 0

0 0 1
.R[ ] = −

















 (5.40)

Rigid platform 

(a) 
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Load yH xF
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Flexible hinge

Rigid platform 

R 

Flexible hinge 

my, θy = 0

fz, uz 

xH 

yH xF

yF

F H 

Guiding support 

mx, θx = 0fz, uz 

Roller

Rigid link 

(b) 

FIGURE 5.5 Planar mechanism with rigid platform and three identical circular-
axis flexible hinges undergoing z-axis (piston) motion under the action of a central 
force: (a) schematic representation of the mechanism; (b) skeleton representation of 
one hinge and its adjacent rigid link with boundary conditions.
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The out-of-plane translation matrix is calculated according to the formulation 
of Eq. (5.28) with ΔxFH = R and ΔyFH = 0. The native out-of-plane compliance 
matrix of a generic circular-axis flexure hinge is:

 .C
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C C C

C C C
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m m f

f f u f

x x x y x z
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 (5.41)

This matrix is used in conjunction with the rotation matrix of Eq. (5.40) and the 
translation matrix defined in Eq. (5.28) with the particular offsets of this exam-
ple to generate the following transformed compliance matrix as per Eq. (5.33):
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 (5.42)

The displacements at F are connected to the loads at the same point by means 
of the transformed compliance matrix of Eq. (5.42) as:
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 (5.43)

Equation (5.43) considered that the rotations at F about the x and y directions 
are zero, namely: θx = 0 and θy = 0. The first two algebraic equations of the 
vector Eq. (5.43) provide the reaction moments mx and my in terms of the exter-
nal load fz as:
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Substituting these expressions into the third individual Eq. (5.43) allows express-
ing the ratio fz/uz, which is the stiffness corresponding to one flexible hinge. 
Because there are three identical hinges coupled in parallel in the mechanism 
of Figure 5.5a, the total stiffness is three times as large, namely:
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The compliance Eqs. (A2.27) through (A2.32) together with the numerical 
 values of this example result in kz = 393,070 N/m.

5.1.2  multiple-link, flexible-hinGe serial chains

This section studies serial mechanisms that are formed of multiple flexible hinges 
and rigid links. Both properly constrained (determinate) and overconstrained 
(indeterminate) configurations are considered.

A brief analysis is presented first of the common external supports that are 
utilized in flexible-hinge mechanisms together with the associated boundary con-
ditions and reaction loads. Compliant mechanisms are commonly designed as 
monolithic (from one piece) with free, guided or fixed boundary conditions at 
various points supporting/constraining the mechanisms. Depending on whether 
these support points are used in conjunction with external in-plane or out-of-plane 
loading, the degrees of freedom that are zero and the corresponding unknown 
reaction loads are different. Figure 5.6 depicts the fixed and guided support 

(a) (b) (c) (d) (e) (f)

fy, uy = 0 

mz, θz = 0fx = 0, ux fx = 0, ux

fy = 0, uy

mz = 0, θz

my = 0, θy

fz = 0, uz
mx = 0, θxfz = 0, uzmx, θx = 0

my, θy = 0

mx, θx = 0 

my, θy = 0 

fz, uz = 0 

Support

fy, uy = 0 
mz, θz = 0 

Link fx, ux = 0 

FIGURE 5.6 Constraints and reactions/displacements corresponding to: (a) in-plane 
fixed support; (b) out-of-plane fixed support; (c) in-plane guided support; (d) out-of-plane 
guided support; (e) in-plane free point; (f) out-of-plane free point.
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points, as well as the free points, for both in-plane and out-of-plane motions by 
indicating the zero displacements and the corresponding reaction loads.

In order to transfer motion, compliant mechanisms rely on connecting rigid 
links (that confer rigidity and stability to the mechanism) to flexible links (hinges) 
that, through their elastic deformation, enable the adjacent rigid links to undergo 
relative displacements. Such connections of multiple rigid links with flexible 
hinges result oftentimes in serial chains, like the lever sketched in Figure 5.7a, 
which is subjected to in-plane external forcing (actuation and payload) and under-
goes in-plane displacements.

The chain of Figure 5.7a has its end A free (unconstrained) and its opposite 
end C fixed (fully constrained). Due to the in-plane forcing, the fixed support 
at C induces three (unknown) reactions, fCx, fCy and mCz – see Figure 5.6a; as 
a consequence, the system is statically determinate (or properly constrained) 
because the three reactions can be calculated using the three available static equi-
librium conditions/equations. Figure 5.7b shows the skeleton representation of a 
similar fixed-free, n-link statically determinate planar flexible mechanism under 
generic in-plane loading. For fixed-free mechanisms, it is not necessary to deter-
mine the reaction loads (unless this is required) in order to evaluate all relevant 
displacements/loads.

Any combination of a free end (as shown in Figure 5.6e and f) with the oppo-
site end having boundary conditions other than fixed results in an insufficiently 
constrained (movable) mechanism. Conversely, a combination of two ends with 
boundary conditions that are either fixed or guided results in overconstrained 
systems that induce more than three unknown reactions in either in-plane or 

(a) (b)

B

[ f ]

Link i

Link n

Fixed end

, 0Bx Bxf u =

Link 1

, 0By Byf u =

, 0Bz Bzm θ =

A
Free end

External load
A

Actuation 

Fixed end 

Flexible hinge 

Rigid link

Free end 

fCy, uCy = 0 
mCz, θCz = 0 

fCx, uCx = 0 C

B

FIGURE 5.7 Fixed-free serial chain with planar actuation, external loading, reactions 
and boundary conditions: (a) lever arm; (b) skeleton representation of a generic serial chain.
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out-of-plane motion; such systems are statically indeterminate. Figure 5.8 shows 
the skeleton representations of a few overconstrained mechanisms with in-plane 
load and deformation, but they can be similarly overconstrained when acted upon 
by out-of-plane loads.

Unlike the statically determinate (properly constrained) structure of a serial 
chain with one end free and the other end fixed, any of the configurations shown 
in Figure 5.8 require the determination of (some) reaction loads at one of the two 
ends in order to enable the calculation of other displacement/load components of 
interest. For the chain of Figure 5.8a, the reactions at either of the two fixed ends 
are needed first. For instance, the three reactions at end A: fAx , af mAy nd Az, are 
determined by enforcing the three zero boundary conditions at the same point, 
namely: u uAx = =0, Ay 0 and θ =Az 0. The chain of Figure 5.8b has two unknown 
reactions at A: fAy and mAz , which can be found by solving the additional zero- 
displacement equations: uAy = θ0 and Az = 0. Eventually, the guided-guided over-
constrained serial chain of Figure 5.8c generates four unknown reactions. One 
needs to conveniently combine the zero-displacement boundary conditions at 
points A (uAy = θ0, Az = 0) and B (uBy = θ0, Bz = 0) with the three static equilibrium 
equations in order to obtain four equations allowing to solve for the four unknown 
reactions fAy , ,m fAz By and .mBz

5.1.2.1 Fixed-Free Chains   
Load-displacement relationships and corresponding compliance matrices are for-
mulated here for planar serial chains formed of rigid links and flexible hinges 
based on the basic pair of a rigid link and flexible-hinge algorithm introduced in 
a previous section. The serial chains studied here are free at one end and fixed at 
the opposite end, and therefore are statically determinate. In order to simplify the 
mathematical model, it is considered that all segments making up a serial chain 
are flexible and possess compliance matrices. This assumption encompasses both 
flexible links (hinges), which are inherently deformable, and rigid links for which 
zero compliance matrices need to be used. One subcategory of problems considers 
that there is a single load acting on the chain, whereas another subcategory stud-
ies the situation with multiple loads applied at various points on the serial chain.

(c) (a) 

[ f ]

Link i

Link n

Fixed end

, 0Ax Axf u =
Link 1 

, 0Ay Ayf u =
, 0Az Azm θ =

A

B B

A

, 0Ay Ayf u = , 0Az Azm θ =

[ f ]

(b)

[ f ]

, 0Ay Ayf u = , 0Az Azm θ =

, 0By Byf u =

, 0Bz Bzm θ =

B

A

FIGURE 5.8 Skeleton representations of planar overconstrained serial flexible chains 
under in-plane loading with: (a) two fixed ends; (b) one guided end and one fixed end; 
(c) two guided ends.
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5.1.2.1.1 Single Load   
The single load can be applied either at the free end of the serial chain or at any 
other point located on the chain between the free and the fixed ends.

Load applied at the free end:
The load [ fF], which is formed of an in-plane component [ fF,ip] and an out-of-

plane component [ fF,op], acts at the free end of a serial chain formed of n flexible 
links, as illustrated in Figure 5.9. The aim is to calculate the in-plane and out-of-
plane displacements (with appropriate compliance matrices) at the free end, as 
well as at an arbitrary internal point.

In-plane displacements and compliance matrices: The displacement at P1 
(which coincides with F and the chain free end) is calculated by adding all indi-
vidual displacements produced by the single load [ fF,ip] acting at F in conjunction 
with every flexure hinge that is located between the free end and the fixed end of 
the chain. The total in-plane deformation is therefore calculated as:

 ., , ,
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,1u u C fP ip F ip FH ip
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 (5.46)

Equation (5.46) states that the compliance matrix of a series connection of flexible 
hinges is the sum of individual-segment compliance matrices, namely:
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FIGURE 5.9 Fixed-free serial chain with multiple flexible hinges and a single load 
applied at the free end.
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which is also established in Chapters 3 and 4 in the context of multiple-segment 
flexible hinges. Using Eq. (5.26), the individual compliance matrices of Eq. (5.46) 
are expressed as:
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(5.48)

where [Ci,ip] is the local-frame, in-plane compliance matrix of the generic flexible 
hinge i. The translation and the rotation matrices of Eq. (5.48) are:
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with the offsets and rotation angle identified in Figure 5.9.
Consider now that the in-plane displacements need to be calculated at a generic 

point P2 that is located between the free and fixed end points of the serial chain. 
The nonbinding assumption can be made that the next flexible hinge (link) past 
P2 is link p2 (not identified in Figure 5.9). In this case, the in-plane load acting 
at the free end of the chain needs to be combined with all the flexible links that 
are situated past P2, and which are links p2, p2 + 1, …, n. Using the principle of 
superposition, the displacement at P2 adds all partial deformations incurred by 
these links under the action of the free-end load, namely:
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Equation (5.50) indicates that a single compliance matrix can be used instead 
of all the compliance matrices describing the flexible hinges p2, p2 + 1, …, n. 
The individual compliance matrices of Eq. (5.50) are:

C Tr C Tr T R C R T

T R C R T

P FH ip P H ip
T

i ip FH ip P H ip
T

P H
T

i ip FH FH ip

P H ip
T

FH
T

i ip FH FH ip

i i i i i i i

i i i i ,

, , , , , , ,

, , ,

2 2 2 2

2

[ ] [ ]
[ ] [ ]

  =       =      

=       (5.51)

where [ ]R RP H2 i i= [ ]FH  because the reference frames at P1 ≡ F and P2 have their 
corresponding axes parallel. The new translation matrix of Eq. (5.51) is:
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Out-of-plane displacements and compliance matrices: A reasoning similar to 
the one used for the in-plane derivation enables to express the total out-of-plane 
displacement at P1 as the sum of individual  displacements produced by the out-
of-plane load at F over every flexible hinge situated between the free and the fixed 
end points:
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which indicates that the compliance matrix is the sum of individual-segment 
compliance matrices for a series chain. The individual compliance matrices of 
Eq. (5.53) are calculated based on Eq. (5.33) as:
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where the translation matrix is:
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The displacement at the internal point P2 adds all partial deformations of the 
links situated between P2 and the fixed end under the action of the free-end load, 
namely:

 u C f C fP op P FH op

i p

n

F op P op F opi ,, , , , ,2 2

2

2∑  =  












  =    
=

 (5.56)

which shows that one compliance matrix substitutes all the compliance matri-
ces pertaining to the flexible hinges p2, p2 + 1, …, n. The individual compliance 
matrices of Eq. (5.56) are:
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The new translation matrix of Eq. (5.57) is:
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Example 5.3

Evaluate the in-plane and out-of-plane compliance matrices with respect to the 
free end A of the serial mechanism sketched in Figure 5.10, which consists of 
two identical straight-axis flexible hinges and three rigid links. The hinges and 
the connecting rigid link are collinear.

Solution:

The in-plane compliance matrix of the serial chain is calculated with respect to 
the free end point A as:

 C Tr C Tr Tr C TrA ip AB ip
T

ip AB ip AD ip
T

ip AD ip ,, , , , ,  =       +        (5.59)

where [Cip] is the local-frame, in-plane compliance matrix of the hinge. The two 
transformation matrices of Eq. (5.59) realize the load and displacement transfer 
between points A and B, and A and D, respectively; they are calculated as:
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FIGURE 5.10 Planar serial mechanism with two identical and collinear straight-axis 
flexible hinges and three rigid links.
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with ΔxAB = 0, ΔyAB = l1, ΔxAD = (l + l2)·cosδ, ΔyAD = l1 − (l + l2)·sinδ. Combining 
Eqs. (5.59)–(5.61) yields:
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The individual compliances of [CA,ip] are too complex and are not included 
here.

A similar procedure is followed to determine the out-of-plane compliance 
matrix of the device sketched in Figure 5.10 with respect to A, which is:

 C Tr C Tr Tr C TrA op AB op
T

op AB op AD op
T

op AD op ,, , , , ,  =       +        (5.63)

where [Cop] is the out-of-plane compliance matrix of the flexible hinge in its 
local frame. The out-of-plane transformation matrices of Eq. (5.63) are calcu-
lated as:

 Tr R T Tr R TAB op AB AB op AD op AB AD op;, , , ,[ ] [ ]  =     =    (5.64),

with the rotation matrix given in Eq. (5.61) and the translation matrices being:
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Combining Eq. (5.63) and (5.65) results in:
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but the components of [CA,op] are quite involved and not given here.
Load applied at an internal point:
The load [ fF] is now applied at a generic point F situated between the free and 

fixed end points, as illustrated in Figure 5.11. Displacements need to be deter-
mined at a point P1 situated before F, at F, as well as at another point P2 past 
F on the sequence that starts from the free end of the serial chain. In order to 
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evaluate both in-plane and out-of-plane displacements, the load is correspond-
ingly  partitioned into the similar components [ fF,ip] and [ fF,op].

In-plane displacements and compliance matrices: The displacement at P1 in 
Figure 5.11 adds all deformations produced by the in-plane load [ fF,ip] applied 
at F in conjunction with the compliance matrices of all the flexible hinges that 
are situated between point F and the fixed end of the serial chain. Assuming that 
the first flexible hinge past the loaded link is hinge nu mber f, it follows that the 
contributions from hinges f, f + 1, …, n have to be included in the displacement 
vector at P1, namely:

 ., , , , ,1 1 1u C f C fP ip P FH ip

i f
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The individual compliance matrices of Eq. (5.67) are:

.

, , , , , , ,

, , ,

1 1 1 1

1

C Tr C Tr T R C R T

T R C R T

P FH ip P H ip
T

i ip FH ip P H ip
T

P H
T

i ip FH FH ip

P H ip
T

FH
T

i ip FH FH ip

i i i i i i i

i i i i

[ ] [ ]
[ ] [ ]

  =       =      

=       (5.68)

The new translation matrix of Eq. (5.68) is:
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FIGURE 5.11 Fixed-free serial chain with multiple flexible hinges and a single load 
applied at an internal point.
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When the displacement point of interest is F (where the load is also applied), 
the calculation procedure is identical to the one presented in Eqs. (5.46) through 
(5.49), where F coincided with the free end of the serial chain. The only difference 
is that, instead of considering all n flexible hinges, only the hinges f, f + 1, …, n 
need to be accounted for, and therefore, the lower limit of 1 in the summations of 
Eqs. (5.46) and (5.47) is replaced by f.

Also, similar to the case where the load is applied at the free end and the 
displacement point of interest is located between F and the fixed end point, the 
current problem (where displacements at P2 are needed for F not coinciding with 
the free end point) is solved by means of Eqs. (5.50)–(5.52).

Another problem that can be solved with this approach is to relate the in-plane 
displacements that are produced at two points on the serial chain, such as P1 and 
P2 in Figure 5.11. Using Eqs. (5.67) enables expressing the displacement at P1 as:

 

,

, , , , ,

, ,
1

, , ,

1 1 1

1 1 1 1

u C f C f

f C u K u

P ip P FH ip

i f

n

F ip P ip F ip

F ip P ip P ip P ip P ip

i∑  =  












  =    

  =     =    

=

−

or
 (5.70)

where K C =  
−1

P i1 1, ,p P ip   is the in-plane stiffness matrix corresponding to all 
flexible segments situated between P1 and the fixed end. Considering the  modality 
of evaluating the displacement at P2, it follows that the displacements at the two 
points of interest are related as:
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Obviously, the following relationship is applicable resulting from inverting the 
matrices in Eq. (5.71):
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where K C =  
−1

P i2 2, ,p P ip   is the in-plane stiffness matrix corresponding to all 
flexible segments situated between P2 and the fixed end.

Out-of-plane displacements and compliance matrices: The out-of-plane dis-
placements produced by [ fF,op] at P1 in Figure 5.11 are  calculated similarly to the 
in-plane displacements at the same point, namely:
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 (5.73) 
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which indicates that a single compliance matrix, denoted by CP o1 , p , can be used 
instead of all the compliance matrices defining the flexible hinges f, f + 1, …, n. 
The individual compliance matrices of Eq. (5.73) are:
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The new translation matrix of Eq. (5.74) is:
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The displacement at F (which is the load application point) is evaluated using a 
procedure identical to the one of Eqs. (5.53)–(5.55), where F was the free end 
of the serial chain. The only difference is that one needs to consider the hinges 
f, f + 1, …, n instead of all the hinges; as a consequence, the lower limit of 1 in the 
summations of Eqs. (5.53) is replaced by f.

Also, similar to the case when the load F is applied at the free end and the 
displacement point of interest is located between F and the fixed end point, Eqs. 
(5.56)–(5.58) apply without any change to the current case where displacements 
produced by F are needed at a point P2 located past F.

The out-of-plane displacements at the generic point are:
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where K C, , =  
−1

P o1 1p P op   is the out-of-plane stiffness matrix corresponding to 
the flexible segments past point P1. The displacements at the two points of interest 
are related as:
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equation, which can be written reversely as:

 u C K u C K uP op P op P op P op P op P op P op ,, , ,

1
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 (5.78)

where K C =  
−1

P o2 2, ,p P op   is the out-of-plane stiffness matrix corresponding to 

the flexible segments past point P2.
Conclusion:
The two cases that have been discussed in this section highlight the following 

generalized algorithm: to calculate the displacements at a generic point P on a 
fixed-free serial chain comprising n flexible hinges and acted upon by a single 
load, the load applied at the generic point F needs to be combined with the com-
pliance matrices of all flexible hinges situated between whichever of the points 
P and F is closer to the chain’s fixed end and the fixed end. The displacement at 
P is determined by adding up all these displacements after transferring them to 
the point of interest P.

Example 5.4

A force fBy acts at point B on the planar mechanism sketched in Figure 5.12, 
which is made of two perpendicular links: the rigid lever AC and the flex-
ible hinge CD. Calculate the displacements uAy and uBy at points A and B, as 
well as the displacement amplification uAy/uBy. Utilize a right circularly corner-
filleted flexible hinge – see Figure 3.13. The hinge has a constant out-of-plane 
width w. The parameters have the following numerical values: l = 0.02 m, 
r = 0.002 m, t = 0.001 m, w = 0.009 m, lA = 0.08 m, lB = 0.01 m, E = 2·1011 N/m2 
and fBy = 50 N.

Solution:

The in-plane displacement vectors at A and B are expressed as:

 ; ., , , ,u C f u C fA ip ABC ip B B ip BC ip B[ ] [ ]  =     =    (5.79)
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FIGURE 5.12 Planar serial mechanism with one rigid link and one straight-axis 
flexible hinge.
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The compliance matrix [CABC,ip] is calculated as:
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Similarly, the compliance matrix [CBC,ip] is calculated as:
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with the rotation and translation matrices of Eq. (5.81). The in-plane compli-
ance matrix of the right circularly corner-filleted flexible hinge is evaluated 
based on the calculation procedure outlined in Section 3.2.2.2.3. Considering 
that the load vector at B is [fB] = [0 − f T

By 0] , and the displacement vectors at 
A and B are [uA] = [uAx uAy θAz]T, [uB] = [u T

Bx uBy θBz] , the two displacements of 
interest, as well as their ratio, are determined as:

 = − ⋅ = − ⋅ =− −
−

−
; ; / ., ,

,

,

u C f u C f u u
C

C
Ay ABC u f By By BC u f By Ay By

ABC u f

BC u f
y y y y

y y

y y

 (5.83)

The following numerical values are obtained: uAy = −0.037 m, uBy = −0.000586 m 
and uAy/uBy = 63.94.
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5.1.2.1.2 Multiple Loads   

Several loads  fFj
, j = 1, 2, …, m act on a fixed-free serial chain, as illus-

trated in Figure 5.13. The displacements at a generic point will be generated 
by superimposing the actions of each individual load over the flexible hinges 
that are s ituated either past the displacement point or the load application point, 
whichever is closer to the fixed end. While the displacement point of interest can 
occupy various positions along the chain, the analysis is limited here to the point 
P1, which is situated in front of (before) all m external loads in a sequence that 
starts from the free end.

In-plane displacements and compliance matrices:
The total in-plane displacement at P1 adds the displacements produced by all 

the loads through all the flexible hinges that are located between a load  application 
point and the chain’s fixed end, namely:
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 (5.84)
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FIGURE 5.13 Fixed-free serial chain with multiple flexible hinges and rigid links, and 
multiple loads.
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Equation (5.84) assumed the flexible hinges fj, fj + 1, ..., n are placed past the 

location of the load  fF ij , p , which is applied at point Fj. The individual compli-

ance matrices of Eq. (5.84) are:

 .

, , , ,

, , ,

, , ,

1 1

1 1

1

C Tr C Tr

T R C R T

T R C R T

P F H ip P H ip
T

i ip F H ip

P H ip
T

P H
T

i ip F H F H ip

P H ip
T

F H

T

i ip F H F H ip

j i i j i

i i j i j i

i j i j i j i

[ ]

  =      

=        

=            (5.85)

Ci i, p  is the local-frame, in-plane compliance matrix of hinge i. The new transla-
tion matrix of Eq. (5.85) is:

 
1 0 0
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1
,,T
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







 (5.86)

while TP H1 i ,ip  is provided in Eq. (5.69).
Out-of-plane displacements and compliance matrices:
A similar procedure is applied for the out-of-plane case when the 

 displacements at P1 are calculated as:
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(5.87)

The individual compliance matrices of Eq. (5.87) are:
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(5.88)
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,Ci op  is the local-frame, out-of-plane compliance matrix of hinge i. The new 
translation matrix of Eq. (5.88) is:

	

1 0

0 1

0 0 1

.,T

y

xF H op

F H

F Hj i

j i

j i
  =

−∆
∆



















	 (5.89)

Example 5.5

	 i.	Calculate the free-end, in-plane displacements of the lever mecha-
nism illustrated in Figure 5.14, which is acted upon by an external 
force fAx = 20 N and an actuation force fD = 300 N. Consider that the 
identical flexible hinges are of constant circular cross-section and 
that known are the hinge diameter d = 0.002 m, the hinge length 
l = 0.01 m, lAB = 0.08 m, lCD = 0.04 m, δ = 45°, E = 0.8·1011 N/m2 and 
μ = 0.33;

	 ii.	Evaluate the minimum value of the actuation force fD that produces 
a horizontal displacement uAx = 0 at A for fAx provided at (i). Also, 
calculate the vertical displacement uAy and the rotation θAz for this 
load condition;

	 iii.	Evaluate the maximum value of a force fAz perpendicular to the 
lever’s plane applied at A that results in an out-of-plane deflection 
uAz = 0.0005 m. Also, calculate the rotations at A around the x and y 
axes, θAx and θAy pertaining to this load condition. Consider that all 
the in-plane loads are removed.

yB 

fD

A

Fixed end

Free end 

lAB

x

fAx

B

C

D

E

lCD

l

l

δ

xD 
yD 

y, xB 

δ

Flexible hinge

Rigid link

ΔyAB

ΔyAD

FIGURE 5.14  Fixed-free planar serial chain with two flexible hinges, two rigid 
links and two external loads.
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Solution:

 i. The in-plane displacement at A adds the contributions of fAx over the 
two hinges and of fD over the hinge at the fixed root of the chain, 
namely:

 
u Tr C Tr Tr C Tr f

Tr C f

A ip AB ip
T

ip AB ip AD ip
T

ip AD ip A ip

AD ip
T

ip D ip ,

, , , , , ,

, ,

( )  =       +        

+      

 

(5.90)

where [Cip] is the in-plane compliance matrix of the two identical 
flexible hinges. The first term in the parenthesis multiplying the vector 
[fA,ip] indicates that [fA,ip] is transferred from A to B by means of the 
transformation matrix [TrAB,ip], and then, the resulting deformation at 
B due to the hinge BC is relocated at A by means of [TrAB,ip]T. Similar 
notations are used in the second term of the parenthesis to transfer 
the same load from A to D and then to transfer the resulting defor-
mation produced by the hinge DE back to A. The load [fD,ip] already 
resides at D so it needs no relocation; only the deformation produced 
by it through the hinge DE is transferred at A by means of [TrAD,ip]T. 
The transformation matrices in Eq. (5.90) are:

 ; ,, , , ,Tr R T Tr R TAB ip AB AB ip AD ip AD AD ip[ ] [ ]  =     =    (5.91)
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1
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y x
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AB AD
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AD AD

 (5.92)

The offsets of Eq. (5.92) are: ΔxAB = 0, ΔyAB = lAB, ΔxAD = lCD·cosδ, 
ΔyAD = lAB + l + lCD·sinδ. The force vectors of Eq. (5.90) are:

0 0 ; sin cos 0 ., ,f f f f fA ip Ax

T

D ip D D

T

  = −



   = ⋅ δ − ⋅ δ





 (5.93)

Using the compliances of a constant circular cross-sectional flexure 
hinge of Eq. (2.33), as well as the numerical values provided here, the 
following results are obtained: uAx = −0.0495 m, uAy = 0.0068 m and 
θAz = −0.489 rad.
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 ii. The value of the force fD that statically balances the effect of the external 
force fAx is found by setting the x-displacement component of the vector 
[uA,ip] to zero. As a consequence, the following results from Eq. (5.90):

 

f Tr C

u Tr C Tr Tr C Tr f

D ip AD ip
T

ip

A ip AB ip
T

ip AB ip AD ip
T

ip AD ip A ip .

, ,

1

, , , , , ,( )
( )

( )
  =    

×   −       +        

−

 (5.94)

Combining Eqs. (5.93) and (5.94) results in three algebraic equa-
tions that are solved for fD = 1,015.09 N, uAy = −0.0065 m and 
θAz = −0.087 rad.

 iii. The only force vector acting on the lever is the out-of-plane one at 
A defined as:

 
T

 f fA o, p A = 0 0 z
 . (5.95) 

and which produces the following out-of-plane displacement at A:

 

,, , , , ,C Tr C Tr Tr C TrA op AB op
T

op AB op AD op
T

op AD op( )  =       +      

, , ,u C fA op A op A op  =    
 (5.96)with  

where

 ; ., , , ,Tr R T Tr R TAB op AB AB op AD op AD AD op[ ] [ ]  =     =    (5.97)

The out-of-plane translation matrices are:
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 (5.98)

and the out-of-plane displacement vector at A is:

T

.,u uA op Ax Ay Az  = θ θ



  (5.99) 

Combining now Eqs. (5.95) through (5.99) yields:
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 (5.100)
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The last algebraic equation in the matrix Eq. (5.100) allows solving 
for fAz as:

 .
,

f
u

C
Az

Az

A u fz z

=
−

 (5.101)

The other two algebraic equation Eq. (5.100) are combined with 
Eq. (5.101) to yield the out-of-plane rotations at A as:
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C f
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A f
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





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−
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−

 (5.102)

With the numerical parameters and the [Cop] matrix defined by its com-
ponents of Eqs. (2.33), the results are fAz = 0.128 N, θAx = −0.0045 rad 
and θAy = 0.00035 rad.

Symmetric chains:
Planar flexible-hinge mechanisms are frequently designed with geometry and 

load symmetry in order to generate displacements along specified directions, 
since the symmetry results in boundary conditions preventing/favoring displace-
ments along certain axes. In such mechanisms, as discussed later in this chapter, a 
symmetric mechanism is formed by serially connecting two identical chains that 
are mirrored with respect to a line, which becomes the symmetry axis. Consider, 
for instance, the planar serial mechanisms of Figure 5.15; they are composed 
of chain 1 (comprising several flexible and rigid segments, but represented as a 
single chain) and chain 2, which is the mirror of chain 1 with respect to an axis 
passing through the joining point A – as a result, this line becomes a symmetry 
axis for the overall portion formed of the two chains connected in series.

(a) (b)

y

A

x

xA

O

Symmetry axis

Flexible chain 2 

Flexible chain 1 

C

yA

lx

ly xA

A

Symmetry axis

Flexible chain 2

x

y

CO

yA

lx

ly
Flexible chain 1

FIGURE 5.15 Two identical and mirrored flexible chains, which are serially connected 
and display symmetry with respect to: (a) a horizontal axis; (b) a vertical axis.
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Symmetry with respect to the x axis:
Assume that the in-plane compliance matrix of the flexible chain 1 in 

Figure 5.15a is known with respect to the reference frame AxAyAzA (whose axis 
AxA is the  symmetry axis) as:

 .,
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(1) (1) (1)
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 (5.103)

Because chain 2 is chain 1 mirrored with respect to the AxA axis, its in-plane 
compliance matrix in the same reference frame centered at A results from the 
matrix of chain 1 given in Eq. (5.103) by changing the signs of the compliances 
that connect the axes x to y and x to z, namely:
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 (5.104)

The compliance matrix of the entire segment resulting from serially combining 
the two chains with respect to the reference frame centered at A is the sum of the 
two compliances expressed in Eqs. (5.103) and (5.104):
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 (5.105)

Oftentimes, the compliance matrix of the full segment needs to be evaluated 
with respect to a translated reference frame that is located at one of the chain’s 
ends; for instance, the compliance matrix is calculated with reference to the 
Oxyz frame as:
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 (5.106)

with ΔxOA = lx and ΔyOA = −ly. Combining Eqs. (5.105) and (5.106) results in:
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 (5.107)

A similar approach is used to calculate the out-of-plane compliance of the serial 
chain depicted in Figure 5.15a. The compliances of chains 1 and 2 are expressed 
in the reference frame centered at A as:
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The out-of-plane compliance matrix of the entire segment with respect to the 
reference frame centered at A is:
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The compliance matrix of Eq. (5.109) is translated at the end point O as:

 

1 0
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Substituting Eq. (5.109) into Eq. (5.110) results in:
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θ −

 (5.111)

Symmetry with respect to the y axis:
The generic flexible segment of Figure 5.15b is symmetric with respect to the 

yA axis. The in-plane and out-of-plane compliance matrices of the mirrored seg-
ment 2 are expressed in terms of those of the (basic) segment 1 (both matrices are 
formulated in the AxAyAzA frame):

 

;

.

,
(2)

(1) (1) (1)

(1) (1) (1)

(1) (1) (1)

,
(2)

(1) (1) (1)

(1) (1) (1)

(1) (1) (1)

C

C C C

C C C

C C C

C

C C C

C C C

C C C

A ip

u f u f u m

u f u f u m

u m u m m

A op

m m f

m m f

f f u f

x x x y x z

x y y y y z

x z y z z z

x x x y x z

x y y y y z

x z y z z z

  =

−

− −

−



















  =

−

− −

−





















− − −

− − −

− − θ −

θ − θ − θ −

θ − θ − θ −

θ − θ − −
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by using minus signs for the xy and yz compliances. After adding the two segment 
compliance matrices and translating the resulting matrices from A to O, the full-
mechanism compliance matrices are expressed in the end-point reference frame 
Oxyz as:
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y m u m
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 (5.114)

Note that ΔxOA = lx and ΔyOA = ly in the translation matrices defined in Eqs. (5.106) 
and (5.110).

Example 5.6

Evaluate the in-plane and out-of-plane compliance matrices of the fixed-free 
serial segment of Figure 5.16a with respect to the end-point reference frame 
Oxyz. The mechanism is formed of two serially connected identical flexible 
chains that are mirrored with respect to a horizontal axis; the upper segment, 
which is pictured in Figure 5.16b, comprises two identical straight-axis flexible 
hinges and three rigid links.

Solution:

The in-plane compliance matrix of the serial half-segment AO of Figure 5.16b 
recorded with respect to the reference frame AxAyAzA is calculated as:

   =       +       ,, , , , ,C Tr C Tr Tr C TrA ip AB ip
T

ip AB ip AD ip
T

ip AD ip  (5.115)

with

 ; ., , , ,Tr R T Tr R TAB ip AB AB ip AD ip AD AD ip[ ] [ ]  =     =    (5.116)
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FIGURE 5.16 Serial chain with axial symmetry: (a) full configuration; (b) basic 
(half)-mechanism comprising two identical and collinear straight-axis flexible 
hinges with defining geometry.
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[Cip] is the in-plane compliance matrix of any of the two hinges in its local 
frame. The translation matrices [TAB,ip] and [TAD,ip], and the rotation matrices 
[RAB] and [RAD] realizing the transfer of the two hinge compliance matrices 
from B to A and D to A are:
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y x
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y x

R R

AB ip

AB AB
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;
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
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 (5.117)

with ΔxAB = 0, ΔyAB = l1, ΔxAD = −(l + l2)·cosδ and ΔyAD = l1 + (l + l2)·sinδ. Using 
the in-plane compliance matrix of a generic straight-axis flexure hinge and 
combining it with Eqs. (5.115)–(5.117) produce the in-plane compliance matrix 
of the full chain of Figure 5.16a with respect to the reference frame centered at 
A as given in Eq. (5.105) and with the following components:
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
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θ − θ − (5.118)

These compliances can now be substituted in Eq. (5.107) to obtain the 
 components of the in-plane compliance matrix of the full chain with respect 
to the end point O.

The out-of-plane compliance matrix of the serial half-chain AO of 
Figure 5.16b with respect to the reference frame AxAyAzA is calculated as:

 C Tr C Tr Tr C TrA op AB op
T

op AB op AD op
T

op AD op ,, , , , ,  =       +        (5.119)

where [Cop] is the hinge out-of-plane compliance matrix. The transformation 
matrices of Eq. (5.119) are:

 [ ]  =     =    ; ., , , , ,Tr R T Tr R TAB op AB AB op AD op AD ip AD op  (5.120)
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The rotation matrices of Eq. (5.120) are evaluated in Eq. (5.117), whereas the 
out-of-plane translation matrices are:
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∆
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 (5.121)

Equations (5.119)–(5.121) are combined to obtain the following components of 
the out-of-plane compliance matrix of Eq. (5.109):
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 (5.122)

They can be utilized in Eq. (5.114) to express the out-of-plane compliance 
matrix in the Oxyz reference frame.

5.1.2.2 Overconstrained Chains   
Planar serial flexible-hinge mechanisms may be overconstrained when the exter-
nal supports result in a number of reactions that are in excess of the number of 
static equilibrium equations. In those situations, it is necessary to formulate addi-
tional load/displacement equations accounting for zero displacements in order 
to solve for the extra reaction loads. With the additional reactions determined, 
these chains are equivalently transformed into statically determinate (properly 
constrained) serial chains acted upon by multiple loads (the external loads and 
the reaction loads), and can be modeled by the procedure presented in the previ-
ous sections. For the sake of simplicity, it is considered that the supplemental 
 constraints are applied at the free end, while the opposite end remains fixed.

Several external loads  fFj , j = 1, 2, …, m act on the generic planar serial 

chain sketched in Figure 5.17. Without reducing the generality of the discussion, 
assume that the point of interest, P (where displacements need to be evaluated), 
is in front of all the m applied loads. Also assume that the previously free end 
point O is constrained, and therefore, there is a reaction load [ fO] at that point, 
which needs to be determined before being able to calculate the displacements at 
P. For each unknown reaction component, there is a zero displacement at point O 
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and these zero-displacement equations are utilized to evaluate the corresponding 
reaction components at O in terms of the externally applied multiple loads. The 
displacements at P are subsequently calculated by superimposing the deforma-
tions of each individual external load over the flexible hinges that are situated past 
their application points to the deformations resulting from applying the reaction 
load at O on the flexible hinges that are situated between (and past) point P and 
the fixed end of the chain.

The in-plane and out-of-plane quasi-static response of the mechanism 
shown in Figure 5.17 is analyzed next considering that point O is either fixed 
or guided.

5.1.2.2.1 In-Plane Model   
The loads and zero boundary conditions pertaining to a fixed end O are depicted 
in Figure 5.18a, while the reaction loads and zero boundary conditions for a 
guided end at O are shown in Figure 5.18b when the serial chain of Figure 5.17 is 
acted upon by in-plane loads only.

Fixed end at O:
The displacements at O result by superimposing the displacement of the reac-

tion load vector  fO i, p  at O to that produced by all the loads through all the flex-

ible hinges that are located between the load application point and the chain’s 
fixed end, namely:

δi

iHx

iHy

x

y

iPHx∆

[fFj]
iPHy∆

P Fj

j iF Hx∆

j iF Hy∆

Py

Px

xF

yF

Link n
Hn

Fixed end

Hi
Link i

O[fO]
Constrained end

Link 1 

Constrain reaction load

iOHy∆

iOHx∆

FIGURE 5.17 Serial chain with multiple flexible hinges and rigid links, multiple loads, 
with one end constrained and the other end fixed.
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(5.123)

The individual compliance matrices of Eq. (5.123) pertaining to the known exter-
nal loads are:

.

, , , , , , ,

, , ,

C Tr C Tr T R C R T

T R C R T

OF H ip OH ip
T

i ip F H ip OH ip
T

OH
T

i ip F H F H ip

OH ip
T

F H

T

i ip F H F H ip

j i i j i i i j i j i

i j i j i j i

[ ]  =       =        

=           (5.124)

where the translation and rotation matrices are defined in Eqs. (5.49) and (5.86). 
The compliance matrices related to the load at O are:

 ., , , , , , ,C Tr C Tr T R C R TOH ip OH ip
T

i ip OH ip OH ip
T

OH
T

i ip OH OH ipi i i i i i i[ ] [ ]  =       =         
 (5.125)

Considering that   = = = θ =





0 0 0 , Eq. (5.123) allows 

solving for the reaction load at O as:

,u u uO ip O O O

T

x y z

 ., ,
1

, ,

1

f C C fO ip O ip OF ip F ip

j

m

j j∑( )  = −      
−

=

 (5.126)

The in-plane displacement vector at P is calculated as:

O

, 0Oy Oyf u =

, 0Oz Ozm θ =

(a) (b)

O, 0Ox Oxf u =
Link 1

, 0Oy Oyf u =

, 0Oz Ozm θ =

FIGURE 5.18 Constrained end O of serial chain acted upon by in-plane loads: (a) fixed 
support; (b) guided support.
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The CP i, p  matrix considers there are fP flexible hinges past point P.

Example 5.7

The suspension mechanism shown in skeleton representation in Figure 5.19 
is formed of rigid and flexible links that are all of straight axis and collinear. 
An in-plane load vector [fE] = [fEx fEy 0]T acts at the midpoint E of the symmet-
ric mechanism. Evaluate the in-plane displacements at E. Consider the identical 
flexible hinges have a constant rectangular cross-section with in-plane thick-
ness t = 0.001 m, out-of-plane width w = 0.008 m, lengths lh1 = 0.02 m and 
lh2 = 0.015 m, and Young’s modulus E = 0.8·1011 N/m2. Known are also l1 = 0.04 m, 
l2 = 0.03 m, fEx = 10 N and fEy = −200 N.

Solution:

The in-plane displacements at A are expressed in terms of the reaction load at 
A and the external load at E in short form as:

   =     +     ,, , , , ,u C f C fA ip AA ip A ip AE ip E ip  (5.128)
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(1) 

F
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yA

Symmetry axis

G H IA B C D
E

[fA] 

lh2l1 l2

(1)(2) (2)

FIGURE 5.19 Fixed-fixed serial flexible chain with collinear links and acted 
upon by an in-plane load.
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where the compliance matrices are:

 .
, , , , ,

, , ,

C C C C C

C C C
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AE ip AEF ip AEH ip
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  =   +  









 (5.129)

The compliance matrices in the right-hand side of Eq. (5.129) are determined 
based on the in-plane compliances of the two different flexible hinges denoted 
by (1) and (2) in Figure 5.19, namely:
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with the translation matrices being generically defined as:
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where i = A or E and j = C, F or H. The x-axis offsets of Eq. (5.131) are: 
ΔxAC = lh1 + l1, ΔxAF = lh1 + lh2 + l1 + 2·l2, ΔxAH = lh1 + 2·lh2 + 2·l1 + 2·l2 and 
ΔxEF = l2, ΔxEH = lh2 + l1 + l2. Because the in-plane displacements at A are zero, 
the reaction load at A is found from Eq. (5.128) as:

−1
  = −       ., , , ,f C C fA ip AA ip AE ip E ip  (5.132) 

The in-plane displacement at E is:

 u C f C fE ip EA ip A ip EE ip E ip ,, , , , ,  =     +      (5.133)



231Serial Flexible-Hinge Mechanisms

with
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     

The in-plane compliance matrices in the right-hand sides of Eq. (5.134) are:
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where the translation matrices are defined generically in Eq. (5.131) with i = E 
or A and j = F or H. Taking into account that the reaction load at A is expressed 
in terms of the external load at E in Eq. (5.132), the displacement of Eq. (5.133) 
becomes:

., , , , , ,
1

, ,u C f C C C C CE ip E ip E ip E ip EA ip AA ip AE ip EE ipwith  =       = −       +  
−

 (5.136)

The flexible-hinge compliances were calculated with the aid of Eqs. (2.26). 
The numerical results are uEx = 3.125·10−7 m, uEy = 0.038 m and θEz = −1.124 rad.

Guided end at O:
When the end O is guided instead of fixed, the in-plane displacement vector at 

O has its x component different from zero due to the unconstrained motion allowed 

along x by the guide, which means: 0 0 0 .,u u uO ip Ox Oy Oz

T

  = ≠ = θ =



  

As a consequence, and as indicated in Figure 5.18b, there are only two nonzero 
reaction loads, fOy and mOz. Equation (5.123) enables expressing the reaction loads 
fOy and mOz, as well as the displacement uOx in terms of the externally applied 
loads. Following a procedure similar to the one used for the fixed boundary 
 conditions at O, the displacements at P can now be determined by means of 
 equations similar to Eqs. (5.123) through (5.127).

Example 5.8

The suspension mechanism of Figure 5.19 is acted upon by a force fE = 200 N 
that is aligned with the symmetry axis. Evaluate the resulting displacement at E 
for the same geometric and material parameters of Example 5.7.

Solution:

Because of both geometry and load symmetry, one can study the elastic 
response of half the mechanism of Figure 5.19, as illustrated in Figure 5.20.
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The horizontal displacement and rotation at the guided end E are zero, 
which are uEx = 0 and θEz = 0. The following relationship connects the loads at 
E (fE/2 – the external load – and reactions – fEx and mEz):
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where the compliance matrix  ( )
C h

E i, p  is calculated for the half-segment EI in the 
reference frame located at E, as shown in Figure 5.20. This matrix combines the 
compliance matrices of the two flexible hinges, namely:
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The first algebraic Eq. (5.137) results in the x-reaction at E being zero because: 
C f( )h

E u, x x− f ⋅ =Ex 0. The other two algebraic Eqs. (5.137) allow solving for the other 
reaction mEz and for the displacement uEy:
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The displacement of interest is uEy = −0.046 m.

fEx

lh1

fE/2

F
xE, xF, xH

yE

G H I
E

l2 l1lh2

(1)(2)

yF yH

mEz

FIGURE 5.20 Fixed-guided serial flexible chain with collinear links and acted 
upon by a force along the guiding axis.
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5.1.2.2.2 Out-of-Plane Model   
The reaction loads and zero boundary conditions pertaining to a fixed or guided 
end O are depicted in Figure 5.21a and b for out-of-plane external loads.

Fixed end at O:
The out-of-plane displacements at O are produced by superimposing the defor-

mation effects of the reaction load vector  fO o, p  at O with those of the external 
loads through all the flexible hinges that are located between the load application 
point and the chain’s fixed end, namely:
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The compliance matrices that are related to the external loads in Eq. (5.141) are:
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The rotation and translation matrices of Eq. (5.142) are defined in Eqs. (5.49), 
(5.55) and (5.89).

The compliance matrices connected to the reaction load at O are:
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T
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OH
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i op OH OH opi i i i i i i[ ] [ ]  =       =      
 (5.143)

(a) (b)

O
, 0Ox Oxm θ =

Link 1 

, 0Oy Oym θ =

, 0Oz Ozf u = O
, 0Ox Oxm θ =

, 0Oy Oym θ =

FIGURE 5.21 Constrained end O of serial chain acted upon by out-of-plane loads: 
(a) fixed support; (b) guided support.
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Because 0 0 0 .,u uO op O O O

T

x y z  = θ = θ = =





 the reaction load is found 

from Eq. (5.141) as:
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The out-of-plane displacements at P are determined as:
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The CP o, p  matrix considers there are fP flexible hinges past point P.

Guided end at O:
For a guided end at O, as shown in Figure 5.21b, the z-axis transla-

tion is nonzero, while the other rotations are zero, namely:   =,uO op

θ = θ = ≠



0 0 0 .uOx Oy Oz

T

 Consequently, the nonzero reaction 

loads that correspond to the associated zero displacements are mOx and mOy.  
The calculation procedure, which is not detailed here, resembles the one per-
formed for the fixed-end chain. The reaction loads mOx and mOy, as well as the 
displacement uOz , are first expressed from Eq. (5.141) in terms of the externally 
applied loads, and then, the out-of-plane displacements at P are evaluated by 
means of equations similar to Eqs. (5.142) through (5.145).

5.1.3  displacement-amplification mechanisms 
reducible to serial flexible chains

Displacement-amplification devices with flexible hinges are utilized to augment 
the usually small input displacement levels, such as those produced by piezoelec-
tric actuators. Some of these mechanisms can have two symmetry axes, but they 
can also possess a single symmetry axis. Figure 5.22 illustrates two hinge mecha-
nisms, which possess two perpendicular symmetry axes; the actuation is applied 
along one symmetry axis (the horizontal direction in Figure 5.22), and the output 
displacement (also aligned with the external load direction) is produced along the 
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other symmetry axis (the vertical direction in the same Figure 5.22). As discussed 
in this section, flexible-hinge mechanisms (such as  displacement-amplification 
devices) with geometry and load symmetry can be modeled by only studying 
a serial portion of the mechanism. Chapter 6 studies flexible-hinge displace-
ment-amplification mechanisms that are analyzed as parallel mechanisms in 
the absence of symmetry; the same chapter also mentions publications that are 
related to this class of mechanisms.

5.1.3.1  Mechanisms with Two Symmetry Axes
A generic displacement-amplification mechanism is the one sketched in 
Figure 5.23a. The device possesses double symmetry and utilizes four identical 
chains that are formed of serially connected flexible hinges and rigid segments. 
The actuation (forces), as well as the external load (forces), act along the two sym-
metry lines; the assumption here is that the two components of the actuation are 
identical and opposite, and the same assumption is valid for the two external load 
components. Due to the relatively small inclination angle of the flexible chains 
with respect to the horizontal direction, the output displacement (which is along 
the vertical symmetry axis) is larger than the input displacement occurring along 
the horizontal symmetry axis, which lends the name of “displacement amplifica-
tion” to this mechanism category.

Due to both geometry and load symmetry about two perpendicular axes, the 
quarter mechanism shown with load and boundary conditions in Figure 5.23b 
can be used instead of the original, full mechanism of Figure 5.23a. This simpler 
quarter mechanism is actually a serial chain formed of two end rigid links con-
nected to the middle flexible chain. The end boundary conditions are guided, 
as symbolized in the same Figure 5.23b. Assume that known are the lengths of 
the two rigid links, l1 and l2, the distances between the two end points O and C 
(which are denoted by ΔxCO and ΔyCO in Figure 5.23b with ΔxCO > ΔyCO in order 
to realize displacement amplification), as well as the actuation force fa and the 
external load force fl corresponding to the quarter mechanism. This mechanism 

(a)

Straight-axis hinge

Rigid link

Actuation

Load

(b)

Circular-axis hinge

Symmetry axes 

FIGURE 5.22 Displacement-amplification mechanisms with geometry and load 
 symmetry, and: (a) straight-axis flexible hinges; (b) curvilinear-axis flexure hinges.
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is characterized by several performance qualifiers in terms of its regular, in-plane 
operation. One objective is to express the planar displacement (geometric) ampli-
fication (short-form notation is d.a.), which is defined as the ratio of the y-dis-
placement at O to the x-displacement at C, namely:

 . . .d a
u

u
Oy

Cx

= =
outputdisplacement
inputdisplacement

 (5.146)

It is of interest to also evaluate the minimum level of actuation fa that can coun-
teract an existing external load or, conversely, to determine the block load, which 
results in zero output displacement for a given actuation load; the block load is 
determined as:

 .,max 0
f fl l uOy

= =block load =  (5.147)

Another qualifier is the input stiffness of the elastic frame in the absence of the 
external loading ( fl = 0). The full mechanism of Figure 5.23a can be designed 
by stacking two quarter-mechanism portions (like the ones to the right of the 
vertical symmetry axis in Figure 5.23a), which means combining them in series. 
The  stiffness of the resulting (half) mechanism is half the quarter-mechanism 
stiffness. The full mechanism is obtained by connecting in parallel the two iden-
tical half-portions that are to the right and the left of the vertical symmetry axis. 
As a result, the stiffness of the full mechanism is twice the stiffness of the half-
mechanism (which is half the stiffness of the quarter portion), with the net result 
that the stiffness of the full mechanism sketched in Figure 5.23a is the same as the 
stiffness of the quarter mechanism of Figure 5.23b in terms of the input (actua-
tion) load. The input stiffness is therefore defined as:

 .k
f

u
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Cx

= =
input force

inputdisplacement
 (5.148)
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Ox x O

x C

yC
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Δy CO

FIGURE 5.23 Double-symmetry displacement-amplification mechanism with four 
identical flexible chains: (a) skeleton representation; (b) quarter mechanism with bound-
ary conditions.
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Similarly, one can define the output stiffness of this mechanism as being identi-
cal to the one of the quarter mechanism when only the external load is taken into 
consideration ( fa = 0) as:

 .k
f

u
out

l

Oy

= =
load force

outputdisplacement
 (5.149)

Eventually, the cross-stiffness can be evaluated by relating either the input force 
to the output displacement (when considering the external load force is zero) or by 
means of the output force in relation to the input displacement (under the assump-
tion of zero actuation force), namely:
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f

u
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Oy

l
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= = = =
input force

outputdisplacement
load force

inputdisplacement
 (5.150)

It will be demonstrated that, actually, the cross-stiffness is the same when calcu-
lated by either of the two variants of Eq. (5.150).

As per Eq. (5.146), the displacement amplification is evaluated by means of 
the output and input displacements resulting from the action of the actuation load 
fa and the external load fl shown in Figure 5.23b. To evaluate the two unknown 
displacements, it is necessary to first determine the reaction loads set at the end 
points O and C. It should be noted that all subsequent displacements and loads are 
in the plane of the mechanism, and therefore, the subscript “ip” is eliminated to 
simplify notation. The relative displacements at the points O and C are expressed 
by means of the corresponding loads applied at either O or C and the compliance 
of the serial chain of Figure 5.23b as:

 u u C f u u C fO C O O C O C C; ,[ ] [ ][ ] [ ] [ ] [ ] [ ] [ ]− = − =  (5.151)

which yields

 0 .C f C fO O C C[ ] [ ][ ] [ ] [ ]+ =  (5.152)

The first Eq. (5.151) assumes that point C is fixed, while the second Eq. (5.151) 
assumes that point O is fixed. The in-plane displacement and load vectors at O 
and C are:
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 (5.153)

with fOx , ,m fOz Cy and .mCz  being the unknown reactions at O and C. At quasi-static 
equilibrium, the reaction forces result from the known actuation and e xternal load 
forces, as seen in Figure 5.23b:
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 ; .f f f fO a Cy lx = − =  (5.154)

Equations (5.152)–(5.154) are combined into:
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The two in-plane compliance matrices of Eq. (5.155) define the serial chain 
connecting the points O and C; based on the offsets shown in Figure 5.23b and 
because the two reference frames associated with these points are not rotated, the 
two in-plane compliance matrices are related as:
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As a consequence, Eq. (5.155) can be reformulated considering Eq. (5.156) by 
means of only one compliance matrix, namely, [CO]. Because [CO] is formed by 
adding the transformed compliance matrices of the serially connected flexible 
segments making up together the chain OC and because all those transformed 
matrices are symmetric (it is known that a matrix [B]T[C] [B] with [C] symmetric 
is also symmetric), it follows that [CO] is symmetric and can be written as:
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Combining Eqs. (5.155)–(5.157) yields a system of three algebraic equations with 
two unknowns, the two reaction moments at O and C. The reactions are solved 
from two of the resulting equations as:
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It can be shown that the third algebraic equation that was not utilized to find the 
unknowns is verified when using the two reaction moments of Eq. (5.158).

The first Eq. (5.151) is written in the form:
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and by means of the moment of Eq. (5.158), the two displacements of Eq. (5.159) 
are calculated as:
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Equations (5.160) are used now to express the performance qualifiers defined at 
the beginning of this section. Consider, for instance, that fl = 0. From the two Eqs. 
(5.160), the displacement amplification defined in Eq. (5.146) becomes:
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= =  (5.162)

Similarly, the input stiffness and the cross-stiffness are determined from the two 
Eqs. (5.160) based on the definitions given in Eqs. (5.148) and (5.150) as:
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The block load formulated in Eq. (5.147) is calculated from the second Eq. (5.160), 
namely:
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Eventually, when considering that fa = 0, the output stiffness defined in Eq. (5.149) 
is found from the second Eq. (5.160) as:
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Inspecting the expressions of the displacement amplification, input stiffness, 
cross-stiffness and output stiffness, the following relationships can be formulated 
between them:

 . . ; .,maxd a
k

k
f

k

k
fin

c
l

out

c
a= = ⋅  (5.166)

Example 5.9

Evaluate the displacement amplification, the input, output and cross-stiffnesses, 
and the block load (as a fraction of the actuation load) for the mechanisms 
whose quarter models are shown in Figure 5.24. The identical straight-axis flex-
ible hinges have a constant rectangular cross-section with an in-plane thickness 
t = 0.001 m and an out-of-plane width w = 0.007 m; their length is lh = 0.02 m, 
and Young’s modulus is E = 0.6·1011 N/m2. Known are also l = 0.08 m and δ = 8°.

Solution:

The quarter models are formed of two straight-axis flexible hinges connected 
by a rigid segment with the three segments aligned and having a total length of 
l. Two other rigid segments are placed at the end of this three-segment portion. 
The compliance matrix of the serial segment AB recorded with respect to the 
reference frame AxAyAzA is calculated as:

 [ ] [ ] [ ][ ] [ ]= + ,C C T C TA AE
T

AE  (5.167)

where [C] is the local-frame, in-plane compliance of any of the two hinges and 
[TAE] is the translation matrix, which realizes the transfer of the hinge EB compli-
ance matrix from E to A; the two matrices are:
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FIGURE 5.24 Quarter model of double-symmetry displacement-amplification mecha-
nism with two identical and collinear straight-axis flexible hinges of (a) inward inclina-
tion; (b) outward inclination.
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For the mechanism of Figure 5.24a, the compliance matrix of the segment AB 
is expressed in terms of the reference frame Oxyz as:
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Using the general definition of Eqs. (5.161), as well as Eqs. (5.167)–(5.169), the 
coefficients of interest are determined as:
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For the configuration with outward inclination of Figure 5.24b, the calculation 
and parameters are identical to the ones pertaining to the inward-inclination 
mechanism of Figure 5.24a except that the inclination angle is −δ instead of 
δ. The coefficients a11 and a22 are the ones of Eqs. (5.170), whereas the new 
 coefficient a12 is the one of Eq. (5.170) with a minus (−) sign, namely:
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The following results are obtained for both configurations: d.a. = 7.083, 
kin = 48,183.9 N/m, kc = 6,803.02 N/m, kout = 956.02 N/m and fl,max = 0.14·fa.

Example 5.10

Solve Example 5.9 for the mechanisms whose quarter models are displayed 
in Figure 5.25; each quarter uses a single circular-axis flexible hinge – see 
Figure 2.25. The hinge has a constant rectangular cross-section defined by in-
plane thickness t = 0.001 m and out-of-plane width w = 0.007 m. The median 
radius is R = 0.04 m, the opening angle is α = 20°, and the Young’s modu-
lus is E = 0.6·1011 N/m2. Ignore the axial (normal) deformations of the flexible 
hinges.
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Solution:

Figure 5.25a sketches the quarter model of a mechanism with one circular-axis 
flexible hinge, whereas Figure 5.25b depicts a similar model with the flexure 
hinge direction reversed (the hinge is flipped with respect to the AxA axis). For 
the mechanism of Figure 5.25a, the in-plane compliance matrix [C] of the seg-
ment AB is actually the compliance of the flexible hinge connecting those two 
points and is also the compliance matrix [CA]:
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where the bending-only compliances are given in Eqs. (A2.22) through (A2.26). 
Equation (5.169) is used with an identity rotation matrix [R] to express [CO]. 
As a consequence, the coefficients generically defined in Eq. (5.161) become:
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For the outward-inclination configuration of Figure 5.25b, the in-plane compli-
ance matrix of the curved-axis flexure hinge results from Eq. (5.172) considering 
that the two hinges are mirrored with respect to the AxA axis:
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The coefficients a11 and a22 are the ones of Eq. (5.173), while a12 becomes:
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FIGURE 5.25 Quarter model of double-symmetry displacement-amplification device with 
one circular-axis flexible hinge of (a) internal curvature center; (b) external curvature center.
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which is a12 of Eq. (5.173) with a minus sign.
The numerical values of the performance qualifiers of the two mechanisms 

shown in Figure 5.25 are: d.a. = 5.312, kin = 4,832,010 N/m, kc = 909,612 N/m, 
kout = 160,053 N/m and fl,max = 0.176·fa.

5.1.3.2  Mechanisms with One Symmetry Axis
A generic displacement-amplification mechanism possessing one symmetry axis 
is shown schematically in Figure 5.26a. It is assumed that the two actuation loads 
are equal, opposite and collinear as they are acting along a direction that is per-
pendicular to the mechanism symmetry axis. The geometry and load symmetry 
of this device result in a translatory motion of the rigid link of length 2l1 along the 
symmetry axis. Due to the inclination of the two flexible chains that connect on 
each side of the symmetry axis the fixed rigid link at the top to the mobile rigid 
link at the bottom, the mobile link displacement is larger than the input displace-
ment along the actuation direction. The symmetry enables analyzing only half 
of the mechanism, as shown in Figure 5.26b, where the bottom link’s vertical 
translation is generated by means of the guided support at its end. All defini-
tions that have been introduced in the section analyzing the double-symmetry 
displacement-amplification mechanism are also valid for this mechanism. As a 
consequence, the relationships connecting the input and output displacements 
(which are uCx and uOy as per Figure 5.26b) to the actuation and external loads 
(identified as fa and fl in the same Figure 5.26b) need to be formulated.

The series mechanism of Figure 5.26b is formed of two flexible chains: chain 
(1), which is comprised between points A and B, and chain (2), which is located 
between points D and E. The two chains are connected by the rigid link BD. The 
serial chain of Figure 5.26b also comprises two end rigid links. The reactions at 
the guided end need to be determined first. The in-plane displacement vector at O 
is expressed in terms of the load vectors at O and C as:
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FIGURE 5.26 Generic displacement-amplification flexible device with one symmetry 
axis: (a) skeleton representation; (b) half-mechanism.
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The compliance matrix  (1,2)
CO , as shown in Eq. (5.176), adds the compliance 

matrices of the two flexible chains of Figure 5.26b, namely, C (1)
 O  and  (2)

CO , 

that are calculated with respect to O.  (2)
COC  is the compliance matrix of chain 2 

calculated at O and related to the load [ fC], which is applied at C. The reactions 
at O are determined by rearranging the two scalar equations of Eqs. (5.176) and 
(5.177) that express zero displacements at O as follows:
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The two reactions are substituted into the equation expressing the y displacement 
at O in Eqs. (5.176) and (5.177), which yields:
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1 2u b f b fOy a l= ⋅ + ⋅

with  

The in-plane displacement vector at C is calculated as:

 u C f C fC CO O C C ,(2) (2)[ ] [ ][ ] =   +    (5.180)
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The two compliance matrices of Eq. (5.180) correspond to the flexible chain 2, which 
is related to the load vectors at O and at C and produces the displacement at point 
C. The input displacement is found by combining Eqs. (5.178), (5.180) and (5.181):
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Equations (5.179) and (5.182) are instrumental in evaluating the performance 
qualifiers that have been introduced in relation to the displacement-amplification 
mechanism with two symmetry axes. Thus, when considering that the load force 
is zero, fl = 0, Eqs. (5.179) and (5.182) simplify to:

 ; .1 1u b f u c fOy a Cx a= ⋅ = ⋅  (5.183)

As a consequence, the displacement amplification (d.a.), input stiffness (kin) and 
cross-stiffness (kc) are calculated as:
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The block load is evaluated by annulling the output displacement in Eq. (5.179), 
namely:
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The output stiffness is calculated using fa = 0 in Eq. (5.179):

 
1

.
2

k
f

u b
out

l

Oy

= =  (5.186)

The cross-stiffness is evaluated from Eqs. (5.179) and (5.182) with fa = 0 as:
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Comparing the two expressions of the cross-stiffness given in Eqs. (5.184) and 
(5.187), it follows that b1 = c2. This is indeed so because due to the reciprocal-
displacement theorem – see Gere and Timoshenko [39] – the displacement pro-
duced by fa along the y-direction at O (which is uOy) is equal to the displacement 
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produced by fl along the direction of fa at C (which is uCx) when the two forces are 
equal, i.e., fa = fl.

Note that Eqs. (5.166), which allow relating the displacement amplification 
to the input and cross-stiffnesses and the block force to the output and cross- 
stiffnesses for a double-symmetry displacement-amplification mechanism, are 
also retrieved from Eqs. (5.184) through (5.187), (5.189) and (5.190).

Example 5.11

Study the in-plane performance of the displacement-amplification mechanism 
sketched in Figure 5.27, which possesses one symmetry axis in terms of both 
geometry and loading, by formulating its displacement amplification, input, 
output and cross-stiffnesses, and block load. Consider that all the straight-axis 
flexible hinges are identical. Calculate these performance qualifiers for: hinges 
of a constant rectangular cross-section with an in-plane thickness t = 0.001 m, 
an out-of-plane width w = 0.008 m, a length l = 0.016 m and a material Young’s 
modulus E = 2·1011 N/m2. Known are also the angle δ = 8° and the lengths 
l1 = 0.01 m, l2 = 0.03 m, l3 = 0.04 m and l4 = 0.018 m.

Solution:

The half-model of the mechanism depicted in Figure 5.27 is shown in 
Figure 5.28 with geometric parameters, boundary conditions and loads. The 
flexible chain (1) of Figure 5.28 comprises two identical hinges and the con-
necting rigid link (all links are collinear and inclined at an angle δ with respect 
to the global xO axis), whereas the chain (2) of the same Figure 5.28 consists of 
the horizontal flexible hinge DE. Note that:

 2 sin .2 3h l l l( )= + ⋅ δ +  (5.188)

In order to calculate the two reactions at O and the output displacement at the 
same point, the following compliance matrices need to be first evaluated based 
on Figure 5.28:

l

h

δ

Symmetry axis

l2

fa fa

fl

Fixed support 

l
l

2l1

l3 

l4 

FIGURE 5.27 Skeleton representation of a displacement-amplification device 
with one symmetry axis for both geometry and load.
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where  (1)
CA  is the compliance of chain (1) and  (2)

CD  is the compliance of 
chain (2), both evaluated in their local frames located at A and D, respectively. 
The translation matrices of Eqs. (5.189) are:
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where ΔxOD = (2·l + l2)·cosδ + l1 and ΔyOD = h = (2·l + l2)·sinδ + l3. The 

 compliance matrices  (1)
CA  and C (2)

D  of Eq. (5.189) are calculated as:
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




 (5.191)

with [C] being the native-frame, in-plane compliance matrix of the flexible 
hinge. The translation and rotation matrices of Eq. (5.191) are:
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xA, xF
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D

E
yF
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yD

F

FIGURE 5.28 Half-model of displacement-amplification device with one 
 symmetry axis.
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The compliance matrices of Eq. (5.180) that enable expressing the out-
put  displacement vector at C in terms of the load vectors at O and at C are 
 calculated as:

 [ ] [ ] [ ] [ ]  =     =  ; ,(2) (2) (2) (2)C T C T C T C TCO OD
T

D CD C CD
T

D CD  (5.193)

with the two translation matrices defined in Eqs. (5.190). The following numeri-
cal results are obtained: d.a. = 6.738, kin = 4,459.8 N/m, kc = 661.8 N/m, 
kout = 6,814.4 N/m and fl,max = 1.326·fa.

5.2 S PATIAL (3D) MECHANISMS

This section is a brief introduction to the quasi-static response of serial mech-
anisms of spatial (three-dimensional, 3D) configuration. It includes three- 
dimensional rigid-body transformations (translation and rotation), the compliance 
matrix method for a generic, fixed-free spatial compliant chain and an example 
that studies a Cartesian serial robot.

5.2.1  riGid-link load and displacement transformation

Similar to the planar case, loads and displacements can be transferred through 
translation and rotation in a three-dimensional rigid link. The load vector 
[ f1] = [ fx1 fy1 mz1 mx1 m T

y1 fz1]  of Figure 5.29 is transferred from point O1 and the 
reference frame O1x1y1z1 to point O2 where it is referred to the O2x5y5z5 frame as 
[ f5] = [ fx5 f T

y5 mz5 mx5 my5 fz5] . As discussed shortly, this transfer can be achieved 
by means of one translation and three rotations.

Likewise, the displacement vector [u5]  [ux5 uy5 z5 x5 y5 uz5]T is transferred 
back to point O1 in the O1x1y1z1 from O2 as [u T

1] = [ux1 uy1 θz1 θx1 θy1 uz1]  by means 
of the reverse transformation sequence formed of the three rotations and one 
translation.

= θ θ θ
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5.2.1.1 Translation  
The forces and moments applied at point O1 in the O1x1y1z1 reference frame need 
to be transferred to point O2 in the O2x2y2z2 reference frame whose axes are, 
respectively, parallel to the axes of the O1x1y1z1 reference frame. The following 
relationships can be formulated based on Figure 5.29, which identifies the offsets 
Δx, Δy and Δz, and should be used in conjunction with Figure 5.2 that shows the 
in-plane and out-of-plane forces/moments and displacements:
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where the load vectors [ f1], [ f2] and the translation matrix [T] are:
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Δxx2
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FIGURE 5.29 Displaced reference frames in a rigid link for load/displacement 
 three-dimensional transformation.
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The displacements recorded in the frame located at O2 are translated similarly to 
the frame placed at O1 as:
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where [u2] = [ux2 uy2 θz2 θx2 θy2 uz2]T, and [T] is expressed in Eq. (5.195).

5.2.1.2 Rotation  
The frame O2x5y5z5 has its axes rotated from the axes of the translated frame 
O2x2y2z2. The position of the O2x5y5z5 frame can be achieved by means of three 
rotations. The particular orientation of this frame is achieved using the following 
rotation sequence involving the Euler angles φ, θ and ψ:

• Rotation φ around the z2 axis, which results in the O2x3y3z3 frame;
• Rotation  around the x3 axis, which results in the O2x4y4z4 frame;θ
• Rotation ψ around the z4 axis, which results in the O2x5y5z5 frame.

This three-angle rotation sequence is depicted in Figure 5.30.

Let us start with these rotations using the reverse sequence; as such, the rota-
tion around the z4 axis, which is pictured in Figure 5.30c, produces the load vector 
[ f5] = [ f T T

x5 fy5 mz5 mx5 my5 fz5] , from the load vector [ f4] = [ fx4 fy4 mz4 mx4 my4 fz4] , 
by means of a planar rotation of angle ψ. As discussed in Section 5.1.1.1, the two 
load vectors are connected by means of a rotation matrix [R4–5] as:

φ 

O2 x2

y2

y3

x3

(a) 

ψ 

O2 x4

y4

y5

x5

(c) (b)

θ

O2 y3

z3z4

y4

FIGURE 5.30 Spatial frame rotation realized by a sequence formed of the Euler 
angles: (a) rotation of angle φ around the z2 axis; (b) rotation of angle θ around the x3 axis; 
(c) rotation of angle ψ around the z4 axis.
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The load vector [ f4] is obtained from the [ f3] = [ fx3 fy3 mz3 mx3 my3 fz3]T vector by 
a rotation θ around the x3 axis, as illustrated in Figure 5.30b. In keeping with the 
separation between in-plane and out-of-plane components of this rotation, the 
 following relationship exists between the components of [ f4] and [ f3]:
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This relationship is rearranged to retrieve the component sequence provided in 
[ f3] and [ f4] as:
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

Lastly, the rotation φ illustrated in Figure 5.30a generates [ f3] from [ f2] = [ fx2 fy2 
mz2 mx2 my2 fz2]T as:
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Combining now Eqs. (5.197), (5.199) and (5.200) yields:

 f R f R R R R ,5 2 4 5 3 4 2 3[ ] [ ] [ ][ ][ ][ ] [ ]= = − − −with  (5.201)

where [R] is the rotation matrix realizing the angular change from the O2x2y2z2 
frame to the O2x5y5z5 frame.

The displacement vector [u5] = [ux5 uy5 θz5 θx5 θy5 uz5]T is transformed into the 
vector [u2] = [ux2 uy2 θz2 θx2 θy2 uz2]T by following a similar sequence of rotations as:

 [ ][ ] [ ]= ,2 5u R uT
 (5.202)

with [R] of Eq. (5.201). The demonstration of Eq. (5.202) is rather straightforward 
and is not included here.

Combining now Eqs. (5.194) and (5.201), as well as Eqs. (5.196) and (5.202) 
results in:
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5.2.2  fixed-free serial chain

Consider the 3D serial chain of Figure 5.31 comprising a rigid link and a flexible 
hinge, which is represented as a straight-axis member for the sake of simplic-
ity. A load vector [ f1] acts on the rigid link at F. This vector is transferred to the 
root H of the flexible hinges through a translation and a combined rotation and 
becomes the vector [ f5]. The 3D displacements at point P on the rigid link need to 
be evaluated. The relative position of F with respect to H is defined by the offsets 
ΔxFH, ΔyFH and ΔzFH; similarly, point P is positioned at ΔxPH, ΔyPH and ΔzPH from 
point H. Figure 5.31 identifies these six offsets by means of their resultant vectors 
[ΔrPH] = [ΔxPH, ΔyPH, ΔzPH]T and [ΔrFH] = [ΔxFH, ΔyFH, Δz T

FH] . Similarly, only 
the relevant load and displacement vectors are indicated in the same Figure 5.31.

The displacement vector [u5] = [uH] and the load vector [ f5] = [ fH] are related 
by means of the compliance matrix [C] of the flexible hinge as:
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The displacement and load vectors of Eqs. (5.203) are substituted into Eq. (5.204), 
which yields, after some algebraic manipulations, the displacement vector at P, 
[u1] = [uP]:

 .1 1u C f C T R C R TPFH PFH PH
T T

FH[ ][ ] [ ] [ ] [ ] [ ] [ ][ ] [ ]= =with  (5.205)

The matrix [CPFH] of Eq. (5.205) is the global compliance matrix, which is 
evaluated in the frame OPxPyPzP from the local-frame compliance matrix [C] 
with the aid of the rotation matrix [R] and the translation matrix [TFH], which 
transfers the load from F to H, and [TPH], which moves the displacements from 
H to P.

In a manner similar to the one utilized for planar serial compliant mecha-
nisms, Eq. (5.205) can be applied to 3D mechanisms comprising multiple flexible 
hinges and loads.

Example 5.12

The Cartesian serial mechanism of Figure 5.32 is formed of three identical 
straight-axis flexible hinges of a constant circular cross-section (diameter is d) 
and several rigid connecting links. The spatial chain is fixed at one end and acted 
upon at the free end by three Cartesian forces. Calculate the three displace-
ments at the free end knowing: l = 0.01 m, d = 0.003 m, lx = ly = lz = 0.05 m, 
fx = 150 N, fy = 100 N and fz = 80 N; the material properties of the flexible 
hinges are E = 2·1011 N/m2 and μ = 0.3.

[f5], [u5]

P

zH

[f1]

Flexure 

hinge

yHFixed end

F

H

Rigid 

link

yF

zF

yP

[ΔrPH]

zP 

[uP] 

[ΔrFH] 

xP 

xF xH

FIGURE 5.31 Schematic representation of a 3D serial chain with one rigid link, one 
flexible hinge, one point of spatial loading (F) and a point of displacements of interest (P).
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Solution:

The 3D leg’s global compliance matrix is evaluated in the Oxyz reference 
frame as:

 [ ] [ ] [ ][ ][ ] [ ] [ ] [ ] [ ][ ][ ] [ ] [ ]  = + + ,( )
1 1 2 2 2 2 3 3 3 3C T C T T R C R T T R C R Tl T T T T T  (5.206)

where “l” identifies the 3D leg and the hinge local-frame compliance matrix 
[C] is expressed in Eq. (5.204); the subscripts 1, 2 and 3 denote the three 
flexible hinges shown in Figure 5.32: hinge AB is #1, hinge DE is #2, and 
hinge GH is #3. The translation matrices of Eq. (5.206) are calculated with Eq. 
(5.195), while the rotation matrices are evaluated by means of Eqs. (5.197), 
(5.199)–(5.201). The following particular parameters are used to evaluate these 
matrices:
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The load vector applied at the free end is [f] = [fx f T
y 0 0 0 fz] . As per Eq. (5.205), 

the translation displacement at the free end are: ux = 3.5·10−7 m, uy = 2.73·10−3 m 
and uz = 3.3·10−3 m.
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FIGURE 5.32 Spatial Cartesian serial flexible-hinge mechanism.
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6 Quasi-Static Response 
of Parallel Flexible-
Hinge Mechanisms

Parallel mechanisms with conventional rotation/translation joints and their 
 application in robotics and manipulation are a rich, mature field of research and 
engineering development – related information is provided by Merlet [1], Gosselin 
and Wang [2], Li [3], Khan et al. [4], Geike and McPhee [5], Liu et al. [6,7], Wu 
et al. [8], Gosselin and Angeles [9], Staicu [10], Huang and Thebert [11], Bonev 
et al. [12], Staicu [13], Wang and Mills [14], Briot and Bonev [15], Briot et al. 
[16], Merlet et al. [17], Yang and O’Brien [18], Choi [19], Yu et al. [20], Binaud 
et al. [21] and Ebrahimi et al. [22]. Parallel-connection flexible-hinge mechanisms 
have also been developed, particularly for precision-motion/positioning applica-
tions, as presented by Smith [23], Xu [24], Henin et al. [25], Zhang and Zhu [26], 
Zentner and Linβ [27], Su et al. [28], Li and Xu [29], Lu et al. [30], Yong and Lu 
[31], Tian etal. [32], Hua and Xianmin [33], Zettl et al. [34], Yi et al. [35], Pham 
and Chen [36], Oetomo et al. [37], Pham and Chen [38], Mukhopadyay et al. [39], 
Hesselbach et al. [40], Her and Chang [41], Ryu et al. [42,43], Awtar et al. [44], 
Huang and Schimmels [45], Hopkins and Culpepper [46], Hopkins et al. [47], 
Awtar et al. [48] – to cite just a few of the numerous publications in this area.

Using the compliance matrix modeling approach, this chapter concentrates 
on the quasi-static behavior of compliant mechanisms that are formed of flexible 
hinges or chains connected in parallel. While the focus of this chapter falls on 
planar (two-dimensional, 2D) flexible-hinge designs, spatial (three-dimensional, 
3D) mechanisms are also discussed. Different loading, boundary conditions and 
symmetry configurations are thoroughly analyzed. Particular designs include 
straight-axis suspensions, folded-chain compliant devices, self-similar flexible 
mechanisms, trapeze and parallelogram mechanisms, displacement-amplification 
devices, planar stages with radial symmetry and grippers.

6.1  PLANAR (2D) MECHANISMS

This section utilizes the compliance matrix approach to connect loads to 
 displacements for a variety of planar (2D) parallel flexible-hinge mechanisms 
that can formally be placed in two categories: in the first category, there is a 
single load acting on the rigid link, which is common to all flexible chains that 
are connected to it; the second category comprises mechanisms with multiple 
loads acting on both the common rigid link and some of the component flexible 
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chains. A substructuring approach is also presented that enables to model, analyze 
and design the quasi-static response of flexible-hinge mechanisms of branched 
 (complex) architecture.

6.1.1  load on riGid link common to all flexible chains

Consider m flexible chains (each formed of several flexible segments and rigid 
links coupled in series) that connect two adjacent rigid links to form a planar 
mechanism. A load vector, generically denoted by [ f], acts at a point O on the 
mobile rigid link, as illustrated in Figure 6.1a. The load vector can be partitioned 
into an in-plane component [ fip] and an out-of-plane sub-vector [ fop].

Because the m flexible chains are connected in parallel, they all undergo the 
same motion/displacement at point O on the common rigid link, namely:

 [ ] =   = =   = =   

(1) ( ) ( )u u u uO O O
j

O
m . (6.1)

As indicated in Figure 6.1b, the load [ f] is distributed to the m links due to static 
equilibrium such that the sum of all loads applied to the m points Oj equals the 
original load at O, namely:

 [ ] [ ] [ ]= + +   + + 1f f f fj m . (6.2)

With respect to the same point O, the individual-chain force loads are connected 
to displacements by means of corresponding compliance matrices as:

 [ ]  =       =     =   =
−

or ; 1,2, ,( ) ( ) ( ) 1 ( ) ( )u C f f C u K u j mO
j

OO
j

j j OO
j

O
j

OO
j

Oj j j
, 

 (6.3)

where C K( )j  j
j j

and  ( )
OO OO  are the compliance and stiffness matrices correspond-   

ing to the chain j, both evaluated in the global frame Oxyz. Assume that the rigid 

Oj

O1

x

y

O
[ f ] Om

Fixed link 

[ f1 ]

[ fj  ]

[ fm  ]

yj

xj

Oj

O1

O

Flexible chain # m

 Flexible chain # 1

Flexible chain # j

[ f ]

Mobile rigid link 

Om

Fixed rigid link 

(a) (b)

FIGURE 6.1 Planar mechanism with m flexible chains connected in parallel and acted 
upon by a single load applied to the common mobile rigid link: (a) schematic representa-
tion; (b) load distribution on individual chains.
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links are connected by a single flexible chain, which is statically equivalent to the 
actual m parallel-connection chains. The load and displacement at O are related 
by means of the compliance matrix [CO] that characterizes the single, equivalent 
chain, namely:

 [ ] [ ][ ] [ ] [ ] [ ] [ ][ ]= = =−or 1u C f f C u K uO O O O O O , (6.4)

with [KO] being the overall parallel-connection stiffness matrix. Combining now 
Eqs. (6.1) – (6.4) yields:

 ∑ ∑[ ] [ ] [ ]=  












= =  
−

=

−

− −

=

or( ) 1

1

1

1 ( ) 1

1

C C K C CO OO
j

j

m

O O OO
j

j

m

j j
. (6.5)

Equation (6.5) can be expressed separately for in-plane and out-of-plane loads/
displacements, thus resulting in corresponding compliance/stiffness matrices as:
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. (6.6)

This section studies suspension mechanisms with straight-axis and folded flexible 
chains, axially or radially symmetric compliant mechanisms, self-similar flexible-
hinge designs, as well as trapeze and parallelogram flexure-based configurations.

6.1.1.1  Suspension Mechanism with Two Identical, Symmetrical 
and Collinear, Straight-Axis Flexible Chains

Several parallel-connection planar mechanisms are composed of two identical, 
straight-axis and collinear flexible portions that are symmetric with respect to the 
connecting rigid link. The flexible chains can be formed of flexible hinges and 
rigid links or solely of flexible hinges.

The mechanism whose skeleton representation is shown in Figure 6.2 com-
prises a central rigid link connected to two identical and symmetrical flexible 
chains that are collinear. A load vector acts on the rigid link at point O, which 
is placed on the symmetry axis. This load may include actuation components, as 
well as external load components, which can be reduced to a single load vector at 
O. Assuming that the in-plane and out-of-plane compliance matrices of the two 
identical chains (with one end free – the end closest to the rigid link – and the 
other end fixed) are known with respect to the central Oxyz reference frame, the 
in-plane and out-of-plane compliance matrices of the full suspension mechanism 
can be calculated with respect to the same reference frame.
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Consider that the in-plane compliance matrix  ( )
C r

O i, p  of the flexible segment 
to the right of the central rigid link (the right segment) is given/known. Because of 
symmetry with respect to the y axis, the in-plane compliance matrix  ( )

C l
O i, p  of 

the identical and mirrored left chain is also known. In the Oxyz reference frame, 
these matrices are expressed as:
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 (6.7)

The particular form of  ( )
C r

O i, p   is derived in Eq. (3.35), while the minus signs in 
C ( )l

O i, p   indicate mirroring with respect to the y axis. The full-mechanism compli-
ance matrix is calculated based on Eqs. (6.6) and (6.7) as:
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A similar approach is used to express the out-of-plane compliance matrix of 
the full mechanism. The out-of-plane compliance matrices of the right and left 
 flexible chains are expressed in the central frame Oxyz as:

Symmetry axis

Flexible chain 

x, xr

[ f ]

Mirrored flexible chain 

Fixed end

O

Rigid link xl

y, yr, yl

FIGURE 6.2 Parallel suspension mechanism formed of two identical, collinear and 
symmetric straight-axis flexible chains.
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 (6.10)

The structure of  ( )
C r

O o, p  is also presented in Eq. (3.40); the minus signs in  ( )
C l

O o, p  
is consistent with mirroring about the symmetry axis. The full-mechanism out-
of-plane compliance matrix is calculated based on the second Eq. (6.6) with the 
two matrices of Eq. (6.10) as:
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The two compliance matrices of Eqs. (6.8) and (6.11) are diagonal, which  indicates 
full decoupling of the loads acting along the x, y and z reference axes.

Example 6.1

The mechanism of Figure 6.3 is a particular design of the generic configuration 
of Figure 6.2. The right half of the mechanism comprises two identical straight-
axis flexible hinges of a constant circular cross-section of diameter d = 0.0015 m. 
The following parameters are also given: l = 0.02 m, l1 = 0.03 m, l2 = 0.05 m and 
E = 2·1011 N/m2. Knowing that the in-plane displacements at the center O are 
uOx = 10 μm and uOy = 8 mm, calculate the in-plane force f and its angle δ.

f

Symmetry axis

Flexible hinges 

δ 

O

Rigid link 

ll1 l2 l

FIGURE 6.3 A symmetric suspension mechanism with straight-axis collinear 
links.
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Solution:

The in-plane compliance matrix of the right half of mechanism of Figure 6.3 is 
calculated as:

with T
l
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l l l
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[Cip] is the local-frame, in-plane compliance matrix of a straight-axis flexible 
hinge – see Eqs. (2.13) and (2.33). The displacements at O are expressed using 
Eq. (6.8) as:
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The compliances of Eq. (6.14) are provided in Eq. (6.9) in terms of the right half-
compliances, which are found from Eq. (6.13). After expressing uOx  and uOy  from 
Eq. (6.14) and some algebraic manipulations, the force f and angle δ are found:
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The numerical values of these parameters are f = 177.419 N and δ = 84.9°.

6.1.1.2  Folded Chains with Curvilinear-Axis Hinges
Figure 6.4a shows a mechanism that uses folded hinges and is also illustrative 
from a conceptual standpoint of the generic configuration of Figure 6.2. The in-
plane, quasi-static response of this mechanism is of interest – more details of this 

(a) (b)

lb/2

l/2
l1

l2

y

O x

fy → uy

Symmetry axis

Rigid link

Anchor Anchor

lb 

FIGURE 6.4 Skeleton representation of: (a) symmetric stage with two identical and 
 mirrored folded flexible hinges; (b) half-folded hinge segment.
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configuration are provided in Lobontiu et al. [49]. The mechanism uses the folded 
hinge of Figure 4.28b as its half-hinge, which is defined by a circular envelope 
and segments with elliptical tops. In addition to the basic, folded half-chain of 
Figure  4.28, the half-architecture shown in Figure 6.4b adds two straight-axis 
rigid links at its ends to connect to the middle rigid link and the anchor point. 
As discussed in Lobontiu et al. [49], several prototypes of the type shown in 
Figure  6.4a were fabricated out of aluminum and plastic materials; they were 
tested experimentally by applying a force fy (along the symmetry axis) on the 
middle rigid link. The resulting displacement uy along the same axis was read by a 
laser displacement sensor, and the resulting stiffness Kfy-uy = fy/uy was determined; 
a photograph of the experimental setup is shown in Figure 6.5. A similar path was 
followed to obtain the stiffness Kfy-uy by using finite element simulation. 

The basic half-folded hinge of Figure 4.28b, as well as the half-flexible s egment 
of Figure 6.4b, is not symmetric with respect to the x axis. Details are offered 
in Lobontiu et al. [49] on how to calculate the in-plane compliance matrix of 
the half-portion of Figure 6.4a by adding all the translated compliance matrices 
corresponding to the folded segment and the two end segments. The in-plane 
 compliance matrices of the right half of the segment and the left (mirrored) half 
are expressed in the Oxyz reference frame as:
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where the superscripts “r” and “l” denote right and left, respectively. The i n-plane 
compliance matrix of the full device is calculated as:
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

 

fy → uy

Laser sensor 

Hinge device 

FIGURE 6.5 Experimental setup for measuring the stiffness Kfy-uy of the stage repre-
sented in Figure 6.4.
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Note in Eq. (6.17) that there is decoupling between the x and y axes, as well as 
between the y and z axes, as illustrated by the zeros in the respective positions.

The vector relationship between the loads and displacements at the center O is:
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and therefore,
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The experimental, finite element and analytical stiffness results (the latter ones based 
on Eqs. (6.16) through (6.20)) generated small deviations – see Lobontiu et al. [49].

6.1.1.3  Mechanisms with Identical, Symmetrical 
and Non-Collinear Flexible Chains

The compliance matrix approach is applied here to characterize the quasi-static 
response of planar flexible mechanisms that are symmetric with respect to either 
one axis or two perpendicular axes. Mechanisms with one symmetry axis are 
formed of two identical flexible chains that are mirrored with respect to the sym-
metry axis. Mechanisms with two perpendicular symmetry axes comprise four 
identical flexible chains that are mirrored with respect to the two axes and their 
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intersection point, which is the symmetry center. In all cases studied here, the 
identical flexible chains connect to a moving rigid link.

6.1.1.3.1  Mechanisms with One Symmetry Axis
Planar flexible-hinge mechanisms that are symmetric with respect to either the y 
axis or the x axis are analyzed in this section.

Symmetry line is the y axis:

The mechanism of Figure 6.6 is formed of two identical flexible chains that 
are symmetric with respect to the global y axis and may comprise straight- and 
curvilinear-axis flexible hinges.

Using “r” to denote the right flexible chain in Figure 6.6 and “l” to identify the 
identical left segment, which is mirrored with respect to the symmetry y axis, the 
in-plane compliance matrices of these two segments in the global frame Oxyz are 
expressed in Eqs. (6.16); furthermore, the in-plane compliance matrix of the full 
mechanism is the one provided in Eqs. (6.17) and (6.18).

A similar approach is followed to express the out-of-plane compliance matrix 
of the mechanism shown in Figure 6.6. The compliance matrices of the two 
 identical and mirrored chains are:
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FIGURE 6.6 Parallel mechanism formed of two identical serial flexible chains that are 
symmetric with respect to the y axis.



266 Compliant Mechanisms

The out-of-plane compliance matrix of the full mechanism is calculated based on 
those of the two parallel-connection chains of Eq. (6.21) as:
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Like in the in-plane situation, there is decoupling between the x and y axes, as 
well as between the y and z axes, which is illustrated by the zeros in the respective 
positions in the matrix of Eq. (6.22).

Out-of-plane stage with fractal (self-similar), circular-axis flexible 
 segments: Figure 6.7a shows the top-view skeleton representation of a planar 
stage for piston-type (z axis), out-of-plane motion – see Lobontiu et al. [50] for more 
details. The device consists of n several concentric, circular segments that are 
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hinge

Rigid link

Force

rn 

Connection 
diameter

O
xr1

y

Mechanism

(b)(a)

fz, uz

Micrometer

FIGURE 6.7 (a) Top-view skeleton representation of fractal (self-similar) mechanism 
with serially connected circular-axis flexible hinges for out-of-plane motion; (b) experi-
mental setup.
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interconnected serially in a folded manner along a radial direction. A force applied 
along the z axis (perpendicular to the mechanism plane) at the center O on a rigid 
link will cause all circular segments to deform out of the plane. The total motion 
at the center is large as it adds the relatively small deformations of all circular 
segments – with the outer rim being fixed. This mechanism has a fractal (or self-
similar) geometry with a basic pattern (the circle) repeated on a scaled manner.

An arbitrary segment i (with i = 1, 3, 5, …) of radius ri is sketched in Figure 6.8a.

This segment is formed by combining the right half-circular segment in 
parallel with the left half-circular segment, which is structurally identical to the 
right half and mirrored with respect to the y axis. In the local frame Oixiyizi, the 
out-of-plane compliance matrices of the left and right half-circular segments are 
expressed in Eq. (6.21) and the full-circular segment compliance matrix, denoted 

here by C ( )i
O oi , p , is determined as per Eq. (6.22). This compliance matrix is trans-

lated from its local frame to the global frame Oxyz based on the equation:
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The compliance matrix of the segment i + 1, which is sketched together with its 
virtual connection to the center and the boundary conditions in Figure 6.8c, is 
similarly calculated as:
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FIGURE 6.8 (a) Generic full-circle segment i (i = 1, 3, 5, …); (b) right half-circular 
 segment; (c) generic full-circle segment i + 1.
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Using the compliances of a half-circular segment based on Eqs. (2.109), (2.110) 
and Eqs. (A2.27) through (A2.32) for a center angle α = 180°, the out-of-plane 
compliance of any full-circular segment is diagonal:
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as demonstrated in Lobontiu et al. [50]. In Eqs. (6.27), E and G are the mate-
rial Young’s and shear moduli, Ini is the cross-sectional moment of area related 
to out-of-plane bending, and Iti is the similar moment of area related to torsion. 
The out-of-plane compliance matrix of the full device illustrated in Figure 6.7a is 
calculated by adding the compliances of the n fractal serially connected circular 
segments using Eq. (6.26), namely:
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Based on this generic model, the paper by Lobontiu et al. [50] discusses  several 
particular designs of constant rectangular cross-sections, such as configurations 
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having the same cross-sections for all circular segments and identical radial 
segment gap or designs with all circular segments deforming identically. Finite 
element analysis and experimental testing of a prototype – see photograph of 
experimental setup in Figure 6.7b – confirmed the analytical model predictions.

Symmetry line is the x axis:
Consider the generic planar mechanism of Figure 6.9, which is formed of two 

identical flexible chains that are mirrored/symmetric with respect to the x axis.

Assuming the load is applied on the rigid link at point O on the symmetry 
line, the in-plane and out-of-plane compliance matrices of the full mechanism 
can be formulated in terms of those defining the half-mechanism. Denote by “u” 
the upper flexible chain in Figure 6.8 that is comprised between point O and its 
fixed end, whereas its mirrored lower counterpart is denoted by “l”. The in-plane 

compliance matrices of the upper chain  ( )
C u

O i, p  and the lower chain  ( )
C l

O i, p  have 

the following generic equations in the reference frame Oxyz:
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FIGURE 6.9 Parallel mechanism formed of two identical serial flexible chains that are 
symmetric with respect to the x axis.
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Because the two chains are connected in parallel, the in-plane compliance matrix 
of the entire mechanism of Figure 6.9 is determined with respect to the common 
point O as:
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Note from Eq. (6.30) that the mechanism of Figure 6.9 behaves as a straight-
axis flexible hinge whose in-plane compliance matrix indicates no interaction 
 (coupling) between the x and y axes and the x and z axes.

A similar procedure is applied to determine the out-of-plane compliance 
matrix of the parallel mechanism. The compliance matrices of the upper and 
lower serial chains are formulated as:
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 (6.32)

The out-of-plane compliance matrix of the mechanism is calculated based on 
those of the two parallel-connection chains of Eq. (6.32) as:
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 (6.34)

Note, again, that the out-of-plane compliance matrix of Eq. (6.33) is similar to 
that of a straight-axis flexible hinge with no coupling between the x and y axes 
and x and z axes, as indicated by the zero components in the respective positions 
of the matrix.

Trapeze and parallelogram mechanisms are examples of parallel-connection 
devices with one symmetry axis that are formed of two identical (and mirrored) 
serial chains – these configurations are analyzed in this section.

Trapeze mechanisms: A conventional rotation-joint trapeze mechanism is 
shown schematically in Figure 6.10a. In a displaced configuration (indicated with 
dotted lines in the same figure), the link, which is originally parallel to the fixed 
link, assumes a position that is no longer parallel to the fixed link. A generic pla-
nar, flexible-hinge trapeze mechanism is sketched in Figure 6.10b that uses two 
identical and mirrored flexible chains. Its upper half-portion is a generalization 
of the serial mechanism studied in Example 5.3, which derived the in-plane and 
out-of-plane compliance matrices for a configuration where the inclined chain 
is formed of three collinear links: two flexible hinges and an intermediate rigid 
segment. Using Eqs. (6.30), (6.31) and (6.33), (6.34) in conjunction with the cor-
responding half-mechanism compliance matrices derived in Example 5.3 results 
in the full-mechanism in-plane and out-of-plane compliances, which are not 
included here.

Parallelogram mechanisms: When δ = 0, the trapeze mechanism of Figure 6.10b 
becomes a parallelogram mechanism, like the one with two parallel flexible 
chains sketched in Figure 6.11a.
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The in-plane compliances that form the matrix of Eq. (6.31) become:
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Equations (6.35) were obtained by translating the in-plane compliance matrix of 
a straight-axis flexible hinge – Eq. (2.13); the offsets in the translation matrix are:

0,x y hOO OOu u∆ = ∆ = .
The out-of-plane compliances of Eq. (6.34) change to:
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FIGURE 6.10 Trapeze mechanism with symmetry axis: (a) device with rotary joints; 
(b) configuration with straight-axis flexible chains.
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Equations (6.36) were obtained from the out-of-plane compliance matrix of a 
straight-axis flexible hinge – Eq. (2.16) – in combination with a corresponding 
translation matrix defined by the offsets: ∆ =x yOOu u0, ∆ =OO h.

The mechanism shown in Figure 6.11b is a parallel connection of the mecha-
nism sketched in Figure 6.11a, which is mirrored with respect to the y axis in 
terms of the central rigid-link motion. As per Eq. (6.30), the in-plane compliance 
matrices of the half-mechanism situated to the right of the y axis in Figure 6.11b 
and of its mirrored left half are:
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with the particular compliances of one flexible chain being expressed in Eq. (6.35). 
The full-mechanism compliance matrix is:
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Similarly, the out-of-plane compliance matrices of the right and half-portions of 
the mechanism of Figure 6.11b are expressed based on Eq. (6.33) as:
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with the individual compliances of Eqs. (6.36). The full-mechanism out-of-plane 
compliance matrix is:
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Note that both compliance matrices of Eqs. (6.38) and (6.40) are diagonal – this is 
actually a mechanism with two symmetry axes and a resulting symmetry center, 
which is separately studied in Section 6.1.1.3.2. The diagonal form of the compli-
ance matrices indicates full load decoupling between the x, y and z axes for both 
in-plane motion and out-of-plane motion.

Consider now the mechanism shown in skeleton form in Figure 6.12a. It is a 
series combination of two dissimilar parallelogram mechanisms, such as the one 
of Figure 6.11a. Instead of using a regular, cascading physical connection, the two 
parallelogram stages are coupled in a folded and more compact manner to reduce 
the planar footprint.
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FIGURE 6.12 Folded parallelogram mechanisms: (a) simple (single); (b) double.
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The main parameters of the longer, outer parallelogram mechanism are l1 and 
h1, while the shorter, inner mechanism is defined by l2 and h2. With respect to the 
reference frame Oxyz, the in-plane compliance matrix is calculated as:
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The compliance matrices C C(1)
,  , (2)

O ip O ,ip  are calculated by means of Eqs. (6.30) 
and (6.35). Because the mechanism is symmetric with respect to the x axis, there 
is decoupling between the x and y axes, as well as between the x and z axes in 
the matrix CO i, p . The nonzero components of the in-plane compliance matrix 
CO i, p  of Eq. (6.41) are not included here being too complex.

Similarly, the out-of-plane compliance matrix of the mechanism of 
Figure 6.12a is:
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and the compliance matrices  (1)
C CO i, p O and  (2)

 ,ip  are calculated by means 

of Eqs.  (6.33) and (6.36). The matrix CO o, p  of Eq. (6.43) shows no coupling 
between the x axis, on the one hand, and the y and z axes, on the other hand, due 
to mechanism symmetry about the x axis; as a result, the matrix components that 
model xy and xz interaction are zero – the nonzero components of CO o, p  are too 
involved and are not provided explicitly here.

The double-folded mechanism of Figure 6.12b consists of two identical and 
mirrored simple folded mechanisms, like the one of Figure 6.12a, which are con-
nected in parallel. If we denote the mechanism to the right of the middle rigid link 
by the superscript “r” and the mirrored mechanism to the left of the middle rigid 
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link by “l”, the in-plane and out-of-plane compliance matrices of the mechanism 
shown in Figure 6.12b are expressed with respect to the central frame Oxyz as:
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Both the in-plane and out-of-plane compliance matrices of Eq. (6.45) are 
 diagonal, but their nonzero diagonal terms are not given here being too complex. 
The diagonal form is attributable to the mechanism being symmetric about the 
x and y axes.

Example 6.2

The chains of the double-folded parallelogram of Figure 6.12b are all single, 
straight-axis flexible hinges of constant, rectangular cross-section with an in-
plane thickness t and an out-of-plane width w. An in-plane load f is applied at 
O, which is formed of fx and fy. Graphically study the variation of the displace-
ment ratio ru = uOy/uOx in terms of h2/h1, l2/l1, and the angle α between f and the 
x axis. Known are t = 0.001 m, l1 = 0.05 m and h1 = 0.015 m.

Solution:

Because the matrix [CO,ip] of Eq. (6.45) is diagonal, the following relationships 
result:
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(6.46)

The in-plane compliance matrix of the right half mechanism of Figure 6.12a is:
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with the translation and rotation matrices of Eqs. (6.42). The compliance matri-
ces of the two serially connected pairs of flexures are those given in Eqs. (6.30) 
and (6.35), namely:
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with
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In Eqs. (6.48) and (6.49), “i” denotes either of the two pairs of parallel- 
connection hinges, while “hi” stands for the individual hinge 1 or 2 – these 
compliances are:
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where A = w·t and Iz = w·t3/12.
As seen in Eq. (6.46), the displacement ratio varies linearly with tanα when 

the compliance ratio of the same equation is constant. Figure 6.13a and b 
shows the displacement ratio in terms of the nondimensional variables rl = l2/
l1 and rh = h2/h1. While the displacement ratio ru is almost insensitive to varia-
tions in rh, as seen in Figure 6.13b, the same ratio reaches a minimum value for 
approximately rl = 0.5, as illustrated in Figure 6.13a.

6.1.1.3.2  Mechanisms with Two Perpendicular Symmetry Axes
The skeleton-form planar mechanism of Figure 6.14 has two perpendicular 
 symmetry axes, the x and y axes; as a consequence, the mechanism has a symme-
try center – the intersection point O of the two symmetry axes. It can be consid-
ered that this mechanism combines in parallel the y-symmetric, two-chain upper 
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FIGURE 6.13 Plots of displacement ratio ru in terms of (a) rl = l2/l1 ratio; 
(b) rh = h2/h1 ratio.



278 Compliant Mechanisms

portion with the identical lower segment that is the mirrored upper part with 
respect to the x axis.

The in-plane compliance of this mechanism is calculated as:

 ( )  =   +  
− − −

, ,
( ) 1

,
( ) 1 1

C C CO ip O ip
uh

O ip
lh , (6.51)

where the superscript “uh” denotes the upper half-portion of the mechanism 
sketched in Figure 6.14, and “lh” identifies the lower half-section of the mecha-
nism. The compliance matrix  ( )

C uh
O i, p  can be expressed by considering that the 

upper half-mechanism is the parallel combination of its mirrored right and left 
portions (quarters); as a result:
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where the individual compliances of Eq. (6.52) are explicitly given in Eqs. (6.18) 
and are based on the individual compliances of the upper-right flexible quarter 
mechanism of Figure 6.14. Combining Eqs. (6.51) and (6.52) yields:
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FIGURE 6.14 Planar parallel mechanism formed of four identical flexible chains that 
are symmetric with respect to the x and y axes.
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It can be seen that the in-plane compliance matrix of the mechanism that has four 
identical flexible chains coupled in parallel and two symmetry axes is diagonal 
in a reference frame placed at the symmetry center O where the x and y axes are 
symmetry lines.

A similar procedure is followed in order to determine the out-of-plane compli-
ance matrix of the parallel mechanism of Figure 6.14. The compliance matrices 
of the upper and lower halves are obtained from Eq. (6.22) as:
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with the individual compliance of Eq. (6.54) being expressed in Eqs. (6.23) in 
terms of the known compliances of the upper-right flexible chain of Figure 6.14. 
The out-of-plane compliance of the full mechanism is:
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 (6.55),

Note, again, the diagonal form of this matrix when calculated with respect to the 
reference frame located at the symmetry center O and with its x and y axes being 
the mechanism symmetry axes.

6.1.1.3.3  Mechanisms with Radial Symmetry
The planar mechanism whose top-view skeleton architecture is depicted in 
Figure  6.15 has three identical flexible chains (arms) converging radially to a 
central rigid link of center O; the arms are placed equidistantly at a center angle 
of 120° from one another.

Assume that the in- and out-of-plane compliance matrices of the three i dentical 
flexible chains are known and determined in their local frames Ox1y1z1 (identical 
to the global frame Oxyz), Ox2y2z2 and Ox3y3z3, respectively, as:
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The chains 2 and 3 are rotated by the angles 2π/3 and 4π/3 with respect to 
chain 1. The three chains are connected in parallel to the central rigid link, and 
therefore, the in-plane compliance matrix of the full mechanism in the central 
frame Oxyz is calculated as:
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FIGURE 6.15 Planar parallel mechanism formed of three identical serial flexible chains 
that are radially symmetric.
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Similarly, the out-of-plane compliance of the full mechanism is:
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The two rotation matrices in Eqs. (6.57) and (6.58) are:
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The in-plane and out-of-plane compliance matrices are both diagonal, as seen in 
Eqs. (6.57) and (6.58), but their components are too complex and are not explicitly 
given here.

It can be demonstrated that any other stage configuration with an odd number 
m of identical chains disposed equidistantly radially, provided one chain (the first 
one, usually) is aligned with one of the global axes (like x), results in in-plane and 
out-of-plane compliance matrices that are diagonal when calculated in a central 
reference frame. For m identical chains, the in-plane compliance matrix is calcu-
lated by generalizing Eq. (6.57):
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Similarly, Eq. (6.58) becomes:
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with
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While not demonstrated here, it can also be shown that stages with an even 
 number of identical flexible chains (m = 4, 6, …) that are connected in parallel in 
a radial, angularly equidistant manner produce in-plane and out-of-plane compli-
ance matrices that are diagonal.

Stages with identical radial-symmetry serial folded chains:
The planar mechanism shown in Figure 6.16a consists of a central, rigid link 

and m identical, serial compliant chains (arms) that are placed radially and equidis-
tantly in the same plane with the central link. Each flexible arm has a folded con-
figuration comprising circular-axis flexible segments interconnected with rigid, 
straight-axis links of radial direction – see Figures 4.30 and 6.16b. The in- and 
out-of-plane compliance matrices of these arms are provided in Section 4.2.4.3.
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FIGURE 6.16 Planar stage with identical radial-symmetry flexible arms: (a) skeleton 
generic representation; (b) arm representation.
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Because the identical arms are connected in parallel with respect to the cen-
tral link, the in-plane stiffness matrix in the global frame Oxyz is the sum of 
individual- arm stiffness matrices after pertinent rotations that align the local 
frames to the global frame Oxyz, which is expressed in compliance form as:
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with

 

where C ( )j
O ij , p  is the in-plane compliance matrix of a folded arm in its local  

frame – see Eq. (4.66). Similarly, the out-of-plane stiffness matrix at the mecha-
nism center is:
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where C ( )j
O oj , p  is the out-of-plane, local-frame compliance matrix of a folded  

arm. Note that δj is measured from the radial direction of arm 1, which is consis-
tent with the arm 1 being positioned by δ1 = 0. For m identical radial arms, the 
center angle between two consecutive arms Δδ, and the position angle δi of arm i 
with respect to the global axis x are:

 ∆δ = π δ = − ⋅ ∆δ = π −2
; ( 1)

2 ( 1)
m

j
j

m
j . (6.65)

Example 6.3

Consider the flexible-hinge mechanism of Figure 6.16. The circular segments 
have a constant rectangular cross-section with an in-plane width w and an 
out-of-plane thickness t.

 i. For an arm defined by n = 6 radial segments, w = 0.001 m, t = 0.005 m, 
R1 = 0.03 m, g = 0.015 m, α = 50°, E = 2·1011 N/m2 and µ = 0.3, evaluate 
the mechanism compliance Cθ −z zm  as well the ratio C Cθ −z zm m/ θ −x x  for 
m = 2, 3, 4, 5, 6 arms;

 ii. For all the parameters provided at (i), except for w = 0.005 m and 
t = 0.001 m, evaluate the compliance Cu fz z−  as well as the ratio 
C Cu fz z− −/ u fx x in terms of the same values of m.

Solution:

 i. These configurations are all thick designs, with the constant out-of-
plane thickness t larger than the circular segments in-plane width 
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w; as a consequence, the compliance Cθ −z zm  is an active compli-
ance, whereas Cθ −x xm  is a parasitic one, which needs to be mini-
mized. Table 6.1 lists the values of Cθ −z zm  and the compliance ratio. 
As expected, the active compliance decreases with the increas-
ing number of parallel-connection arms. The compliance ratio 
C Cθ −z zm m/ θ −x x , on the other hand, remains constant for m equal or 
larger than 3; this indicates that both the active and the parasitic 
compliances have the same sensitivity to variations in the number 
of arms when m ranges from 3 to 6. Also, note that the active com-
pliance is larger than the parasitic one for the given geometrical 
parameters.

 ii. These are all thin designs since the constant out-of-plane thickness 
t is smaller than the circular segments in-plane width w; as a conse-
quence, the compliance Cu fz z−  is an active compliance, while Cu fx x−  
is a parasitic compliance. Table 6.2 displays the values of Cu fz z−  and 
C Cu fz z− −/ u fx x  in terms of the number of arms m. Again, the active 
compliance decreases when the number of parallel-connection 
arms increases. Like at (i), the compliance ratio C Cu fz z− −/ u fx x  remains 
constant for m ranging from 3 to 6, which signals that both the 
active compliance and the parasitic one have the same sensitivity to 
the variation in the number of arms m. However, the active compli-
ance is larger than the parasitic one, as illustrated by the compliance 
ratio.

TABLE 6.1
In-Plane Compliance Cθθ −z z− m  and Compliance Ratio Cθθ −z z− θm m/Cθ −x x−  in 
Terms of the Arm Number m

m

2 3 4 5 6

C zθ −mz  [m
−1 N−1]

Cθ −z mz /Cθ −x mx

0.184

9.03

 0.123

13.69

 0.092

13.69

 0.074

13.69

 0.061

13.69

TABLE 6.2
Out-of-Plane Compliance Cu fz z−−  and Compliance Ratio C Cu fz z−− −/ u fx x−  in 
Terms of the Arm Number m

m

2 3 4 5 6

Cuz − fz  [m N−1 ⋅ 10−3] 0.713 0.476 0.357 0.285 0.238

Cuz − fz /Cux − fx
16.49 18.42 18.42 18.42 18.42
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6.1.2  load on riGid link common to all flexible 
chains and loads on flexible chains

A more complex loading condition is encountered when additional loads are 
applied to all or just some of the parallel chains in addition to the common rigid-
link load. This section derives a compliance matrix model for planar mechanisms 
with multiple loads applied to parallel-connection mechanisms. The model is 
subsequently applied to planar, displacement-amplification and branched flexible 
mechanisms.

6.1.2.1  Generic Compliance-Matrix Model
The compliance-matrix model developed here applies to both in-plane and out-
of-plane flexible-hinge mechanisms, and consequently, the regular identifiers “ip” 
and “op” are not utilized. Before generalizing to a configuration with m flexible 
chains that are loaded, the simpler design with only two chains connected in 
parallel and acted upon by two force vectors [ fA1] and [ fA2] is analyzed, based on 
Figure 6.17.

Consider that each of the two chains is separated into two portions by the point 
of application of the external load. As such, chain (1) is formed of the flexible seg-
ments (1.1) and (1.2), whereas the chain (2) is divided into the segments (2.1) and 
(2.2). The displacement at point O on the common rigid link is also shared by the 
two flexible chains when their displacements are transferred at O from their roots 
O1 and O2, which is expressed as:

 [ ] [ ][ ] =     +   =     +  
(1) (1) (1.2) (2) (2) (2.2)

1 1 2 2u C f C f C f C fO O O OA A O O OA A , (6.66)

where  (1)
CO  represents the compliance of the entire chain 1 transferred at O, 

while C (1.2)
 OA1

 is the compliance of the portion 1.2 of chain 1, also transferred at 

O; the compliances C (2) C (2
 O  and  .2)

 OA2
 define the similar portions of the chain 2. 
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fo(1) +=
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A2 
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(1.1)
(1.2)

(2)

(2.1)
(2.2)

1Af[

[ ]fo[ ] fo(2)[ ]

]
2Af[ ]

FIGURE 6.17 Planar mechanism with two loaded flexible chains connected in parallel 
to a rigid link that is acted upon by an external load.
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The external force at O is divided into the two components used in Eq. (6.66), 
each distributed to either of the two chains, namely:

 [ ]  +   =(1) (2)f f fO O O . (6.67)

Equations (6.66) and (6.67) are solved for  f (1)
O  and  (2)

 fO , resulting in:
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where [I] and [0] are the 3 × 3 identity and zero matrices, respectively. With the 
load components expressed in Eqs. (6.68), the displacement at O can be deter-
mined from Eq. (6.66). The displacements at A1 and A2 can also be calculated 
when expressing the following displacement differences corresponding to chains 
1 and 2, respectively:
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with the aid of Eqs. (6.66) and (6.68).
Consider now the general design with m parallel-connection flexible chains, 

each acted upon by a load vector in addition to the load applied to the common 
rigid link, as illustrated in Figure 6.18. It is necessary to first evaluate the load 

Am

Oj

O1

O Om

Aj

A1

Mobile rigid link 

Fixed rigid link

(1)

(1.1)
(1.2)

(m)
(m.1)

(m.2)

( j.1)

( j.2)( j )

fo(1) +...+= [ ]fo[ ] fo(m)[ ]

1Af[ ]

jAf[ ]

mAf[ ]

FIGURE 6.18 Planar mechanism with m loaded flexible chains connected in parallel 
and acted upon by a load applied to the common rigid link.
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components  ( )
 f j

O  ( j = 1, 2, …, m) that are applied to the m parallel-connection 
chains and resulting from [ fO].

The displacement [uO] is shared by all the flexible chains at O because they are 
connected in parallel. Similar to Eq. (6.66), the following m − 1 equations, each 
expressing the displacement [uO], are formulated:
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The last Eq. (6.70) shows that the sum of the m load components that are t ransferred 
to the m chains is equal to the external load applied at O. The m Eqs. (6.70) are 
solved for the m unknown forces as:
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The displacement vectors at O and at the m points Aj where the external forces are 
applied are calculated as:
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where  ( )
 f j

O  are determined by means of Eqs. (6.71) and (6.72).

6.1.2.2 Displacement-Amplification Mechanisms  
Displacement-amplification mechanisms with flexible hinges are regularly uti-
lized to augment relatively low displacement levels provided by piezoelectric 
actuation in macroscale applications or by various other actuation means in 
micro/nanosystems – see, for instance, Mottard and St-Amant [51], Ma et al. [52], 
Du et al. [53], Jouaneh and Yang [54], Kim et al. [55], Ni et al. [56], Choi et al. [57] 
and Lobontiu and Garcia [58]. Displacement-amplification planar mechanisms 
with one or two symmetry axes and with load components that are not applied 
along the structural symmetry axes need to be modeled as parallel combinations 
of two symmetric halves of the overall mechanism, as studied in this section.

6.1.2.2.1  Mechanisms with Two Symmetry Axes
In Chapter 5, the quasi-static response of displacement-amplification mechanisms 
with two symmetry axes is reduced to the analysis of a quarter-mechanism serial 
chain with two guided ends along perpendicular directions when the external and 
actuation loads are applied at points on the symmetry axes and along these axes. 
When the external loads are not applied along the symmetry axes, as shown in 
Figure 6.19a, it is no longer possible to analyze one-quarter mechanism only to 
reflect the full-mechanism behavior; instead, the mechanism should be consid-
ered as being structured from two halves that are coupled in parallel at the point 
on the symmetry axes where a non-symmetric load is applied. The right half of 
the mechanism is shown in Figure 6.19b with its portion of the total external load 
applied at point O.

The general Eq. (6.68), which expresses the loads pertaining to each of the two 
individual chains that are coupled in parallel at O (see Figure 6.17), also applies 
to the two halves of the Figure 6.19a mechanism. The matrix [A] of Eq. (6.68) is:
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where the superscript (1) denotes the right half mechanism – the one of 
Figure 6.19b – and (2) indicates the left portion of the full mechanism depicted 
in Figure 6.19a. As shown in Figure 6.19, the two quarters at the bottom of the 
mechanism are denoted by (1.2) and (2.2), and they are also included in Eq. (6.74).

As discussed in the section dedicated to the series connection of two identi-
cal and mirrored chains, the compliance matrix of the right half-chain of Figure 
6.19b is expressed with respect to the reference frame Oxyz as:
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The compliance matrix  (1)
CA1

 of the half-segment at A1 and the corresponding trans-
lation matrix from A1 to O are calculated as per Eqs. (5.105) and (5.106), namely:
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FIGURE 6.19 Generic displacement-amplification flexible mechanism with two sym-
metry axes under non-symmetric external load: (a) full mechanism; (b) half-mechanism.
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The superscript “q” denotes the basic quarter chain identified as (1.1) in the frame 
A1x1y1 of Figure 6.19. The final expression of the in-plane compliance matrix of 
Eq. (6.75) is of the form:
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The in-plane compliance of the left half-chain of Figure 6.19a is found from the 
right half-compliance matrix of Eq. (6.77) by using the y-axis symmetry of this 
segment, which effects in changing the signs of the components involving x-y and 
y-z axes coupling, namely:
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 

The compliance matrix C (1.2)
OA1  of Eq. (6.74) is determined as:
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Note that the compliance matrix multiplying the translation matrix in Eq. (6.79) 
results from the following compliance matrix:
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that defines the segment 1.1, the basic quarter, with respect to the reference frame 
centered at A1 by changing the signs of the matrix elements in Eq. (6.80) that 
reflect x-y and x-z coupling. Similarly, the in-plane compliance matrix  )

C (2.2
OA2

 of 
Eq. (6.74) is calculated as:
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where
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The particular signs of the compliance matrix that multiplies the translation 
matrix of Eq. (6.81) were obtained by starting from the compliance matrix of 
the basic segment 1.1 given in Eq. (6.80): a mirroring was first performed with 
respect to the y axis (which changes the signs of the components indicating cou-
pling between the x-y and the y-z axes) followed by a reflection with respect to the 
x axis (which changes the signs in the newly obtained matrix of the components 
that indicate coupling between the x-y and x-z axes). The compliance matrices of 
Eqs. (6.69), which enable expressing the displacements at points A1 and A2, are 
calculated as:

 

C T C T

C

C C C

C C C

C C C

O OA
T

A OA

O

O O O

O O O

O O O

;

(1,1) (1,2) (1,3)

(2,1) (2,2) (2,3)

(3,1) (3,2) (3,3)

.

(1.1) (1.1)

(2.1)

(1.1) (1.1) (1.1)

(1.1) (1.1) (1.1)

(1.1) (1.1) (1.1)

1 1 1[ ] [ ]  =  

  =

−

− −

−





















 (6.83)

Relevant displacements and performance qualifiers:
The displacements at the points of interest and the mechanism performance 

qualifiers can be evaluated once the in-plane and out-of-plane loads on the two 
parallel chains have been determined. The displacements at point O (the output 
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port) are calculated by using either the right half-chain or the left half-one as per 
Eq. (6.66). Utilizing Eqs. (6.66) and (6.74) allows us to express [uO] as a linear 
combination of the displacements produced by the three loads:
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. (6.84)

Similarly, the displacements at A1 and A2, which are originally expressed as in 
Eq. (6.69), become:
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after substituting  (1)
 fO  and  f (2)

O  of Eqs. (6.74) into Eqs. (6.69).
For a freely actuated system (with no external load, [ fO] = [0]), Eqs. (6.84) and 

(6.85) simplify to:
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The last two Eqs. (6.86) result in the following load/displacement relationship:
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which identifies the input stiffness matrix [Kin]. Combining Eq. (6.87) with the 
first Eq. (6.86) yields the displacement at O as a linear combination of the dis-
placements at A1 and A2, namely:

 
in,11 in,21

in,12 in,22

1 2 1

1 2 2
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OA OA A

( )
( )
[ ] [ ] [ ]

[ ] [ ] [ ]

[ ] [ ]

[ ] [ ]

[ ] = +

+ +
. (6.88)

Equation (6.88) may serve at qualifying the displacement amplification/reduction 
of a specific mechanism.

Another particular load case is when the two actuation vectors are zero, which 
simplifies Eqs. (6.84) and (6.85) to:
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where the output stiffness matrix [Kout] is formulated. Equations (6.89) also enable 
expressing the following relationships between the displacement vectors:
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Example 6.4

The two-axis symmetric mechanism shown in skeleton form in Figure 6.20a is 
actuated by the horizontal forces fA1 = fA2. Known are the lengths of the rigid 
links: l1 = 0.01 m, l2 = 0.06 m and l3 = 0.03 m (see Figure 6.20b). The identical 
flexible hinges are all horizontal and of constant rectangular cross-section with 
an in-plane thickness t = 0.001 m and an out-of-plane width w = 0.006 m; their 
length is l = 0.015 m. The material Young’s modulus is E = 2·1011 N/m2.
 i. Study the mechanism displacement amplification in terms of the 

angle δ;
 ii. For   10  and assuming the two horizontal actuation forces are not 

identical, express fA1 and fA2 in terms of specified displacements uOx 
and uOy at point O. Calculate the particular values of fA1 and fA2 when 
uOx = 0.005 m and uOy = 0.01 m.

δ = °

Solution:

 i. The compliance matrix C (1)
 O  is calculated with the aid of Eqs. (6.75)–

(6.77), while the compliance matrix C (2)
 O  is evaluated based on 

Eq. (6.78) with:
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The compliance matrix of the quarter mechanism, which is sketched 
in Figure 6.20b and is denoted by (1.1), is:

 (1.1)
1 1 1 1 1 1 1 1 1C T C T T C TA A B

T
A B A D

T
A D[ ] [ ] [ ] [ ][ ] [ ]  = + , (6.92)

where the flexible-hinge in-plane compliance matrix [ ]C  and the 
translation matrices are:
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. (6.93)

The cross-sectional properties of Eq. (6.93) are: A = w·t and Iz = w·t3/12. 
The compliance matrices C (1.2)

 OA1,ip  and C (2.2)
OA2 ,ip  are calculated by 

means of Eqs. (6.79) and (6.81), respectively. Ultimately, the displace-
ment vectors at O and A1 are determined by means of the compliance 
matrices required in Eqs. (6.84)–(6.86), namely:

O
A1 

δl1
B1 

C1 

D1E1

l2

l3 
l

l

xA1

yA1 

(a) (b)

(1.1)
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(2.1)

(2.2)

Symmetry axis
x

B
C

y
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A1A2 f A1

Fixed link

Symmetry axis

[ f O]

f A2

FIGURE 6.20 Displacement-amplification flexible mechanism with two 
 symmetry axes: (a) full mechanism with no external load and symmetric actuation; 
(b) quarter-mechanism geometry.
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The displacement amplification is calculated as d. .a u= Oy /uA x1 , and 
Figure 6.21 plots this ratio in terms of δ varying in the [8°; 30°] inter-
val. It can be seen that the displacement amplification decreases non-
linearly with δ increasing from a value of 18 at 8° to a value of 4.5 
when δ = 30°.

 ii. The first Eq. (6.86) is written in the explicit form:
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By selecting only the x and y components, Eqs. (6.95) are reformulated as:
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where the matrix is formed with components of the two matrices
[ ]C COA1 2and [ ]OA , which are evaluated as discussed at (i). For the given 
numerical parameters, the following numerical results are obtained: 
fA1 = 41.13 N and fA2 = −11.50 N.

6.1.2.2.2  Mechanisms with One Symmetry Axis
The planar flexible mechanism of Figure 6.22a has one symmetry axis and is 
acted upon by the loads [ ]f fO A, a[ ]1 2nd [ ]fA , which are not parallel with or per-
pendicular to the symmetry axis. Figure 6.22b shows the mechanism right half, 
which is denoted by (1), and which is formed of two dissimilar portions (1.1) 
and (1.2).
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FIGURE 6.21 Plot of displacement amplification in terms of the rigid lever inclination 
angle δ.
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The procedure of calculating the displacements at points O, A1 and A2 is almost 
identical to the one presented in Section 6.1.2.2.1, which studied mechanisms with 
two symmetry axes. The only difference is that the compliance matrices of the right 
half mechanism of Figure 6.22b can no longer be calculated in terms of a quarter 
mechanism because this mechanism does not have a second symmetry axis.

The following Example details the steps that are necessary to evaluate the 
relevant matrices and displacements of a displacement-amplification mechanism 
with one symmetry axis for non-symmetric external loading.

Example 6.5

The mechanism of Figure 6.23a has one symmetry axis; it consists of six 
 identical flexible hinges of length l = 0.015 m and a constant rectangular cross-
section with an in-plane thickness t = 0.0015 m and an out-of-plane width 
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A1A2 f A1
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[ f O]

f A2
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(1.2)(2.2)

FIGURE 6.23 Displacement-amplification flexible mechanism with one sym-
metry axis under non-symmetric external load and symmetric actuation: (a) full-
mechanism configuration; (b) half-mechanism.
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FIGURE 6.22 Generic displacement-amplification flexible mechanism with one 
 symmetry axis under non-symmetric external loads: (a) full-mechanism configuration; 
(b) half-mechanism.
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w = 0.006 m. The material Young’s modulus is E = 2·1011 N/m2. All other links 
are rigid, and the following lengths (identified in Figure 6.23b) are given: 
l1 = 0.01 m and l3 = 0.04 m. The horizontal forces fA1 and fA2 produce the actua-
tion, while the force vector [fO] is the external load.
 i. Study the displacement amplification in terms of the inclined link 

length l2 considering that the two horizontal actuation forces are 
identical in magnitude, fA1 = fA2, and there is no external load at O;

 ii. For l2 = 0.03 m, fA1 = 150 N, fA2 = −150 N, fOx = 0 and fOy = −10 N, 
 calculate the displacements uOx and uOy at O.

Solution:

 i. The in-plane compliance matrix of the half-mechanism illustrated in 
Figure 6.23b and denoted by (1) is:
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The compliance matrix C (1.1)
O  corresponds to the portion 1.1 of the  

half-mechanism, which comprises the links spanning the chain from 
O to A1. The flexible-hinge compliance matrix [ ]C  is given in Eq. 
(6.93), while the translation and rotation matrices of Eq. (6.97) are:
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Due to symmetry about the y axis, the compliance matrices C (2.1)
 O  

and C (2)
O  are obtained from the source matrices (1.1)  and (1)

  CO  CO  
of Eqs. (6.97) as:
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The portion 1.2 of the half-mechanism consists of the flexure A1F1 in 
Figure 6.23b. The compliance matrix of the chain 1.2 with respect 
to O is:

 [ ] [ ][ ]  =(1.2)
1 1C T R COA OA

T T , (6.101)

where [ ]TOA1  and [R] are provided in Eq. (6.98). The compliance matrix 

 C (2.2)
OA2

 is calculated as:
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, (6.102)

with ∆ ∆y xOA1 1and OA  provided in Eq. (6.99).
Equations (6.97) through (6.102) enable to calculate the matrix 

[A] of Eq. (6.74), which permits to evaluate the displacements 
[ ]u uO A, a[ ]1 2nd [ ]uA  of Eqs. (6.84) and (6.85). The displacement ampli-
fication is calculated as d. .a u= Oy /uA x1 ; the plot of Figure 6.24 graphs 
the displacement amplification in terms of the inclined rigid lever 
length l2. It can be seen that the displacement amplification increases 
slightly nonlinearly with l2 increasing.

l2 [m] 

d.
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FIGURE 6.24 Plot of displacement amplification in terms of the inclined rigid 
lever length l2.
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 ii. For the particular actuation and external loads of this Example, 
Eqs. (6.84) become:
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From Eq. (6.103), the two displacements at O are expressed as:
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The matrices [ ]C CO O, a[ ]A O1 2nd [ ]C A  are calculated by means of 
Eqs. (6.84). For the given numerical values, Eq. (6.104) yields uOx = 0 
and uOy = −0.00026 m.

6.1.2.3  Mechanisms with Radial Symmetry – xyθ Stages
The planar mechanism sketched in Figure 6.25 is formed of a central rigid link 
and three identical flexible chains that are disposed symmetrically in a radial 
manner with respect to the rigid link’s center O, 120° from one another. On 
each flexible chain, an external load is applied at an intermediate point, while 
another external load acts at the rigid-link center – all these loads are consid-
ered planar here, but they can also comprise out-of-plane components. The chain 
loads [ ]f fA A1 2, a[ ] nd [ ]fA3  may comprise actuation forces/moments, while the 
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O3

A3 

(3.1)

(3.2)

x

y

R

(2)

(3)

fo(1) += [ ]fo[ ] fo(2)[ ]+ fo(3)[ ]

FIGURE 6.25 Planar mechanism with three loaded, radially-symmetric, identical 
 flexible chains connected in parallel to a rigid link that is acted upon by an external load.
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load [ ]fO  is the external load (payload). The chain loads are applied at points A1, 
A2 and A3, which subdivide each chain into two segments, (1.1)-(1.2), (2.1)-(2.2) 
and (3.1)-(3.2). The central rigid link does not have to be of circular shape; the 
only condition is that the three chains be placed at the same distance (R) from 
the center O.

Under in-plane loading, the central rigid link can translate along the x and y 
axes, as well as rotate around the z axis – because of these motion capabilities, the 
generic architecture of Figure 6.25 is known as a xyθ mechanism.

The main objective is to evaluate the relevant displacements of the central rigid 
link produced by the external loads. It is first necessary to determine the portions 
of the external load [ ]fO  that are allotted to each of the three chains. As per the 
generic Eqs. (6.71) and (6.72), these loads are:
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where [I] and [0] are the 3 × 3 identity and zero matrices.
Because the three flexible chains are identical (in terms of both geometry and 

external load position), it is sufficient to know the compliances  (1) (
C C and  1.2)

O O A1
 

defining chain 1 in order to calculate the similar compliances of the chains 2 
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and  3. Due to radial symmetry, the chains 2 and 3 compliance matrices of Eq. 
(6.106) are obtained as:
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The rotation matrices of Eqs. (6.107) are:
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The displacement vector at O is evaluated by means of Eq. (6.73) as:
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. (6.109)

Combining Eqs. (6.105), (6.106) and (6.109) results in the following displacement 
vector:

 [ ][ ][ ][ ] [ ][ ] [ ][ ] [ ]= + + +1 1 2 2 3 3u C f C f C f C fO OA A OA A OA A O O , (6.110)

where
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The displacements at points A1, A2 and A3, which may not be of primary relevance, 
are calculated as:

	
; ;(1.1) (1) (2.1) (2)

(3.1) (3)

1 2

3

u u C f u u C f

u u C f
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[ ] [ ][ ] [ ]

[ ]

= −     = −    

= −    
.	 (6.112)

The chains 2 and 3 compliance matrices of Eqs. (6.112) are determined through 
rotations from the similar compliance defining chain 1, namely:

	   =         =      ;(2.1) (2) (1.1) (2) (3.1) (3) (1.1) (3)C R C R C R C RO

T

O O

T

O ,	 (6.113)

with the rotation matrices of Eq. (6.108). The explicit form of the displacements 
expressed in Eqs. (6.112) is not included here.

Example 6.6

The xyθ skeleton representation mechanism of Figure 6.26a comprises three 
identical chains, one of which is illustrated in Figure 6.26b. Each chain is formed 
of three identical straight-axis right circular flexible hinges and two rigid links. 
The flexible hinges are defined by r = 0.008 m, in-plane minimum thickness t = 
0.001 m, out-of-plane width w = 0.006 m and E = 2·1011 N/m2. The other geo-
metric parameters of the mechanism are: R = 0.04 m, l1 = 0.02 m, l2 = 0.06 m 
and l21 = 0.055 m (l2 = l21 + l22).
	 i.	For a moment mOz = 20 Nm applied at O and no actuation, calculate 

the rotation angle at the same point;
	 ii.	Calculate the external loads fOx, fOy and mOz to be applied at O in 

order to produce zero displacements at O when the following actua-
tion forces are applied fA1 = fA2 = fA3 = 500 N. Assume the three actua-
tion forces are perpendicular to the rigid links they act on.

(a) 

A1

O
(1)

1Af

2Af

3Af

x

y

R

(2)

(3)

A2 

A3 

[ ]Of

Flexible hinge

Rigid link 

O1

x, xA1 

yA1

A1

B1 C1

D1

E1

l1 

l21

l22

l l

l

(b) 

FIGURE 6.26  Skeleton representation of a planar-stage mechanism with three 
identical flexible chains: (a) top view of xyθ stage; (b) chain configuration with rigid 
links and identical flexible hinges.
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Solution:

The classical counterpart (based on regular joints) of the hinge mechanism 
sketched in Figure 6.26a is the triple-rotation-joint (RRR) device shown in 
Figure 6.27 – see Li [3], Khan et al. [4], Geike and McPhee [5], Liu et al. [6,7], 
Wu et al. [8], Gosselin and Angeles [9], Staicu [10], Huang and Thebert [11], 
Bonev et al. [12] or Staicu [13], for instance.
 i. The configuration of chain (1) of Figure 6.26b indicates that the com-

pliance matrix  (1.1)
CO  is a serial combination of two flexible-hinge 

compliances, matrices [C] namely:
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The compliance matrix C (1)
O  is expressed as:
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The compliance matrix C (1.2)
 A1

 is determined as:
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FIGURE 6.27 Conventional xyθ stage with three RRR chains.
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Based on it, the following compliance matrix is evaluated:

 [ ] [ ]
( )

  =   =
− − + +

















1 0 0
0 1 0

2 1

(1.2) (1.2)

21 1

1 1 1 1C T C T

l R l l
OA OA

T
A OAwith . 

(6.117) 

The matrices of Eqs. (6.115) and (6.117), which define chain 1, are used 
in conjunction with the corresponding rotation matrices to determine 
the similar matrices of chains 2 and 3 as per Eqs. (6.107) and (6.108). 
The matrix [A] is calculated based on Eqs. (6.105) and (6.106). The 
displacements at O can now be evaluated with Eqs. (6.110) and (6.111) 
by taking into account that the load vectors at A1, A2 and A3 are zero, 
whereas the load at O is [uO] = [0 0 mOz]T. The resulting rotation angle 
at the same point is θOz = 1.75°.

 ii. The three actuation vectors are:
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Because [uO] = [0 0 0]T, Eq. (6.110) is solved for the external load 
vector as:

 1
1 2 31 2 3( )[ ] [ ][ ] [ ] [ ] [ ][ ]= − + +  

−
f C C f C f C fO O OA A OA A OA A . (6.119)

With the numerical values of this Example, the moment at O is 
mOz = 0.009 Nm, whereas the x and y forces are negligible (of the 
order of 10−15), which is to be expected given the symmetry of the 
actuation loading.

6.1.3  branched flexible planar mechanisms and substructurinG

The structure, external loading and support boundary conditions of flexible-hinge 
mechanisms are oftentimes quite complex. In order to evaluate overall mecha-
nism performance qualifiers, such as relevant displacements or stiffnesses, it is 
necessary to first study various mechanism portions that are simpler, either struc-
turally or in terms of loading/boundary conditions, before being able to model 
the full mechanism. This process is known as substructuring and is similar to 
the finite element procedure having the same name. Structural complexity that 
requires substructuring is mainly related to branched compliant mechanisms – 
they consist of three or more flexible chains that connect at a point with or without 
loads (external or support reactions) acting on them. The branched links can be 
passive or structurally branched if there are no internal loads acting on them; 
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conversely, if external loads are applied internally to at least one of the component 
links, the branched link is active or kinematically branched – see Noveanu et al. 
[59] for a similar study. The process of substructuring leads to reduction whereby 
branched portions can be combined in series and/or in parallel to produce sim-
pler, equivalent sections whose compliances can be evaluated from the original 
branched links compliances.

The planar mechanism sketched in Figure 6.28a, for instance, is structurally 
branched as its three flexible links/chains (1), (2) and (3) are rigidly connected 
at A. There are no loads applied internally on the three flexible links, and the 
only load, [ fB], acts at the free end of chain (1); the other two chains are fixed at 
their opposite ends. The links (2) and (3) are connected in parallel with respect 
to point A, and they conceptually result in a single, equivalent link – denoted 
by (2, 3) in Figure 6.28b. This link is serially coupled to link (1) at A, and the 
final equivalent configuration is the one-link mechanism denoted by (1, 2, 3) in 
Figure 6.28c. Because of the parallel/series connection of the original links, the 
compliance matrix of the equivalent, single-link mechanism can be calculated in 
terms of the three original links’ compliance matrices. This enables to determine 
the displacement at B, as well as the displacements at other internal points, such 
as at the junction point A. 

The configuration of Figure 6.29a is similar to the one of Figure 6.28a and rep-
resents a kinematically branched mechanism because 3 is an active link (it has an 
external load [ fE] applied to it). The original three-link mechanism can be decom-
posed into two equivalent, two-link mechanisms, as illustrated in Figure 6.29b, 
where the force at A is a reaction introduced by the mechanism portion separated 
from the analyzed segment. The reactions at A and D are found by means of a con-
tinuity vector equation requiring that the displacement at A be the same for the two 
two-link mechanisms of Figure 6.29b plus another boundary equation reflecting 
the zero displacements at D. With the reaction at A determined and the external 
load at B provided, all relevant displacements (such as at points A, B or E) can sim-
ply be calculated by using the two serial component mechanisms of Figure 6.29b.

(a) (b) (c)

A C

D

[ fB ] B

(1) 
(2) 

(3) 

[ fB ]B

C, D

A

(1)

(2, 3)

A, C, D

B
[ fB ]

(1, 2, 3)  

FIGURE 6.28 Reduction of structurally branched flexible mechanism with one end-
point external load: (a) original mechanism; (b) equivalent, intermediate series mecha-
nism; (c) final, equivalent single-link mechanism.
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Substructuring a branched flexible-hinge mechanism with both passive and 
active chains regularly includes the following procedural steps:

• Identification of passive links (structurally branched portions), forma-
tion of simpler equivalent chains through structural parallel/series-
connection reduction and evaluation of their compliance matrices from 
component compliance matrices;

• Identification of passive links with special boundary conditions (such as 
guided ends) and of active links; calculation of relevant internal and sup-
port reactions and displacements at internally and externally constrained 
points of interest by using displacement continuity and zero boundary-
condition equations;

• Calculation of relevant displacements at other points (usually uncon-
strained) of the simpler/component chains that resulted through struc-
tural reduction;

• Evaluation of the full-mechanism performance (such as output/input 
 displacement/force ratios or input/output stiffness).

Example 6.7

The planar mechanism shown in the skeleton form of Figure 6.30a is formed of 
two rigid links and three identical constant, rectangular cross-section flexible 
hinges. An external load [fE] is applied at point E. Calculate the x and y com-
ponents of an actuation force [fC] at C that will result in zero x and y displace-
ments at E. Known are the properties of the flexible hinge: l = 0.008 m, w = 
0.004 m (out-of-plane width), t = 0.001 m (in-plane thickness) and E = 2·1011 N/
m2, the lengths l1 = 0.01 m, l2 = 0.06 m and l3 = 0.006 m, and the global-frame 
force components fEx = −1 N and fEy = −4 N.

(a) (b) 

A C

D

[ fB ] B

(1) 
(2)

(3) 

[ fD ] 

[ fE ] 
E

A

[ fB ]B

(1)

[ fA ] 

A C

D

(2)

(3)

[ fD ]

[ fA ] 

FIGURE 6.29 Reduction of kinematically branched flexible mechanism: (a) original 
mechanism; (b) equivalent component serial chains with internal reaction load.
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Solution:

The mechanism is decomposed into chain (1) – which is shown in Figure 6.30b – 
and chain (2) – represented in Figure 6.30c. The internal reaction force [fA] is 
applied on both chains at point A. The two chains are structurally connected in 
parallel at A, and therefore, the displacement [uA] is the same for both chains. 
In terms of chain 1, this displacement is calculated as:

 (1) ( )[ ] [ ][ ] =   +  u C f C fA A A AC
f

C , (6.120)

where
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The compliance matrix [C(f )] of the flexible hinge is given in Eq. (6.93).
The displacement [uA] can also be expressed in connection with chain 2 as:

 ( ) ( )[ ] [ ][ ] =   +  u C f C fA AEF
f

E AF
f

A , (6.123)

where
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 (6.124)
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FIGURE 6.30 Skeleton representation of a planar branched flexible-hinge mech-
anism: (a) mechanism structure and loading; (b) first chain with actuation load and 
internal reaction; (c) second chain with external load and internal reaction.



308 Compliant Mechanisms
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Equations (6.120) and (6.123) allow us to solve for the internal reaction [fA] as:

 [ ] [ ] [ ][ ][ ]= +f A f A fA E E C C . (6.126)

The two new matrices of Eq. (6.126) are:

 ;(1) ( )
1

( ) (1) ( )
1

( )A C C C A C C CE A AF
f

AEF
f

C A AF
f

AC
f( ) ( )[ ][ ] =   −     = −   −    

− −
. (6.127)

The displacement at E is determined by analyzing chain 2 and is expressed as:

 ( ) ( )[ ] [ ][ ] =   +  u C f C fE EF
f

E EAF
f

A . (6.128)

Combining Eqs. (6.126) and (6.128) results in:

 [ ] [ ][ ][ ] [ ]= +u C f C fE E E EC C , (6.129)

with

 ;( ) ( ) ( )[ ] [ ][ ] [ ]=   +   =  C C C A C C AE EF
f

EAF
f

E EC EAF
f

C . (6.130)

Considering that uEx = 0 and uEy = 0, the following relationship results from 
Eq. (6.129):
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






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=  
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






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f
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f

f
Cx

Cy
f

Ex

Ey
, (6.131)

where

 
(1,1) (1,2)

(2,1) (2,2)

(1,1) (1,2)

(2,1) (2,2)

1

  =
























−

A
C C

C C

C C

C C
f

EC EC

EC EC

E E

E E

. (6.132)

The components of the matrices defining [Af] in Eq. (6.132) are collected from 
the respective 3 × 3 matrices expressed in Eqs. Eq. (6.129). For the numeri-
cal values of this Example, the following actuation forces are obtained from 
Eq. (6.131): fCx = −346 N and fCy = −46 N.

A flexible-hinge planar gripper:
A flexible-hinge, piezoelectric-actuated planar gripper of branched configu-

ration with amplified and nonparallel output motion of its gripping jaws is stud-
ied in Noveanu et al. [59] by means of the analytical substructuring method, 
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by finite element analysis and through experimental testing of a specimen. The 
photograph of a gripper prototype is shown in Figure 6.31a. The gripper has 
a symmetry axis, and the planar structure of the upper half is illustrated in 
Figure 6.31b. Also shown in Figure 6.31b is a cylindrical specimen in contact 
with the end effector. The gripper uses identical right circularly corner-filleted 
flexible hinges. 

The piezoelectric actuator produces a horizontal force and displacement of the 
guided link; this motion is amplified twice resulting in a symmetric tilt of the two 
external lever arms, which produces the gripping motion.

This mechanism can be simplified to the substructured configuration of Figure 
6.32, which uses five serial chains denoted as (1) to (5). The five chains have their 
individual global frames centered at points A (chain (1)), B (chains (2) and (4)) and 
C (chains (3) and (5)), respectively. All these reference frames were chosen with 
their axes parallel to the mechanism global reference frame xyz of Figure 6.32. 

Noveanu et al. [59] provide full details on how to calculate the in-plane com-

pliance matrices          , , , and(1) (2) (3) (4) (5)C C C C CA B C B C  of the five chains. The 

matrix subscripts indicate the point with respect to which a compliance matrix of 
a given chain was evaluated in its own reference frame.

The half-elastic frame of Figure 6.32 is modeled to evaluate several grip-
per performance qualifiers, for instance, its displacement amplification, which 

Mechanism 

Piezoelectric actuator 

Displacement

sensor 

(a) (b)

Gripped specimen Fixed

Fixed

Input force 

Symmetry axis

FIGURE 6.31  Flexible-hinge, piezoelectric-actuated compliant gripper: (a) prototype 
photograph; (b) geometry of the half-gripper elastic frame.

x 

y 

B

[fE]

Fixed

(5)

A

C D

EF 

(3)

(1)

(2)

(4)

Fixed

Input force Guided

fAy mAz

f

Free end 

FIGURE 6.32  Skeleton representation of half-gripper with basic flexible chains, actua-
tion force, reactions and boundary conditions.
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is d. .a u= Fy /uAx, when the actuation force f is applied at the guided end A. 
The  compliance matrix at B that couples chains 2 and 3 serially is calculated as:

 [ ] [ ]  =   +   =   +  
(2,3) (2) (3) (2) (3)C C C C T C TB B B B BC

T
C BC . (6.133)

The series connection of chains 2 and 3 is based on a valid assumption since chain 
5, which also converges at B, is a free chain. The compliance matrix at B results 
from the parallel connection between the chains 2, 3 and 4 and is expressed as:

 ( )  =   +  
− − −

(2,3,4) (2,3) 1 (4) 1 1

C C CB B B . (6.134)

The compliance matrix [CA] corresponding to the serial combination of chains 1 
and 2, 3, 4 is determined as:

T[ ] [ ] [ ]=   +   =   +  
(1) (2,3,4) (1) (2,3,4)C C C C T C TA A A A AB B AB . (6.135) 

The displacement uAx is a component of [uA], which is calculated as:

 

[ ][ ] [ ]= ⋅u C fA A A

[ ][ ] = = θ =



 = 



0 0 ;u u u f f f mA Ax Ay Az

T

A Ay Az

T .

(6.136)

with

 

After rearranging it, Eq. (6.136) is solved for the unknown displacements and 
reaction forces at A as:
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A A
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, (6.137)

where CA(i, j) are the elements of the 3 × 3 symmetric matrix [CA] evaluated with 
Eq. (6.135). Equation (6.137) results in:

 = ⋅ = ⋅ = ⋅; ;u a f f b f m c fAx Ay Az , (6.138)

with a, b and c known factors.
The displacement vector at point B produced by the force vector applied at A 

when considering the combined chain 2, 3, 4 is expressed as:

 [ ][ ] [ ]=  
(2,3,4)u C T fB B BA A . (6.139)

The equivalent load to be applied at B in order to produce the displacement 
 calculated in Eq. (6.139) by considering the series chain 2, 3 is:

 [ ] [ ]=  
−(2,3) 1

f C uB B B . (6.140)

http://d..au
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The displacement produced at C by the equivalent load at B determined in 
Eq. (6.140) is calculated as:

 [ ][ ] [ ]=  
(3)u C T fC C CB B . (6.141)

The displacement at F is evaluated by transferring the displacement at C in 
Eq. (6.141):

 [ ] [ ][ ] =u T uF FC
T

C . (6.142)

Equations (6.139) through (6.142) are combined into:

 
[ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]

=

=      
−

;

(3) (2,3) 1 (2,3,4)

u C f

C T C T C C T

F FA A

FA FC
T

C CB B B BA

. (6.143)

The displacement at F is [u ] = [ u  u  θ  ]T
F Fx Fy Fz , whereas the load at A is [ fA] 

= [ f b·f c·f]T; as a consequence, the y displacement at F results from Eqs. (6.143):

 [ ]= + ⋅ + ⋅ ⋅(2,1) (2,2) (2,3)u C b C c C fFy FA FA FA , (6.144)

where CFA (2, j) – with j = 1, 2, 3 – are the components on the second row of the 
3 × 3 matrix [CFA].

The displacement amplification is calculated with the displacement uAx of 
Eq. (6.138) and the displacement uFy expressed in Eq. (6.144) as:

 [ ]= ⋅ + ⋅ + ⋅. .
1

(2,1) (2,2) (2,3)d a
a

C b C c CFA FA FA . (6.145)

6.2 S PATIAL (3D) MECHANISMS

This section is a brief study of the quasi-static response of three-dimensional 
mechanisms that are formed of a rigid link (platform) acted upon by external 
loads; the link connects to m flexible chains, as illustrated in Figure 6.33.

Assuming the external load (which may consist of several components applied 
at different points on the rigid link) is reduced to a unique load vector [ f] at point 
F in Figure 6.33, the displacement [uP] at another point P on the rigid link is 
evaluated as:

  −  −1
m

1∑
[ ][ ] [ ]

[ ]
=

=  


 




  =          











=with 1

( )

u C f
C C

C T R C R T

P P

P PFH

j

PFH PH

T

PH

T

H
j

FH FH

j

j j j j j j

. (6.146)
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The compliance matrix C ( )j
H j

 corresponds to the generic flexible chain denoted  
by j in Figure 6.33 ( j = 1, 2, …, m) and is calculated in the local frame of each 

flexible chain. The matrices 
T T

T RPH j j and  PH   of Eq. (6.147) realize the dis-

placement transfer from point Hj to point P, while the matrices R TFH j j
 and  FH  

transfer the load from point F to the flexible chain root Hj.
Similar to the spatial application discussed in Chapter 5, we study here a three-

dimensional Cartesian mechanism to illustrate the generic Eq. (6.146) that allows 
the calculation of the displacement at a point on the rigid link.

Example 6.8

The spatial mechanism of Figure 6.34 is formed of a central rigid platform 
(link) that is supported by three identical 3D flexible chains of the type shown 
in Figure 5.32 and analyzed in Example 5.12. A flexible leg configuration is 
shown in Figure 6.35. It comprises three identical straight-axis flexible hinges of 
length l and constant circular cross-section (diameter d), and three rigid links. 
As shown in Figure 6.34, the legs are distributed in an equidistant manner radi-
ally and are offset from the rigid platform along the z axis by means of identical 
rigid links of length h. 

A force vector [f] acts at the center O of the rigid platform. Calculate the 
displacements at O knowing all the geometric and material parameters defin-
ing the identical flexible legs: l = 0.015 m, d = 0.002 m, lx = ly = lz = 0.04 m, 
E = 2·1011 N/m2 and μ = 0.3. Known are also: r = 0.04 m, h = 0.02 m, fx = 20 N, 
fy = 30 N and fz = −100 N.

Fixed end

P

[f]

Flexible

chain j

Hj

Rigid 

link

yP

[ΔrPHj]

zP

[uP] 

[ΔrFHj]

xP 

Flexible

chain 1

Flexible 

chain m

F

FIGURE 6.33 Schematic representation of a 3D mechanism formed of a rigid link with 
actuation and external load, and several parallel-connection flexible chains.
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Solution:

The compliance matrix of the mechanism is calculated in the Oxyz reference 
frame as:

 (1) 1 (2) 1 (3) 1 1( )[ ] =   +   +  
− − − −

C C C CO O O O . (6.147)

The individual flexible legs compliances of Eq. (6.147) are:

 ( ) ( ) ( ) ( ) ( )[ ]  =        C T R C R TO
j

OH
j T

j T j
OH

j
j j

, (6.148)

with j = 1, 2, 3. The flexible chain, local-frame compliance matrix [C] is 
 calculated by means of Eqs. (5.206) and (5.207). The translation matrices of 
Eq. (6.148) are calculated as in Eq. (5.195) with the following offsets:

x, x1
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(a) (b)

[ f ] 

Fixed end
H1 
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O
Rigid link

Flexible link
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h

FIGURE 6.34 Spatial Cartesian parallel flexible-hinge mechanism: (a) three- 
dimensional rendering; (b) top view.
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FIGURE 6.35 Spatial Cartesian flexible chain supporting the mechanism of Figure 6.34.
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



. (6.149)

The rotation matrices of Eq. (6.148) are calculated as in Eqs. (5.197), 
(5.199)–(5.201):

 ( )
4 5
( )

3 4
( )

2 3
( )  =      − − −R R R Rj j j j  (6.150)

with
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and
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R R

R R
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4 /3
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(2)
4 5
(2)

2

(3)
4 5
(3)

3

[ ]  =

  =   ψ = π
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











−

−

, (6.151)

where [I] is the identity matrix. The displacement vector at O is calculated as:

 

0 0 0

[ ][ ] [ ]
[ ]

[ ]
=

= θ θ θ





= 




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
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



withu C f

u u u u

u f f f

O O O

O Ox Oy Oz Ox Oy Oz

T

O Ox Oy Oz

T
,

 (6.152)

and the following numerical results are obtained: uOx = 8·10−8 m, uOy = 0.00032 m 
and uOz = −0.0005 m.
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7 Dynamics of Flexible-
Hinge Mechanisms

The dynamics of flexible-hinge mechanisms regarded as flexible multibody systems 
can be studied by means of distributed-parameter or lumped-parameter (including 
finite element) approaches – Shabana [1]. Most often, the dynamic modeling of these 
mechanisms addresses the natural-frequency, modal, transient, steady-state and fre-
quency-domain responses. Methods of formulating the dynamic mathematical model 
include d’Alembert principle – Boyet and Coiffet [2], Lagrange’s equations – Vibet [3], 
Surdilovic and Vukobratovic [4], Hamilton’s variational principle – Yu [5] or Lyapunov 
analysis – Indri and Tornambe [6]. The resulting dynamic models are derived by 
utilizing either local frames – Boutaghou and Erdman [7] – or global coordinates – 
see Simo and Vu-Quoc [8]. Methods and algorithms aimed at reducing the number 
of coordinates have been developed in order to simplify the mathematical models, 
such as those proposed by McPhee [9], Liew et al. [10], Engstler and Kaps [11], Cui 
and Haque [12], Smith [13] or Rosner et al. [14]. Dynamic models of  flexible-hinge 
mechanisms have mainly been utilized in applications of manipulation (including the 
micro-/nano-domain), robotics – as discussed by Gao [15], Bagci and Streit [16] or 
Tian et al. [17] – precision positioning, sensing and actuation – see Ling [18], Du et al. 
[19], Wang et al. [20], Polit and Dong [21] or Lin et al. [22].

This chapter studies the dynamic response of serial and parallel flexible-hinge 
mechanisms by using a lumped-parameter compliance-based approach. The major-
ity of applications are planar structurally, but spatial configurations are also analyzed. 
The degrees of freedom (DOF) are the displacements of the mobile rigid links’ cen-
ters of mass. Mechanisms where the inertia of flexible hinges can be neglected are 
studied, as well as mechanisms that include the inertia of hinges. The compliance 
matrix of flexible-hinge mechanisms is formed based on information from Chapters 
5 and 6 in direct relation to the DOF. The damping results predominantly from the 
viscous interaction of the rigid links with the surrounding fluid, but similar contri-
butions from the flexible hinges are also incorporated, specifically in the propor-
tional damping model. The free undamped response of flexible-hinge mechanisms, 
together with the natural frequencies, is analyzed, as well as the free damped and the 
forced responses. The steady-state and the frequency-domain behavior of flexible 
mechanisms subjected to sinusoidal excitation are also studied here.

7.1 DYNAMIC MODELING   

This section presents a general overview of the lumped-parameter mathematical 
models that describe the linear dynamic response of flexible-hinge mechanisms. 
The basic matrix equations are presented corresponding to the free (undamped 
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and damped) response and the forced response of these mechanisms. While a 
 derivation of these models is not included here, vibrations texts provide the respec-
tive derivation – see, for instance, Shabana [1] and Meirovitch [23]. Discussed are 
also the steady-state and frequency-response mathematical models for flexible-
hinge mechanisms under harmonic (sinusoidal) input.

7.1.1  deGrees of freedom (dof)

The number of differential equations forming the mathematical model of a 
dynamic flexible-mechanism system is identical to the number of independent 
parameters fully defining the state of that mechanism, which are the DOF. The 
mechanisms studied in this book consist of series/parallel combinations of flex-
ible hinges and rigid links. As demonstrated by concrete examples later in this 
chapter, the DOF of a flexible-hinge mechanism are the translation and rotary 
motions of the mobile rigid links’ mass centers.

The rigid body of Figure 7.1 has six DOF because its spatial position is deter-
mined by the six displacements at the center Ci, which are collected in the vector:

 [ ] = θ θ θ



×6 1u u u ui ix iy iz ix iy iz

T

 (7.1)

The six displacement components of Eq. (7.1) are expressed in the reference frame 
Cixyz whose axes are parallel to the axes of the global frame – Figure 7.1 also 
displays the local frame Cixiyizi. Therefore, a three-dimensional (3D) compliant 
mechanism with n rigid links (and the corresponding flexible hinges that connect 
the rigid links) undergoing spatial motion has 6n DOF, which are arranged in the 
overall displacement vector:

  [ ] [ ][ ] [ ][ ] = 



× × × × × .6 1 1 6 1 2 6 1 6 1 6 1u u u u un i n

T

 (7.2)

x

z

y θiy

θix
θiz

uiy

xi

yi

zi

Ciuix

uiz

FIGURE 7.1 Rigid body in three-dimensional space with six DOF in local and global 
reference frames.
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A planar (2D) rigid link can move in its plane or out of its plane; in both cases, 
the link has three DOF in either of these motions, which are collected in a related 
displacement vector as:

   = θ



   = θ θ



× ×

; ., 3 1 , 3 1
u u u u ui ip ix iy iz

T

i op ix iy iz

T

 (7.3)

where “ip” stands for in-plane and “op” symbolizes out-of-plane. As a result, 
a planar mechanism with n rigid links and flexible hinges undergoing either 
 in-plane or out-of-plane motion has 3n DOF, which can be organized as:

 

 

 

  =        






  =        






× × × × ×

× × × × ×
.

3 1 1, 3 1 2, 3 1 , 3 1 , 3 1

3 1 1, 3 1 2, 3 1 , 3 1 , 3 1

u u u u u

u u u u u

ip n ip ip i ip n ip

T

op n op op i op n op

T

 (7.4)

A compliant mechanism’s number of DOF sets the dimensions of the matrices 
defining the system and of the load and displacement vectors. A spatial mecha-
nism with 6n DOF has square inertia, compliance/stiffness and damping matrices 
of dimension 6n × 6n, while the load/displacement is a 6n × 1 vector. Similarly, 
the dimension of these matrices and the load/displacement vector is 3n for a pla-
nar compliant mechanism moving either in-plane or out-of-plane.

The mathematical models presented in the subsequent Sections 7.1.2–7.1.4 can 
be derived by means of general dynamics methods such as Newton’s second law 
of motion or Lagrange’s equations.

7.1.2  time-domain free undamped response

When only the inertia and the elastic features of a flexible-hinge mechanism are 
taken into account and there is no external load, the resulting mathematical model 
and its solution/response are free undamped or natural.

Consider a multiple-DOF flexible mechanism whose state is defined by a 
general displacement vector [u]. The free, undamped mathematical model is the 
matrix differential equation:

  [ ] [ ][ ][ ] [ ][ ] [ ]+ = = −M u K u K Cwith0 ,1  (7.5)

where [M] is the inertia (mass) matrix, [K] is the stiffness matrix and [C] is the 
compliance matrix. As per Den Hartog [24], Thompson and Dillon Dahleh [25], 
Rao [26] or Inman [27], the solution to Eq. (7.5) is:

 ( )[ ] [ ]= ω + ϕsin .u U tn  (7.6)
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Combining Eqs. (7.5) and (7.6) leads to the eigenvalue problem:

 ( ) [ ][ ] [ ] [ ] [ ][ ] [ ]−ω + = = λM K U D U Un nor0 ,2  (7.7)

where [U] is the eigenvector corresponding to a natural frequency ωn. The 
dynamic matrix [D] and the eigenvalue λn are:

 ( )[ ] [ ][ ] [ ] [ ] [ ] [ ]= = = λ = ω− − − −
; .1 1 1 1 2D M K M C C M n n  (7.8)

There are several methods available for solving Eq. (7.5), such as time-stepping 
algorithms (Runge–Kutta, Newmark), modal analysis (superposition), Laplace 
transform or transfer function procedures. The Laplace transform method can be 
utilized for systems having a relatively small number of DOF and is also applied 
in this chapter to find the free undamped response of flexible-hinge mechanisms. 
Consider that the initial displacement vector [u(0)] and the initial velocity  vector 
[v(0)] are known. Applying the Laplace transform to Eq. (7.5), the following 
Laplace-domain solution is obtained:

 ( ) ( )[ ] [ ] [ ][ ] [ ] [ ]= + +
−

U s s M K M s u v( ) (0) (0) ,2 1
 (7.9)

where [U(s)] is the Laplace transform of [u(t)]. The solution [u(t)] is found as the 
inverse Laplace transform of [U(s)] of Eq. (7.9).

As indicated in Eq. (7.5), the stiffness matrix [K] is the inverse of the com-
pliance matrix [C]. Details will be provided throughout this chapter on how to 
assemble the matrix [C] consistent with the DOF resulting from the independent 
motions of the moving rigid links for several serial and parallel compliant mecha-
nisms. Section 7.2 discusses the formulation of the inertia matrix [M].

7.1.3  time-domain free damped response

The free damped dynamic model of a flexible-hinge mechanism adds damping 
(usually of viscous nature) to the inertia and compliance/stiffness properties of a 
free undamped system.

The lumped-parameter mathematical model of a mechanical system that 
includes viscous damping properties in addition to inertia and stiffness is the 
equation:

   [ ][ ] [ ][ ] [ ] [ ][ ]+ + =M u B u K u 0 , (7.10)

where [B] is the damping matrix. Applying the Laplace transform to Eq. (7.10) 
with the initial conditions [u(0)] and [v(0)], the following Laplace-domain solution 
is obtained:

−1 ( )( ) ( )[ ] [ ] [ ][ ] [ ] [ ] [ ] [ ] [ ]= + + + +( ) (0) (0) .2U s s M s B K s M B u M v  (7.11) 
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The time-domain solution [u(t)] is found by inverse Laplace transforming [U(s)] 
of Eq. (7.11).

While the damping matrix [B] can be formulated independently, an alternative 
model uses the proportional damping (or Rayleigh damping), which assumes that 
[B] is a linear combination of [M] and [K] in the form:

 [ ] [ ] [ ]= α + βB M K , (7.12)

where the positive coefficients α and β weigh the contributions of [M] and [K]. For 
[B] defined as in Eq. (7.12), the solution of Eq. (7.11) changes to:

 ( ) ( )( ) ( )( )[ ] [ ] [ ][ ] [ ] [ ] [ ] [ ]( )= + α + β + + α + β +
−

U s s s M s K s M K u M v( ) 1 (0) (0) .2
1

 (7.13)

7.1.4  time-domain forced response

When external forcing is applied to a flexible-hinge mechanism, the following 
time-domain mathematical model results:

   [ ][ ] [ ][ ] [ ] [ ][ ]+ + =M u B u K u f , (7.14)

where [ f] is the time-dependent external forcing vector. Laplace transforming 
Eq. (7.14) by using the initial-condition vectors [u(0)] and [v(0)], the resulting 
Laplace-domain solution is:

( )( ) ( )[ ] [ ] [ ] [ ][ ] [ ] [ ] [ ] [ ] [ ]= + + + + +
−

U s s M s B K s M B u M v F s( ) (0) (0) ( ) ,2 1
 (7.15)

where [F(s)] is the Laplace transform of [ f(t)]. The inverse Laplace transform is 
applied to [U(s)] of Eq. (7.15) to obtain the time-domain displacement [u(t)].

Equation (7.15) can also be formulated in terms of the transfer function matrix 
[G(s)] and an equivalent forcing vector [Feq(s)] as:

 

( )
( )[ ] [ ]

[ ]

[ ]

[ ] [ ]

[ ] [ ] [ ]

[ ] [ ]

[ ]

=  

= + +

  = +

+ +













−

with( ) ( ) ( )

( )

( ) (0)

(0) ( ) .

2 1

U s G s F s

G s s M s B K

F s s M B u

M v F s

eq eq  (7.16)

For zero initial conditions, Eq. (7.16) simplifies to:

 [ ] [ ][ ]=( ) ( ) ( ) .U s G s F s  (7.17)
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7.1.5  steady-state and frequency-domain 
responses for harmonic forcinG

When the external loading applied to an n-DOF flexible-hinge mechanism is 
 harmonic, for instance, sinusoidal:

 
 



[ ]
( )

=  

= ω =

f t f t f t f t f t

f t F t i n

i n
T

i i i

with( ) ( ) ( ) ( ) ( )

( ) sin , 1,2, , .

1 2
 (7.18)

where Fi are amplitudes and ωi are frequencies (i = 1 to n), the steady-state, 
 time-domain response [u(t)] of the compliant mechanism is also sinusoidal and 
of the form:

 

… …

< …∑ ( )( ) ( )

[ ] =  

= ω ⋅ ω + ω ⋅ =
=

u t u t u t u t u t

u t G j F t G j i n

i n
T

i ik k k k ik k

k

n

with :( ) ( ) ( ) ( ) ( )

( ) sin , 1,2, , .

1 2

1

 (7.19)

The complex numbers Gik(ωk·j) of Eq. (7.19) are components resulting from the trans-
fer function matrix [G(s)] of Eq. (7.16) where the substitution s = ω·j (j2 = −1) was used. 
The complex number Gik(ωk·j) is defined by its modulus G jik ( )ω ⋅k  and its phase 
angle G jik ( )ω ⋅k . The variation of these two amounts in terms of the  frequency ωk 
is known as frequency response, and the resulting plots are the Bode plots.

7.2 I NERTIA (MASS) MATRIX

For the majority of compliant mechanisms whose rigid links are substantially 
heavier than the flexible hinges, the inertia (mass) matrix results solely from the 
rigid links. There are, however, devices where the dimensions and mass properties 
of the rigid links and the flexible hinges are of the same order of magnitude. These 
applications require consideration and inclusion of flexible-hinge inertia fractions 
into the overall inertia matrix; both categories are characterized in this section.

7.2.1  heavy riGid links and massless flexible hinGes

The inertia matrix of the 3D link shown in Figure 7.1 is expressed in connection 
to the nodal displacement vector of Eq. (7.1) as a diagonal matrix in the local 
frame Cixiyizi:

 ( )  =
×

M m m J J J mi
l

i i iz ix iy ii i idiag ,( )

6 6
 (7.20)

where mi is the mass of the rigid link i, and J Jixi i, aiy nd Jizi  are the link mass 
moments of inertia with respect to the central local reference frame Cixiyizi axes. 
The superscript “l” in the matrix of Eq. (7.20) denotes the local frame.



325Dynamics of Flexible-Hinge Mechanisms

For the in-plane or out-of-plane motions of planar mechanisms, the local-
frame inertia matrices are related to the displacements defined in Eqs. (7.3) and 
are expressed similarly to Eq. (7.20):

 ( )( )  =   =
× ×

diag diag; .,
( )

3 3 ,
( )

3 3
M m m J M J J mi ip

l
i i iz i op

l
ix iy ii i i

 (7.21)

7.2.2  heavy riGid links and heavy flexible hinGes

When the dimensions and masses of the rigid links and flexible hinges are com-
parable, the inertia of the flexible hinges should be combined with that of the rigid 
links. This approach is particularly relevant to micro-/nanoscale compliant mech-
anisms. Two modeling approaches are presented here, and they are both similar 
to finite element methods that derive inertia matrices, as discussed in Chapter 8. 
The simplest approach is the lumped-inertia model, which places fractions of the 
total mass of the flexible hinge at mobile end(s) corresponding to the relevant DOF 
and resulting in a diagonal inertia matrix. The other approach evaluates mass frac-
tions to be placed at the flexible-hinge end(s) to account for all possible motions 
and hinge deformations (see, for instance, Lobontiu et al. [28], Lobontiu [29], 
Lobontiu and Garcia [30], Lobontiu [31] or [32]) and results in consistent-inertia 
matrices comprising off-diagonal components. Two separate cases are considered 
here: in one case, the flexible hinge is fixed at one and connects to a mobile rigid 
link at the other end; in the other case, the flexible hinge connects to adjacent 
mobile rigid links at both ends.

This chapter only covers the inertia of straight-axis flexible hinges, and as it is 
shown, the consistent-model results are identical to the ones obtained by the finite 
element approach – see Chapter 8, which also covers the inertia of curvilinear-
axis flexible hinges.

7.2.2.1  Fixed-Free Flexible Hinges
The flexible hinge of Figure 7.2 is fixed at one and connects to a mobile rigid link at 
the other end. Inertia matrices are derived here corresponding to the in-plane and 
out-of-plane vibrations of the hinge “free” end H (which is actually connected to 
a moving rigid link) using both a consistent formulation and a lumped- parameter 
model. The resulting inertia matrices are then transferred (through rotation and 
translation) at the center C of the rigid link, and the resulting transformed hinge 
inertia matrices are added to the corresponding rigid-link inertia matrices.

7.2.2.1.1 Consistent-Inertia Model   
The kinetic energy T of a lumped-parameter dynamic system is expressed in 
matrix form as:

  [ ] [ ][ ]= ⋅1
2

,T u M uT  (7.22)
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where [ ]u  is the velocity vector corresponding to the displacement vector [u] and 
[M] is the inertia matrix. The aim in this section is to derive the in-plane and 
out-of-plane inertia matrices of a fixed-free flexible hinge by using the equality 
between the kinetic energy of the actual (distributed-parameter) hinge and an 
equivalent system with inertia fractions located at the hinge free (moving) end.

Consider the skeleton representation of the fixed-free (cantilever-type), straight-
axis flexible hinge of Figure 7.3, which is acted upon at its free end H by a spatial 
load vector [ f]. Assume that the cross-section of the flexible hinge is variable. 
The first goal is to establish a relationship between the displacements [u] at the 
free end and the displacement [u(x)] at an arbitrary point P of position x. Axial, 
torsional and bending vibrations of the hinge are analyzed separately.

Axial vibrations:
Under an axial force fx applied at point H in Figure 7.3, the displacements ux at 

H and ux(x) at P are calculated as:
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 (7.23)

where Cu fx x−  is the axial compliance of the full flexible hinge and C xu fx x− ( ) is 
the axial compliance of the segment comprised between P and the fixed end of 
the hinge. While Cu fx x−  is provided in Eqs. (2.6), the x-dependent compliance of 
Eqs. (7.23) is calculated as:

Flexible hinge

lC

Rigid link

H
C 

xH

yC 

Hinge mass fraction

xC

yH

δh

FIGURE 7.2 Skeleton representation of mechanism with one heavy flexible hinge, which 
is fixed at one end and connected to a moving heavy rigid link at the other end.

l
[u(x)][f], [u]

H
xH, xPx

yH

P

yP

FIGURE 7.3 Skeleton representation of a fixed-free flexible hinge with end-point load.
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 ∫= ⋅− ( )
1

( )
.C x

E

dx

A x
u f

x

l

x x  (7.24)

For a constant cross-section hinge with A(x) = A, Eq. (7.23) becomes:

 = −



 ⋅( , ) 1 ( ).u x t

x

l
u tx x  (7.25)

Equations (7.23) and (7.25) indicate that the axial displacement ux(x, t) at P is the 
product of a space-dependent function and a time-dependent function, which is 
the axial displacement at the free end ux. Therefore, Eq. (7.23) results in:
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x x

 (7.26)

The kinetic energy of the flexible hinge during axial vibrations (along the x axis) 
is calculated as indicated in Thompson and Dillon Dahleh [25], Rao [26] and 
Inman [27]:
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 (7.27)

If a single particle of mass Ma is placed at the free end of the hinge, the kinetic 
energy of this particle during its motion along the x axis is:

 = ⋅ ⋅ 



1
2

.
2

T M
du

dt
a a

Hx  (7.28)

Assuming that the actual, distributed-inertia flexible hinge and the particle of 
mass Ma have the same kinetic energy and identical x-axis motions at point H, 
Eqs. (7.27) and (7.28) yield the value of the inertia-equivalent particle mass:

 ∫= ρ⋅ ⋅




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−

−
( )

( )
2

0

M A x
C x

C
dxa

u f

u f

l

x x

x x

. (7.29)

For a constant cross-section flexible hinge of area A, Eqs. (7.25) and (7.29) result in:

 1
1
3

1
3

,
2

M A
x

l
dx A l ma

l

h∫ ( )= ρ⋅ ⋅ −



 = ⋅ ρ ⋅ ⋅ = ⋅  (7.30)
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where mh is the mass of the full flexible hinge.
Torsional vibrations:
Based on Figure 7.3 and applying a reasoning similar to the one used to evalu-

ate the axial vibrations of the fixed-free flexible hinge, it can be shown that the 
end-point rotation θx and the rotation θx(x) at the arbitrary point P that are pro-
duced when a moment mx is applied at point H along the longitudinal (x) axis are 
related as:
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Equation (7.31) also includes the time derivative of θx(x, t). Cθ −x xm  is defined in 
Eq. (2.6), and the x-dependent compliance of Eq. (7.31) is defined as:

 ∫= ⋅θ − ( )
1

( )
.C x
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I x
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t
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l

x x  (7.32)

For a constant cross-section hinge, the torsion moment of area is It(x) = It and 
Eq. (7.31) simplifies to:
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The kinetic energy of the distributed-inertia flexible hinge during torsional vibra-
tions around the x axis is expressed as in Thompson and Dillon Dahleh [25], Rao 
[26] and Inman [27]:
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The same kinetic energy of Eq. (7.34) can be produced by a body placed at the 
free end of the flexible hinge; if the x-axis mass moment of inertia of this body 
is Jt, then its kinetic energy is:
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
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d

dt
t t

x  (7.35) 
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Equating Tt of Eqs. (7.34) and (7.35) yields the equivalent mass moment of inertia:
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For a constant cross-section hinge with torsional moment of area It, Eqs. (7.33) 
and (7.36) yield:
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where Jh,x is the torsional moment of inertia of the full hinge with respect to the 
x axis.

Bending vibrations:
In-plane and out-of-plane bending vibrations are treated separately, and the 

corresponding inertia matrices will be derived next.
Consider that a load vector [ f ] = [ f  m ]T

bz y z  is applied at the free end H of the 
flexible hinge shown in Figure 7.3, where “bz” denotes bending about the z axis. 
This load generates a displacement vector [ubz] = [uy θz]T at the same point and 
a displacement vector [ubz(x)] = [u T

y(x) θz(x)]  at the arbitrary point P. The two 
 displacement vectors are expressed as:

 [ ] [ ][ ] [ ][ ] [ ]= =u C f u x C x fbz H bz bz bz PH bz bz; ( ) ( ) ,, ,  (7.38)

where [CH,bz] is the bending compliance matrix of the full flexible hinge with 
respect to the reference frame positioned at H and related to the load at H. 
[CPH,bz(x)] is the compliance matrix of the segment comprised between the arbi-
trary point P and the fixed end, calculated at point P in the local frame PxPyPzP, 
and produced by the same load applied at H. This latter matrix is calculated as:

 [ ] [ ][ ]=C x C x TPH bz P bz HP bz( ) ( ) ,, , ,  (7.39)

where [CP,bz(x)] is the compliance matrix of the segment comprised between P 
and the fixed point when evaluated with respect to the local frame placed at P, 
and considering the load is applied at P, as well. [THP,bz] is the in-plane translation 
matrix moving the load from H to P. For a variable cross-section flexible hinge, 
these matrices are evaluated as:
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The compliances of [CH,bz] are defined in Eqs. (2.6), while the compliances 
depending on x in Eq. (7.40) are:
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where Iz(x) is the z-axis area moment of the variable cross-section. Eliminating 
the load vector between the two Eqs. (7.38) results in:
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The bending shape-function matrix [Sb(x)], which is the conventional name used 
in finite element analysis (see also Chapter 8), is a square matrix of dimension 2. 
The deflection at P is expressed by means of the first-row elements of [Sb(x)] of 
Eq. (7.42), namely:
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For a constant cross-section, the shape functions of Eq. (7.43) become:

 = − ⋅ + ⋅ = − ⋅ +( ) 1 3 2 ; ( ) 2 .1

2

2

3

3 2

2 3

2S x
x

l

x

l
S x x

x

l

x

l
b b  (7.44)

Equation (7.43) indicates that a similar relationship exists between the velocity 
fields corresponding to the two displacement vectors of that equation, namely:
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As per Thompson and Dillon Dahleh [25], Rao [26] and Inman [27], the bending-
related kinetic energy of the distributed-inertia flexible hinge is calculated as:
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Equation (7.46) used Eq. (7.45), as well as the identity:

 [ ] [ ] [ ] [ ][ ] [ ]= → = ⋅ =a V V a a a V V V VT T T T ,1 2
2

2 1 1 2  (7.47)

where a is a scalar that can be written as the product of two equal-dimension 
 vectors [V1] and [V2]. In Eqs. (7.45) and (7.46):
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Comparing Eqs. (7.46) and (7.22) shows that the in-plane, bending-related 
 symmetric inertia matrix is:
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For a constant cross-section flexible hinge, Eq. (7.49) reduces to:

 [ ] = ⋅ ⋅
⋅

⋅ ⋅



















1
35

13
11
6

11
6

1
3

,
2

M m
l

l l
b h  (7.50)

where mh is the mass of the flexible hinge.
Note on inertia matrix corresponding to out-of-plane bending:
The development and equations obtained for in-plane bending (namely, Eqs. (7.49) 

and (7.50)) are also valid for out-of-plane bending in relation to a displacement vector 
[uby] = [uz θy]T at the end H in Figure 7.3 and a displacement vector [uby(x)] = [uz(x) 
θy(x)]T at the arbitrary point P – “by” denotes bending around the y axis.

Example 7.1

A straight-axis, right elliptical flexible hinge of rectangular cross-section is 
defined by a constant out-of-plane width w = 0.008 m, ellipse semi-axis length 
b = 0.006 m, material Young’s modulus E = 2·1011 N/m2 and mass density 
ρ = 7,800 kg/m3. Consider the other ellipse semi-axis a and the minimum thick-
ness t are variable in the intervals 0.005 ≤ ≤a 0.015 and 0.0007 ≤ ≤t 0.012 (both 
measured in meters). Study the variation of the in-plane, direct-bending inertia 
fraction Mb(1,1) when calculating it via the shape functions of a constant cross-
section hinge vs. the shape functions defined based on compliances and the 
actual variable cross-section.
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Solution:

The compliance matrix [CH,bz] of Eq. (7.40) is calculated by means of 
Eqs.  (A3.3), whereas the compliance matrix [CP,bz(x)] of the same Eq. (7.40) 
is calculated with the following components, which are originally provided 
in Eq. (2.53):
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where t(φ) = t + 2b(1 − cosφ) is the variable, in-plane thickness of the hinge, as 
per Eq. (2.50). The shape-function matrix of Eq. (7.42) provides the components 
Sb1(x) and Sb2(x) that form the vector [Sb,1(x)] of Eq. (7.43). Using x = a·sinφ, the 
shape functions of Eqs. (7.44), which consider the cross-section as  constant, 
can be evaluated in terms of the variable angle φ, and the corresponding shape-
function vector [Sb,1(x)] is formed. The inertia matrix is calculated for both sets 
of shape functions based on Eq. (7.49), which is conditioned as:

 ∫ [ ][ ][ ] = ρ⋅ ⋅ ⋅ ϕ ϕ ϕ ⋅ ϕ ⋅ ϕ
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FIGURE 7.4 Plot of relative difference between inertia fractions in terms of the mini-
mum thickness t for a right elliptical flexible hinge of rectangular cross-section.
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The relative difference is evaluated between the component Mb(1,1) of the iner-
tia matrix that uses shape functions based on the variable cross-section and 
the same component of the inertia matrix that is calculated based on the con-
stant cross-section shape functions of Eq. (7.44). The relative error is constant 
and equal to 5.58% when the parameter a varies (and t assumes a value of 
0.001 m). However, for t ranging in the given interval (and a = 0.01 m), the rela-
tive error in the direct-bending inertia fraction varies as illustrated in Figure 7.4. 
As the figure shows, the relative errors between the two models’ predictions 
decrease with t increasing.

In-plane and out-of-plane inertia matrices:
The in-plane and out-of-plane inertia matrices of the flexible hinge can now be 

formed. For an in-plane displacement vector [uip] = [ux uy θz]T, the inertia matrix 
is formally assembled from the axially-related Eq. (7.29) and the bending-related 
Eq. (7.49), namely:
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The second Eq. (7.53) expresses the inertia matrix of a constant cross-section, 
fixed-free flexible hinge.

The out-of-plane inertia matrix combines torsion and bending, and is corre-
spondingly assembled from Eqs. (7.36) and (7.49) based on the free-end displace-
ment vector [u T

op] = [θx θy uz] :
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Again, the second Eq. (7.54) provides the inertia matrix of a constant cross- 
section, fixed-free flexible hinge. Note that both the in-plane and out-of-plane 
inertia matrices of Eqs. (7.53) and (7.54) are symmetric and evaluated in their 
local reference frames. The superscript “h” in Eqs. (7.53) and (7.54) stands for 
hinge. For a hinge with variable cross-section, the flexure hinge mass and the 
x-axis moment of inertia are calculated as:

 ∫ ∫= ρ⋅ = ρ⋅( ) ; ( ) .
0

,

0

m A x dx J I x dxh

l

h x t

l

 (7.55)

7.2.2.1.2  Lumped-Parameter Inertia Model
The distributed-inertia of a fixed-free flexible hinge can be equivalently transformed 
in lumped-inertia fractions placed at the free, moving end in order to account for 
axial, torsional and bending vibrations of the hinge, as pictured in Figure 7.5.

The mass fraction accounting for the axial (x axis) vibration is equal to 1/3 of 
the flexible-hinge mass mh. This is a value that corresponds to a constant cross-
section flexible hinge – see Inman [27], Lobontiu and Garcia [30], Lobontiu [31] 
and [32] for more details – but can also be used as a reasonable approximation 
for variable cross-section hinges. In a similar manner, the lumped-parameter tor-
sional moment of inertia (accounting for rotary vibrations along the x axis) that 
is located at the hinge end H is equal to 1/3 of the full hinge mass moment of 
inertia Jh,x for a constant cross-section member, but is a fair approximation for 
variable cross-section hinges, as well. These values were also obtained through 
the consistent approach in this section. The flexible-hinge inertia representing the 
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FIGURE 7.5 Lumped-parameter inertia fractions resulting from a distributed-inertia 
fixed-free flexible hinge.
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translation vibrations along the y or z axes at the end H is equal to 33/140 of mh, 
which corresponds to a constant cross-section flexible hinge and is also used to 
approximate the similar feature of a variable cross-section hinge. Details on how 
to derive the bending-related mass fraction are provided in Thompson and Dillon 
Dahleh [25], Inman [27] and Lobontiu [32].

As in the consistent method, the in-plane DOF of the flexible hinge are col-
lected in the vector [ux uy θz]T, whereas the out-of-plane DOF are the vector’s 
components [θx θy uz]T – both vectors are defined in the hinge local reference 
frame HxHyHzH – see Figure 7.3. Corresponding to these local DOF, the following 
in-plane and out-of-plane lumped-parameter inertia matrices are formed:
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7.2.2.1.3  Assembling the Inertia Matrix Resulting from 
Rigid Links and Fixed-Free Flexible Hinges

Consider, again, the simple chain formed of the rigid link and the flexible hinge 

shown in Figure 7.2. An in-plane inertia load  f fip  =  x yf m
T

z   acting at 

H results in a displacement vector u uip  = θ x yu z 
T

  at the same point. 

These vectors are transferred from the hinge local frame HxHyHzH to the global 
frame CxCyCzC (which is located at the rigid-link center of mass C) where they 
become  f uC i, ,p C and  ip , respectively. Chapters 3 and 4 detail the procedure 
of transferring loads and displacements between reference frames that are both 
offset (non-collocated) and rotated. In a similar manner, the local-frame load 
and  displacement (also acceleration) vectors are connected to their global-frame 
counterparts as:
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where the translation and rotation matrices are:
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The in-plane inertia load and acceleration vectors are connected by inertia 
 matrices in the two reference frames as:
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Substituting the local-frame vectors of Eqs. (7.57) into the first Eq. (7.59) results 
in an equation similar to the second Eq. (7.59) where the global-frame inertia 
matrix of the flexible hinge is expressed in terms of the local-frame one as:
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With a similar reasoning, it can be demonstrated that the out-of-plane, global-
frame inertia matrix of the flexible hinge can be calculated in terms of the local-
frame inertia matrix as:
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The overall in-plane and out-of-plane inertia matrices of the two-member mecha-
nism shown in Figure 7.2 add the corresponding inertia matrices of the rigid link 
and the flexible hinge as:

   =   +     =   +  ; ,, ,
( )

,
( )

, ,
( )

,
( )M M M M M MC ip C ip

r
C ip

h
C op C op

r
C op

h  (7.62)

where the superscript “r” denotes the rigid link. The inertia matrices of the rigid 
link are:
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where mr is the mass of the rigid link and Jr,x, Jr,y and Jr,z are the mass moments of 
inertia of the rigid link with respect to the global axes centered at C in Figure 7.2.

7.2.2.2  Free-Free Flexible Hinges
Compliant mechanisms may include flexible hinges that are connected at both 
ends to moving rigid links – Figure 7.6 shows the skeleton representation of such 
a configuration. These hinges are “free-free” in the sense that both their ends are 
movable, unlike the previous hinge configuration of Figure 7.2, which is “fixed-
free” because one of its ends is fixed.

When the flexible hinge is relatively heavy, hinge inertia fractions can be for-
mulated to be placed at both ends H1 and H2 based on either a consistent approach 
or a lumped-parameter model, as discussed in this section.
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7.2.2.2.1 Consistent-Inertia Model   
Figure 7.7 shows the skeleton representation of a free-free, straight-axis flexible 
hinge, which is acted upon at its ends H1 and H2 by two spatial load vectors. 
The first goal is to establish a relationship between the displacement [u(x)] at an 
arbitrary point P of position x and the displacements [uH1] and [uH2] at the free 
ends. Axial, torsional and bending inertia are addressed separately.

Axial vibrations:
Consider that the flexible hinge of Figure 7.7 can only deform axially under 

the action of forces aligned with the hinge and applied at the two ends. Under an 
axial force f1x applied at point H1 in Figure 7.6, the displacement u1x at H1 and the 
 displacement ux(x) at P, both relative to the displacement u2x at H2, are calculated as:
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 (7.64)

where the compliance Cu fx x−  is the axial compliance of the full hinge and  is the 
compliance of the segment comprised between P and H2 – it is formulated in 
Eq. (7.24).

lC1

C1

Flexible hinge

Rigid link 1 

H1

yC1

Hinge mass fractions

H2 C2

lC2

Rigid link 2
xC1

xC2

yC2

FIGURE 7.6 Skeleton representation of planar mechanism with one heavy flexible hinge 
connected at both ends to moving heavy rigid links.

l
[fH1], [uH1] [u(x)]

H1

x1x

y1

P H2

[fH2], [uH2]

y2

x2

x*

FIGURE 7.7 Skeleton representation of a free-free flexible hinge with end-point loads.
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The functions Sa1(x) and Sa2(x) are the axial shape functions – they are similar 
to the bending shape functions introduced in Section 7.2.2.1.1. Equation (7.64) 
can also be written in vector form as:
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The kinetic energy of the flexible hinge with regard to its axial (x axis) vibrations 
is calculated as:
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Comparing Eq. (7.66) to the generic expression of the kinetic energy of Eq. (7.22) 
yields the symmetric inertia matrix of the free-free flexible hinge owing to axial 
effects:
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For a constant cross-section hinge, the shape functions of Eqs. (7.64) become:
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and the corresponding inertia matrix is:
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Note that adding all the mass fractions in the matrix of Eq. (7.69) results in mh, 
the mass of the flexible hinge.
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Torsional vibrations:
Torsion vibration is approached similarly to axial vibration. Under an axial 

moment m1x applied at point H1 in Figure 7.7, the rotations θ1x at H1 and θx(x) at P 
are calculated relative to the rotation θ2x at H2 as:
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where St1(x) and St2(x) are the torsional shape functions. The rotation at point P 
can be expressed in vector form as:
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The kinetic energy of the flexible hinge during torsional vibrations around the x 
axis is:
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Comparing Eq. (7.72) to the generic kinetic energy given in Eq. (7.22) indicates 
that the symmetric inertia matrix of the free-free flexible hinge due to torsion is:
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For a constant cross-section hinge, the torsion shape functions of Eqs. (7.70) are 
identical to the axial shape functions of Eq. (7.68), which is [St(x)] = [Sa(x)], and 
the inertia matrix of Eq. (7.73) becomes:
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where Jh,x = ρ·It·l is the mass moment of inertia of the flexible hinge with respect 
to the x axis.

Bending vibrations:
A process similar to the one used to identify the bending shape functions for a 

fixed-free flexible hinge is applied to express the deflection uy(x) at the arbitrary point 
P in terms of the bending-related displacement vector [ubz] = [u1y θ1z u2y θ T

2z] , where 
u1y, θ1z, u2y and θ2z are deflections and rotations at the ends H1 and H2 in Figure 7.7. 
The deflection uy(x) is obtained as a superposition of the case studied when a load 
is applied at H1 and H2 is assumed fixed (see the bending of the fixed-free flexible 
hinge) with the reversed case where a load is applied at H2 and H1 is assumed fixed.

For H2 fixed, a load vector [ f1,bz]  [ f1y m1z]T is applied at the end H1 of the flex-
ible hinge. This load generates a displacement vector [u1,bz] = [u1y θ1z]T at the same 
point and a displacement vector [u1,bz(x)] = [u1y(x) θ T

1z(x)]  at the arbitrary point P. 
Applying a reasoning similar to the one used for the fixed-free flexible hinge, the 
following equation results:
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where

 [ ] [ ][ ]=( ) ( ) ., , ,1 1C x C x TPH bz P bz H P bz  (7.76)

The shape-function matrix [Sb1(x)] of Eq. (7.75) is identical to the shape- function 
matrix [Sb(x)] expressed in Eq. (7.42). The compliance matrix [CP,bz(x)] is expressed 
in Eq. (7.40). The compliance matrix [ ]CH b1 , z  of Eq. (7.75) and the translation 
matrix of Eq. (7.76) are:
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As in Eq. (7.43), the deflection at P is:

 = ⋅ + ⋅θ( ) ( ) ( ) ,1 1 1 2 1u x S x u S xy b y b z  (7.78)

where Sb1(x) and Sb2(x) are the elements on the first row of the 2 × 2 shape-function 
matrix [Sb1(x)] of Eq. (7.75), which are identical to the similar elements of [Sb(x)] 
in Eq. (7.42). For a constant cross-section flexible hinge, the two shape functions 
of Eq. (7.78) become those of Eq. (7.44).

Assume now that a forcing vector [ f T
2,bz] = [ f2y m2z]  is applied at the end H2 of 

the flexible hinge while the other end H1 is fixed – see Figure 7.7. An approach 
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similar to the one used previously is used to formulate the displacement vector 
[u T * * * T

2,bz] = [u2y θ2z]  at H2 and [u2,bz(x )] = [u2y(x ) θ2z(x )]  at P. Note that x* = l − x 
is the coordinate in the reference frame centered at H2 in Figure 7.7. These two 
displacement vectors are related as:
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Because the reference frame H2x2y2z2 has its x2 and z2 axes flipped compared 
to the right reference frame H1x1y1z1, the actual compliance matrix [Sb2(x)] has 
minus signs in front of its off-diagonal components of Eq. (7.79), namely:
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The x*-dependent compliance matrix of Eq. (7.79) is:
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The other compliance matrix of Eq. (7.79) and the new matrices of Eq. (7.81) are:
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The components of the [CP,bz(x*)] matrix are calculated as:
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which used x* = l − x.
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From Eq. (7.79), the deflection at P is expressed in terms of the first-row 
 elements of the shape-function matrix expressed in Eq. (7.80), namely:

 = ⋅ + ⋅θ = ⋅ + ⋅θ( ) ( ) ( ) ( ) ( ) ,2 2,1 2 2,2 2 3 2 4 2u x S x u S x S x u S xy b y b z b y b z  (7.84)

where the “*” superscript notation was dropped. When the flexible-hinge cross-
section is constant, the shape functions of Eq. (7.84) become:
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For a free-free flexible hinge, the deflections u1y(x) of Eq. (7.78) and u2y(x) of 
Eq. (7.84) need to be superimposed to obtain the total deflection uy(x) at P:
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With these distribution functions and following a development similar to the one 
used in the case of the fixed-free flexible hinge, the following bending-related 
symmetric inertia matrix is obtained:
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For a constant cross-section flexible hinge, Eq. (7.88) becomes:
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where mh is the mass of the flexible hinge.
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Note on inertia matrix corresponding to out-of-plane bending:
The inertia matrix that captures the bending about the y axis is not given 

explicitly here, but is incorporated in the out-of-plane inertia matrix shortly in 
this section. The components of the y-axis bending inertia matrix are the ones of 
Eqs. (7.88) and (7.89), but they are rearranged to reflect the component sequence 
in the out-of-plane displacement vector u uby  = θ y z θ y zu 

T
1 1 2 2  .

In-plane and out-of-plane inertia matrices:
The in-plane inertia matrix of a free-free flexible hinge can now be assembled 

by considering axial fractions from Eq. (7.67) and bending contributions as per Eq. 
(7.88) in relation to the in-plane displacement vector [uip] = [u T

1x u1y θ1z u2x u2y θ2z] :
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For a constant cross-section flexible hinge, combining Eq. (7.90) with Eqs. (7.69) 
and (7.89) results in:
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The out-of-plane inertia matrix is based on the displacement vector [uop] = [θ1x θ1y 
u1z θ2x θ2y u2z]T and assembles torsion contributions from Eq. (7.73) and bending 
fractions from Eq. (7.88) in the form:
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 (7.92)
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Equations (7.92), (7.74) and (7.89) are combined when the flexible-hinge cross-
section is constant and yield:
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 (7.93)

Note, again, that the in-plane and out-of-plane inertia matrices of Eqs. (7.90) 
through (7.93) are symmetric.

7.2.2.2.2  Lumped-Parameter Inertia Model
The lumped-parameter model distributes inertia fractions to the two ends of the 
flexible hinge in a diagonal inertia matrix. Figure 7.8 illustrates this process for 
axial, torsional and bending vibrations.

As shown in Figure 7.8, identical fractions that are equal to half the mass of the 
flexible hinge are associated with the axial and bending translations; similarly, 
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FIGURE 7.8 Lumped-parameter inertia fractions resulting from a distributed-inertia 
free-free flexible hinge.
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half the flexible-hinge mass moment of inertia about the x axis is apportioned 
at each of the two ends to account for torsion. As a result, the in-plane, lumped-
parameter inertia matrix, which is associated with the displacement ve ctor 
[uip] = [u1x u1y θ1z u2x u T

2y θ2z] , is of diagonal form, namely:

   = ⋅ ⋅ ⋅ ⋅




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1
2

1
2
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2
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0 .( )M m m m mip
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h h h h  (7.94)

The out-of-plane, lumped-parameter inertia matrix, which is associated with the 
displacement vector [uop] = [θ1x θ1y u1z θ T

2x θ2y u2z] , is also of diagonal form, namely:

   = ⋅ ⋅ ⋅ ⋅

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When a straight-axis flexible hinge is part of a three-dimensional mechanism, its 
inertia matrix conforms to the displacement vector [u] = [[uip] [uop]]T and is diago-
nally formed of the in-plane and out-of-plane inertia matrices as:
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h
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h   =M    . (7.96) [ ] 0  ( )  M h

op  

7.2.2.2.3  Assembling the Inertia Matrix Resulting from 
Rigid Links and Free-Free Flexible Hinges

As seen in the previous section, the inertia matrix of a heavy, mobile flexible 
hinge consists of inertia fractions that correspond to the hinge end-point DOF. 
In either in-plane or out-of-plane vibrations, the square inertia matrix is a 6 × 6 
matrix. On the other hand, the in-plane or out-of-plane inertia matrix of a rigid 
link is defined at its mass center as a 3 × 3 matrix. Due to this dimensional dis-
crepancy, it is not straightforward to combine the inertia matrices of a flexible 
link and an adjacent moving rigid link. The following procedure eliminates this 
discrepancy and comprises the following steps:

Step 1: Calculate the inertia matrices of all rigid links in their local frames 
originally and then in the global frame through appropriate rotation;

Step2: Assemble all rigid-link inertia matrices into a single matrix, which is 
consistent with the DOF of the flexible-hinge mechanism;

Step 3: Similarly calculate inertia matrices of all the heavy flexible hinges 
in their local frames originally and then in the global frame through 
appropriate rotation;

Step 4: Transform (actually reduce) the inertia matrices of all flexible hinges 
from the DOF corresponding to their moving end points to the adjacent 
rigid-link centers DOF, which are also the mechanism DOF;
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Step 5: Assemble all the mobile flexible hinges transformed inertia matrices 
obtained at Step 4 into a single inertia matrix, which is consistent with 
the mechanism DOF;

Step 6: Add the transformed flexible-hinge inertia matrix to the rigid-link 
inertia matrix to obtain the mechanism inertia matrix.

While Steps 1, 2, 3, 5 and 6 involve regular matrix operations, Step 4 is based 
on expressing the displacements at the ends of a rigid link (where heavy flexible 
links are connected) in terms of the displacements at the rigid-link center. These 
transformations are obtained considering the small-displacement rigid-body 
motion of the rigid link. Consider a mobile rigid link that is connected at its ends 
to two flexible hinges, as illustrated in Figure 7.9. This portion is part of a planar 
mechanism, which performs small in-plane or out-of-plane motions.

In the local frame CxCyCzC, the in-plane displacements of the two end points of 
the rigid link and those of the center C are connected as:
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 (7.97)

where the superscript “l” denotes the local frames centered at H H(1)
2 , ,(2)

1 C, which 
share their x axes, as shown in Figure 7.9. The three local-frame displacement 
vectors of Eq. (7.97) are each formed of the regular components denoting x-axis 
translation, y-axis translation and z-axis rotation. These local-frame vectors are 
rotated into the global frame xyz (identified in Figure 7.9) to produce the follow-
ing global-frame vectors:
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FIGURE 7.9 Mobile rigid link connected to two flexible hinges in planar configuration.
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Equations (7.97) and (7.98) are combined to express the end-point displacement 
vectors in terms of the center-point displacement vectors in the global frame as:
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Similarly, the out-of-plane displacements at the two end points of the rigid link 
are related to those of the center C as:
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The local-frame components of the three vectors in Eq. (7.100) are the regular 
x-axis rotation, y-axis rotation and z-axis translation – all determined in the local 
frames located at the points H H(1)

2 , a(2)
1 nd C . The following global-frame dis-

placement vectors are obtained by rotating the local-frame vectors of Eq. (7.100):
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with [RC] of Eq. (7.98). Combination of Eqs. (7.100) and (7.101) yields:
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Steps 3–5 are detailed in the following Example 7.2, while Example 7.7 follows 
up on Example 7.2 to apply the full algorithm of incorporating flexible-hinge 
inertia in an actual planar mechanism.

Example 7.2

The generic planar mechanism shown in skeleton form in Figure 7.10 is formed 
of two flexible hinges and two rigid links. Assemble the overall in-plane and 
out-of-plane inertia matrices with respect to the mass centers of the two rigid 
links that are due to the flexible hinges only. Consider that known are the 
local-frame inertia matrices of the two flexible hinges, as well as all geometric 
parameters identified in Figure 7.10.

Solution:

In-plane inertia matrix:
Based on Eqs. (7.97)–(7.99), the connections between the in-plane dis-
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similar displacement vectors u uC i1 2, ,p C and  ip  at the centers C1 and C2 of the 
two rigid links are expressed as:
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FIGURE 7.10 Skeleton representation of a planar fixed-free mechanism with two  flexible 
hinges and two rigid links.
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where the transformation matrices are:
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The translation matrices of Eq. (7.104) are:
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The rotation matrices of Eq. (7.104) are calculated as in Eq. (7.98) with the rota-
tion angles δC1 and δC2 of Figure 7.10.

Equations (7.103) are assembled in the following form:
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and
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The total kinetic energy resulting from the two heavy flexible hinges is 
expressed as:
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where the inertia matrix pertaining to the two flexible hinges of Figure 7.10 is:
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with M (1)
 ip  representing the inertia matrix of flexible hinge 1 and M (2)

 ip  repre-

senting the inertia matrix of hinge 2 – both are expressed in the global frame. 
They are obtained from the corresponding local-frame inertia matrices by 
means of rotations with the angles δ1 and δ2 – see Figure 7.10 – as:
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where the inertia matrices in the right-hand sides of Eqs. (7.111) are determined 
in the local frames of the two hinges; they can be calculated by means of either 
the consistent formulation or the lumped-parameter model. The rotation matri-
ces of Eq. (7.111) are:
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Note that the in-plane, local-frame inertia matrices of the two flexible hinges of 
Figure 7.10 are of 6 × 6 dimension (hinge 1) and 3 × 3 dimension (hinge 2) – the 
reduced dimension of the latter hinge is because it has one end fixed. Combining 
now Eqs. (7.106) and (7.109) yields the inertia matrix of the two flexible hinges 
that corresponds to the displacement vector, uC i, p  which is:

 
 =      
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.
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 (7.113)
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Out-of-plane inertia matrix:
An equation similar to Eq. (7.103) is obtained that connects the 

out-of-plane displacement vectors at the three moving hinge ends 
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instead of “ip” in Eqs. (7.103); the out-of-plane translation matrices are:
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Equations similar to Eqs. (7.107) through (7.113) are derived for the out-of-plane 
motion – the only formal difference being the subscript “op” that needs to be 
used instead of “ip”; eventually, the reduced out-of-plane inertia matrix is:

   =      × × × ×
., 6 6 , 6 9 , 9 9 , 9 6

M Tr M TrC op CH op
T

H op CH op  (7.115)

7.3 DAMPING MATRIX   

Similar to the formulation of the inertia matrix [M], the damping matrix [B] of 
a flexible-hinge mechanism mainly results from the external viscous friction 
between the more massive rigid links and the surrounding fluid. It can thus be 
considered that [B] is solely associated with the motion of the rigid links, and this 
model is preponderantly used in the related literature. However, when the rigid 
links and flexible hinges have comparable dimensions, [B] should also include 
contributions from the flexible hinges. It is particularly advantageous in this lat-
ter approach to utilize the proportional damping model, according to which the 
damping matrix is a linear combination of the inertia matrix and the stiffness 
matrix (the inverse of the compliance matrix) – see also Section 7.1.3. These 
damping models are utilized in this chapter.

The loss mechanisms through damping are, however, very complex, and 
there are multiple contributing sources, such as internal losses, particularly 
in the flexible hinges that deform during cyclic vibration when a relaxation 
process due to thermoelastic phenomena occurs – see Lazan [33], Nashif et al. 
[34] and Rivin [35], for instance. Vibratory microscale compliant mecha-
nisms are additionally subjected to damping losses through mechanisms such 
as squeeze- or slide-film damping, substrate, volume and/or thermoelastic 
losses  – as discussed in Lobontiu [32]. These damping mechanisms are not 
included in the book.
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7.3.1  viscous dampinG from riGid links

The viscous damping matrix of the 3D rigid link sketched in Figure 7.1 is con-
nected to the six DOF and the corresponding nodal displacement vector of 
Eq. (7.1); it is the following local-frame diagonal matrix:

 ( )  =
×

diag ,( )

6 6 , , , , , ,B b b b b b bi
l

t x t y r z r x r y t zi i i i i i  (7.116)

where b bt x, ,i i, at y nd bt z, i  are damping coefficients associated with the translation 
of rigid link i along the local directions xi, yi and zi, whereas b br x, ,i i, ar y nd br z, i  
are the damping coefficients characterizing the rotations of the rigid link i around 
the local axes.

The local-frame damping matrices defining the in-plane or out-of-plane 
motions are expressed as:
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7.3.2  proportional viscous dampinG from 
riGid links and flexible hinGes

When the dimensions of the rigid links and those of the flexible hinges are com-
parable, viscous damping contributions from the flexible hinges should be added 
to those of the rigid links. Separate evaluation of the damping due to flexible 
hinges can be pursued as discussed, for instance, in Lobontiu [32]. However, the 
proportional viscous damping model allows for the natural incorporation of the 
hinge damping addition; according to this model, the viscous damping matrix 
is a linear combination of the inertia matrix and the stiffness matrix as given in 
Eq. (7.12), where α and β are coefficients weighing the inertia and stiffness matri-
ces. The rigid-link and flexible-hinge damping matrices are:

 [ ] [ ]  = α   + β   = α   + β; ,( ) ( ) ( ) ( )B M K B M Kr
r

r h
h

h  (7.118)

where all the matrices in the right-hand sides of Eqs. (7.118) are expressed in the 
mechanism global frame. The total damping matrix is therefore:
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where “r” and “h” stand for rigid link and flexible hinges, respectively.
Formation of the compliance matrix [C] can be achieved to conform with the 

dimensionality of the compliant mechanism, which is also the dimensionality of 
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y 

FIGURE 7.11 Skeleton representation of a fixed-free collinear chain formed of a flexible 
hinge and a rigid link.

the inertia matrix [M] as dictated by the mechanism DOF. Subsequent sections 
in this chapter will separately discuss the derivation of [C] for serial and parallel 
flexible-hinge mechanisms.

7.4 SERIAL MECHANISMS   

This section studies the dynamics of mechanisms that are formed by serially con-
necting flexible hinges and rigid links. Mechanisms with fixed-free ends, as well 
as mechanisms with other boundary conditions (overconstrained), are analyzed 
here. Examples include devices of planar structure that undergo in-plane or out-
of-plane motion, as well as spatial mechanisms that move three dimensionally.

7.4.1  planar (2d) mechanisms

Fixed-free and overconstrained mechanisms are included here, which can be of 
simple configurations, such as devices formed of one rigid link and one flexible 
hinge. More complex mechanism designs with multiple rigid links and flexible 
hinges are also studied.

7.4.1.1  Fixed-Free Chain with One Flexible Hinge and One Rigid Link
Consider the mechanism sketched in Figure 7.11; it is formed of a single hinge con-
nected to a moving rigid link at one end and fixed at the other end – the two links 
are collinear in this section. The mathematical models of the free undamped and 
the free damped responses are derived here, and related examples are analyzed.

7.4.1.1.1  Free Undamped Response
The mathematical models of the free undamped response for both in-plane and 
the out-of-plane vibrations are formulated in this section. While the rigid link is 
inherently heavy, the flexible hinge may be either massless or heavy.

In-plane motion:
The planar motion of the rigid link (and of the mechanism) is fully defined by 

three parameters related to the link center of mass (and symmetry) C: the hori-
zontal and vertical translations uCx and uCy, and the link rotation θCz around the z 
axis. As a result, the system sketched in Figure 7.11 has three DOF. The equation 
defining the in-plane free undamped vibrations of the system is:
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The inertia matrix [MC,ip] of Eq. (7.120) adds inertia contributions from the 
rigid link and the flexible hinge as in Eq. (7.62). The rigid-link inertia matrix is 
expressed in Eq. (7.63), whereas the flexible-hinge inertia matrix is transferred to 
C as in Eq. (7.60), namely:
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 

Equation (7.121) resulted from Eq. (7.60) by using the identity matrix instead of 

the rotation matrix in that equation. The flexible-hinge inertia matrix  ( )
M h

H i, p  

is provided generically in the first Eq. (7.53) based on the consistent model and 

in Eq. (7.56) for the lumped model. The rigid-link mass moment of inertia in 
Eq. (7.63) is J m= ⋅ l2

Cz r r / 12, with mr being the mass of the rigid link.
The stiffness matrix [KC,ip] of Eq. (7.120) results from inverting the compliance 

matrix [CC,ip]; the latter is evaluated at C, by means of a translation matrix that 
transfers the flexible-hinge native compliance matrix from H to C:

   =       ,, , , ,C T C TC ip CH ip
T

H ip CH ip  (7.122)

with [TCH,ip] provided in Eq. (7.121). The in-plane dynamic matrix, which allows 
calculating the natural frequencies, is determined as:

 ( )  =     =     =    
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Out-of-plane motion:
A similar approach is followed to derive the mathematical model of the out-

of-plane free vibrations of the system sketched in Figure 7.11. The rigid link’s 
center-relevant motions are the rotations θCx and θCy around the x and y axes, and 
the translation uCz along the z axis. The equation of motion is:
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The out-of-plane inertia matrix of Eq. (7.124) combines inertia fractions resulting 
from the rigid link and the flexible hinge as per Eq. (7.62). The rigid-link inertia 
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matrix is expressed in Eq. (7.63), where J I= ρ⋅ ⋅ l J, /= ⋅m l2
Cx t r Cy r r 12 and It is the 

rigid-link torsional moment of area. The out-of-plane inertia matrix of the flexible 
hinge is translated at the center C based on the modified Eq. (7.61) as:
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The compliance matrix [CC,op] is translated at C from the hinge end point H as:

   =       ,, , , ,C T C TC op CH op
T

H op CH op  (7.126)

with [TCH,op] given in Eq. (7.125). The out-of-plane dynamic matrix is calculated as:
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and it enables to evaluate of the corresponding natural frequencies.

Example 7.3

The flexible hinge of the mechanism sketched in Figure 7.11 is right circularly 
corner-filleted of rectangular cross-section; its length is l = 0.015 m, the fillet 
radius is r = l/6, the minimum thickness is t = 0.001 m, the constant out-of-
plane width is w = 0.007 m, and Young’s modulus is E = 2·1011 N/m2. The rigid 
link has a length lr = 0.02 m. The mass density of both the flexible hinge and 
the rigid link is ρ = 7,800 kg/m3. Consider that the mass of the flexible hinge is 
a fraction c of the rigid-link mass, i.e., mh = c·mr. Using the mass ratio c as an 
independent variable, compare the in-plane natural frequencies of the mecha-
nism with massless hinge to the corresponding natural frequencies obtained 
when also including the flexible-hinge inertia. Use both the consistent model 
and the lumped model for the hinge inertia.

Solution:

The in-plane compliance matrix of this mechanism is calculated by means of 
Eqs. (7.122). The corresponding compliance matrix of the right circularly corner-
filleted flexure hinge is evaluated as explained in Section 3.2.2.2.3. The inertia 
matrix when only the rigid link is accounted for is calculated as per Eq. (7.63), 
and the resulting natural frequencies are the square roots of the eigenvalues of 
the dynamic matrix expressed in Eq. (7.123).

When the inertia of the flexure hinge is added to the inertia of the rigid link, 
the resulting in-plane inertia matrix becomes the one expressed in Eq. (7.62). 
The global-frame inertia matrix of the flexible hinge is calculated as in Eq. 
(7.121). The consistent-model hinge inertia matrix is given in Eq. (7.53), whereas 
the one based on the lumped model is provided in Eq. (7.56) – both are calcu-
lated with respect to the reference frame located at H in Figure 7.11. The mass 
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of the flexure hinge is mh = ρ·w·[πr2 + (l − 2r)·t] = 0.00162 kg. Using now the 
inertia matrix of Eq. (7.62) in conjunction with the same compliance matrix 
results in altered natural frequencies. By varying the mass ratio c from 0.02 to 
0.5, the following relative variations in the natural frequencies:

 ∆ω = ω − ω
ω

⋅100
*

ni
ni ni

ni

 (7.128)

are plotted in Figure 7.12, where ωni (i = 1, 2, 3) are the natural frequencies of 
the mechanism without flexible-hinge inertia, while ω*

ni are the natural fre-
quencies of the mechanism with hinge inertia included. Figure 7.12a uses the 
consistent-inertia model for flexible hinges, whereas Figure 7.12b employs the 
lumped-parameter model of flexible-hinge inertia. According to both models, 
the largest natural frequency ωn1 is the most affected by the inclusion of the 
flexible-hinge inertia; the natural frequency ωn3 follows in terms of deviation 
magnitude, while the second natural frequency ωn2 is the least affected by the 
inclusion of the flexible-hinge inertia. It can also be seen that the relative errors 
of the two models yield identical predictions for the largest natural frequencies.

7.4.1.1.2  Free Damped Response
With the three DOF defined in Eq. (7.120), the mathematical model of the in-
plane free damped vibrations of the Figure 7.11 mechanism is:

   [ ]    +     +     =−
0 ., , , , ,

1
,M u B u C uC ip C ip C ip C ip C ip C ip  (7.129)

For proportional damping resulting only from the rigid link, the damping matrix 
of Eq. (7.129) is calculated as:

   = α   + β  
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FIGURE 7.12 Plots of relative variation of natural frequencies in terms of the flexible-
hinge mass fraction when the hinge inertia is expressed with the: (a) consistent model; 
(b) lumped-parameter model.
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whereas for proportional damping produced by both the rigid link and the flexible 
hinge, the damping matrix [BC,ip] is:

   =   +   = α   + α   + β  
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An equation similar to Eq. (7.129) is the mathematical model governing the out-
of-plane free damped response of the mechanism shown in Figure 7.11, namely:
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for [uC,op] of Eq. (7.124). The proportional damping matrix produced by the rigid 
link solely is:

   = α   + β  
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When proportional damping results from both the rigid link and the flexible 
hinge, the damping matrix of Eq. (7.132) is calculated as:
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Example 7.4

The mechanism of Figure 7.11 is subjected to proportional viscous damping and 
an initial displacement [uC, (0)] = [u T T

ip Cx(0) uCy(0) θCz(0)]  = [0 0.01 0]  at C (nonzero 
displacement is expressed in m – meters). Use all the geometric and material 
parameters of Example 7.3, and plot the time responses uCy(t) for proportional 
damping related to the rigid link only and defined by αr = 0.25 and β = 0.3; 
also, plot uCy(t) when there is additional damping associated with the motion of 
the flexible hinges – defined by αh = 0.15. Apply the lumped-parameter inertia 
model for the flexible hinge, and assume that the mass fraction is c = mh/mr = 0.1.

Solution:

Based on Eq. (7.11), the in-plane, Laplace-domain response is:
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The inertia matrix of Eq. (7.135) is calculated by means of Eqs. (7.56), (7.62), 
(7.63) and (7.121). The compliance matrix CC i, p  is calculated as in Example 
7.3, whereas the damping matrix is evaluated with Eqs. (7.130) and (7.131). 
Figure 7.13 plots the time response of this mechanism based on the two damp-
ing models. The more pronounced effect of the flexible-hinge-added damping 
is observed in the time response that converges to zero faster than the one 
corresponding to a massless hinge.
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7.4.1.2  Fixed-Free Chain with Multiple Flexible Hinges and Rigid Links
Figure 7.14a shows a planar serial chain with one end free and the opposite end 
fixed. It consists of two rigid links and two flexible hinges. While this configu-
ration is specific, it illustrates the general case of a fixed-free serial chain with 
multiple rigid links and flexible hinges.

u C
y 

[m
] 

Time [s] 

Without hinge

   With  hinge 

FIGURE 7.13 Time plot of free damped response uCy for the compliant mechanism as 
shown in Figure 7.11.
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2Cδ
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(c)

FIGURE 7.14 (a) Skeleton representation of a planar fixed-free serial chain formed of 
two flexible hinges and two rigid links; (b) local frames of rigid links; (c) local frames of 
flexible hinges.
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The in-plane state of this mechanism is fully defined by the positions of 
the two rigid links; specifically, the in-plane positions of the rigid links are 
determined when the x- and y-translations of the two centers C1 and C2 are 
specified, together with the z-axis rotations of these links at their mass centers. 
As a result, the in-plane motion of the compliant mechanism is defined by six 
DOF in terms of its planar motion. A similar reasoning shows that the out-of-
plane motion of the same mechanism is characterized by six DOF: x-axis and 
y-axis rotations alongside z-axis translations at C1 and C2. Formulated here are 
the inertia matrix pertaining to the two heavy rigid links and the compliance 
matrix associated with the two flexible hinges for both the in-plane and out-of-
plane motions.

7.4.1.2.1 In-Plane Motion   
The global-frame, independent coordinates of motion (DOF) for the in-plane 
motion are:

  .

(1)

(2)

(1)

(2)

1 1 1

2 2 2

withu
u

u

u u u

u u u

ip

ip

ip

ip C x C y C z

T

ip C x C y C z

T
  =

 
 

















  = θ





  = θ














 (7.136)

They are recorded in the global frame Oxyz, and the superscripts (1) and (2) 
identify the two rigid links. Corresponding to these DOF, the two rigid links 
of Figure 7.14a have inertia matrices that are formulated in their local frames 

1 1 1 1C x y zC C C  and 2 2 2 2C x y zC C C  as:
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The local-frame displacement vectors are defined similarly to the global ones of 
Eqs. (7.136), namely:
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The superscript “l” indicates the local frames in Eqs. (7.137) and (7.138). Two 
inertia-force vectors are formed based on the local-frame inertia matrices of 
Eqs. (7.137) and the displacement vectors of Eqs. (7.138):
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The rigid links’ local frames are rotated with respect to the global frame Oxyz, as 
illustrated in Figure 7.14b. The following rotation equations relate the local- and 
global-frame inertia force and acceleration vectors:
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where  f f(1) (
ip  and  2)

 ip  are the global-frame inertia vectors, and the two rotation 
matrices are calculated using δ = δCi  (i = 1, 2). Combining Eqs. (7.139) and (7.140) 
results in the following global-frame inertia submatrices:
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The in-plane inertia matrix of the full mechanism combines the inertia submatri-
ces related to the in-plane motion of the two heavy rigid links as:
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Note that the inertia matrix of Eq. (7.142) retains only the rigid-link contribution. 
However, as detailed in Example 7.2, the additional inertia matrix of Eq. (7.113) 
should be added to the rigid-link inertia matrix when the flexible hinges are 
 considered heavy.

The in-plane compliance matrix of the mechanism is evaluated by expressing 
the displacements at points C1 and C2 resulting from the planar deformation of the 
two flexible hinges under the action of the two external loads [ f1,ip] and [ f2,ip] that 
are applied at C1 and C2. These global-frame displacements are calculated as:
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 (7.143)

The superscripts (1) and (2) in the right-hand sides of Eqs. (7.143) identify the 
two flexible hinges whose positions and local frames are shown in Figure 7.14c. 
The compliance matrix of the full mechanism corresponding to the DOF of Eq. 
(7.136) and the two displacement vectors of Eq. (7.143) is:
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The submatrices of Eq. (7.144) are calculated as:
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where  (1) (
C C and  2)

ip  ip  are the in-plane compliance matrices of the two hinges. 

The translation matrices of Eq. (7.145) are calculated with the offsets highlighted 
in Figure 7.14a, while the rotation matrices of the same Eq. (7.145) are evaluated 
based on the angles δ1 and δ2 identified in Figure 7.14c.

7.4.1.2.2 Out-of-Plane Motion   
The global-frame DOF for the out-of-plane motion are:
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The following local-frame inertia matrices result from the heavy rigid links (1) 
and (2), which are formed based on the DOF of Eq. (7.146):
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Applying a reasoning similar to the one used to derive the global-frame, in-plane 
inertia submatrices, the out-of-plane inertia matrices are expressed in terms of 
the local frame ones of Eqs. (7.147) and the rotation matrices of Eqs. (7.141) as:
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which are assembled into the full inertia matrix:
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For heavy flexible hinges, the out-of-plane inertia matrix of Eq. (7.115) of Example 
7.2 should be added to the inertia matrix of Eq. (7.149), which only accounts for 
the rigid-link inertia.

Applying a similar reasoning to the one used in the in-plane case, it can be 
shown that the out-of-plane compliance matrix is:
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whose submatrices are:
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Example 7.5

Calculate the in-plane and out-of-plane natural frequencies of the planar 
compliant mechanism of Figure 7.15. Consider that the heavy rigid links have 
the same constant cross-section defined by an area A −

r = 4·10 4 m2 and a tor-
sional moment of area Ir,x = 1.333·10−8 m4, a mass density ρ = 7,800 kg/m3, and 
the lengths l1 = 0.03 m and l2 = 0.04 m. The two identical flexible hinges are 
massless; they have a length l = 0.012 m, a constant rectangular cross-section 
with in-plane thickness t = 0.001 m, out-of-plane width w = 0.006 m and their 
Young’s modulus is E = 2·1011 N/m2. Also known is the angle δ = 10°.
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Solution:

The nonzero components of the local-frame, in-plane inertia matrices of 
Eqs. (7.137) are:
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The angles defining the rotation matrices of Eqs. (7.140) are: δC C1 2= π / 2,δ = −δ.  

The in-plane inertia matrix of the mechanism depicted in Figure 7.15 is calcu-
lated by means of Eqs. (7.137), (7.141) and (7.142).

The local-frame, in-plane compliance matrix of the two identical flexible 
hinges is:
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The offsets used for the compliance matrices of Eqs. (7.145) are:
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while the angles of the two rotation matrices of Eqs. (7.145) are δ = δ1 = δ2. 
The  in-plane compliance matrix is numerically evaluated with Eqs. (7.153), 
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FIGURE 7.15 Fixed-free planar serial mechanism with two identical and c ollinear 
straight-axis flexible hinges and three rigid links.
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(7.144) and (7.145). The following values of the in-plane natural frequencies are 
calculated with the aid of Eq. (7.8): 71610, 25558, 7841, 3834, 594 and 140 rad/s.

The nonzero components of the local-frame, out-of-plane inertia matrices 
of Eqs. (7.147) are:

 = ρ = =; , 1,2.,J l I J J iix i r x iy iz  (7.155)

The out-of-plane inertia matrix of the entire mechanism is evaluated by means 
of Eqs. (7.147)–(7.149). The local-frame, out-of-plane compliance matrix of the 
two identical flexible hinges is:
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The out-of-plane compliance matrix of the full mechanism is calculated with 
Eqs.  (7.150) and (7.151). The out-of-plane dynamic matrix is evaluated as per 
Eq.  (7.8) with the full-mechanism inertia and compliance matrices; the corre-
sponding natural frequencies are 136410, 32549, 6824, 1917, 1640 and 232 rad/s.

Example 7.6

Consider the mechanism of Example 7.5 and depicted in Figure 7.15. The force 
f2 = 100·e−2t N acts perpendicularly on the rigid link at C2, as illustrated in 
Figure 7.16. A force f1 that is applied at C1 at an angle α = 15° cancels the verti-
cal displacement at C1. Evaluate the magnitude of f1 by plotting its time varia-
tion. Use all numerical values provided in Example 7.5.

C2

δ

C1 f2 f1 

α

Solution:

As per Eqs. (7.16) and (7.17), the in-plane displacement and forcing vectors are 
related in the Laplace domain as:

FIGURE 7.16 Mechanism of Figure 7.15 with external forces.
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Note that there are no moments at C1 and C2, which means that m1z(t) = 0, 
m2z(t) = 0, or M1z(s) = 0, M2z(s) = 0. The subscript “ip” has been eliminated in Eq. 
(7.157). The example’s displacement is u1y(t) = 0, which means that U1y(s) = 0. 
Explicitly, this condition is formulated from Eq. (7.157) as:

 = + + +0 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ),21 1 22 1 24 2 25 2G s F s G s F s G s F s G s F sx y x y  (7.158)

where Gij(s) is the transfer function on the ith row and the jth column of the 
[G(s)] transfer function matrix. Taking into account that:

 

= ⋅ α = ⋅ α

= ⋅ δ = ⋅ δ







= ⋅ α = ⋅ α

= ⋅ δ = ⋅ δ






or

( ) ( ) sin ; ( ) ( ) cos ;

( ) ( ) sin ; ( ) ( ) cos

( ) ( ) sin ; ( ) ( ) cos ;

( ) ( ) sin ; ( ) ( ) cos
,

1 1 1 1

2 2 2 2

1 1 1 1

2 2 2 2

f t f t f t f t

f t f t f t f t

F s F s F s F s

F s F s F s F s

x y

x y

x y

x y

 (7.159)

Eq. (7.158) results in:

 = ⋅ = − ⋅ δ + ⋅ δ
⋅ α + ⋅ α

with( ) ( ) ( ) ( )
( ) sin ( ) cos
( ) sin ( ) cos

.1 2
24 25

21 22

F s G s F s G s
G s G s

G s G s
 (7.160)

The transfer function G(s) of Eq. (7.160) is obtained by means of the inertia 
matrix and the compliance matrix calculated in Example 7.5. Figure 7.17 is the 
plot of f1(t) that results from combining G(s) with the particular f2(t).

f1 [N] 

Time [s] 

FIGURE 7.17 Time plot of force f1 magnitude.
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Example 7.7

Recalculate the in-plane natural frequencies of the planar mechanism of 
Figure 7.15 with the geometric and material properties given in Example 7.5 when 
including the inertia of the flexible hinges with ρ = 7,800 kg/m3. Consider that 
l11 = l12 = l1/2, l21 = l22 = l2/2 with reference to Figures 7.10 and 7.15. Use both the 
lumped-parameter and the consistent-inertia properties of the two flexible hinges.

Solution:

The rotation matrices of Eqs. (7.141) and (7.145) are identical and evaluated 
for an angle equal to −δ. The local-frame, in-plane inertia matrices of the two 
flexible hinges are calculated by means of Eqs. (7.91) for the consistent model, 
whereas Eqs. (7.56) and (7.94) are used to obtain the similar matrices by the 
lumped-parameter model. The 6 × 6 in-plane inertia matrix collecting con-
tributions from both flexible hinges is calculated as per Eqs. (7.103) through 
(7.113). The total inertia matrix adds the inertia matrix due to rigid links M ( )r

C i, p   
of Eq. (7.142) and the inertia matrix owing to flexible hinges  ( )

M h
C i, p  as:

   =   +  × × ×
., 6 6 ,

( )

6 6 ,
( )

6 6
M M MC ip C ip

r
C ip

h  (7.161)

The in-plane compliance matrix of Example 7.5 is combined with the iner-
tia matrix of Eq. (7.161) to form dynamic matrices for both the consistent 
and the lumped-parameter models; the resulting natural frequencies are 
included in Table 7.1.

7.4.1.3  Overconstrained Chain with Multiple 
Flexible Hinges and Rigid Links

As discussed in Chapter 5, a common configuration of an overconstrained serial 
chain has one end fixed; in addition, there is another point (usually the opposite 
end) where zero-displacement boundary conditions are applied through exter-
nal support. For such a chain, the reactions at the point with additional bound-
ary conditions need to be first evaluated. With those reactions determined, 

TABLE 7.1
In-Plane Natural Frequencies (in rad/s) According to: M1 – Model with 
Heavy Rigid Links Only; M2 – Model with Heavy Rigid Links and 
Consistent-Inertia Flexible Hinges; M3 – Model with Heavy Rigid Links 
and Lumped-Parameter Inertia Flexible Hinges

 ωn6 ωn5 ωn4 ωn3 ωn2 ωn1

M1 71,610 25,558 7,841 3,834 594 140

M2 71,586 25,522 7,840 3,829 593 140

M3 71,560 25,518 7,840 3,828 593 140

It can be seen that the differences between the three models’ predictions are very small.
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the compliance matrices of the entire mechanism can be formed based on the 
mechanism DOF resulting from the motions of the mobile rigid links. Formation 
of the serial mechanism inertia matrices follows the procedure described in previ-
ous sections in this chapter. The following examples illustrate the procedure of 
formulating the in-plane and out-of-plane inertia and compliance matrices of a 
few overconstrained serial mechanisms.

Example 7.8

Consider the mechanism of Example 5.8 and shown in Figure 5.20, which 
is redrawn in Figure 7.18. Calculate its in-plane natural frequencies by con-
sidering that the left rigid link of the mechanism is guided along the y axis. 
The two rigid links have the lengths l1 = 0.04 m and l2 = 0.06 m, their constant 
cross-section has an area Ar = 0.001 m2, and their material mass density is 
ρ = 7,800 kg/m3. The two identical flexible hinges have a length l = 0.012 m and 
a  constant  rectangular cross-section of in-plane thickness t = 0.001 m and out-
of-plane width w = 0.008 m. The hinge material is defined by Young’s modulus 
E = 2·1011 N/m2. The flexible hinges are assumed massless.

y
H1 2

O x, xC1, xC2, xH1, xH2,fO][

l

[f1]

H1

l1 l2l

(2)(1)

y yH

H2C1 C2

[f2]

yC1 yC2

Solution:

Because the left rigid link is guided, this link is only allowed translation along 
the y axis, and therefore, it has one DOF. The other rigid link has all three pla-
nar motions allowed; as a consequence, the in-plane motion of the mechanism 
is defined by four DOF, which are collected as:
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ip C y

ip C x C y C z

T
 (7.162)

Corresponding to these DOF, the following global-frame inertia matrix is 
formed that accounts for the rigid-link inertia:

FIGURE 7.18 Fixed-guided serial flexible chain with collinear links.
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The dimension of the mechanism in-plane compliance matrix is consistent 
with the DOF of Eq. (7.162); therefore, it should be a 4 × 4 matrix. In order to 
derive it, assume that two load vectors are applied at C1 and C2, as illustrated 
in Figure  7.18 (where the load vectors are generic). The following equation 
expresses the in-plane displacements of the rigid-link midpoint C1:
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with

 

The individual compliance matrices of Eq. (7.164) are calculated as:
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The in-plane compliance matrix  ( ) C h
ip   of the flexible hinge is given in 

Eq. (7.153), and the translation matrices of Eqs. (7.165) are calculated with the 
following x-axis offsets (all the y-axis offsets are zero because the links are 
collinear):

; ; / 2; / 2 ;1 1 2 1 1 21 2 1 1 1 2x l x l l l x l x l l lOH OH C H C H∆ = ∆ = + + ∆ = ∆ = + +  (7.166)

Equation (7.164) is solved for the two nonzero reactions at O, which formally 
results in the reaction vector at O:

   =     +     ,, 1, 2,f A f B fO ip ip ip ip ip  (7.167)
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The nonzero components of the [Aip] matrix in Eq. (7.168) are the corres-
ponding elements of the 2 × 3 matrix:
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Similarly, the nonzero components of the [Bip] matrix in Eq. (7.168) are the 
 corresponding elements of the 2 × 3 matrix: 
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The compliances in the right-hand sides of Eqs. (7.169) and (7.170) are compo-
nents of the respective matrices calculated in Eqs. (7.164) and (7.165), whereas 
the pair (i, j) indicates the row–column position of those components in their 
matrices. Combining Eqs. (7.164) and (7.167) yields:
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Similarly, the in-plane displacements at C2 are calculated as:
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with
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The matrices of Eqs. (7.172) are determined as:
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with the offset:

 ∆ = / 2.22 2x lC H (7.174) 

The nonzero in-plane displacement and corresponding force vectors of the 
entire mechanism of Figure 7.18 are related as:
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The in-plane compliance matrix of Eq. (7.175) is:
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with its components taken from the matrices of Eqs. (7.171) and (7.172).
The in-plane natural frequencies are calculated from the eigenvalues of 

the dynamic matrix [Dip] = [Mip]−1[Cip]−1, and they are 23870, 3279, 364 and 
69 rad/s.

Example 7.9

Calculate the out-of-plane natural frequencies of the mechanism pictured in 
Figure 7.18 of Example 7.8. Consider that the left rigid link is guided in transla-
tion along the z axis. Utilize all numerical values provided in Example 7.8.

Solution:

The out-of-plane motion of the mechanism is defined by five DOF, which are:

   =
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Note that point C1 is allowed rotation around the x axis, and therefore, there 

are two DOF at this point as indicated by  (1) uop   in Eq. (7.177). Corresponding 

to these DOF, the following global-frame inertia matrix is formed: 
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The dimension of the full-mechanism out-of-plane compliance matrix is related 
to the DOF identified in Eq. (7.177); therefore, the compliance matrix has a 
5 × 5 dimension. The matrix is formulated by formally applying two out-of-
plane load vectors at C1 and C2 – see Figure 7.18, which identifies the generic 
loads – and evaluating the displacements at the two points. The out-of-plane 
displacements at point C1 are:
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with

 

The new compliance matrices of Eq. (7.179) are:

 

  =      

  =      

  =      

  =      

  =      

;

;

;

;

.

,
(2)

,
( )

,

,
(1)

,
( )

,

,
(2)

,
( )

,

,
(1)

,
( )

,

,
(2)

,
( )

,

1 2 1 2 2 2

1 1 1 1

1 1 2 2

1 1 1 1 1 1

1 1 1 2 1 2

C T C T

C T C T

C T C T

C T C T

C T C T

C C op C H op
T

op
h

C H op

C O op C H op
T

op
h

OH op

C O op C H op
T

op
h

OH op

C C op C H op
T

op
h

C H op

C C op C H op
T

op
h

C H op

 (7.180)

The out-of-plane compliance matrix  ( ) C h
op   of the flexible hinge is given in 

Eq. (7.156), and the translation matrices of Eqs. (7.180) are calculated with the 
x-offsets given in Eqs. (7.166), while the y-offsets are all zero. The reaction vec-
tor at O is formally expressed from Eq. (7.179) from the zero displacements as:
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   =     +     ,, 1, 2,f A f B fO op op op op op  (7.181)
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The out-of-plane displacement vector at C1 is expressed from Eqs. (7.179) and 
(7.181) as:
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The out-of-plane displacements at C2 are calculated as:
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The new matrices of Eq. (7.184) are:
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The nonzero out-of-plane translation matrices of Eqs. (7.185) are calculated 
with the x-offsets of Eqs. (7.166) and zero y-axis offsets.

The out-of-plane force/displacement relationship for the mechanism is:
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with

The compliance matrix of Eq. (7.186) is:
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The components of [Cop] are provided in Eqs. (7.183)–(7.185).
The out-of-plane eigenvalues of the dynamic matrix [Dop] = [M −1

op] [Cop]−1, 
with the inertia matrix of Eq. (7.178) and the compliance matrix of Eq. (7.187), 
result in the following natural frequencies: 202710, 82756, 26371, 4106 and 
426 rad/s.

7.4.2  spatial (3d) mechanisms

For a 3D series compliant mechanism that is free at one end and fixed at the oppo-
site end, and which is formed of n heavy, moving rigid links, there are 6n inde-
pendent coordinates that define the state of the mechanism, and so the mechanism 
has 6n DOF. Each rigid link i has six DOF associated with the three independent 
translations and three independent rotations at the link’s centroid Ci; they are 
arranged into the displacement vectors:
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 (7.188)

where  ( )
u l

Ci  is the local-frame displacement vector and [ ]uCi  is the corresponding 

global-frame displacement vector.
The following local-frame, diagonal-form, inertia matrix can be formulated 

for the heavy link i:

 ( )  = diag ,( )M m m J J J mil
i i iz ix iy i  (7.189)
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where mi is the mass and Jix, Jiy and Jiz are the moments of inertia of the rigid link. 
The global-frame inertia matrix is obtained by means of a rotation as:

   =      M R M Ri i T il i .( ) ( ) ( ) ( )  (7.190)

The rotation matrix of Eq. (7.190) is calculated with Eq. (5.201). The full mech-
anism has a diagonal mass matrix, which combines the rigid-link matrices of 
Eq. (7.190):
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The compliance matrix of the 3D mechanism connects the displacements at the 
centers of the rigid links [ ]uCi  to the (assumed or actual) external loads [ ]fCi  at the 
same points in the form:
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where the compliance submatrices are calculated following the rules applying to 
fixed-free mechanisms. The following Example studies a particular 3D flexible-
hinge mechanism by providing the necessary calculation details.

Example 7.10

The fixed-free 3D Cartesian mechanism sketched in Figure 7.19 is formed of two 
heavy rigid links of lengths l1 = 0.05 m, l2 = 0.04 m, constant cross- sectional 
area defined by W = 0.01 m (dimension in the xy-plane) and H = 0.02 m 
(dimension parallel to the z axis). These links are connected by two identical, 
massless and straight-axis flexible hinges of length l = 0.015 m, diameter of con-
stant circular cross-section d = 0.002 m, Young’s modulus E = 2·1011 N/m2 and 
Poisson’s ratio μ = 0.3. The rigid links have the mass density ρ = 7,800 kg/m3. 
Calculate the natural frequencies of this mechanism.

Solution:

Because of its two rigid, mobile links, the mechanism has 6 × 2 = 12 DOF, 
which are the displacements of the two link centers:

   = θ θ θ  =u u u u iC C x C y C z C x C y C z

T

i i i i i i i , 1,2. (7.193)
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The global-frame inertia matrix is:
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with the two inertia submatrices being expressed in Eqs. (7.189). The components 
of the local-frame, diagonal inertia submatrices of Eq. (7.194) are calculated as:

 = ρ = = = ρ ⋅ + =;
12

;
12

, 1,2.
2 2 2

m WHl J J
m l
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ix i  (7.195)

The rotation matrices of Eq. (7.190), which are used to obtain the global-frame 
inertia matrices from the corresponding local-frame ones, are calculated based 
on Eq. (5.201) as:

   =       =ψ θ ϕ , 1,2,( ) ( ) ( ) ( )R R R R ii i i i
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 (7.196)

where
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and  (2)
ϕ R 2   is determined from Eq. (5.200) with φ2 = π/2.

As per the generic Eq. (7.192), the compliance matrix of the mechanism is:
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The matrix can formally be obtained by applying the two load vectors shown in 
Figure 7.19 and calculating the resulting displacements at C1 and C2. The com-
pliance matrices of Eq. (7.198) are expressed as:

Flexible hinge

Fixed end

O

Rigid link

y

z

x

[f1]

C1

H2

l1

l

l2

l

C2

H1

[f2]

Free end

FIGURE 7.19 Fixed-free 3D Cartesian serial mechanism with two heavy rigid 
links and two massless flexible hinges.
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The translation matrices of Eqs. (7.199) are evaluated with Eq. (5.195) by means 
of the following corresponding offsets:
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The rotation matrix of Eq. (7.199) is calculated as:

   =      ψ θ ϕ ,( 2) ( 2) ( 2) ( 2)R R R Rh h h h  (7.201)

where

 ,( 2) ( 2)
6 6R R Ih h [ ]  =   =ψ ϕ ×

 (7.202)

and R( 2h )
θ  is determined as in Eq. (5.199) with   θ2 = −π/2.

The local-frame compliance matrix of the flexible hinge is calculated as:
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where
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With the aid of Eqs. (7.194) and (7.198), the eigenvalues of the dynamic matrix 
[D] = [M]−1[C]−1 are calculated, which render the following natural frequencies: 
53132, 51864, 7198, 7139, 4760, 2495, 2483, 1657, 687, 527, 193, 178 rad/s.

7.5 PARALLEL MECHANISMS   

Several parallel mechanism configurations are analyzed in this section, includ-
ing designs that are formed of one rigid link (platform) and either several hinges 
 connected in parallel to the platform or several legs connected in parallel to the 
platform – the legs being serial combinations of multiple flexible hinges and rigid 
links. Discussed are mechanisms of planar structure with either in-plane or out-of-
plane motion and mechanisms with spatial architecture and motion.

  

7.5.1  planar (2d) mechanisms

This section studies planar mechanisms comprising two or multiple flexible 
hinges/chains.

7.5.1.1  Straight-Axis Chain with Two Identical 
Flexible Hinges and One Rigid Link

The mechanism whose skeleton structure is shown in Figure 7.20 comprises two 
identical straight-axis flexible hinges connected to a middle rigid link. The three 
links are collinear and the mechanism is symmetric with respect to the y axis passing 
through its centroid. The free undamped mathematical model is formulated here for 
both the in-plane and out-of-plane vibrations by expressing the corresponding inertia 
and compliance matrices. The rigid link is assumed heavy, while the flexible hinges 
can be either massless or heavy. This problem is similar to the one of Section 7.4.1.1 
that studies a mechanism with one rigid link and one flexible hinge. While there is 
no specific (numerical) example included here, the generic formulation can easily be 
applied to any straight-axis flexible-hinge mechanism configuration.

7.5.1.1.1 In-Plane Motion   
The free undamped model of this system is expressed in Eq. (7.120). The inertia 

matrix M ( )r
C i, p  is expressed in Eq. (7.63) for the heavy rigid link. Contributions 

from the two flexible hinges can be added by means of either the consistent-inertia 

lr/2 l lr/2

Flexible hinge

Fixed support
Rigid link

H1C
x

y

l 

Flexible hinge

Fixed support 

H2 (1)(2) 

FIGURE 7.20 Skeleton representation of a basic parallel, collinear and symmetric 
mechanism formed of two identical straight-axis flexible hinges and one rigid link.
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matrix of Eq. (7.53) or the lumped-inertia matrix of Eq. (7.56). These matrices are 
transferred to the frame Cxyz from their local frames located at H1 and H2 as:
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where “1” denotes the hinge to the right of the rigid link in Figure 7.20 and “2” 
 represents the other hinge. The translation matrices of Eq. (7.205) are calculated as:

   =
−

















  =
















1 0 0
0 1 0
0 / 2 1

;
1 0 0
0 1 0
0 / 2 1

,, ,1 2T
l

T
l

CH ip

r

CH ip

r

 (7.206)

and the rotation matrix [R(2)] is determined using δ = π. The mechanism inertia 
matrix adds the inertia matrix  ( )

M r
C i, p  of the rigid link to the two flexible-hinge 

inertia matrices of Eqs. (7.205), namely:

   =   +   +  ., ,
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C ip C ip  (7.207)

The compliance matrix [CC,ip] results from the parallel combination of the two 
identical flexible hinges, which are also symmetric with respect to the y axis. The 
compliance of the half-mechanism situated to the right of y axis in Figure 7.20 is 
calculated as:
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where the superscript “r” denotes right. The compliance matrix of the symmetric 
left half of the mechanism is formally obtained from the compliance matrix of 
the right half as:

   =

−

− −

−



















(1,1) (1,2) (1,3)

(1,2) (2,2) (2,3)

(1,3) (2,3) (3,3)

.,
( )

,
( )

,
( )

,
( )

,
( )

,
( )

,
( )

,
( )

,
( )

,
( )

C

C C C

C C C

C C C

C ip
l

C ip
r

C ip
r

C ip
r

C ip
r

C ip
r

C ip
r

C ip
r

C ip
r

C ip
r

 (7.209)

The full-mechanism compliance matrix at C is calculated as the parallel combi-
nation of the compliance matrices given in Eqs. (7.208) and (7.209):



379Dynamics of Flexible-Hinge Mechanisms

( )

( )

( )

( )

  =   +  

=

⋅

⋅ −














⋅ ⋅ −

− ⋅ + ⋅



































− − −

−

−
−

θ −

θ − − −

− − θ −

1
2

0 0

0
1
2

0

0 0
2

4 4

.

, ,
( ) 1

,
( ) 1 1

( )

( )
( ) 2

( )

( ) ( ) ( ) 2

( ) ( ) 2 ( )

C C C

C

C
C

C

C C C

C l C l C

C ip C ip
r

C ip
l

u f
h

u f
h u m

h

m
h

m
h

u f
h

u m
h

u f
h

r u m
h

r m
h

x x

y y

y z

z z

z z y y y z

y y y z z z

 (7.210)

7.5.1.1.2 Out-of-Plane Motion   
The mathematical model of the out-of-plane dynamics of this system is expressed 
in Eq. (7.124). The inertia matrix  ( )

M r
C o, p  of the rigid link is provided in 

Eq. (7.63). Contributions of the two flexible hinges may be added by using either 
the  consistent-inertia matrix of Eq. (7.54) or the lumped-inertia matrix of Eq. 
(7.56). These matrices need to be transferred from their local frames placed at H1 
and H2 to the global frame at C as:
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where
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The full-mechanism inertia matrix is obtained by adding the rigid-link inertia 

matrix  ( )
M r

C o, p  to the two hinges inertia matrices of Eqs. (7.211) as:

   =   +   +  ., ,
( )

,
(1)

,
(2)M M M MC op C op

r
C op C op  (7.213)

The out-of-plane compliance matrix of the half-mechanism situated to the right of 
y axis in Figure 7.20 is formulated similarly to the in-plane compliance matrix as:
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The compliance matrix of the left half mechanism is calculated from the matrix 
defining the right half as:
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The out-of-plane compliance matrix of the full mechanism is calculated as the 
parallel combination of the compliance matrices of the two halves – Eqs. (7.214) 
and (7.215):
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7.5.1.2  Mechanisms with Multiple Single-Hinge Chains
The prototype mechanism analyzed in this section is a planar device formed of a 
central circular rigid plate and several identical flexible hinges that are connected 
radially, symmetrically and in parallel to the plate. The central plate is heavy, 
whereas the flexible hinges are assumed massless. While a generic model can be 
developed to account for multiple flexible hinges, the following Example studies 
a configuration with three hinges, which is a common design.
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Example 7.11

 i. Calculate the out-of-plane natural frequencies of the compliant stage 
sketched in Figure 7.21 when the three identical and massless flexible 
hinges are of circular axis with a radius R1 = 0.03 m, an opening angle 
α = 75°, a constant rectangular cross-section with in-plane width 
w = 0.005 m, out-of-plane thickness t = 0.001 m and material proper-
ties: Young’s modulus E = 2·1011 N/m2 and Poisson’s ratio μ = 0.33. The 
rigid central plate is circular with a radius R = 0.02 m, a constant out-
of-plane thickness H = 0.012 m and a mass density ρ = 7,800 kg/m3;

 ii. For an initial out-of-plane displacement at the center O of [uO] = [0 0 
0.01]T (where the nonzero displacement is measured in meters – m) 
and zero velocities at the same point, plot the time response of the 
z-axis displacement at O. Replot the time response of the same coor-
dinate and for the same initial conditions when viscous damping acts 
on the rigid link, which is defined by the diagonal damping matrix: 
[BO] = diag(br br bt) with br = 10 Nms and bt = 40 Ns/m.

Solution:

 i. The DOF of this mechanism describing the out-of-plane motion of 
the plate center of mass are Ox, Oy and uOz.θ θ

The stiffness matrix with respect to the rigid plate center O is 
 calculated as:

1 1 1[ ] =   +   +  
− − −

,(1) (2) (3)K C C CO O O O  (7.217) 

where the compliance matrices of the three flexible hinges are 
 evaluated as:

Rigid plate

Fixed end

H1RO
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H2

H3

y3

x, x1 

y

y2

x2

120o

Hinge 3

Hinge 2 

Hinge 1 

y1 

x3

FIGURE 7.21 Top view of rigid heavy disk with three identical, massless, 
 circular-axis flexible hinges with radial symmetry.
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with the out-of-plane translation matrix being:
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and the two rotation matrices calculated for δ2 = 120° and δ3 = 240°. 
The out-of-plane compliance matrix of a circular-axis flexible hinge 
is expressed in Eqs. (2.109) and (2.110), and its components that 
 correspond to the particular circular-axis design are provided in 
Eqs. (A2.27) through (A2.32).

The inertia matrix is related to the heavy center plate and for the 
three DOF is defined as:

 ( )[ ] =
















= ρ π = =
0 0

0 0

0 0

; ,
4

.2
2

M

J

J

m

m R H J J
mR

O

x

y x y
 (7.220)

With the stiffness matrix of Eq. (7.217) and the inertia matrix of 
Eq.  (7.220), the dynamic matrix [DO] = [MO]−1[KO] is formed whose 
eigenvalues yield the following natural frequencies: 4,919 rad/s (dou-
ble) and 1,502 rad/s. Note that both the stiffness matrix and inertia 
matrix are diagonal; moreover, the x- and y-components of both 
matrices are identical, and therefore, the natural frequencies corre-
sponding to the x- and y-axis rotations are identical as well.

 ii. For the given initial conditions, Eq. (7.9) becomes:

 ( )[ ] [ ][ ] [ ] [ ]= +
−

( ) (0) .2 1
U s s s M K M uO O O  (7.221)

Inverse Laplace transforming [U(s)] of Eq. (7.221) yields the three time
domain displacements at the center O. Figure 7.22 plots the variatio
of uOz in terms of time.

-
n 

When viscous damping is present and for the given initial condi-
tions, Eq. (7.11) simplifies to:

 ( ) ( )[ ] [ ][ ] [ ] [ ] [ ] [ ]= + + +
−

( ) (0) .2 1
U s s M s B K s M B uO O O O O  (7.222)

The disk center displacement vector [uO] is again found by inverse 
Laplace transforming [U(s)] of Eq. (7.222), and Figure 7.23 is the plot 
of uOz as a function of time.
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7.5.1.3  Mechanisms with Multiple Chains Formed of Serially 
Connected Rigid Links and Flexible Hinges

Figure 7.24a depicts a skeleton mechanism formed of a heavy rigid link (shown at 
the top of the figure) and m serial chains that are connected in parallel to the rigid 
link. Each serial chain is formed of several heavy rigid links and massless flexible 
hinges. The mechanism in this category can be planar or spatial.

The number of DOF is related to the number of rigid links; for the generic 
mechanism of Figure 7.24a, assuming that each of the m legs possesses a number 
nj of rigid links, the total number of DOF is:

 #DOF ∑ ∑= + = +












= =

6 6 6 1 .
1 1

n nj

j

m

j

j

m

 (7.223)
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FIGURE 7.22 Time plot of rigid plate center z-axis displacement for the free 
undamped model.

u O
z 
[m

] 

Time [s] 

FIGURE 7.23 Time plot of rigid plate center z-axis displacement for the free 
damped model.
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Equation (7.223) took into account that each rigid link (there are 1 + n such 
links) has six DOF associated with its center of mass three translations and three 
 rotations in the 3D space.

Consider the particular configuration of Figure 7.24b, which has two serial 
chains and each chain has one rigid link; in this case, n = 2 and n1 = n2 = 1. As a 
consequence, Eq. (7.223) yields: #DOF = 6(1 + 1 + 1) = 18. If the mechanism is 
planar, then nine DOF describe the in-plane motion and nine DOF characterize 
the out-of-plane motion. Let us formulate the compliance matrix and the inertia 
matrix of the mechanism shown in Figure 7.24b; while this configuration is par-
ticular, the resulting formulation can be extended/adapted to designs with a larger 
number of serial chains and chain rigid/flexible links. The derivation that follows 
is generic and so it can cover 3D, in-plane or out-of-plane loading/displacement.

7.5.1.3.1 Compliance Matrix   
Assume the load vectors [ f1], [ f2] and [ f3] are applied at the mass centers C1, C2 
and C3 of the three rigid links. The corresponding displacements at these points 
are the vectors [u1], [u2] and [u3]. The aim is to derive the compliance matrix [C] 
that connects the displacement vector [u] to the force vector [ f] as:
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FIGURE 7.24 Skeleton representation of a mechanism formed of: (a) m serial chains 
 connected in parallel to a rigid link; (b) two serial chains; each chain comprises two 
 flexible hinges and one rigid link.



385Dynamics of Flexible-Hinge Mechanisms

Assume that the force vector [ f1] splits into two component vectors: [ f12] acting on 
chain 1 and [ f13] applied on chain 2 of the mechanism in Figure 7.24b such that:

 [ ] [ ] [ ]= + .1 12 13f f f  (7.225)

The two load vectors [ f12] and [ f13] are collocated at C1. Formally, the displace-
ment at point C1 can be calculated in relation to either chain 1 or chain 2 as:

 
with

[ ] [ ] [ ] [ ][ ] =   +   =   +  1
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Combining Eqs. (7.225) and (7.226) allows solving for the two force vector 
 components as:
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where
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and [I] is the identity matrix, while [0] is the zero matrix – both of dimensions 
consistent with the other submatrices of Eq. (7.228). The displacement vector at 
C1 can now be expressed by combining Eqs. (7.226) and (7.227):

 

with[ ] [ ] [ ][ ]

[ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ] [ ]

= + +
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 (7.229)

The displacement vector at C2 is:

 [ ] [ ][ ] =   +   .2
(22)

12
(22)

22 1 2 2
u C f C fC C C C  (7.230)
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With [ f12] of Eq. (7.227), the displacement vector of Eq. (7.230) becomes:

 

with[ ] [ ] [ ][ ]
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[ ] [ ] [ ] [ ]
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Similarly, the displacement vector at C3 is expressed as:

 [ ] [ ][ ] =   +   .3
(32)

13
(32)

33 1 3 3
u C f C fC C C C  (7.232)

Substituting [ f13] of Eq. (7.227) into Eq. (7.232), the displacement vector of this 
latter equation is:
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Equations (7.229), (7.231) and (7.233) provide the nine compliance submatrices 
that form the compliance matrix of the full mechanism as per Eq. (7.224). Note 
that each compliance submatrix of Eq. (7.224) is square and of dimension 6 × 6 
if the mechanism of Figure 7.24b is spatial; if the mechanism is planar, then the 
submatrices of Eq. (7.224) have a dimension of 3 × 3 for the in-plane formulation 
and an identical dimension for the out-of-plane model.

7.5.1.3.2 Inertia Matrix   
The inertia matrix of the mechanism is diagonal and of the following form that is 
consistent with the displacement vector [u] formulated in Eq. (7.224):
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The submatrices of Eq. (7.234) are related to the three rigid links; they are 6 × 6 
diagonal matrices if the mechanism is spatial. For a planar mechanism, the sub-
matrices are 3 × 3 diagonal for both the in-plane model and the out-of-plane 
model.

With the compliance matrix of Eq. (7.224) and the inertia matrix of Eq. 
(7.234) – both matrices are formulated in the global frame – the eigenvalues 
and the corresponding natural frequencies are calculated based on the dynamic 
matrix [D] = [M]−1[C]−1.
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Example 7.12

Calculate the in-plane natural frequencies of the planar parallelogram mecha-
nism shown in Figure 7.25 as a skeleton representation. Consider that the two 
serial chains are identical and parallel, being also perpendicular to the rigid 
link centered at C1. The identical, massless flexible hinges are of right circular 
design with a radius r = 0.008 m, an in-plane minimum thickness t = 0.001 m, 
an out-of-plane constant width w = 0.006 m and a material Young’s modu-
lus E = 2·1011 N/m2. The rigid links are defined by the lengths l1 = 0.04 m and 
l2 = 0.05 m, constant cross-sectional area Ar = 0.0001 m2 and mass density 
ρ = 7,800 kg/m3.

Solution:

The actual components of the three in-plane displacement vectors identified 
in Eq. (7.224) are:

 [ ] = θ



 =, 1,2,3.u u u ii ix iy iz

T

 (7.235)

The four basic compliance matrices of Eqs. (7.226) are calculated as:
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FIGURE 7.25 Skeleton representation of a planar parallel mechanism with two 
identical serial chains; each chain comprises two identical massless, straight-axis 
right circular flexible hinges and one heavy rigid link.
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The rotation matrix [R] is calculated using an angle δ = −π/2. The in-plane 
translation matrices of Eq. (7.236) are evaluated with the following offsets:
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( )
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The other two compliance matrices of Eqs. (7.226) are formulated as:
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The new translation matrices of Eq. (7.238) have the following offsets:

 ∆ = ∆ = ∆ = ∆ = −0; / 2.22 22 3 32 2 22 3 32x x y y lC H C H C H C H  (7.239)

The flexible-hinge, in-plane compliance matrix [C(h)] is calculated by means of 
Eqs. (A3.1). Also, note that:

   =     =  ; .(32) (32) (32) (22)
3 1 1 3 3 3 2 2

C C C CC C

T

C C C C C C  (7.240)

Equations (7.236) through (7.240) enable to calculate the compliance matrix 
of Eq. (7.224) using all other necessary equations formulated in the theoretical 
section.

The inertia matrices of Eq. (7.234) are calculated as:
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The global-frame mass matrices of the identical rigid links 2 and 3 needed 
rotations since their x local directions (not shown in Figure 7.25) are along the 
vertical direction.

With the provided numerical values, the following natural frequencies are 
obtained: 199984, 132922, 66620, 60529, 59857, 54578, 32233, 26153 and 
716 rad/s.
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Example 7.13

The planar mechanism sketched in Figure 7.26 is formed of two heavy rigid links 
and two pairs of identical straight-axis massless flexible hinges. The mechanism 
is symmetric with respect to the y axis. A sinusoidal force f = F·sin(ωt) is applied 
at the center of mass C1 of the bottom rigid link along the symmetry axis. Study 
the amplitude of the y displacement of C1 by means of the frequency magnitude 
plot relating the input f to the output u1y. Known are l1 = 0.02 m, l2 = 0.012 m, 
the constant rectangular cross-section of the four flexible hinges with in-plane 
thickness t = 0.001 m and out-of-plane width w = 0.006 m, Young’s modulus 
E = 2·1011 N/m2, the rigid link masses m1 = 0.2 kg, m2 = 0.08 kg, and the lengths 
lr1 = 0.05 m, lr2 = 0.02 m, h = 0.03 m. Also, consider viscous damping acting on 
the two rigid links with the coefficients: bt1 = 20 Ns/m, br1 = 8 Nms, bt2 = 15 
Ns/m and br2 = 6 Nms.

Solution:

With respect to its in-plane motion, the mechanism has six DOF, which are 
the x, y translations and the z rotations at the rigid links’ mass centers C1 and 
C2, namely:
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To evaluate the transfer function matrix as per Eq. (7.16), the overall stiffness, 
inertia and damping matrices need to be determined.

The inertia matrix is formulated as:
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FIGURE 7.26  Skeleton representation of a planar symmetric mechanism with 
two rigid links and two pairs of identical hinges under sinusoidal input force.
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where J m= ( )l 2
iz i ri / 12.

In order to formulate the mechanism compliance matrix [C], which is the 
inverse of the stiffness matrix [K], assume that two fictitious in-plane load vec-
tors [f1] and [f2] – which are not shown in Figure 7.26 – are applied at C1 and 
C2, respectively. The displacements [u1] at C1 and [u2] at C2 are expressed as:

or
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Note that the displacement/load and the compliance matrix of Eq. (7.245) are 
expressed in the global frame xyz. Due to symmetry, the compliance matrix 
 (1)
CC1

 results from the parallel combinations of the two identical flexible hinges 
 (2)

of length l , whil Ce C2 1  results similarly as the parallel combinations of the 
two identical flexible hinges of length l2. These compliance matrices are calcu-
lated based on Eq. (7.210) by appropriately using the dimensions of hinge 1 or 
hinge 2. The local-frame compliances of the two hinges are:

= = = − = =− − − θ −;
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with = =;
12

.
3

A wt I
wt

z

The translation matrix of Eq. (7.245) is calculated with the offsets: ∆ =xC C1 2 0, 
∆ =y hC C1 2 .

The damping matrix is formulated similarly to the mass matrix of Eq. (7.244), 
namely:
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The transfer function matrix [G(s)] is obtained as per Eq. (7.16) by means of [M] 
of Eq. (7.244), [C] of Eqs. (7.245), (7.246) and [B] of Eq. (7.247). Because the 
only force acting on the system is f1y = f, the transfer function of interest relates 
the Laplace-domain displacement U1y(s) to the force F1y(s) = F(s). This transfer 
function is G22(s) – the component on the second row and second column in 
the matrix [G(s)]. The magnitude plot of the function G22(ωj), which is the com-
plex-form counterpart of G22(s), is graphed in Figure 7.27. Note that the natural 
frequencies of the mechanism of Figure 7.27 can also be determined from the 
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eigenvalues of the dynamic matrix [D] = ([C]·[M])−1 – they are 207267, 49169, 
4625, 3388, 1261 and 1103 rad/s. Figure 7.27 captures one prominent peak 
in the frequency response, which is relatively close to the smallest natural 
frequency. 

7.5.2  spatial (3d) mechanisms

The spatial configuration of a mechanism with a central rigid link and three iden-
tical flexible hinges that are connected in parallel to the central rigid link is stud-
ied next as an example illustrating the dynamic modeling approach to 3D parallel 
mechanisms.

Example 7.14

The 3D mechanism sketched in Figure 7.28a is formed of a heavy, disk-shaped 
rigid link of radius R = 0.05 m, out-of-plane thickness h = 0.02 m and mass 
density ρ = 7,800 kg/m3. Three identical, massless, straight-axis, right circu-
larly corner-filleted flexible hinges of circular cross-sections are connected in a 
radial symmetric manner to the disk periphery. The hinges are defined by the 
length l = 0.03 m, minimum diameter d = 0.0015 m, filet radius r = 0.005 m and 
material Young’s modulus E = 2·1011 N/m2. The hinges, which are fixed at the 
opposite end, have a 3D inclination with respect to the central global frame 
Oxyz defined by the Euler’s angles φ = 10°, θ = 80° and ψ = 0° – Figure 7.28b 
indicates the rotation angles φ and θ for the hinge 1. Calculate the natural 
 frequencies of this mechanism.

ω [rad/s] 

M
ag
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f G
22

(ω
j) 

FIGURE 7.27 Frequency plot of the magnitude of G22(ωj), G j22( )ω = U F2y / .
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Solution:

The mechanism has six DOF, which are the disk center translations and 
 rotations arranged in the vector:

 [ ] = θ θ θ u u u uO Ox Oy Oz Ox Oy Oz

T
. (7.248)

The stiffness matrix is calculated with respect to the global frame Oxyz as:

 [ ] =   +   +  
− − −

,(1) 1 (2) 1 (3) 1
K C C CO O O O  (7.249)

where  (1) (
C C , a

2)  nd  (3)
O O CO  are the compliance matrices of the three hinges 

referenced to the global frame. The global-frame compliance matrix of the flex-
ible hinge 1 is evaluated as:
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The translation matrix of Eq. (7.250) is:
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The compliance matrix C (1)
 H1

 is calculated in a local reference frame whose 
x1 axis is along the longitudinal direction of the flexible hinge and which has 
been rotated by the three Euler angles. This compliance matrix is expressed as:

 [ ] [ ][ ] [ ] [ ]  =   =     =  ψ θ ϕ θ ϕC R C R R R R R R RH
T h with(1) ( )

1  (7.252)

(a) (b)

H1

φ

R

θ

O

120o

H2

H3

x

y, y0 

x0

x1

y1

120o

Hinge 3

Hinge 2 

Hinge 1 

y

Hinge 3 
x 

z 

O 
H1 

H2 

H3 

Rigid plate 

Hinge 2 
Hinge 1 

Fixed end

FIGURE 7.28 (a) Skeleton representation of 3D mechanism with central rigid 
heavy link and three identical straight-axis flexible hinges; (b) top view of mecha-
nism with geometry and topology.
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because [Rψ] = [I]; the matrices [Rθ] and [Rφ] are provided in Eqs. (5.199) and 
(5.200). Figure 7.28b identifies the original longitudinal axis x0 of the hinge 1. 
A rotation φ around the z0 axis (which is placed at H1 and is parallel to the 
global axis z) results in the frame H1x1y1z1, also shown in Figure 7.28b – the 
longitudinal axis of the hinge 1 is now along the x1 axis. Eventually, a rotation 
θ is used around the x1 axis, which produces the final position of hinge 1. 
The matrix [C(h)] is the local-frame compliance matrix of the flexible hinge and 
is expressed as:

   =
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and its components are evaluated as in Section 3.2.2.3.2. The compliance 
matrices  (2) (

C CO O and 3)
  are calculated by rotating the compliance matrix 

 (1)
CO  of Eq. (7.250) as:
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(R

with δ2 = 2π/3 and δ3 = 4π/3.
The inertia matrix associated with the DOF of Eq. (7.248) is:

0 0 0 0 0
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 (7.255)

For the numerical values of this example, the following natural frequencies 
are obtained from the eigenvalues of the dynamic matrix [DO] = [M −1

O] [KO]: 
4,261 rad/s (double), 1,611 rad/s, 653 rad/s (double) and 353 rad/s.
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8 Finite Element 
Analysis of Flexible-
Hinge Mechanisms

This chapter utilizes the finite element method by means of the regular displace-
ment approach to formulate element stiffness and inertia matrices of straight- and 
circular-axis flexible-hinge line elements. The elements possess axial, torsional 
and bending capabilities – the latter feature is modeled for both long configu-
rations by means of the Euler–Bernoulli model and short designs that use the 
Timoshenko model. Flexible-hinge mechanisms are subsequently studied by 
means of their quasi-static finite element models. The free natural and undamped 
response of hinge mechanisms is also studied, as well as the forced response 
of compliant devices. Finite element flexible-hinge mechanism examples include 
serial, parallel, planar and three-dimensional configurations. The approach 
applied in this chapter is basic, and it follows the established linear finite element 
formulation, such as in Petyt [1], Reddy [2], Zienkiewicz et al. [3], Moaveni [4], 
Madenci and Guven [5] or Yang [6].

8.1  STRAIGHT-AXIS LINE ELEMENTS

Finite element models have been developed for straight-axis, non-prismatic 
 flexible hinges, such as those studied by Gerardin and Cardona [7], Franciosi 
and Mecca [8], Jiang and Henshall [9], while works by Koster [10], Zhang and 
Fasse [11], Murin and Kutis [12] or Lobontiu and Garcia [13] placed an empha-
sis on the right circular design. Two-node or three-node line elements can be 
utilized to model a straight-axis flexible hinge and substitute the regular two- or 
three-dimensional meshing of finite element conventional software, as illustrated 
in Figure 8.1. Such a substitution sensibly reduces the problem dimension and 
complexity by decreasing the multiple degrees of freedom (DOF) of a two- or 
three-dimensional finite element mesh. This section formulates the stiffness and 
inertia matrices for two-/three-node, straight-axis line elements that are sensitive 
to axial, torsional and bending loads. Bending capabilities of both long beams 
(Euler–Bernoulli) and short beams (Timoshenko) are covered.

8.1.1  two-node element

The stiffness and inertia matrices of a straight-line element with two end nodes 
are studied in this section; the element can deform axially, torsionally and in 
bending. The procedure of obtaining consistent and lumped elemental inertia 
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matrices is identical to the one utilized in Section 7.2.2.2 to derive inertia matri-
ces of straight-axis flexible hinges by means of compliances; therefore, a detailed 
derivation of the inertia matrices is not reproduced here.

8.1.1.1 Axial Loading   
The variable cross-section line element of Figure 8.2 has a length l and two end 
nodes 1 and 2, whose axial displacements are u1x and u2x.

The element nodal displacement vector and the corresponding nodal force 
 vector are:

   = 



   = 



; .( )

1 2
( )

1 2u u u f f fx
e

x x

T

x
e

x x

T

 (8.1)

1 2 

1 2 3 

FIGURE 8.1 Straight-axis flexible hinge as a single-, two- or three-node, line element 
replacing the mesh formed of multiple 2D elements produced with conventional finite 
element software.

u1x, f1x u2x, f2x

l

1 2ux(x)

x

P

FIGURE 8.2 Two-node line element with axial deformation/motion capabilities.
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A generic point P placed at a distance x from the origin (identical to node 1) 
experiences an axial displacement ux(x) produced by the nodal loading. Because 
this element has two DOF (u1x and u2x), the displacement ux(x) can be expressed 
as polynomial in x with two constants (the number of constants is equal to the 
number of DOF) as:

 = + ⋅( ) .0 1u x c c xx  (8.2)

Using the boundary conditions:

 = =(0) ; ( )1 2u u u l ux x x x (8.3)

allows solving for the constants c0 and c1; the constants are substituted into 
Eq. (8.2), which becomes:
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[Sa(x)] is the shape-function vector. Equation (8.4) is known as the discretization 
(or interpolation) equation; it expresses the continuous function ux(x, t) as a sum 
of products between the space-dependent shape functions and their corresponding 
time-dependent nodal displacements. The shape functions of Eq. (8.5) are also the 
ones provided in Eq. (7.68) in the context of axial vibrations of a free-free flexible 
hinge by the compliance model.

8.1.1.1.1  Element Stiffness Matrix
The strain energy that is stored in the line element of Figure 8.2 is as:

 ∫= ⋅ ∂
∂
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 (8.6)

The space derivative of Eq. (8.6) results from Eq. (8.4) as:
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By using the rules of matrix algebra, the following relationship can be formulated 
based on Eq. (8.7):
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Substitution of Eq. (8.8) into Eq. (8.6) yields:
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The strain (elastic) energy of a deformable system, which is defined by a 
 generalized-coordinate vector [u], is expressed as:

 [ ] [ ][ ]= 1
2

.U u K uT  (8.10)

where [K] is the stiffness matrix. Comparing Eqs. (8.9) and (8.10) under the assump-

tions that the two systems (the finite element one and the general system) are identical 

and that the nodal displacement vector  ( )
u te

x ( ) is identical to the generalized-coor-

dinate vector [u], it follows that the 2 × 2 axially related element stiffness matrix is:

l
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0

For a constant cross-section bar element with A(x) = A, the elemental stiffness 
matrix becomes:

   =
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after substituting the shape functions of Eq. (8.5) into Eq. (8.11).

8.1.1.1.2  Element Inertia Matrix
The element inertia matrix can be expressed in either consistent or lumped-
parameter form, as detailed in Section 7.2.

The consistent-inertia matrix  ( )
M e

a  of a variable cross-section axial element 

is given in Eq. (7.67). For a constant cross-section member, the inertia matrix is 

provided in Eq. (7.69) where m = ρ·A·l (the mass of the bar element) should be 
used instead of m , the mass of the flexible hinge.h

Dividing the total element mass into two equal fractions and placing them at 
the two end nodes result in the following axial lumped-inertia matrix:
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where the element cross-sectional area is variable. For a constant cross-section 
bar, with A(x) = A, Eq. (8.13) reduces to:
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which is also captured in the in-plane inertia matrix of a flexible hinge in 
Eq. (7.94).

8.1.1.2 Torsional Loading  
Figure 8.3 depicts a variable cross-section, two-node line element of length l, 
which is sensitive to torsional loading and deformation.

The nodal displacement and load vectors are:
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where “m” denotes the moment. Because the element of Figure 8.3 has two DOF 
(θ1x and θ2x), the torsional deformation at an arbitrary point P is expressed as:

 ( , ) ( ) ( )( )x t S x tx a
T

x
e[ ]θ = θ  (8.16)

with the shape functions of Eq. (8.5).

8.1.1.2.1  Element Stiffness Matrix
The torsion strain energy of the element shown in Figure 8.3 is expressed as:
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θx(x)

l

1 2

x

P

θ1x, m1x θ2x, m2x

FIGURE 8.3 Two-node line element with torsional deformation and rotary motion 
capabilities.
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where It(x) is the torsional moment of area with respect to the centroidal axis. 
Following a derivation similar to the one used for the axial deformation of a line 
element, the 2 × 2 torsion-related element stiffness matrix is calculated as:
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When the element has a constant cross-section, which means It(x) = It, Eq. (8.18) 
becomes:
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8.1.1.2.2  Element Inertia Matrix
The element inertia matrix can be expressed as a consistent matrix or as a lumped
matrix. Following the approach described in Section 7.2.2.2, the elemental

consistent-inertia matrix  ( )
M e

t  is the one provided in Eq. (7.73). For constant

cross-section with It(x) = It, the inertia matrix becomes the one given in Eq. (7.74),
where Jx = ρ It·l is the inertia mass moment of the bar element with respect to the
centroidal axis and should be used instead of Jh,x – the axial moment of inertia of
the flexible hinge.

 
 

 

 
 
 

The lumped-inertia element matrix results by dividing the total mass moment 
of inertia into two equal fractions at the two nodes:
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For a constant cross-section bar, with It(x) = It, Eq. (8.20) becomes:
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which is also expressed in Eq. (7.95) as part of the out-of-plane, flexible-hinge 
inertia matrix.

8.1.1.3 Bending  
Two different models are regularly employed to derive element stiffness and 
inertia matrices for beam elements: the Euler–Bernoulli model applies to long 
beams (with the length approximately three to five times larger than the largest 
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cross-sectional dimension) and the Timoshenko model relates to short beams. 
The Timoshenko model considers the additional effects of shear deformation and 
rotary inertia.

8.1.1.3.1  Long Beams and the Euler–Bernoulli Model
Bending around the z axis is studied first based on the two-node line element of 
Figure 8.4a. The element has a variable cross-section and a length l.

At an arbitrary point P, the relevant deformation parameters in the xy plane 
(which correspond to bending around the z axis) are the deflection uy(x) along the 
y axis and the slope (rotation) θz(x) around the z axis. Correspondingly, the DOF 
at nodes 1 and 2 are the deflections and slopes that are collected in the element 

nodal displacement vector  ( )
u e

bz ; similarly, the nodal load vector  f ( )e
 bz  is also 

formed. The two vectors (whose components are identified in Figure 8.4b) are:
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The subscript “bz” indicates bending around the z axis. Because of the four nodal 
DOF u1y, θ1z, u2y and θ2z, the deflection can be interpolated as a polynomial with 
four coefficients. The deflection and slope (which is the deflection derivative with 
respect to x) are expressed as:
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 (8.23)

The following boundary conditions are used in combination with Eqs. (8.23):

 = θ = θ = θ = θ(0) ; (0) ; ( ) ; ( )1 1 2 2u u u l u ly y z z y y z z  (8.24)

(a) (b)

θiz, miz

uiy, fiy

uiz, fiz

θiy, miy

z

y

xi

P

l

1 2

x

y

x

z

FIGURE 8.4 (a) Two-node beam element; (b) bending-related nodal displacements and 
forces/moments at node i (i = 1, 2).
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to solve for the constants c0 through c3; the constants are then substituted back 
into Eq. (8.23). As a result, the deflection uy(x) is expressed as in Eqs. (7.86) and 
(7.87), namely:

[ ] [ ]=   = 
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( , ) ( ) ( ) ; ( ) ( ) ( ) ( ) ( ) ,( )
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T

bz
e

b b b b b

 (8.25)

T

with the shape functions of Eqs. (7.44) and (7.85), which are:
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 (8.26)

The elastic strain energy stored in the beam element of Figure 8.4 is:
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0 0

The discretization Eq. (8.25) results in:
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which enables expressing Eq. (8.27) as:
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 l

By comparing Eq. (8.10), which expresses the strain energy of a generic  deformable 
system defined by the generalized-coordinate vector [u], to Eq. (8.29), it follows 
that the 4 × 4 bending-related elemental stiffness matrix is:
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For a constant cross-section beam element, with Iz(x) = Iz, Eq. (8.30) becomes:
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The z-axis, bending-related inertia matrices can, again, be formulated in consistent 
or lumped forms. The consistent element inertia matrix of the line element sketched 
in Figure 8.4a is calculated similarly to the procedure described in Section 7.2.2.2 
and is expressed in Eq. (7.88). For a constant cross-section beam (with A(x) = A), 
the inertia matrix becomes the one of Eq. (7.89), where m = ρ·A·l is the total mass 
of the element that should be used instead of the flexible-hinge mass mh.

The total mass of the element can be divided between the two nodal translation 
DOF, and the resulting lumped-inertia matrix is:
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For a constant cross-section beam, Eq. (8.32) becomes:
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which is also included in the compliance-based, in-plane inertia matrix of a 
 flexible hinge in Eq. (7.95).

Similar results and element matrices are obtained when bending around the y 
axis is assessed due to forces aligned with the z axis and moments oriented along 
the y axis – see Figure 8.4b. The out-of-plane nodal displacement vector and the 
corresponding load vector are:
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 (8.34)

The resulting 4 × 4 element stiffness matrix is similar to the one of Eq. (8.30), 
namely:
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For a constant cross-section beam element, the stiffness matrix of Eq. (8.31) 
should be used with Iy instead of Iz. The inertia matrices resulting from bending 
around the y axis are identical to those modeling the bending around the z axis.
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8.1.1.3.2  Short Beams and the Timoshenko Model
Short beams where the length is less than three to five times the maximum 
 cross-sectional dimension need to include in their model shear deformations and 
rotary inertia. For bending around the z axis and a constant cross-section beam 
the deflection and slope are connected by means of the following equilibrium 
equation – see Richards [14]:
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where αs is the shear coefficient, which depends on the cross-section shape and 
is also studied/utilized in Chapters 2–4. Note that some finite element texts are 
using the symbol κ for the shear coefficient. Because of the connection Eq. (8.36), 
the slope cannot be obtained directly as the space derivative of the deflection; the 
deflection and slope are expressed separately as in Reddy [15]:
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By calculating the derivatives of uy(x) and θz(x) from Eqs. (8.37) and substituting 
them into Eq. (8.36), a second-degree algebraic equation in x results. Because the 
polynomial associated with it has to be zero for all acceptable values of x, the only 
possibility is that the three coefficients be zero. This leads to:
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where
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By enforcing the four boundary conditions associated with the deflections and 
slopes at the element’s nodes 1 and 2 – Eqs. (8.24), two sets of shape functions are 
obtained, which result in the discretized deflection and slope:
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where  ( )e
u tbz ( ) is defined in Eq. (8.22) and the two shape-function vectors are:
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The shape functions associated with uy in Eqs. (8.40) and (8.41) are:

 

( ) ( ) ( )
( )

( )

( ) ( )

( )

= − β
β +

⋅ −
β +

⋅ +
β +

⋅

= β +
β +

⋅ −
β +
β +

⋅ +
β +

⋅

= β
β +

⋅ +
β +

⋅ −
β +

⋅

= − β
β +

⋅ + β −
β +

⋅ +
β +

⋅





















( ) 1
12

12

3

12

2

12

( )
6

12

2 3

12

1
12

( )
12

12

3
12

2

12

( )
6

12
6

12

1
12

,

1 2 2

2

2 2
2

2 2
3

2

2

2

2

2
2

2
3

3 2 2
2

2
3

4 2

2

2
2

2
3

S x
l

l l
x

l

l l
x

l

l l
x

S x
l

l
x

l

l l
x

l
x

S x
l l

x
l

x
l l

x

S x
l

x
l

l l
x

l
x

u
z

z z z

u
z

z

z

z z

u
z

z z z

u
z

z

z

z z

y

y

y

y

 (8.42)

and the ones forming the shape-function vector corresponding to θz are:
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( )β + z

The strain energy stored in the short element includes contributions from both 
bending and shear in the form – see Petyt [1] and Richards [14], for instance:
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The angle θsh
z ( )x  represents the additional rotation due to shear.

An elegant method allowing to formulate the element stiffness matrix is based 
on Castigliano’s first (or force) theorem, according to which the force applied to 
a linearly elastic member is equal to the partial derivative of the strain energy in 
terms of the displacement at that point along the force direction – as discussed in 
Yang [6]. A similar definition allows us to calculate a moment in terms of the cor-
responding rotation angle. Based on this theorem, the four bending-related nodal 
loads (forces and moments) of Eqs. (8.22) are expressed as:
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Combining Eqs. (8.40)–(8.45) results in an equation that connects the nodal 
 displacement and load vectors of Eq. (8.22) as:
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where  ( )
K e

bz  is the element stiffness matrix.
For a constant cross-section member, the components of the 4 × 4 symmetric 

stiffness matrix of Eq. (8.46) are:
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The kinetic energy related to the z-axis bending vibrations of the beam element 
of Figure 8.4 is:
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By using the discretization Eqs. (8.40), it can be shown that:
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Equations (8.49) are substituted into Eq. (8.48), and the resulting equation is 
compared to Eq. (7.22), which expresses the kinetic energy T of a generic sys-
tem defined by the generalized-coordinate vector [u] as: T u= (1/2)[ ] 

T [ ]M u[ ]. 
It  follows that the consistent-model inertia matrix of the short beam undergoing 
z-axis bending vibrations is:
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Equation (8.50) states that the element inertia matrices modeling bending around 
the z and y axes are identical, which can readily be demonstrated. When the cross-
section is constant, the 4 × 4 symmetric inertia matrix of Eq. (8.50) has the fol-
lowing components:
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When rotary effects are considered, the mechanical moments of inertia of the two 
beam halves can be lumped at the element nodes. Each of them is:
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As a consequence, the 4 × 4 lumped-parameter inertia matrix combines the 
 translation components of Eq. (8.32) with the rotation ones of Eq. (8.52) and is of 
the diagonal form:
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When the cross-section is constant, Eq. (8.53) becomes:
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8.1.1.4  In-Plane and Out-of-Plane Element Matrices
For a two-node line element and when considering axial effects and bending 
around the z axis, the following nodal displacement vector is assembled:

   = θ θ



 .( )

1 1 1 2 2 2u u u u uip
e

x y z x y z

T

 (8.55)

The in-plane element stiffness matrix corresponding to this displacement vector 
collects its components from Eqs. (8.11) and (8.30) or (8.46) in the form:
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The in-plane element inertia matrix has a similar structure to the stiffness matrix 
of Eq. (8.56) – just use M instead of K. The axial components are provided in 
Eq. (7.67), while the z-bending ones are given in Eq. (7.88) for long beams and in 
Eq. (8.50) for short beams based on the consistent approach. Equations (8.13) and 
(8.53) should be utilized with the lumped-parameter approach.

The out-of-plane nodal displacement vector describes the rotation about the x 
axis and the bending around the y axis, and is formed as:

   = θ θ θ θ



 .( )

1 1 1 2 2 2u u uop
e

x y z x y z

T

 (8.57)

Corresponding to the displacement vector of Eq. (8.57) and using components from 
Eqs. (8.18) and (8.35), the out-of-plane element stiffness matrix is assembled as:
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 (8.58)

The out-of-plane element inertia matrix has the same structure with the stiffness 
matrix of Eq. (8.58) – one just needs to use M instead of K. The axial components 
are given in Eq. (7.73) and the y-bending ones are expressed in Eq. (7.88) for 
Euler–Bernoulli beams and in Eq. (8.50) for Timoshenko beams by means of the 
consistent approach. The lumped-parameter out-of-plane element inertia matrix 
is formed from Eqs. (8.20) and (8.53).

Example 8.1

The fixed-free right elliptical flexible hinge illustrated in Figure 8.5 has a 
 rectangular cross-section with a constant out-of-plane width w = 0.007 m 
and a  minimum in-plane thickness t = 0.001 m. Known are the material 
Young’s modulus E = 2·1011 N/m2, Poisson’s ratio μ = 0.3 and the mass density 
ρ = 7,800 kg/m3 as well as the shear coefficient αs = 1.176. The ellipse large 
semi-axis length a varies from a = b to a = 10b (where b is the length of the 
small ellipse semi-axis). Using a two-node Euler–Bernoulli beam element and 
a two-node Timoshenko beam element, compare the two models’ predic-
tions by evaluating the deflection at the free end produced by a force f1y = 1 N 
applied at that point, as well as the first in-plane natural frequency.
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Solution:

Figure 8.5a identifies the variable thickness t(x), which is calculated as:

 = + − − −

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





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2

t x t b
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a
 (8.59)

This parameter is needed to calculate Iz(x) and A(x) in the stiffness matrices of 
Eqs. (8.30) and (8.46), as well as in the inertia matrices of Eqs. (7.88) and (8.50). 
Because node 2 of the finite element shown in Figure 8.5 is fixed, the deflec-
tion and rotation at that node are zero, namely: u2y = 0 and θ2z = 0. As a direct 
consequence, the following reduced static model results from the dimension-4 
equation defining the static response of the full element:
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 (8.60)

Section 8.3 presents a systematic approach to reducing dimensions and matri-
ces of multiple-element finite element models due to zero boundary conditions 
resulting from external supports.

Finite element

x

y

1

2

l = 2a

Fixed end

t/2

a

t/2
x

y

O

a

b

b
t(x)

x

FIGURE 8.5 Front view with geometric parameters of fixed-free right elliptical 
flexible hinge and a two-node line element.
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Because the forcing vector of Eq. (8.60) consists of f1y = 1 N and m1z = 0, the 
deflection u1y can be determined by both the Euler–Bernoulli model and the 
Timoshenko model, and the following relative deflection is calculated:

 =
−

⋅100,1 1ru
uT

1y

u uy
T

y
EB

 (8.61)

where the superscripts “EB” and “T” denote the Euler–Bernoulli and Timoshenko 
models. Figure 8.6 plots this ratio in terms of the ellipse semi-axis length ratio 
a/b. It can be seen that the relative difference between the free-end deflection 
by the two beam models is less than 2% for semi-axis length ratios larger than 3.

In a similar manner, the following reduced dynamic matrix is formed:
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whose eigenvalues yield the two nonzero natural frequencies. The Euler–
Bernoulli model and the Timoshenko model predictions of the first natural 
frequency result in the following relative deviation:

T EB

= ω − ω
ω

⋅ω 100,1 1

1

r n n

n
T  (8.63) 

which is also plotted in Figure 8.6. As it can be seen, the relative natural 
 frequency difference is very similar in profile and values to the deflection  relative 
difference (it is actually superimposed over the relative deflection curve).

8.1.1.5  Inertia Matrices of Rigid Elements
Finite element inertia matrices are formulated here for two-node, straight-line 
elements that are rigid. Axial, torsional and bending inertia matrices are analyzed 
separately.
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FIGURE 8.6 Plots of relative differences between Euler–Bernoulli and Timoshenko 
model predictions of the free-end deflection and first natural frequency in terms of the 
semi-axes length ratio for a fixed-free right elliptical flexible hinge.
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8.1.1.5.1 B ar Element with Axial Effects and Torsional Effects
Consider the two-node bar element of Figure 8.2. Because the element does not 
deform, its two nodal displacements are equal, u1x = u2x. This constraint indicates 
that the element has only one DOF. As a consequence, the displacement field of 
Eq. (8.2) can be expressed in terms of a single constant as: ux(x) = u1x = u2x = c0. 
This relationship can formally be written as:

 or [ ]= 



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( ) ( , ) ( ) ( ) ,1 2
( )u x t u t u t u x t S x u tx x x x a

T
x
e  (8.64)

where the shape-function vector is:

 with[ ] = 
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
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.1 2 1 2S x S x S x S x S xa a a

T
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This shape-function vector is combined with Eq. (7.67) to obtain the element 
inertia matrix of a rigid element with variable cross-section; for a constant 
 cross-section bar element of area A and length l, Eqs. (7.67) and (8.65) yield:

   =
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where m is the member mass.
For a two-node rigid line element with x-axis rotation DOF, like the one shown 

in Figure 8.3, the inertia matrix is found using a similar approach; the shape func-
tions of Eq. (8.65) are used in conjunction with Eq. (7.73) to calculate the inertia 
matrix of a variable cross-section, straight-axis rigid line element. For a constant 
cross-section element of torsional moment of area It, the inertia matrix is:
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where the torsional moment of inertia is Jt = ρ·It·l.

8.1.1.5.2  Beam Element with Bending Effects
The two-node beam element of Figure 8.4 is considered rigid. As such, the rota-
tion of this rigid body is identical for all points, including the end nodes. For 
z-axis bending, this means θz(x) = θ1z = θ2z. Another connection between the 
nodal DOF is: tanθz(x) = θz(x) = (u2y − u1y)/l, which corresponds to small deforma-
tions/displacements. Because of these two constraints, there are only two nodal 
parameters that are independent; as a consequence, the rigid element has two 
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DOF, and the deflection distribution can be expressed in terms of two constants 
in polynomial form as:

 = + ⋅ θ = =( ) ; ( )
( )

.0 1 1u x c c x x
du x

dx
cy z

y  (8.68)

The boundary conditions are:

 = =(0) ; ( ) .1 2u u u l uy y y y  (8.69)

Equations (8.69) are used in conjunction with the deflection distribution of 
Eq.  (8.68) to find the constants c0 and c1. These constants are substituted back 
in uy(x) of Eq. (8.68), which can be written in the discretized form of Eq. (8.25). 
The four shape functions are:

 = − = = =( ) 1 ; ( ) ( ) 0; ( ) .1 2 4 3S x
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b b b b  (8.70)

These shape functions are substituted into Eq. (7.88) to calculate the inertia matrix 
of a rigid, beam-type element. For a constant cross-section, the inertia matrices 
for z-axis bending and y-axis bending are:
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8.1.1.5.3  In-Plane and Out-of-Plane Inertia Matrices for Rigid Members
It is now possible to assemble the in-plane and out-of-plane inertia matrices for a 
two-node line element with six DOF per node. The in-plane matrix corresponds 
to ux, uy and θz, while the out-of-plane matrix is connected to θx, θy and uz. The 
in-plane inertia matrix of a constant cross-section member combines Eqs. (8.66) 
and (8.71) as:
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 (8.72)

Similarly, the following out-of-plane inertia matrix is assembled from Eqs. (8.67) 
and (8.71) for a constant cross-section:
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8.1.2  three-node element

The stiffness and inertia matrices of a straight-line element with three nodes (two 
at the ends and one at the midpoint, as illustrated in Figure 8.7) are briefly pre-
sented here. This element can deform and vibrate axially, torsionally and in bend-
ing. Compared to the two-node element of Section 8.1.1, the three-node element 
produces more accurate predictions due to the increased number of DOF.

The generic elemental matrices of the two-node line element that were formu-
lated in Section 8.1.1 are also valid for the three-node element. Due to the extra 
node of this latter element, the shape functions are different, as discussed next.

8.1.2.1  Axial Effects and Torsion
The nodal displacement and load vectors for axial effects and torsion are:
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Because of its three DOF, the axial displacement ux(x) of the arbitrary point P can 
be represented in polynomial form as:

 = + ⋅ + ⋅( ) .0 1 2
2u x c c x c xx  (8.75)
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FIGURE 8.7 (a) Three-node straight-line element; (b) nodal DOF and forces/moments 
(i = 1, 2, 3).
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Using the boundary conditions:

 = = =(0) ; ( / 2) ; ( )1 2 3u u u l u u l ux x x x x x  (8.76)

in conjunction with Eqs. (8.75) allows solving for the constants c0, c1 and c 2. These 
constants are substituted back into Eq. (8.75), which becomes of the  discretized 
form given in Eq. (8.4) where the shape functions are:
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The 3 × 3 element stiffness matrix related to the x-axis translation elasticity of 
the three-node line element of Figure 8.7a is calculated based on the definition 
Eq.  (8.11) with the shape functions of Eq. (8.77). For a constant cross-section 
member with A(x) = A, the stiffness matrix is:
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The consistent-model elemental inertia matrix characterizing the translation 
vibrations along the x axis is determined with the general Eq. (7.67) and the 
shape functions of Eq. (8.77). The following matrix results for a constant cross-
section member:
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The lumped-model inertia matrix is calculated as:
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which, for a constant cross-section member, becomes:
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The 3 × 3 torsion-related element stiffness matrix is generically expressed in 
Eq. (8.18) and is calculated with the same shape functions of Eq. (8.77). For a mem-
ber with constant cross-section with It(x) = It, the stiffness matrix is expressed as:
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Equations (7.73) are combined with the shape functions of Eq. (8.77) to formulate 
the consistent-model inertia matrix of a variable cross-section line element. For a 
constant cross-section element, the consistent torsion inertia matrix is:
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where Jt is the mass moment of inertia about the x axis. The lumped-parameter 
inertia matrix related to torsion is calculated similarly to the one corresponding 
to axial translation in Eq. (8.80) as:
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Equation (8.84) simplifies to the following form for a constant cross-section 
member:
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8.1.2.2 Bending  
Euler–Bernoulli and Timoshenko models are utilized in this section to derive 
 element stiffness and inertia matrices resulting from bending.
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8.1.2.2.1 L ong Beams and the Euler–Bernoulli Model
The nodal displacement vector of a beam element with three nodes and two DOF 
per node (which are specified deflection uy and rotation θz) is:

   = θ θ θ



 .( )

1 1 2 2 3 3u u u ubz
e

y z y z y z

T

 (8.86)

The six nodal DOF of Eq. (8.86) allow using a polynomial distribution function 
of the deflection at the arbitrary point P in Figure 8.7 with six constants, namely:
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The boundary conditions at the three nodes are:
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They are used in conjunction with Eqs. (8.87) to solve for the seven constants c0 
through c6. These constants are substituted back into uy(x) of Eq. (8.87), which 
result in the discretized relationship of Eq. (8.25) with the shape-function vector:
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The individual shape functions of Eq. (8.89) are:
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With the shape functions of Eq. (8.90), Eq. (8.30) is used to calculate the 6 × 6 
elemental stiffness matrix of a beam element with three nodes. For a constant 
cross-section beam with Iz(x) = Iz, the stiffness matrix is:
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The consistent-inertia matrix is calculated as per Eq. (7.88) using the shape 
 functions of Eqs. (8.90). When the cross-section is constant, the following inertia 
matrix is obtained:
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For a variable cross-section beam, the lumped-inertia matrix is calculated as:
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When the cross-section is constant, the matrix of Eq. (8.93) becomes:
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8.1.2.2.2  Short Beams and the Timoshenko Model
The following separate distribution functions can be used for deflection and slope 
when short beams with shear deformations and rotary inertia are considered:
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Equation (8.36) is used to relate the slope to the deflection, which results in the 
following equations connecting the polynomial coefficients of Eqs. (8.95):
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with βz of Eq. (8.39). The boundary conditions of Eqs. (8.88) are used to obtain 
the discretization relationships for the deflection and slope of Eqs. (8.40); they 

allow identifying the shape-function vectors S xuy z( ) , (S xθ ). The shape- 

function components are provided explicitly in Lobontiu and Garcia [13]. The 

 element stiffness matrix can now be calculated as in Eq. (8.46), while the element 
 consistent-inertia matrix is determined as in Eq. (8.50).

Similar to the two-node short-beam element, the lumped-model inertia matrix 
of a three-node, Timoshenko-beam element of variable cross-section includes the 
rotary inertia fraction expressed in Eq. (8.52) and is of the form:
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For a constant cross-section member, Eq. (8.97) becomes:
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 

8.2  CIRCULAR-AXIS LINE ELEMENTS

Finite element formulation of curvilinear-axis and circular-axis elements has been 
utilized to model and solve static and dynamic problems related to a wide  variety 
of solid mechanics applications – see Ganapathi et al. [16], Kang and Riedel [17], 
Dayyani et al. [18], Cazzani et al. [19], Tufekci et al. [20], Borkovic et al. [21], 
Connor and Brebbia [22], Petyt and Fleischer [23], Rao [24], Yang and Kim [25], 
Lebeck and Knowlton [26], Akhtar [27], Benedetti and Tralli [28], Choi and Lim 
[29], as well as Khrishnan and Suresh [30], Wu and Chiang [31,32], Kim et al. 
[33], Saffari et al. [34], Kim et al. [35], Shahbah et al. [36], for instance. This sec-
tion offers a systematic study of planar circular-axis finite elements with two end 
nodes that can be used to model flexible hinges. It formulates in-plane and out-
of-plane element stiffness and inertia matrices for relatively long members based 
on the Euler–Bernoulli theory and for short members using Timoshenko’s model.

8.2.1  lonG elements and the euler–bernoulli model

8.2.1.1 In-Plane Matrices  
There are several models of two-node, planar, circular-axis finite elements that 
define the in-plane stiffness and inertia matrices – see Yang [6] for a comprehen-
sive review of those models. This section studies a three-DOF per node model, 
which is similar to the Euler–Bernoulli model developed in Section 8.1.1.3.1. Its 
performance compares well with that of a more complex model that uses four 
DOF per node, as also discussed in this section.
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8.2.1.1.1 Linear-Cubic Model
Consider the two-node planar, circular-axis element of Figure 8.8, which is under 
planar load and whose corresponding displacements/deformations are also planar.

   

The in-plane deformations at the arbitrary point P, which is situated at a 
 circumferential distance s from end node 1, are the tangential component ut(s), 
the normal (radial) deflection un(s) and the z-axis rotation θz(s). The correspond-
ing in-plane nodal displacement and forcing vectors are:
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Corresponding to the six DOF of Eq. (8.99), the following interpolation 
 polynomials of ut(s) and un(s) can be used, which form the simplest model, also 
known as the linear-cubic model – see Yang [6], Connor and Brebbia [22] and 
Petyt and Fleischer [23]:
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In Eq. (8.100), the tangential displacement is assumed to vary linearly with the 
coordinate s, whereas the normal displacement varies as a cubic polynomial in 
s – this is why the model is called linear-cubic. As per Yang [6] and Kardestuncer 
[37], the z-axis rotation coordinate is expressed as:
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FIGURE 8.8 Planar, circular-axis flexible-hinge element with two nodes and three 
 in-plane DOF per node.
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The following boundary conditions are enforced in conjunction with Eqs. (8.100) 
and (8.101):

 (0) ; (0) ; (0) ; ( ) ; ( ) ; ( )1 1 1 2 2 2u u u u u l u u l u lt t n n z z t t n n z z= = θ = θ = = θ = θ
 (8.102)

where l = α·R is the element length, as illustrated in Figure 8.8. The six Eqs. 
(8.102) allow solving for the constants c0 through c5; they are substituted back into 
Eqs. (8.100), which can be written in the following discretized form:
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where the component shape functions are:
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The elastic strain energy stored in the element of Figure 8.8 is expressed as in 
Yang [6] and Kardestuncer [37], namely:
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 (8.105)

where A(s) and Iz(s) are the cross-sectional area and z-axis moment of area. 
The  circumferential strain ε and the curvature κz (produced through planar 
 deformation) are:
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( ) 1 ( )
.

2

2

du s

ds R
u s

d u s

ds R

du s

ds
t

n z
n t  (8.106)

Substituting the strain and curvature of Eqs. (8.106) into Eq. (8.105) results in the 
following strain energy expression:
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The six nodal loads of Eq. (8.100) are expressed by means of Castigliano’s first 
(force) theorem as:
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After performing the derivations required in Eq. (8.108) by means of the strain 
energy given in Eq. (8.107), the resulting six equations are combined into the 
vector-matrix form:

 ,( ) ( ) ( )f K uip
e

ip
e

ip
e  =      (8.109)

where  ( )
K e

ip  is the 6 × 6 element in-plane stiffness matrix.

The kinetic energy of the finite element of Figure 8.8 is calculated based on 
the elementary kinetic energy of the mass dm = ρ·A(s)ds in translation along the 
tangent and normal axes and also using the discretization Eqs. (8.103), namely:
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Comparing Eq. (8.110) with Eq. (7.22), which gives the kinetic energy of a lumped-
parameter system, it follows that the 6 × 6 consistent element inertia matrix of the 
circular-axis element undergoing in-plane vibrations is:
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8.2.1.1.2 Cubic-Cubic Model
As discussed in Yang [6], Petyt and Fleischer [23] and Cowper et al. [38], the 
linear-cubic model does not represent exactly the rigid-body displacement of an 
element. Other models are available that use distribution functions with more 

   



426 Compliant Mechanisms

terms in the tangential displacement ut(s), as mentioned in the same reference
One such model, known as the cubic-cubic model, is defined by the followi
functions:

s. 
ng 
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and its name reflects the distribution of ut(s) and un(s), which are both cubic 
 polynomials in the variable s. The model uses the following nodal displacement 
and forcing vectors:
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Note that the only nodal DOF with physical relevance (in the sense that they 
are actual translational displacements) in u( )e

ip  are ut and un. Similarly, only the 
nodal forces ft and fn are physically significant in the nodal force vector  ( )

 f e
ip  of 

Eq. (8.113). Utilizing the eight nodal coordinates of Eq. (8.113) as boundary con-
ditions in the polynomials of Eqs. (8.112) enables to express the displacements of 
Eq. (8.112) as in Eq. (8.103) where:
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and the individual shape functions are:
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2 3 2 3s s s s

Equations (8.103), (8.114) and (8.115), together with the necessary derivatives, are 
substituted in the strain energy of Eq. (8.107). Using Castigliano’s first theorem, 
the nodal forcing components f1t, f1n, f2t and f2n are calculated as in Eq. (8.108). 
The other four forcing components identified in Eq. (8.113) are determined as:
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After performing all necessary operations, Eqs. (8.108) and (8.116) are rendered 
into the generic form of Eq. (8.109), which identifies the 9 × 9 element stiffness 

matrix  ( )
K e

ip .
The 9  9 element inertia matrix is calculated as in Eq. (8.111) by means of the 

shape functions given in Eqs. (8.114) and (8.115).
×

Example 8.2

The finite element of Figure 8.8 is fixed at node 2. The member has a constant, 
rectangular cross-section defined by in-plane thickness t = 0.001 m and out-of-
plane width w = 0.008 m. The member’s material is homogeneous with Young’s 
modulus E = 2·1011 N/m2 and mass density ρ = 7,800 kg/m3. Compare the linear-
cubic model to the cubic-cubic model by graphically studying the relative differ-
ences between the two model predictions in the radial displacement u1n at node 1 
when a unit-force vector is applied at node 1. Make a similar comparison by study-
ing the first (smallest) natural frequency ωn1. Assume the opening angle α spans the 
[4°; 30°] interval and the radius R varies within the [0.03 m; 0.06 m] range.

Solution:

Because node 2 is fixed, the stiffness and inertia matrices to be used in static 
and dynamic calculations are of reduced dimensions. Similar to the proce-
dure outlined in Example 8.1, the in-plane displacement vectors at node 1 are 
expressed in terms of the unit load as:
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Equation (8.117) is based on the linear-cubic model, whereas Eq. (8.118) 
 corresponds to the cubic-cubic model. The displacements u1n are determined 
from Eqs. (8.117) and (8.118); they enable to calculate the ratio of the difference 
between the two values of u1n to the smaller of the two values.

terms in the tangential displacement ut(s), as mentioned in the same references. 
One such model, known as the cubic-cubic model, is defined by the following 
functions:
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and its name reflects the distribution of ut(s) and un(s), which are both cubic 
 polynomials in the variable s. The model uses the following nodal displacement 
and forcing vectors:
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Note that the only nodal DOF with physical relevance (in the sense that they 
are actual translational displacements) in  

( )uip
e  are ut and un. Similarly, only the 

nodal forces ft and fn are physically significant in the nodal force vector  
( )fip
e  of 

Eq. (8.113). Utilizing the eight nodal coordinates of Eq. (8.113) as boundary con-
ditions in the polynomials of Eqs. (8.112) enables to express the displacements of 
Eq. (8.112) as in Eq. (8.103) where:
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and the individual shape functions are:
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Equations (8.103), (8.114) and (8.115), together with the necessary derivatives, are 
substituted in the strain energy of Eq. (8.107). Using Castigliano’s first theorem, 
the nodal forcing components f1t, f1n, f2t and f2n are calculated as in Eq. (8.108). 
The other four forcing components identified in Eq. (8.113) are determined as:
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Similarly, reduced matrices are extracted from the full element inertia matri-
ces resulting from the two models. The following dynamic matrices can subse-
quently be formed with the reduced stiffness matrices of Eqs. (8.117) and (8.118):
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where the first dynamic matrix results from the linear-cubic model, while the 
second one is produced by the cubic-cubic model. The smallest natural fre-
quencies are found from the eigenvalues of the two matrices of Eq. (8.119); the 
ratio of the difference between these two frequencies to the smaller of the two 
frequencies is subsequently calculated.

Figure 8.9 plots the relative deflection ratio and the relative first natural  frequency 
ratio in terms of the circular element opening angle α, whereas Figure 8.10 graphs 
the same ratios as functions of the radius R. It can be seen that the ratios increase 
with both parameters increasing, and the percentage deviations between the two 
models’ predictions are very small. This conclusion enables the utilization of the 
simpler linear-cubic model in further finite element analysis simulation.
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FIGURE 8.9 Plots in terms of the element opening angle α of the relative  variation in: 
(a) radial displacement at node 1; (b) first natural frequency.
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8.2.1.2 Out-of-Plane Matrices  
The planar, circular-axis element of Figure 8.8 is sketched in Figure 8.11 by 
 highlighting its out-of-plane nodal DOF and loads.

The out-of-plane deformations at the arbitrary point P, which is situated at 
a distance s measured along the circumference from node 1 (s is not shown in 
Figure 8.11), are the tangential-axis rotation θt(s), the normal (radial)-axis rota-
tion θn(s) and the z-axis (out-of-plane) deflection uz(s). The out-of-plane nodal 
 displacement vector collects these displacements at the nodes 1 and 2; similarly, 
the nodal load vector is formed of moments about the t- and n-axes, as well as of 
z-axis forces at the two nodes:
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FIGURE 8.10 Plots in terms of the element radius R of the relative variation in: (a) radial 
displacement at node 1; (b) first natural frequency.
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FIGURE 8.11 Planar, circular-axis flexible-hinge element with two nodes and three 
 out-of-plane DOF per node.
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The simplest model to describe the distribution of the three displacements at point 
P is the linear-cubic model, according to which:
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The third Eq. (8.121) states that, similarly to a straight-axis beam, the slope/ 
rotation θn(s) is the s-derivative of the corresponding deflection uz(s).

The following boundary conditions express the three nodal displacements at 
the two nodes:

 θ = θ θ = θ = θ = θ θ = θ =(0) ; (0) ; (0) ; ( ) ; ( ) ; ( ) .1 1 1 2 2 2u u l l u l ut t n n z z t t n n z z

 (8.122)

where l = α·R. These conditions are utilized in conjunction with Eqs. (8.121), 
which enables to find the constants c0 through c5; they are substituted back into 
the first two Eqs. (8.121), which are expressed in discretized form as:
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The individual shape functions of the vectors given in Eqs (8.123) are:
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The elastic strain energy of the element sketched in Figure 8.11 is expressed as in 
Howson and Jemah [39]:
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where In(s) and It(s) are the cross-sectional moments of area about the n and t 
axes, respectively. The shear strain γ produced through torsion and the normal 
curvature κn are expressed as in Howson and Jemah [39]:

 γ = θ − ⋅ κ = + ⋅θ( ) 1 ( )
;

( ) 1
( ).

2

2

d s

ds R

du s

ds

d u s

ds R
st z

n
z

t  (8.126)

The strain and curvature of Eqs. (8.126) are substituted into the strain energy of 
Eq. (8.125), which becomes:
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The element stiffness matrix is formulated by means of Castigliano’s force 
 theorem, according to which the nodal load components are calculated as:
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The shape functions of Eqs. (8.123) are used in conjunction with the strain 
energy of Eq. (8.127) to obtain the loads of Eqs. (8.128), which can ultimately be 
expressed in vector-matrix form as:
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where  ( )
K e

op  is the element out-of-plane stiffness matrix.

The total kinetic energy of the finite element is the sum of all elementary 
kinetic energy fractions resulting from translation along the z axis and rotation 
around the t axis, namely:
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 
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Comparing Eq. (8.130) to Eq. (7.22), the out-of-plane consistent element inertia 
matrix of the circular-axis element is:
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8.2.2  short elements and the timoshenko model

For circular-axis flexible hinges that have small ratios of the length to the maxi-
mum cross-sectional dimension and/or a small angular span α, the added effects 
of shear deformation and rotary inertia have to be considered – this is achieved 
through the Timoshenko model, as discussed in the straight-axis element section 
in this chapter. A similar approach is applied here in order to formulate the element 
stiffness and inertia matrices separately for in-plane and out-of-plane motions.

8.2.2.1 In-Plane Matrices  
The nodal displacement and force vectors of Eq. (8.99) used for a relatively long 
and thin member to derive elemental matrices with the Euler–Bernoulli model 
are also utilized here – see Figure 8.8. While the expressions of the strain ε and 
curvature κz given in Eq. (8.106) are still valid, there is an extra rotation angle 
produced through shear; this extra angle θsh

z , as discussed in Khrishnan and 
Suresh [30] and Shahbah et al. [36] among others, is expressed as:
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Because of this additional rotation angle, the z-axis rotation θz(s) cannot be 
expressed in terms of ut(s) and un(s) as in Eq. (8.101) and needs to be discretized 
separately; however, the tangential and radial displacements ut(s) and un(s) are 
expressed as in Eq. (8.100) based on the linear-cubic model. The resulting distri-
bution equations are:
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The radial displacement un(s) and rotation θz(s) are not independent; as discussed 
in Khrishnan and Suresh [30] and Shahbah et al. [36], the following equilib-
rium equation (which results from the differential relationship between bending 
moment and shear force) can be used to relate these two parameters:
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The six boundary conditions of Eqs. (8.102) are still valid with this model; they 
are used in conjunction with Eqs. (8.133) and (8.134) to find the constants c0 
through c8; the expressions of these constants are then substituted back into Eqs. 
(8.133), which are written in discretized form as:
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The individual shape functions of Eqs. (8.135) are too complex and are not 
included here.

The strain energy of the finite element of Figure 8.8 during its planar elastic 
deformation is similar to the one of the Euler–Bernoulli element – see Eq. (8.105); 
it includes an extra term related to shear deformation, namely:
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0 0

The strain and curvature of Eqs. (8.106), as well as the shear angle of Eq. (8.132), 
are substituted into the strain energy of Eq. (8.136), which becomes:
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The discretization relationships of Eqs. (8.135) are substituted into the strain 
energy of Eq. (8.137). Castigliano’s force theorem is subsequently applied in the 
form of Eq. (8.108), which results in a nodal load/displacement connection as in 

Eq. (8.109), where  ( )
K e

ip  is the element in-plane stiffness matrix of a circular-axis 

Timoshenko element.
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The element kinetic energy adds a rotary component to the two translational 
fractions corresponding to the Euler–Bernoulli model of Eq. (8.110); this energy is:
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.ds






Using the discretization Eqs. (8.135) in conjunction with Eq. (8.138) results in the 
element kinetic energy being expressed as in the generic Eq. (7.22), which identi-
fies the element inertia matrix of the finite element of Figure 8.8 as:
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8.2.2.2 Out-of-Plane Matrices  
The nodal displacement and load vectors of the two-node element sketched in 
Figure 8.11 are the ones of Eq. (8.120). Because of shear effects, the rotation 
around the normal (n) axis cannot be expressed simply as in Eq. (8.121); instead, 
the total rotation angle comprises the rotation angle θsh

n  due to shear, namely:

 ( ) ( )
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.s s
du s
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sh zθ = θ +  (8.140)

As a result, the following distribution functions are proposed for the simplest 
model:
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As detailed in Howson and Jemah [39] and Davis et al. [40], an equilibrium equa-
tion can be used, which connects the bending moment (around the normal axis), 
the torque (around the tangent axis) and the z-axis force; this equation can be 
written in terms of displacements as:
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Equations (8.141) and (8.142) are combined with the six boundary conditions of 
Eqs. (8.122); they allow solving for the constants of Eqs. (8.141), which enable to 
reformulate the latter equations in the discretized form:
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The shape functions of Eqs. (8.143) are not included here being too complex.
The strain energy is formed based on Eqs. (8.125)–(8.127), which consider 

the bending and torsion effects related to a regular Euler–Bernoulli member; in 
addition, the shear elastic energy is added based on the Timoshenko model; as 
indicated in Howson and Jemah [39] and Davis et al. [40], this strain energy is 
ultimately expressed as:
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Castigliano’s force theorem is applied to derive the element stiffness matrix. 
Combining Eqs. (8.143) and (8.144), the six nodal load components are calculated 
as in Eqs. (8.128), which are rendered into the load-displacement Eq. (8.129) – this 

relationship provides the out-of-plane stiffness matrix  ( )
K e

op  of a circular-axis 

Timoshenko element.
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The element kinetic energy sums contributions from translation along the z 
axis and rotations around the tangent and normal axes, namely:
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The discretization relationships of Eqs. (8.143) are substituted into Eqs. (8.145); the 
resulting energy has the form of the generic Eq. (7.22), and the consistent element 
inertia matrix corresponding to out-of-plane motion of the element of Figure 8.11 is:
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Example 8.3

A planar, circular-axis flexible hinge is shown in Figure 8.12; it has a rectan-
gular cross-section whose in-plane thickness varies linearly from a minimum 
value t1 at one end to a maximum value t2 at the opposite end. Considering 
that the end of thickness t2 is fixed, study the variations of the in-plane nat-
ural frequencies when calculated with the Euler–Bernoulli model vs. the 
Timoshenko model in terms of the thickness variation Δt = t2 − t1. Known are 
t1 = 0.001 m, w = 0.008 m (constant out-of-plane width), R = 0.018 m, α = 10°, 
E = 2.1·1011 N/m2, µ = 0.3, α 3

s = 1.176 and ρ = 7,800 kg/m . Use the two-node 
finite element of Figure 8.8.

Solution:

The variable thickness t(s) at a variable distance s from the origin 1 is 
calculated as:

 = − ⋅ + = α ⋅( ) , .2 1
1t s

t t

l
s t l R  (8.147)

With it, the variable cross-sectional area and z-axis moment of area are: 
A(s) = w·t(s), Iz(s) = w·t(s)3/12.

The full, 6 × 6 element stiffness matrix corresponding to the Euler–Bernoulli 
model is calculated by using the shape functions of Eqs. (8.104) based on the 
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definition Eqs. (8.107)–(8.109). The similar Timoshenko-model element stiffness 
matrix is determined by the shape functions of Eqs. (8.135) that are combined 
with the definition Eqs. (8.107)–(8.109). The Euler–Bernoulli element inertia 
matrix is evaluated as in Eq. (8.111) with the shape functions of Eqs. (8.104), 
while the similar matrix related to the Timoshenko model is determined as in 
Eq. (8.139) with the shape functions of Eqs. (8.135).

The nonzero, in-plane displacement vector is formed of the three dis-
placements at the free node 1, namely, u1t, u1n and θ1z. The resulting reduced 
3 × 3 stiffness and inertia matrices are of the form provided in Eqs. (8.119) of 
Example 8.2, which also expresses the resulting dynamic matrix – this is valid 
for both models. The latter matrix provides the three natural frequencies when 
the parameter Δt varies from 0 to 1 mm. To study the variation of the natural 
 frequencies, the following ratios are formed:

 ( )
∆ω
ω

=
ω − ω

ω ω
=

min ,
, 1,2,3,ini

ni

ni
EB

ni
T

ni
EB

ni
T

 (8.148)

where the superscripts “EB” and “T” stand for Euler–Bernoulli and Timoshenko, 
respectively. The relative differences between the two models’ predictions of 
the first (smallest) natural frequencies grow almost linearly from approximately 
5% to 18%, as shown in Figure 8.13. The relative differences corresponding 
to the other two natural frequencies are not plotted, but the second natural 
frequency variation is almost constant and equal to 0.09%, while the relative 
variation in the third natural frequencies slightly increases from 24% to 28% 
with an increase in Δt.

1

R
β

t(s)

s

2

α

C

t2

t1 

FIGURE 8.12 Planar, circular-axis flexible-hinge element with linearly variable 
in-plane thickness t(s).
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8.3 FLEXIBLE-HINGE MECHANISMS   

The finite element free and forced responses of mechanisms with flexible links/
hinges have received considerable coverage by means of a variety of model-
ing/solution methods and applications – see Thompson and Sung [41], Wang 
and Wang [42], Saxena and Ananthasuresh [43], Yu and Smith [44], Sriram and 
Mruthyunjaya [45], Xianmin et al. [46], Wang [47], Chen [48], Besseling and Gong 
[49], Gao [50], Turcic and Midha [51], Chu and Pan [52], Song and Haug [53], Gao 
et al. [54], Sekulovic and Salatic [55], Hac and Osinski [56] or Hac [57]. Similar 
research was reported by Piras [58], Albanesi [59], Dubay [60], Muhammad et al. 
[61], Beloti et al. [62], Tian et al. [63], Kermanian [64] and My [65].

Several examples of mechanisms, both serial and parallel, are modeled and 
analyzed in this section by using the line elements formulated in the previous 
sections. Planar and spatial flexible mechanism configurations are studied by for-
mulating both the quasi-static and the dynamic responses. The mechanisms are 
modeled as frames, i.e., devices that are structurally formed by rigidly connecting 
flexible hinges and other rigid members.

8.3.1  Global-frame element stiffness and inertia matrices

Planar and spatial mechanisms are most often formed of flexible hinges, which have 
various orientations/directions. Because the nodal displacements and loads need to 
be expressed in a unique reference frame (the global frame), the elemental stiffness 
and inertia matrices have to be correspondingly transformed into the global frame 
from their element local frames. This section addresses transforming elemental 
matrices of straight-axis and circular-axis planar flexible hinges by means of rotation.

8.3.1.1  Straight-Axis Flexible Hinges
Figure 8.14 shows a two-node, straight-axis line element – while only the in-plane 
DOF are symbolized in the figure, the element is assumed to have six DOF per 
node, and therefore, it also possesses out-of-plane capabilities.

1

1

[%]n

n

Δω
ω

Δt [m] 

FIGURE 8.13 Plot of the relative first natural frequency variation in terms of the 
thickness parameter Δt.
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A rotation matrix [R(e)] connects the local-frame displacement vector 
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In the local frame xyz, the in-plane nodal force vector is related to the corresponding 
nodal displacement vector by means of the stiffness matrix:

	   =    .( ) ( ) ( )f K uip
e

ip
e

ip
e 	 (8.150)

Combining Eqs. (8.149) and (8.150) results in the global-frame (transformed) 
load-displacement relationship by means of a corresponding stiffness matrix:
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A similar formulation that would use accelerations instead of displacements and 
inertia loads instead of static nodal loads enables transforming the local-frame 
element inertia matrix  

( )Mip
e  into the global one [Mip] as:

	 [ ] [ ]  =   .( )M R M Rip
T

ip
e 	 (8.152)
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Xu1x, f1x
u1y, f1y

θ2z, m2z

u2x, f2x

u2y, f2y

FIGURE 8.14  Straight-axis line element with local reference frame xyz and global 
reference frame XYZ.
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It can be shown that the out-of-plane elemental stiffness and inertia matrices can 
be transformed from the original, local frame into the global frame by means of 
the same [R] matrix as:

 [ ] [ ] [ ] [ ]  =     =  ; .( ) ( )K R K R M R M Rop
T

op
e

op
T

op
e  (8.153)

The out-of-plane, local-frame and global-frame displacement vectors are 

u u( )e  = θ
T

θ    and [u ] = [θ T
op  x y z  op X θY uZ] , while the corresponding 

T

nodal-force vectors are  ( )  =  f me
op  x ym fz

  and [ f  op] = [mX mY fZ]T.

8.3.1.2  Circular-Axis Flexible Hinges
Similar to the straight-axis element depicted in Figure 8.14, only the in-plane 
nodal loads and displacements are indicated for the two-node, planar, circular-
axis element of Figure 8.15. The translation displacements are along the tangent 
and normal directions at the two nodes, while the rotations at the two nodes are 
around the z axis, which is perpendicular to the plane of the element. Assume that 
the local frame at node 1 has its x1 axis along the tangent and the y1 axis along the 
normal at that node; similarly, the frame located at node 2 has its x2 axis along the 
tangent and the y2 axis directed along the normal at that node.

The nodal displacements and loads, as well as the related element stiffness 
and inertia matrix components, are formulated in terms of the end-point frames 
x1y1z1 and x2y2z2, which are rotated by an angle α in the global plane XY. It is 
therefore useful to express these matrices in a single reference frame, like xyz, 
which is identical to x1y1z1, as illustrated in Figure 8.15. The subsequent deriva-
tion applies to both in-plane and out-of-plane formulations, and therefore, the 
subscripts normally used to indicate the respective cases (“ip” or “op”) are not 
utilized. The displacements and loads at node 2 (which are defined in the x2y2z2 
reference frame) are expressed in terms of the corresponding vectors formulated 
in the xyz frame as:

α

δ1

1

2

θ1z, m1z

y2

x,x1

Y

X

u1t, m1t u1n, f1n

u2t, f2t

u2n, f2n

y,y1

x2
θ2z, m2z

δ2

C

R

α1

FIGURE 8.15 Circular-axis line element with local and global reference frames.
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where the superscript “e” denotes the vectors in the x2y2z2 frame, while “e,l” 
 identifies the vectors in the local frame xyz. The original static element model is:
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Combining Eqs. (8.154) and (8.155) results in the following equation:
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where [K(e,l)] is the element stiffness matrix expressed in the local frame xyz 
located at node 1.

The local-frame inertia matrix is formulated similarly as:
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The local-frame stiffness and inertia matrices of Eqs. (8.156) and (8.157) can be 
transferred further to the global frame XYZ of Figure 8.15 as:

 [ ] [ ] [ ] [ ]  =     =  ; .( , ) ( , ) ( , ) ( , )K R K R M R M Re g T e l e g T e l  (8.158)
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where the superscript “g” means global, and the rotation matrix is:
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The rotation angle of Eq. (8.159), which is shown in Figure 8.15, is δ1 = π/2 − α1.

8.3.2  the assemblinG process

The strain energy of a finite element model comprising n elements can be written 
by summing the strain energies of individual elements, namely:
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 (8.160)

The summation of Eq. (8.160) is written in vector form as:

 



[ ] [ ]= ⋅  
1
2

,U u K u
T  (8.161)
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and

 ~

…

…

…

… … … … …

…

  =

 
 

 

 





























0 0 0

0 0 0

0 0 0

0 0 0

.

(1)

(2)

(3)

( )

K

K

K

K

K n
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Compatibility should exist between the vector collecting all elemental displace-
ments of Eq. (8.162) and the vector comprising all nodal displacements [u] of the 
generic form:

 [ ] [ ][ ]= ,u Bo u  (8.164)

where [Bo] is a Boolean matrix containing only 1 and 0 terms in it. By means of 
this equation, the total strain energy of Eq. (8.161) becomes:
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 [ ] [ ] [ ][ ]= ⋅  
1
2

.U u Bo K Bo uT T  (8.165)

The strain energy of a system can be expressed in terms of its generic coordi-
nates as in Eq. (8.10), where [K] is the assembled stiffness matrix of the entire 
finite element model formed of n elements. By comparing Eqs. (8.165) and (8.10), 
it f ollows that:

 [ ] [ ] [ ]=   .K Bo K BoT  (8.166)

A similar procedure can be applied in terms of the kinetic energy of a system, and 
this provides the following global-frame assembled inertia matrix:

 [ ] [ ] [ ]=   ,M Bo M BoT  (8.167)
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being the inertia matrix that collects all elements’ inertia matrices on its main 
diagonal. It can also be shown that the nodal load vector corresponding to the 
system is:

 [ ] [ ]=   ,F Bo FT  (8.169)

where
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is formed of all element loads.

Example 8.4

Obtain the assembled stiffness and inertia matrices for the finite element model 
of Figure 8.16 that is formed of two collinear, straight-axis, two-node line ele-
ments with axial DOF only.
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Solution:

The nodal displacement vector [u] of the two-element bar and the vector [ ]u  
collecting all the element nodal displacements are:
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It is straightforward to establish that the connection between these two vectors 
is realized as in Eq. (8.164) by the following Boolean matrix:
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The stiffness and inertia matrices of the two elements of Figure 8.16 are of the 
form:
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The diagonal stiffness and the mass matrices of Eqs. (8.163) and (8.168) are:
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FIGURE 8.16 Two-element bar.
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By combining now Eqs. (8.172)–(8.174), the assembled stiffness and inertia 
matrices are obtained as per Eqs. (8.166) and (8.167) as:
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Equations (8.175) suggest a superposition of the matrix components resulting 
from the two adjacent elements at the common node (and common DOF). 
Figure 8.17 illustrates this concept by highlighting the blocks pertaining to 
the element matrices in the assembled matrices [K] and [M] by using generic 
element matrices [A(1)] and [A(2)] to form the generic assembled matrix [A]. 
The thicker-line box emphasizes the two-element matrix components that are 
added to result in the element of the assembled matrix.

There are other methods of assembling elementary matrices, such as the nodal 
force balance that gathers elastic or inertia forces/moments from neighboring 
 elements at common nodes, but we use in this chapter the superposition method 
illustrated in Figure 8.17.

1x 2x 3x

u1x

u2x

u3x

[A(1)] 

[A(2)][A] 

(1) (1)

(1) (1)

(1,1) (1,2)

(1, 2) (2,2)

A A
A A (2) (2)

(2) (2)

(1,1) (1,2)

(1,2) (2,2)

A A
A A

u u u

FIGURE 8.17 Graphical representation of combining two generic element matri-
ces [A(1)] and [A(2)] of two adjacent line bar elements into the assembled matrix [A].
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8.3.3  quasi-static response

The equation governing the quasi-static response of a flexible-hinge mechanism 
is of the form:

 [ ][ ][ ] =K u f  (8.176)

For a flexible-hinge mechanism which is sufficiently supported, the nodal 
 displacement vector [u] comprises zero components corresponding to blocked 
motions (DOF) through external support. The zero-displacement components 
in [u] result in unknown reaction loads in [ f]. Therefore, Eq. (8.176) can be 
 rearranged by assembling a zero-displacement vector in [u], which corresponds 
to a vector of reactions [ fr] in [ f]; the rearranged Eq. (8.176) is:
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where [ fext] denotes the external load vector. Two separate matrix equations are 
comprised in Eq. (8.177) that can be solved for the nonzero-displacement vector 
[ured], where “red” denotes reduced, and the reaction vector [ fr] as:
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It should be noted that the reduced stiffness matrix [Kred] is obtained from 
the full assembled stiffness matrix [K] by eliminating the rows and columns 
that correspond to zero displacements. In the symbolic 2 × 2 matrix [K] of 
Eqs.  (8.177), the [Kred] matrix is obtained by eliminating the second row 
and  second column of [K] – the eliminated portions correspond to the [0] 
 displacement vector.

Example 8.5

The mechanism of Figure 8.18a is formed of two identical right circularly 
corner-filleted flexible hinges of rectangular cross-section and a connecting 
link. A force is applied along the symmetry axis of the mechanism. Based 
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on Figure 8.18b, use a line element with three nodes for the flexible hinge 
and another line element with two nodes for the connecting link in order to 
evaluate the deflection uy along the symmetry axis in terms of the ratio of 
the fillet radius to the hinge length r/l. The elements have bending deforma-
tion capabilities and are considered long. The geometric parameters are: 
l = 0.02 m, t = 0.001 m (the hinge minimum thickness), w = 0.007 m (out-of-
plane constant width of the hinge), l1 = 0.04 m, and hr = wr = 0.015 m (the 
constant in-plane height and out-of-plane width of the connecting link). 
The device is built from a material with E = 2·1011 N/m2 and the applied force 
is fy = 500 N.

Solution:

The finite element model is sketched in Figure 8.18c. The two elements (1) and 
(2) result in the overall nodal displacement vector:

	 [ ] = θ θ θ θ



1 1 2 2 3 3 4 4u u u u uy z y z y z y z

T

	(8.179)

Fixed supportFlexible hinge

Force 
Link 

Symmetry axis

Symmetry axis

y 

(a)

(b)

(c)

fy, uy

Symmetry axis

Guiding support

hr

l1/2

fy, uy

l

(1)

x

y

(2)1

2 3

4

FIGURE 8.18  Symmetric mechanism with two identical right circularly corner-
filleted flexible hinges, one connecting link and symmetric load: (a) schematic 
of full mechanism; (b) schematic of half-mechanism; (c) finite element model of 
half-mechanism.
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The stiffness matrix of the connecting-link element (1) is given in Eq. (8.31). The 
z-axis moment of area of this element is calculated as I w h3

z = ⋅r r /12. The front-
view geometry of the right circularly corner-filleted flexible hinge is sketched 
in Figure 8.19.

The in-plane thickness of the three segments composing the hinge is calculated as:
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 (8.180)

The thickness of Eq. (8.180) is used to calculate the moment of area Iz(x) = w·t(x)3/12, 
which is needed to evaluate the stiffness matrix defined in Eq. (8.30) by means 
of the shape functions of Eq. (8.90). Note that the integral over the [0, l] interval 
(which yields the flexible-hinge stiffness matrix in Eq. (8.30)) is expressed as a 
sum of three integrals over the subintervals defined in Eq. (8.180).

The assembled static equation for the two-element model of Figure 8.18c is:

l

r

r

t

x

t(x)

r

r

t(x)

x

FIGURE 8.19 Front-view geometry of right circularly corner-filleted flexible hinge.
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The following nodal displacements are zero due to boundary conditions: θ1z, u4y 
and θ4z. These zero boundary conditions formally eliminate rows and columns 2, 
7 and 8 of the assembled stiffness matrix, as well as the same components of the 
forcing vector in the right-hand side of Eq. (8.181) – these forcing components are 
actually the (unknown) reactions at nodes 1 and 4. The reduced system resulting 
after eliminating the components related to zero displacements in Eq. (8.181) is:

or [ ][ ][ ]

+ +
+ +
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 (8.182)

Equation (8.182) results in:

 [ ][ ] [ ]= − ,1u K fred red red  (8.183)

and the first component of the reduced displacement vector [ured] is u1y. With 
the numerical values of this example, the deflection at node 1 is plotted in 
Figure 8.20 – it can be seen that as the fillet radius increases from 1/10 to 1/2 
of the hinge length, the deflection decreases 54 times, from u1y = 1.783 mm to 
u1y = 0.033 mm.

u 1
y 

[m
m

] 

r/l

FIGURE 8.20 Plot of deflection u1y in terms of the r/l ratio.
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Example 8.6

The fixed-free serial planar mechanism of Figure 8.21a comprises two iden-
tical right circular flexible hinges and two constant cross-section links, and 
is acted upon by two forces f1 and f4. The planar dimensions of the flexible 
hinges and the links are shown in Figure 8.21b; all members have rectangular 
cross-sections. Use two-node Timoshenko beam elements to model the flex-
ible hinges and two-node Euler–Bernoulli beam elements for the other two 
links by also including axial deformation capabilities in both element types. 
Graphically study the variation of the deflection u1Y at node 1 in terms of the 
ratio r/t. Known are t = 0.001 m, w = 0.006 m (flexible-hinge constant out-of-
plane width), l1 = 0.08 m, l2 = 0.05 m, tr = wr = 0.015 m (cross-sectional dimen-
sions of the stiffer links), δ = 45°, E = 2·1011 N/m2, µ = 0.3, αs = 1.176, f1 = 50 N 
and f4 = 200 N. The forces are perpendicular to the links they act on.

Solution:

The nonzero, planar-motion nodal displacement vector of the mechanism in 
the global frame XY is:

[ ]

= θ θ θ θ



1 1 1 2 2 2 3 3 3 4 4 4

u

u u u u u u u u

red

X Y Z X Y Z X Y Z X Y Z

T

 (8.184)

The local-frame stiffness matrix of the flexible hinges is of the form given in 
Eq. (8.56) with the axial components determined based on Eqs. (8.5), (8.11) and 
the bending components calculated as in Eqs. (8.41)–(8.43), (8.45) and (8.46). 

(a) (b)

Flexible hinge

Other links 

li

tr

t

r

rx

t(x)

f1

(1) 
δ

f4

1 
2 3

4

5

(2) (3)

(4)

Y 

X

FIGURE 8.21 Serial planar flexible-hinge mechanism: (a) skeleton representation; 
(b) planar geometry of members.
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The variable thickness of the right circular hinge is the one in the first row of 
Eq. (8.180). It allows calculation of the variable cross-section area A(x) = w·t(x) 
and moment of area Iz(x) = w·t(x)3/12. The local-frame stiffness matrices of 
the two constant cross-section links are calculated as in Eqs. (8.12), (8.31) 
and (8.56). While the global-frame stiffness matrices of elements (1) and (2) are 
identical to their local ones, the following rotation matrix:

 
[ ]

[ ] [ ]
[ ]

[ ][ ] =

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×
×
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0
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cos sin 0
sin cos 0
0 0 1

6 6

1 3 3

3 3 1
1R

R

R
R  (8.185)

is used as in Eq. (8.151) to obtain the global-frame stiffness matrices of e lements 
(3) and (4) from their corresponding local-frame matrices. The reduced, assem-
bled stiffness matrix is a 12 × 12 matrix, which is not included here being too 
large, but its formation follows the rules of Section 8.3.2. The external global-
frame load vector is:

[ ] = ⋅ δ − ⋅ δ



0 0 0 0 0 0 0 0 cos sin 0 .1 4 4f f f fext

T

 
 (8.186)

The shear modulus is: G = E/[2(1 + µ)]. The vector [ured] of Eq. (8.184) is calcu-
lated as per Eq. (8.178), and the plot of Figure 8.22 shows the variation of the 
y-axis displacement at node 1 in terms of the ratio r/t. When this ratio increases 
from 2 to 10, the deflection decreases approximately by a factor of 6.

Note: A right circular hinge of rectangular cross-section was modeled in 
Lobontiu and Garcia [13] as a three-node, six-DOF per node line element, 
that uses the Euler–Bernoulli model for smaller cross-section portions and the 
Timoshenko model for thicker section segments.

r/t

u 1
Y [

μm
] 

FIGURE 8.22 Plot of deflection u1Y in terms of the r/t ratio.
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Example 8.7

Figure 8.23a is the skeleton representation of a doubly-symmetric planar, 
 displacement-amplification mechanism, which comprises four identical circu-
lar-axis flexible hinges of a constant rectangular cross-section and four con-
necting straight-axis links. The mechanism is subjected to symmetric loading 
by two identical forces along the horizontal axis. Use long finite elements with 
three DOF per node to model the in-plane quasi-static response of the mecha-
nism. Study the variation of the displacement amplification (d.a.), which is the 
ratio of the vertical displacement at point B to the horizontal displacement 
at point A, in terms of the circular-axis flexible-hinge radius R ranging in the 
[0.02 m, 0.08 m] interval and the opening angle α varying in the [30°, 45°] 
interval – see Figure 8.8. Known are l1 = 0.01 m, l2 = 0.015 m, t1 = t2 = 0.008 m 
(in-plane thicknesses of the straight-axis links), t = 0.001 m (in-plane thickness 
of the flexible hinges), w = 0.008 m (out-of-plane width of all links) and α1 = 60° – 
see Figure 8.15. The material Young’s modulus is E = 2.1 ⋅ 1011 N/m2, and the 
shear coefficient is αs = 1.176.

Solution:

Due to structural and loading symmetry, the full-mechanism static response is 
equivalent to the behavior of the quarter mechanism pictured in Figure 8.23b, 
which has guided ends along the two symmetry axes.

l1(1)

X

Y

(3) 

1

2

3 4 

(2)

l2

Symmetry axes

f 

(a) (b)

Flexible hinge

Symmetry axes

Force

A 

B 

Force

FIGURE 8.23 Planar symmetric displacement-amplification mechanism with 
circular-axis flexible hinges and straight-axis connecting links: (a) skeleton 
 configuration; (b) quarter finite element model.
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The local-frame, in-plane stiffness matrices of the straight-axis elements 
(1) and (3) are calculated with the aid of Eqs. (8.12), (8.31) and (8.56). The simi-
lar matrix of the circular-axis Euler–Bernoulli element (2) is determined based 
on Eqs. (8.108) and (8.109) with the shape functions defined in Eqs. (8.104). 
The global-frame stiffness matrix of element 1 is calculated as in Eq. (8.151) 
with the rotation matrix:

0

0
;

cos /2 sin /2 0
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0 0 1

0 1 0
1 0 0

0 0 1
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 (8.187)

The global-frame stiffness matrix of element (2) is evaluated as in Eqs. (8.156), 
(8.158) and (8.159) with δ1 = π/2 − α1. Element (3) has its local axes parallel to 
the corresponding global-frame axes, and therefore, its global-frame stiffness 
matrix is identical to the local-frame one.

The nonzero in-plane nodal displacement vector and its corresponding 
external load vector are:

 

[ ]

[ ] = θ θ





= −








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
 0 0 0 0 0 0 0 .

1 2 2 2 3 3 3 4u u u u u u u

f f

red X X Y Z X Y Z Y

T

red

T
 (8.188)

The reduced stiffness matrix corresponds to the nonzero nodal displace-
ments listed in [ured] of Eq. (8.188); it is obtained after eliminating the rows and 
 columns corresponding to zero displacements from the full, 12 × 12 assembled 
stiffness matrix, namely: 
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The reduced displacement vector is calculated as in Eq. (8.183) by means 
of the inverse of the stiffness matrix given in Eq. (8.189) and the load vec-
tor of Eq.  (8.188). From it, the displacement amplification is calculated as 
d. .a u= 4 1Y X/ .u The graphs of Figure 8.24 plot the variation of d.a. with R and 
α. While the  displacement amplification increases monotonically with R, it also 
increases with α up to approximately 40°, followed by a range of small decrease.

Example 8.8

Three identical, planar circular-axis flexible hinges of a constant circular 
 cross-section are connected spatially, as illustrated in Figure 8.25a and b. 
The hinges are radially symmetric with respect to their connection point O, 
as shown in Figure 8.25a, and are fixed at their opposite ends. Known are 
the  hinge cross-sectional diameter d = 0.002 m and the material properties 
E = 2.1 ⋅ 1011 N/m2 and µ = 0.3. Consider that a load is applied at the center O 
consisting of the forces fOX = fOZ = 10 N and fOY = 120 N. Graphically study the 
variation of the displacement ratio uOY/uOX (uOX and uOY are the displacements 
at O along the global-frame axes X and Y) when the hinge center angle α varies 
in the [5°, 20°] domain and the radius R is within the [0.01 m, 0.04 m] interval. 
Use Euler–Bernoulli two-node elements.

(a) 

R [cm] 

d.
a.

(b)

α [o] 
d.

a.

FIGURE 8.24 Plots of displacement amplification in terms of the circular-
axis element: (a) radius R; (b) center angle α.
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FIGURE 8.25 Three-dimensional skeleton mechanism with three identical and 
planar circular-axis flexible hinges: (a) top view showing the radial symmetry and 
identifying the nodes and elements; (b) side view from A.
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Solution:

The three-dimensional stiffness matrix of element (1) is first formulated in its 
local frame Ox1y1z1 based on the following displacement and load vectors:
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where i = 1, 2 denotes nodes 1 and 2. The vectors of Eqs. (8.190) are valid for 
any of the three elements in terms of their local frames. The displacements and 
loads of Eqs. (8.190) are used in conjunction with the local-frame element stiff-
ness matrix of Eq. (8.156) – which is valid for both the in-plane and out-of-plane 
cases – to formulate the following 12 × 12, local-frame element stiffness matrix:
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and i = 1, 2, 3 – which indicates, again, that the matrix of Eq. (8.191) is valid 
for any of the three flexible hinges in its local frame. As per Eq. (8.156), the 
submatrices of Eq. (8.191) are:
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with R( )e
2  provided in Eq. (8.154). The 3 × 3 in-plane submatrices in the  

right-hand sides of Eqs. (8.192) result from the 6 × 6 in-plane, local-frame, ele-
ment stiffness matrix expressed by means of Eqs. (8.108) and (8.109) via the 
linear-cubic shape functions of Eqs. (8.103) and (8.104). In a similar manner, 
the out-of-plane submatrices of Eqs. (8.192) are taken from the out-of-plane, 
local-frame, element stiffness matrix, which is evaluated based on Eqs. (8.123), 
(8.124), (8.128) and (8.129).

As illustrated in Figure 8.25, the local frame of element (1) is identical to 
the global frame OXYZ, but the local frames of elements (2) and (3) are rotated 
with respect to the global frame. Therefore, the resulting stiffness matrices of 
elements (2) and (3) need three-dimensional rotations to express them in the 
global frame and are expressed as:
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and [K(i,l)] given in Eq. (8.191). The basic rotation matrix  ( )
R i

b  of Eq. (8.193) is 
the product of three separate rotation matrices, as detailed in Chapter 5, in 
Eqs. (5.197), (5.198), (5.200) and (5.201). The rotation angles are: φ  

2 = φ  
3 = 90°, 

θ  
2 = 120°, θ  

3 = 240°, ψ  = ψ  
2 3 = −90°.

The three elements are linked in parallel with respect to point O; as a con-
sequence, the stiffness matrix of the mechanism is calculated by summing the 
global-frame stiffness matrices of these elements. Moreover, because nodes 
2, 3 and 4 are fixed, the following reduced global-frame, load/displacement 
equation results:

 
[ ] [ ][ ] [ ]

[ ][ ]

[ ] [ ]= =
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 (8.194)

The loads and displacements of Eq. (8.194) are:
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Figure 8.26a and b plots the variation of uOY/uOX in terms of R and α, respec-
tively. As the plots show, the ratio of the out-of-plane displacement to the in-
plane displacement at O increases with an increase in both the radius R and 
the opening angle α.
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8.3.4  natural response and frequencies

The free, undamped behavior of a flexible-hinge mechanism is characterized by 
the dynamic equation:

  [ ][ ][ ] [ ][ ]+ = 0 ,M u K u  (8.196)

where [M] and [K] are the assembled (overall) matrices of the mechanism. Similar 
to the quasi-static modeling, Eq. (8.196) can be partitioned as:
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in order to outline the zero displacements produced by fixed boundary c onditions. 
Equation (8.197) identifies the zero displacements corresponding to external 
supports that block the respective displacements. The zero displacements are 
directly related to reaction loads that are gathered in a [ fr] vector. Because the 
nonzero displacements (collected in the [ured] vector) are of interest, the relevant 
portion of Eq. (8.197) is:

 [ ][ ] [ ][ ] [ ]+ = 0 .M u K ured red red red  (8.198)

Harmonic solution is sought for Eq. (8.198) of the form:

 ( )[ ] [ ]= ω + ϕsin .u U tred red n  (8.199)

R [m] 

(a) (b) 

α [o] 

u O
Y/

u O
X 

u O
Y/

u O
X 

FIGURE 8.26 Plots of the center point O displacement ratio uOY/uOX in terms of 
the hinge: (a) radius R; (b) center angle α.
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which, together with its second derivative, is substituted in Eq. (8.198) – the 
 equation becomes:

 ( ) ( )[ ] [ ] [ ] [ ]−ω + ω + ϕ =sin 0 .2 M K U tn red red red n  (8.200)

Equation (8.200) can also be written in eigenvalue form as:

 [ ] [ ][ ] [ ] [ ][ ] [ ]= ω = λ− or ,1 2M K U U D U Ured red red n red red red red  (8.201)

where the eigenvalues λ (the squares of the natural frequencies ωn) are those of 
the reduced dynamic matrix:

 [ ] [ ] [ ]= − .1D M Kred red red  (8.202)

Example 8.9

Study the variation of the first natural frequency of the mechanism shown in 
Figure 8.18b of Example 8.5 in terms of the ratio r/l. Use the finite element 
model of Figure 8.18c together with the numerical values of Example 8.5. 
Consider that element (1) is defined according to the rigid-element formulation. 
The material density is ρ = 7,800 kg/m3.

Solution:

As discussed in Example 8.5, the following nodal displacements are no nzero:
u1y, u2y, θ2z, u3y and θ3z. This resulted in a reduced stiffness matrix [Kred] that is
expressed in Eq. (8.182). Similarly, the reduced inertia matrix is:
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 (8.203)

The inertia matrix of the flexible-hinge mechanism is calculated based on the 
definition Eq. (7.88) with the shape functions of Eq. (8.90), while the inertia 
matrix of the rigid element is determined with Eq. (8.71). The corresponding 
reduced dynamic matrix is calculated as in Eq. (8.202). With the numerical 
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values of Example 8.5 and this Example, Figure 8.27 is the plot of the first 
natural frequency in terms of the ratio r/l. It can be seen that as the fillet radius 
r relatively increases with respect to the flexible-hinge length l, the first natural 
frequency also increases.

Example 8.10

Consider the planar mechanism of Example 8.6 and shown in Figure 8.21a. 
Using the finite element model of Example 8.6 and the parameters provided 
there, study the variation of the ratio of the largest natural frequency to the 
smallest natural frequency in terms of the ratio r/t. Use the consistent for-
mulation for the inertia matrix of elements 1 and 3. The material density is 
ρ = 7,800 kg/m3.

Solution:

A procedure similar to the one detailed for the elemental stiffness matrices 
of Example 8.6 is applied to determine the reduced inertia matrix [Mred] of 
this mechanism. The local-frame inertia matrices of the flexible hinges and 
the other links have the form of Eq. (8.56). The axial-vibration components of 
the flexible-hinge inertia matrix in the local frame are determined as in Eqs. 
(8.13), (7.67), while the ones corresponding to bending are calculated as in Eqs. 
(8.41)–(8.43) and (8.50). For the constant cross-section links, the axial-related 
inertia components are given in Eq. (7.69) and those that depend on bending 
are expressed in Eq. (7.89). Similar to the stiffness matrices, the local-frame 
inertia matrices of elements (1) and (2) are also valid in the global frame, while 
for elements (3) and (4), the local-frame inertia matrices need to be transformed 
as in Eq. (8.152) by means of the rotation matrix of Eq. (8.185). The assembled, 
reduced inertia matrix of the full mechanism follows the nodal displacements 
of Eq. (8.184). The natural frequencies are found based on the eigenvalues 
of the reduced dynamic matrix of Eq. (8.202). The plot of Figure 8.28 shows 
the variation of the ratio of the largest natural frequency to the smallest one, 
ωn,max/ωn,min, in terms of the r/t ratio. As r/t increases from 2 to 10, the frequency 
ratio decreases almost three times.

r/l

ω n
1 [

ra
d/

s]
 

FIGURE 8.27 Plot of first natural frequency ωn1 in terms of the r/l ratio.
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8.3.5  time-domain response

A typical time-domain finite element mathematical model is expressed by the 
assembled equation:

   [ ][ ] [ ][ ] [ ] [ ][ ]+ + = ,M u B u K u f  (8.204)

where [M], [B] and [K] are the inertia, damping and stiffness matrices, [ f] is the 
time-domain load/forcing vector, and [u] is the unknown nodal displacement vec-
tor. In order to directly find the nodal displacement vector, time discretization is 
usually employed in addition to the spatial one. Generally, time discretization and 
space discretization are applied separately but they can also be operated simul-
taneously, like in convection-dominated problems – see Zienkiewicz et al. [3].

For time discretization, the infinite time domain is partitioned into a finite number 
of time stations, separated by a time step Δt as tn+1 = tn + Δt. Based on this discretiza-
tion, recurrence relationships enable to determine the system variables at the moment 
tn+1 in terms of the known values of the system variables at the moment tn and the 
forcing factors. There are two major avenues of formulating a finite element model 
in the time domain. One modality uses the weighted residual approach, whereas the 
other utilizes the truncated Taylor series expansion of the unknown time-dependent 
nodal vector. The latter method results in a time- stepping scheme whereby a polyno-
mial is selected to approximate the nodal vector of the following form:
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 (8.205)

When the values of the polynomial and its derivatives up to the order m are known 
at the moment n, similar values of the polynomial and its derivatives correspond-
ing to the moment n + 1 can be computed by means of the equation above.

A time-stepping scheme needs to be consistent and stable. Consistency 
requires that the degree of the approximating polynomial be at least equal to 
the order of the differential equation modeling the system. For the dynamics of 
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FIGURE 8.28 Plot of natural frequency ratio ωn,max/ωn,min in terms of the r/t ratio.
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a structural microsystem, for instance, which is typically governed by a second-
order differential equation, the approximating polynomial needs to be at least a 
second-degree one. In order to be stable, a time-stepping scheme cannot produce 
a solution, which increases indefinitely with time (diverges) or a solution which 
is oscillatory. Certain algorithms comply with the stability requirement when the 
time step is less than a critical value: Δt < Δtcr. Such algorithms are named condi-
tionally stable, as contrasted to the unconditionally stable ones, which provide a 
stable solution independently of the time step magnitude.

Time-stepping schemes, as the one described by Eq. (8.205), are named sin-
gle-step, when the unknowns at time n + 1, which are d2[u]n+1/dt2, d[u]n+1/dt and 
[u]n+1, are expressed in terms of the same amounts at the previous time station, 
d2[u]n/dt, d[u]n/dt and [u]n. These algorithms are largely implemented in finite ele-
ment software, and they can be designed based on a constant or a variable time 
step to solve linear first- and second-order problems. Another class of solvers 
for time-dependent finite element problems comprises multiple-step algorithms 
where the unknown [u]n+1 is determined as a function of [u]n, [u]n−1, …, [u]p, and 
therefore, the nodal vector derivatives are eliminated from the recurrence rela-
tionships. For nonlinear problems, special algorithms do exist, and more details 
can be found in specialized finite element texts, such as in Zienkiewicz et al. [3].

Another criterion of classifying the time-stepping schemes regards the a lgebraic 
equations system which has to be solved at each time step. Implicit algorithms solve 
coupled equations, and this involves more computational resources, such as the case 
is with consistent formulation of the system matrices. Explicit algorithms result in 
equations describing the system response at any given time moment that are decou-
pled, such as the situation is where lumped matrix formulation is utilized.

Popular time-stepping schemes that are implemented in finite element time-
domain modeling include difference (central, backward, forward) methods, 
Runge–Kutta algorithms, the Houbolt method or the Newmark scheme – see 
Newmark [66]. However, for the relatively simple finite element models formu-
lated in this chapter, time integration can be performed by means of any of the 
procedures mentioned in Chapter 7, such the Laplace transform or the transfer 
function approach – the latter method is illustrated in the following Example.

Example 8.11

A force fOY = 100·e−t·sin(10t) N acts at point O on the mechanism of Figure 8.25 
in Example 8.8. Plot the time variation of the displacement uOY when known are 
the hinge parameters: diameter d = 0.002 m, radius R = 0.02 m, angle α = 15°, 
as well as the material properties E = 2.1·1011 N/m2, µ = 0.3 and ρ = 7,800 kg/m3. 
Consider that proportional damping acts on the three hinges, which is defined 
by αh = 0.2 and β = 0.3.

Solution:

The local-frame inertia matrix of any of the three elements is expressed similar 
to the stiffness matrix of Eq. (8.191) as:
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Based on Eq. (8.157), the submatrices of Eq. (8.206) are:
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where i = 1, 2, 3. The submatrices in the right-hand sides of Eqs. (8.207) result 
from Eqs. (8.103), (8.104), (8.111), (8.123), (8.124) and (8.131).

The inertia matrices of elements (2) and (3) need to be rotated in order to 
transform them from their local frames; the global-frame inertia matrices of 
these two elements are calculated as:
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with the rotation matrix of Eq. (8.193). The mechanism reduced inertia matrix is 
determined similarly to the reduced stiffness matrix of Eq. (8.194):

 [ ][ ] = =   +   +  (1,1) (1,1) (1,1) (1,1)(1) (2) (3)M M M M Mred  (8.209)

The reduced damping matrix is calculated based on an equation similar to 
Eq. (8.209), namely:

 [ ][ ] = =   +   +  (1,1) (1,1) (1,1) (1,1) ,(1) (2) (3)B B B B Bred  (8.210)

where

   = α   + β   =(1,1) (1,1) (1,1) , 1,2,3.( ) ( ) ( )B M K ii
h

i i  (8.211)
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The reduced dynamic equation is:
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Node 1 coincides with the central point O. It should also be noted that a 
 combination of Eqs. (8.212) and (8.213) demonstrates that:

 [ ] [ ] [ ]= α + β .B M Kred h red red  (8.214)

Using the transfer function approach to plot the time response, the following 
transfer function matrix is formed:
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The nonzero input in the forcing vector of Eq. (8.213) is combined with the scalar 
transfer function G22(s) of the transfer function matrix [G(s)] calculated in Eq. (8.215), 
and the resulting plot of point O along the y axis is shown in Figure 8.29.

u O
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[m
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Time [s] 

FIGURE 8.29 Time plot of the out-of-plane displacement of mechanism center point.
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9 Miscellaneous Topics

This final chapter presents a few more topics on flexible hinges and flexible-hinge 
mechanisms, such as stress concentration, yielding and related maximum load, 
precision of rotation of straight- and circular-axis flexible hinges, temperature 
effects on hinge compliances, layered flexible hinges, and piezoelectric actuation 
and sensing. Illustrative examples from each topic are included, which are solved 
by either the compliance-based method or the finite element procedure.

9.1  STRESS CONCENTRATION IN FLEXIBLE HINGES 
AND FLEXIBLE-HINGE MECHANISMS

The stress concentration of flexible hinges and flexible-hinge mechanisms is 
briefly discussed in this section. The focus is on straight-axis flexible hinges and 
planar hinge mechanisms that are subjected to in-plane or out-of-plane quasi-
static load. Stress concentration factors that are available in the literature and 
compliance matrices are combined into a formulation enabling to predict the 
maximum loads and displacements of flexible hinges and their mechanisms.

9.1.1  stress concentrators

Stress concentrators or raisers are geometric discontinuities or irregularities in 
a mechanical part. Their presence alters the elementary stress formulas that are 
valid for members having a constant cross-section or a section with only gradual 
change in its defining contour. As a consequence, highly localized stresses are 
set at points where stress raisers are present. The stress concentrators can act at 
microscopic scale in the form of cracks, inclusions or voids, but are also macro-
scopic in configurations such as holes, notches, grooves, threads, fillets, stepped 
sections or sharp reentrant corners. The net effect of stress raisers is shortening 
the life of both ductile and brittle materials. The stress concentrators are particu-
larly important in flexible hinges that are actually discontinuities, particularly 
in the areas of connection to adjacent rigid links. The sharp corners of a flexible 
hinge with either constant or variable cross-section are generally avoided by using 
fillets at the respective areas. The stress raisers are mathematically characterized 
by a stress concentration factor, Kt > 1, which is defined as the ratio of the maxi-
mum or peak stress to the nominal stress. For normal stresses σ that are produced 
through bending or axial loading and for shear stresses τ generated through shear 
or torsion, the respective stress concentration factors are expressed as:

 ;max maxK Ktn ts= σ
σ

= τ
τnom nom

. (9.1)
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The subscript “t” in the stress concentration factor notation indicates that its value 
is theoretical, whereas the subscripts “n” and “s” denote the normal and shear 
nature of the stress. Consider, for instance, the straight-axis, right circular flex-
ible hinge of Figure 9.1, which is acted upon by symmetric axial load. As the 
figure shows it, the stress value at the bottom of the circular groove is maxi-
mum and it decreases when moving away from the bottom toward the symmetry 
axis. Assume the hinge has rectangular cross-section with a constant out-of-plane 
width w. The nominal stress is calculated by using the net cross-sectional area at 
the minimum-thickness neck region in Figure 9.1, namely:

 
f

w t
xσ =
⋅nom . (9.2)

A notch sensitivity factor q, which ranges from 0 to 1 – see Peterson [1] or Pilkey 
and Pilkey [2], is usually introduced in order to define the effective stress con-
centration factor Ke and to express the maximum normal and shear stresses of 
Eq. (9.1) as:

 ( 1) 1
[ ( 1) 1]

[ ( 1) 1]

max

max

K q K
q K

q K
e t

tn nom

ts nom

= ⋅ − + →
σ = ⋅ − + ⋅σ

τ = ⋅ − + ⋅τ






. (9.3)

The notch sensitivity factor is usually determined experimentally. As per 
Eq. (9.3), when q = 0, the stress concentration has no effect on the strength of 
a member; conversely, Ke = Kt when q = 1, and as a consequence, the theoreti-
cal stress concentration factor acts at its maximum weight. A value of 1 can be 
used for the notch sensitivity factor q in conservative designs that require higher 
safety factors, and this is the approach used here.

The stress concentration factor, also termed form factor in order to emphasize 
that it is mainly determined by the geometry of a particular raiser, can be evaluated 
analytically by means of the theory of elasticity. Finite element techniques per-
mit the direct evaluation of the peak stresses at regions with stress concentrators, 

r

t

r

fx fx

σmax

σmax

FIGURE 9.1 Straight-axis right circular flexible hinge with geometry, symmetrical axial 
loading and stress distribution across the minimum-thickness zone.
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and therefore enable the indirect calculation of the stress concentration factor. 
Experimental laboratory methods for stress analysis such as photoelasticity, other 
optomechanical techniques or strain gauges can be employed in static, fatigue or 
impact tests as alternative means of assessing the stress concentration factor.

Empirical equations and related charts for notches that can be used as flexible 
hinges in compliant mechanisms have been studied by Peterson [1], Pilkey and 
Pilkey [2], Young and Budynas [3], Budynas and Nisbett [4], Isida [5], Ling [6], 
Noda et al. [7], Gray et al. [8], Durelli [9], Zappalorto et al. [10], Zheng and 
Niemi [11], Panasyuk et al. [12], Taylor et al. [13], Radaj [14], Gomez et al. [15] and 
Neuber [16] for various geometries such as right circular, circularly corner-filleted 
or V-shaped under axial loading, bending or torsion and with rectangular or circu-
lar cross-sections. Hyperbolic and parabolic notches are investigated in Zappalorto 
et al. [17], while Guimin et al. [18] propose stress concentration equations that are 
obtained through finite element analysis for conic-section flexure hinges.

9.1.2  in-plane stress concentration

Flexible hinges under the action of in-plane forces/moments are subjected to axial 
and bending deformations. When ignoring the shear effects, the resulting nor-
mal stresses are perpendicular to the hinge cross-section. The axial and bending 
stresses can therefore be added algebraically to result in a total normal stress, 
whose effect is magnified by the stress concentrators associated with a particular 
hinge geometry.

Consider the generic flexible hinge of Figure 9.2. The hinge has filleted areas at 
its end points that contribute to reduce the stress concentration and to adequately 
design/tailor the elastic behavior of the hinge. The hinge has a length l, rectan-
gular cross-section of minimum thickness t and constant out-of-plane width w. 
The in-plane loads fx, fy and mz act at the free end O, while the opposite end is 
assumed fixed.

Bending stress

σb,max

–σb,max
σb

y
Axial stress

σa,max

σa

y
Fillet areas

l

t
fx

w

fy
mz

Fixed end

x

x

y

O P

FIGURE 9.2 Generic fixed-free, straight-axis, rectangular cross-section flexible hinge 
with filleted end areas, in-plane load and resulting axial/bending normal stresses.
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This particular choice of end loads results in the following internal reactions 
(stress resultants) at an arbitrary point P whose axial position is defined by an 
abscissa x:

 ;N f M f x mx b y z= = ⋅ + , (9.4)

where N is the normal/axial force and Mb is the bending moment at P. The force N 
produces normal axial stresses σa, while the moment Mb results in normal bend-
ing stresses σb whose nominal values are:

 ;
12

,
3

N
A

f
w t

M y
I

f x m y

w t
a

net

x
b

b

z net

y z( )σ = =
⋅

σ = ⋅ =
⋅ + ⋅

⋅
. (9.5)

The variation of the normal axial and bending stresses is also illustrated in Figure 
9.2. While the axial normal strain is positive and constant across the rectangular 
section height, the bending stress varies linearly being zero at the section centroid 
and maximum on the outer fibers where y = ±t/2.

Superimposing the axial and bending effects, the maximum normal stress will 
occur on the upper outer fiber for x =  l (which renders the bending moment of 
Eq. (9.4) maximum), according to the equation:

 max ,max ,maxa bσ = σ + σ . (9.6)

The constant stresses generated through axial loading are expressed based on 
Eqs. (9.1) and (9.5) as:

 ,max K
f

w t
a ta

xσ = ⋅
⋅

, (9.7)

where Kta is the theoretical stress concentration factor in axial loading (in tension 
for the particular fx of Figure 9.2, but it can also cover compression). The normal 
bending stresses are maximum on the upper outer fiber at the fixed end (y = +t/2 
and x = l) and are obtained from Eqs. (9.1) and (9.5) as:

 
6

,max 2K
f l m

w t
b tb

y z( )σ = ⋅
⋅ ⋅ +

⋅
, (9.8)

where Ktb is the theoretical stress concentration factor in bending. Both Kta and Ktb 
are provided in the literature for various hinge geometries. By substituting Eqs. 
(9.7) and (9.8) into Eq. (9.6) results in:

 
6 6

max 2 2

K
w t

f
K l

w t
f

K
w t

m G fta
x

tb
y

tb
z K

T
ip[ ]σ =

⋅
⋅ + ⋅ ⋅

⋅
⋅ + ⋅

⋅
⋅ =  , (9.9)
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where [ fip] = [ fx fy mz]T is the in-plane load vector and:

 
6 6

, , , 2 2G G G G
K
w t

K l
w t

K
w t

K
T

K x K y K z
ta tb tb[ ] = 



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⋅
⋅ ⋅

⋅
⋅
⋅









 (9.10)

is the geometric raiser vector, which comprises geometric parameters and stress 
concentration factors.

The maximum normal stress σmax is usually the allowable limit σallow, which, 
for ductile materials, is determined by means of a factor of safety n ≥ 1 from the 
yield strength σY as:

 n
n

Y

allow
allow

Y= σ
σ

σ = σor . (9.11)

As a result, Eq. (9.9) can be used to establish the maximum levels of the i n-plane 
load vector acting on a flexure hinge. The equation has an infinite number of 
 solutions as it consists of three unknown load components. It is possible, for 
instance, to select a solution from the following ones:
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Another choice is to allocate fractions of the allowable normal stress to each of 
the three normal stresses and to formulate them in conjunction with Eq. (9.10) as:
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where ca, cf and cm are fractions of the axial, bending (through force) and bending 
(through moment) stresses. The resulting maximum load vector is therefore:

 1,max

,max

,max

,max

,

,

,

f

f

f

m

c
G

c

G

c
G

c c cip

x

y

z

allow

a

K x

f

K y

m

K z

a f m  =



















= σ ⋅



























+ + =with . (9.14)

The variant of Eq. (9.14) is particularly useful in designing loads with specified 
levels of participation of the axial, bending force and bending moment load com-
ponents that are applied at the free end of a flexible hinge.

Equations (9.9), (9.10), (9.12) and (9.14) relate the allowable stress to the maxi-
mum load for a given flexible-hinge geometry. It is useful to establish a similar 
connection between the allowable stress levels and the deformations of a flex-
ible hinge, which are needed in order to evaluate the workspace covered by the 
moving end of the hinge with respect to the opposite end. The compliance-based 
deformation/load equation is expressed as:

 ,max ,max
1

,maxu C f K fip ip ip ip ip  =     =    
−

, (9.15)

with [uip,max] being the maximum-value evaluation of the in-plane displacement 
vector [uip] = [ux uy θz]T at the moving end O of the hinge, while [Cip] and [Kip] 
are the in-plane compliance and stiffness matrices. The maximum load vector of 
Eq. (9.15) can be determined as in Eqs. (9.12) or (9.14).

Load and geometric raiser vector variants:
The previous formulation was based on a particular choice of the load applied 

at the free end of a generic straight-axis, rectangular cross-section flexible hinge, 
and it resulted in a maximum (positive) stress located at the hinge’s fixed end 
on the upper fiber. However, for an arbitrary loading of a flexible hinge in a pla-
nar compliant mechanism, the in-plane free-end loads may be different from 
those of Figure 9.2 and may result in maximum stresses that are located at points 
other than the upper-fiber, fixed-end point and of values different from the one 
of Eq. (9.9). It is therefore worthwhile to identify all possible load combinations 
and to calculate the maximum stress and its location for each variant, which 
will result in distinct geometry raiser vectors for each separate case enabling to 
express the maximum normal stress in a manner similar to the one of Eq. (9.9). 
Figure 9.3a illustrates a generic straight-axis flexure hinge with positive in-plane 
loads at one end and fixed at the opposite end. Figure 9.3b and c shows the nomi-
nal (minimum) rectangular cross-sections at the two ends with relevant points. 
It is assumed that the nominal cross-section is defined by the dimensions t and w 
with t < w for in-plane bending and that the hinge is filleted at its ends.
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Figure 9.4 graphs the bending moment diagrams for the possible combinations 
of fy and mz. 

Depending on the sign of the axial load fx, two conditions are possible, which 
are analyzed next.

When fx > 0 (as in Figure 9.3a), the internal axial reaction produces compressive 
(negative) axial normal stress, which is the one of Eqs. (9.5) but negative. In order 
to obtain a total normal stress that is maximum (in absolute value), it is necessary 
to identify the positions along the hinge axis x and those along the  cross-section 
y-direction that correspond to the maximum negative bending stress. The follow-
ing situations can arise that need to be studied based on the relationship between 
fy and mz, as well as on their signs:

Case 1: mz > 0, fy > 0, and mz > fy·l
The bending moment is expressed as:

 M m f xb z y= − ⋅  (9.16)

(a) (b) (c)
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FIGURE 9.3 Generic, fixed-free straight-axis flexible hinge: (a) skeleton representation; 
(b) enlarged cross-section at the free end; (c) enlarged cross-section at the fixed end.
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FIGURE 9.4 Bending moment diagrams corresponding to: (a) mz > 0, fy > 0 and mz > fy·l; 
(b) mz > 0, fy > 0 and mz < fy·l; (c) mz > 0 and fy < 0; (d) mz < 0 and fy > 0; (e) mz < 0, fy < 0 
and |mz| > fy·l; (f) mz < 0, fy < 0 and |mz| < fy·l.
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and is plotted in Figure 9.4a. The maximum moment occurs for x = 0 (at the cross-
section passing through the free end O) and at point O2 on that cross-section of 
Figure 9.3b where the stress is negative due to y = −t/2. The total maximum stress 
and the corresponding geometric stress raiser of Eq. (9.9) are:
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Case 2: mz > 0, fy > 0, and mz < fy·l
The bending moment of Eq. (9.16) is plotted in Figure 9.4b. Two situations are 

possible: when mz > fy·l − mz, the maximum bending moment is at O2 and Case 1 
covers this situation; when mz < fy·l − mz, the absolute maximum bending moment 
is negative and corresponds to the fixed end of the beam. In order to keep the 
bending stress negative, point A1 of Figure 9.3c has to be selected to maximize 
the bending stress. The total maximum normal stress and the corresponding geo-
metric raiser vector are therefore:
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Case 3: mz > 0 and fy < 0
The bending moment is plotted in Figure 9.4c based on the equation:

 M m f xb z y= + ⋅  (9.19)

and is maximum for x = l at the cross-section passing through the fixed end A. The 
negative stress is maximum in absolute value at point A2 of Figure 9.3c where the 
total normal stress and the geometric raiser vector are:
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Case 4: mz < 0 and fy > 0
Figure 9.4d plots the following bending moment:

 M m f xb z y= − − ⋅ . (9.21)

In this case, the absolute-value maximum bending moment occurs at the fixed 
end A and the negative bending stress has a maximum absolute value at A1 in 
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Figure 9.3c. As a consequence, the total maximum normal stress and the resulting 
raiser vector are the ones given in Eq. (9.20).

Case 5: mz < 0, fy < 0, and |mz| > |fy·l|
The bending moment is:

 M m f xb z y= − + ⋅  (9.22)

and is plotted in Figure 9.4e. Its absolute maximum value occurs at the cross-
section located at O and the maximum negative bending stress corresponds to 
the upper fiber at point O1 in Figure 9.3b. As a consequence, the total maximum 
normal negative stress and the related geometric raiser vector are:
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which is identical to the raiser vector of Case 1 in Eq. (9.17). It can be verified 
that this model is also valid for loads where mz < 0 and |mz| > |−mz + fy·l|.

Case 6: mz < 0, fy < 0 and |mz| < |fy·l|
The bending moment is plotted in Figure 9.4f being defined as:

 M m f xb z y= − + ⋅ . (9.24)

which is identical to the Mb of Eq. (.22). When |mz| > |−mz + fy·l|, the absolute-value 
maximum bending moment is at section O and this scenario is analyzed in Case 
5. For loads where |mz| < |−mz + fy·l|, the bending moment is maximum in absolute 
value at the fixed-end cross-section and corresponds to the points on the lower 
fiber, which is at A2. It can be shown that the total maximum normal stress and 
the corresponding raiser vector are those of Eq. (9.18).

When fx < 0, the normal axial stress is positive, which requires to identify the 
location and value of the maximum positive normal stresses that are produced 
through bending. The six cases analyzed previously for fx  >  0 can be studied 
considering that fx < 0, and similar conclusions are derived by pairing the corre-
sponding load cases in the two categories. For each load case with fx > 0, the cor-
responding case with fx < 0 (which is of interest here) has the maximum stresses 
located at the same cross-section but on the opposite outer fibers; in addition, 
when fx < 0, the maximum stress has a sign opposite to the one of the related case 
with fx > 0.

Example 9.1

A symmetric, straight-axis right circular flexible hinge defined by a radius 
r  =  0.01 m, a minimum thickness t  =  0.002 m and a constant, out-of-plane 
width w  =  0.008 m is manufactured of steel whose Young’s modulus is 
E = 2.1·1011 N/m2 and allowable normal stress is σallow = 150·106 N/m2. The hinge 
is acted upon by in-plane loading consisting of fx, fy and mz, as illustrated in 
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Figure 9.5. Graphically study the variation of the displacement ratio uy,max/ux,max 
at the free end O in terms of the axial-stress fraction ca spanning the [0.05, 0.9] 
range – utilize equal bending stress fractions cf = cm.

Solution:

The load case of Figure 9.5 is identical to the one described by the bending 
moment of Eq. (9.19) and the maximum normal stress and corresponding geo-
metric raiser vector expressed in Eq. (9.20) namely:
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which considered that the length of this particular hinge is l = 2r.
The right circular flexible hinge of Figure 9.5 can be considered a semi-

circular notch; as such, Pilkey and Pilkey [2], Young and Budynas [3], Isida [5] 
and Ling [6] recommend the following stress concentration equations for nor-
mal stresses produced by axial loading and bending:
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With the numerical values of this example, Eq. (9.26) yields Kta = 1.0183 and 
Ktb = 1.07191. The compliances of the right circular flexible hinge are provided 
in Eqs. (A3.1), which are assembled in the in-plane compliance matrix [Cip] as 
in Eq. (3.35). The maximum displacements at the free end O can now be calcu-
lated with Eqs. (9.14) and (9.15) considering that cf = cm = (1 − ca)/2. Figure 9.6 
plots the displacement ratio in terms of the axial-stress fraction ca – it can be 

t/2

Fixed end

r

mz
t/2

r

x

y

O
fx

fy

FIGURE 9.5 Fixed-free, straight-axis right circular flexible hinge with geometry 
and in-plane loading.
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seen that as the weight of the axial load/stress increases, the displacement ratio 
decreases from a value of 22.2 for ca = 0.05 to a value of 0.13 when ca = 0.9, 
which indicates that the free-end axial displacement relatively increases with 
respect to the y deflection of the free end when ca increases.

Example 9.2

Consider the planar mechanism of Example 5.5 and sketched in Figure 5.14, which 
is redrawn in Figure 9.7. The device is formed of two rigid links AB and CD and 
two identical straight-axis right circular hinges of rectangular cross-section, like 
the one of Figure 3.11a. Evaluate the maximum planar loads that can be applied 
at points A and D, which will result in maximum deformations of the two hinges. 
For that load, calculate the deformations of the flexible hinges, as well as the dis-
placements at A and D. Known are the material Young’s modulus E = 2.1·1011 N/
m2, allowable normal stress σallow = 150·106 N/m2, the hinge geometric parameters: 
semi-angle α = 30°, minimum in-plane thickness t = 0.002 m, constant out-of-plane 
width w = 0.007 m, radius r = 0.02 m and the rigid-link parameters: lAB = 0.03 m, 
lCD = 0.02 m, δ = 45°. Use the following stress fractions: = = =0.1, 0.5, 0.4(1) (1) (1)c c ca f m  
for hinge (1) and = = =0.2, 0.3, 0.5(2) (2) (2)c c ca f m  for hinge (2). Assume that the exter-
nal loads generate local-frame loads on the two hinges that consist of positive 
(compressive) axial loads, negative y-axis forces and positive z-axis moments.

Solution:

The maximum, local-frame, in-plane loads acting at the end B of hinge (1) and 
end D of hinge (2) can be calculated as in Eq. (9.14):
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FIGURE 9.6  Plot of free-end displacement ratio uy,max/ux,max in terms of the axial-
stress fraction ca for a right circular flexible hinge under planar load.
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For the required direction of the loads at B and D, the stress intensity compo-
nents of Eq. (9.27) are those given in Eq. (9.20):
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with l = 2r·sinα being the length of the flexible hinge. The stress intensity factors 
are provided graphically in Pilkey and Pilkey [2]. For an infinite ratio of the in-
plane thickness of the rigid portion of the circular hinge link (outside the flex-
ure hinge) to the minimum in-plane thickness t, as well as for r/t = 10, the two 
stress intensity factors resulting from the plots provided in Pilkey and Pilkey [2], 
particularly from Chart 2.27, are Kta = Ktb = 1.03. The loads of Eqs. (9.27) are 
connected to the actual loads to be externally applied at B and D as:
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where

 [ ] [ ] [ ] [ ]=   =  ;(1) (2)Tr R T Tr R TAB AB AD AD . (9.30)

The rotation matrices of Eqs. (9.29) and (9.30) are calculated by means of 
Eq. (3.21) with δ1 = 90° and δ2 = δ. The translation matrices of Eqs. (9.30) are 
evaluated as in Eq. (3.15) with the following offsets:
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FIGURE 9.7 Free-fixed planar serial chain with two identical, straight-axis circu-
lar flexible hinges, two rigid links and two external loads.
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The maximum in-plane deformation of each flexure hinge can be calculated 
as per Eq. (9.15):
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in terms of the maximum hinge loads of Eqs. (9.27).
The displacements at points A and D are calculated as:
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The in-plane compliance matrix [Cip] is evaluated by means of Eqs. (2.53) 
and (3.35).

The following numerical loads are obtained: fAx = 16.99 N, fAy = −203.88 N, 
mAz  =  −0.78 Nm, fDx  =  −408.22 N, fDy  =  88.5 N and mDz  =  −4.43 Nm. The 
deformation components of the two hinges are calculated as in Eqs. (9.32): 

= − ⋅ −8.76 10 m(1) 7ux , 1.13 10 m(1) 5= − ⋅ −uy , θ = 0.0005 rad(1)
z , = − ⋅ −1.75 10 m(2) 6ux ,  

= ⋅ −1.94 10 m(2) 5uy  and θ = −0.001 rad(2)
z . The displacements at A and D result 

from Eqs. (9.33) as: uAx  =  −0.0318 m, uAy  =  0.0205 m, θAz  =  −0.526 rad, 
uDx = −0.0028 m, uDy = 0.0103 m and θDz = −0.527 rad.

9.1.3 �O ut-of-Plane Stress Concentration

Out-of-plane deformations of flexible hinges are usually produced through 
bending and torsion. While bending generates normal stresses (perpendicular 
to the hinge cross-section), torsion results in shear stresses (in the plane of the 
hinge cross-section). Because of the different nature and directions of the two 
stresses, they cannot simply be added algebraically as in the case of in-plane 
deformation. Instead, theories of material yielding need to be utilized to obtain 
an equivalent stress. The analysis in this section is limited to hinge configura-
tions with circular cross-section, but it can be extended to designs of rectangu-
lar cross-sections.

Consider the generic flexible hinge with end filleted regions of Figure 9.8. 
The hinge has a length l and circular cross-section of minimum diameter d. The 
out-of-plane loads mx, my and fz are applied at the free-end point O – the oppo-
site end is assumed fixed. While not included here, a more thorough analysis 
of the various possible combinations of the force and moment producing bend-
ing can be performed to identify the hinge ends where the bending moment is 
maximum.

For the particular loading of Figure 9.8, the internal reactions (stress resul-
tants) at an arbitrary point P located at a distance x from O are:
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 ;M m M f x mt x b z y= = ⋅ + , (9.34)

where Mt is the x-axis torsional moment and Mb is the bending moment about the 
y axis. The resulting shear stresses τ and bending stresses σ are:
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where r is a variable radius of the circular cross-section. The variation of the 
shear and normal stresses is also shown in Figure 9.8. Both stresses vary linearly 
with the radial distance r and reach the maximum values on the outer surface 
where r = d/2 for the net (minimum) section.

Like in in-plane loading, the maximum stresses at the fixed end include the 
effects of stress concentration and are expressed as:
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(9.36)

where Ktt is the theoretical stress concentration factor in torsion and Ktb is the 
theoretical stress concentration due to bending. The factors multiplying the maxi-
mum loads in Eqs. (9.36) are geometric raisers.
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FIGURE 9.8 Generic fixed-free, straight-axis, circular cross-section flexible hinge with 
filleted end areas and out-of-plane loading.
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Material yield failure theories/criteria:
As mentioned earlier, the shear and normal stresses directions are perpendicu-

lar. Superimposing the shear and normal stress is achieved by means of theories 
(or criteria) of material failure, as briefly discussed in this section.

Mechanical components usually fail due to one or more of the following prin-
cipal mechanisms: yield failure, fracture failure or fatigue failure. The failure 
phenomenon is currently seen as an irreversible process that develops locally and 
through which the macrostructure and operational performance of the compo-
nent are negatively altered. Ductile materials (especially metals) fail by yielding, 
whereby the deformations exceed the proportionality limit and reach the non-
recoverable plastic domain. Ductile materials, such as typical metals including 
mild steel, aluminum, titanium, copper, magnesium, and some of their alloys, as 
well as nonmetals like Teflon, are capable to undergo large plastic deformations 
before fracture. Brittle materials, such as cast iron, concrete, glass or ceramic 
compounds, silicon and silicon-based compounds, fail by fracture as they incur 
relatively small deformations before breaking apart, compared to ductile materi-
als. Fatigue failure applies to both ductile and brittle materials and is caused by 
stresses less than the ultimate strength. Such stresses might occur statically on a 
less frequent basis, when the loads are not applied repeatedly but failure mani-
fests itself in time because cracks, for instance, develop to critical sizes. More fre-
quently though, the fatigue failure is generated by cyclic loading, whereby loads 
and deformations are applied to the mechanical component more than once in a 
repetitive manner.

Other mechanisms of failure, in addition to the ones mentioned above, are 
excessive elastic (recoverable) deformation, low stiffness and operation at reso-
nant frequencies, time deformation under unchanged loading conditions (creep), 
and unstable response at critical loads (buckling). The vast majority of flexible 
hinges and mechanisms thereof are fabricated out of metallic/ductile materials, 
and the brief exposure that follows will focus on yielding failure theories only.

In a complex state of stress, as frequently encountered in real-life applications, 
the failure can be predicted by means of theories of failures. Fundamentally, any 
theory of failure attempts to establish an equivalence between the real complex 
state of stress and a simple, uniaxial state of stress (tension/compression) condi-
tion by applying a specific prediction criterion – see Ugural and Fenster [19], 
Timoshenko [20] or Solecki and Conant [21].

For ductile and isotropic materials, there are three main failure theories that 
can be utilized to predict the critical condition in a member under a complex 
state of stress. They are the maximum energy of deformation theory (von Mises), 
the maximum shear stress theory (Tresca) and the maximum total strain energy 
theory (Beltrami–Haigh). Other theories/criteria better apply to brittle materi-
als. They include the maximum principal stress theory (Rankine), the maximum 
principal strain theory (Saint Venant) and the maximum internal friction the-
ory (Coulomb–Mohr), as indicated in Ugural and Fenster [19] or Volterra and 
Gaines  [22]. The failure theories for orthotropic materials, such as the Norris 
criterion (see Cook and Young [23] for more details) or the criteria dedicated to 
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composite materials, such as those of Halpin–Tsai or Greszczuk (as shown in 
Kobayashi [24]), are not studied here.

Experimental results indicated, according to Ugural and Fenster [19] and 
Solecki and Conant [21], for instance, that the maximum energy of deformation 
theory (von Mises) and the maximum shear stress theory (Tresca) provide best 
predictions for ductile-material members under a complex state of stress. They 
are addressed in the following with emphasis being placed on the von Mises fail-
ure criterion since this theory, in addition to being slightly more accurate than 
the Tresca theory, has an elegant mathematical formulation that is extensively 
employed in tools of engineering calculation, like the finite element technique.

Figure 9.9 illustrates the normal and shear stresses on the positive faces of an 
elementary/infinitesimal cube that has been removed from an elastic body that is 
subjected to a complex state of stress.

Mechanics of materials theory (see Solecki and Conant [21], for instance) 
shows that the principal stresses σ1, σ2 and σ3 (one of them being the maximum 
stress) are the roots of the third-degree equation in σ:

 03
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2
2 3I I Iσ − ⋅σ + ⋅σ − = , (9.37)

I1, I2 and I3 are the stress invariants (they do not depend on the way the reference 
frame is directed), which are defined in terms of the normal and shear stresses 
acting on the elementary cube’s faces of Figure 9.9 as:
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The Tresca theory (first mentioned by Coulomb) specifies that a ductile-material 
member under complex loading will yield when the maximum shear stress in 
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FIGURE 9.9 Stresses on an elementary cube.
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the body reaches the critical shear stress in the simple tension/compression test. 
According to this theory, the equivalent yield stress is given by:

 max , ,1 2 2 3 3 1eq ( )σ = σ − σ σ − σ σ − σ . (9.39)

The von Mises criterion (also known as the Huber–von Mises–Hencky criterion, 
owing to the researchers who have formulated it) states that the failure of a mem-
ber under a complex state of stress occurs when its energy of distortion equals the 
critical energy of distortion in the uniaxial tension/compression test. Generally, 
the strain energy of an elastic body can be separated into two parts: one part pro-
duces the volume deformation without modifying the shape of the loaded body 
and is generated by a so-called hydrostatic load (actually an average stress). The 
other energy component does not affect the volume but alters the shape. The lat-
ter one is known as distortion or deviatoric energy and is generated by deviatoric 
stresses that represent the difference between the normal stresses and the average 
stress. Numerous experiments have been carried out (see Ugural and Fenster [19], 
Solecki and Conant [21] or Cook and Young [23]), which have proven that elastic 
bodies usually do not fail under a hydrostatic state of stress alone. Therefore, a 
criterion that would predict failure based on the strain energy should be centered 
upon the deviatoric portion of the strain energy. The von Mises criterion follows 
this direction and uses the following equivalent stress:

 
( ) ( ) ( )

2
31 2

2
2 3

2
3 1

2

1
2

2
2I Ieqσ = σ − σ + σ − σ + σ − σ = − . (9.40)

By substituting I1 and I2 of Eq. (9.38) into Eq. (9.40) results in:

 ( ) 3( )2 2 2 2 2 2
eq x y z x y y z z x xy yz zxσ = σ + σ + σ − σ ⋅σ + σ ⋅σ + σ ⋅σ + τ + τ + τ . (9.41)

A condition that is often encountered in engineering applications is that of plane 
stress where all the nonzero stresses are located in one plane, such as xy. As a 
result, the other stresses are zero, namely:

 0; 0; 0z yz zxσ = τ = τ = . (9.42)

In a plane stress condition, the generic von Mises criterion of Eq. (9.41) becomes:

 32 2 2
eq x y x y xyσ = σ + σ − σ ⋅σ + τ . (9.43)

Moreover, for a state of plane stress where σy is zero, Eq. (9.43) simplifies to:

 3 32 2 2 2
eq x xy eqσ = σ + τ σ = σ + τor , (9.44)

which is a well-known equation that applies in a variety of cases, including the 
bending/torsion of shafts and flexible hinges.
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The maximum shear and normal stresses of Eq. (9.36) are now combined by 
means of von Mises criterion – Eq. (9.44) – as:

 

3 3

3

,max max
2

max
2

,max ,max
2

max
2

, ,max , ,max
2

, ,max
2

G m G f G m

eq m f

K y y K z z K x x

( )

( ) ( )

σ = σ + τ = σ + σ + τ

= ⋅ + ⋅ + ⋅ . (9.45)

When the external loads are known and the flexible hinge is designed/ 
specified (which means that its stress concentration factors are determined), 
Eq. (9.45) can be used to verify whether the maximum equivalent stress is 
smaller than the allowable normal stress, which would validate the design and 
load selection.

When the external load needs to be evaluated, a procedure similar to the one 
utilized for the in-plane case can be applied. The maximum stresses of Eq. (9.36) 
can be assumed to be fractions of the allowable normal stress σallow, namely:

 , ,max ,max ,maxc c ct allow m m allow f f allowτ = ⋅σ σ = ⋅σ σ = ⋅σ , (9.46)

where ct, cm and cf are the fractions defining the participation of the torsion, bend-
ing-moment and bending-force stresses. These fractions can be chosen adequately 
in order to allow various portions of the torsion and bending loads to form the 
total hinge load. Comparing Eqs. (9.45) and (9.46) indicates that the three frac-
tions are related as:

 3 1
2 2c c cm f t( )+ + = . (9.47)

Combining Eqs. (9.46) with the geometric raiser components of Eqs. (9.36) allows 
expressing the three maximum loads as:
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f
c

G
x

t

K x
allow y

m

K y
allow z

f

K z
allow= ⋅σ = ⋅σ = ⋅σ . (9.48)

Once the maximum end-point loads have been calculated with Eq. (9.48), the 
maximum displacements at the same point can be calculated by means of the 
flexible-hinge out-of-plane compliance matrix [Cop] as:

 :,max ,max

,max ,max ,max ,max

,max ,max ,max ,max

u C f

u u

u m m f
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op x y z

T

op x y z
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  = 














with .

(9.49)
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Example 9.3

The right circular flexible hinge of Figure 9.10 has a circular cross-section and 
is acted upon at its free end by the loads shown in the same figure. Known 
are the minimum diameter d  =  0.001 m, the radius r  =  0.01 m, the dimen-
sion t = 3r = 0.03 m, as well as the material properties E = 2.1·1011 N/m2 and 
G = 8.08·1010 N/m2. Consider that the torsion fraction is ct = 0.2 and the two 
bending fractions are equal. Calculate the maximum values of the three end 
loads, as well as the corresponding free-end displacements.

Solution:

The bending stress concentration Ktb and torsion stress concentration Ktt for this 
flexible-hinge configuration are expressed in Pilkey and Pilkey [2] as:

 = + ⋅

 + ⋅


 + ⋅


 = +with2 2 2

21 2 3

2

4

3

K C C
t

D
C

t
D

C
t

D
D d tt . (9.50)

Two particular sets of constants are defined separately for bending and torsion, 
which are calculated in terms of the t/r ratio – those particular equations are 
provided in Pilkey and Pilkey [2] at pp. 122 and 128. The numerical values 
are Ktb = 1.81 and Ktt = 1.01. From Eq. (9.47), it follows that the equal bending 
fractions are:

 = = − =1 3
2

0.469
2

c c
c

m f
t . (9.51)

Equations (9.36) and (9.48) are combined to obtain the following maximum 
values of the three end loads shown in Figure 9.10: mx,max  =  0.00714 Nm, 
my,max = 0.0046 Nm and fz,max = 0.229 N. The out-of-plane compliance matrix 
of the right circular hinge is evaluated by means of Eqs. (2.58), (3.61) and (3.62). 
With it and the maximum load vector, the following maximum end-point dis-
placements are obtained as per Eq. (9.49): θx,max = 0.0028 rad, θy,max = 0.002 rad 
and uz,max = 2.1·10−5 m.

O

l = 2r

D

mx

fz
my

d x

z

t

FIGURE 9.10 Straight-axis, right circular flexible hinge of circular cross-section 
with out-of-plane loads.
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9.2  ROTATION PRECISION OF FLEXIBLE HINGES

Planar flexible hinges, especially those that deform/operate in their plane and are 
designed to enable relative rotation of adjacent rigid links, do not generate a pure 
rotary motion due to coupled bending, axial and shear effects. The precision of rota-
tion can be assessed by analyzing the displacement of the symmetry center for trans-
versely symmetric flexible hinges, as discussed in Lobontiu et al. [25], for instance. 
This section studies a new quantifier that evaluates the rotary motion of a generic 
flexure hinge, either of straight axis or of circular axis, by comparing the position of 
the end point of a flexible hinge with the position of a point that lies at the end of a 
typical rotation link and undergoes the same rotation as the hinge end point.

9.2.1  straiGht-axis flexible hinGes

Consider a regular rotation joint like the one of Figure 9.11a, whose mobile, rigid 
link of length l undergoes an angular rotation θz with respect to a fixed link; as a 
result, the end point A of the mobile link moves circularly to Ar. Assume that the 
arm of the rigid link is replaced by a flexible hinge of length l, as illustrated in 
Figure 9.11b. Under the combined action of the planar load formed of fx, fy and mz, 
the end point A of the flexure hinge displaces to a position Af that differs from Ar 
when the rigid link at the end of the hinge undergoes the same rotation θz. 

More details of the two connectors’ original and final positions with the 
 relevant geometric parameters are shown in Figure 9.12. A direct measure of 
the difference between the final positions of the two moving links is the length of 
the segment ArAf, which is:

 
2 2

A A d x x y yr f A A A Ar f r f( ) ( )= = − + −  (9.52)

and is expressed in terms of the planar coordinates of the points Ar and Af in 
Figure 9.12. The x and y coordinates of point Ar are:

 xA zr r= −l l ⋅ θcos ; y lA z= − ⋅ θsin . (9.53)

A θz 

Ar 

Mobile link
Arm

Rotation joint

l

(a) (b)

Mobile link

uy, fy

ux, fx
θz, mz

A

Af 

Flexible hinge

l

θz

FIGURE 9.11 Relative planar motion between rigid links as produced by a: (a) rotation 
joint; (b) flexible hinge.
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The planar coordinates of Af are actually the displacements of the flexible-
hinge free-end point, which, under the assumption of small deformations, are 
expressed as:

	 ; ;x C f y C f C m C f C mA u f x A u f y u m z z u m y m zf x x f y y y z y z z z= ⋅ = ⋅ + ⋅ θ = ⋅ + ⋅− − − − θ − ,

(9.54)

where Cu fx x−  is the axial compliance and , andC C Cu f u m my y y z z z− − θ −  are the bending 
compliances. Substituting the slope θz from the third Eq. (9.54) into Eq. (9.53), 
and then combining Eqs. (9.52)–(9.54) result in:

	

)
{ }( )

( ) ( )
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z z y z x x

z z y z y y y z

	

(9.55)

For unit loads applied at A, namely, fx = 1, fy = 1, mz = 1, Eq. (9.55) simplifies to:
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(9.56)

l

x

Deformed flexible hinge

A

y 

uy, fy 

θz, mz 

Anchor

ux, fx θz

B
Af 

Ar 

Rotated arm 

Mobile link

Circular path

θz

FIGURE 9.12  Skeleton representation of generic straight-axis flexible hinge in original 
and deformed conditions, as well as a rotation joint in original and displaced positions.
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Example 9.4

Compare the rotation precision of a constant cross-section flexible hinge with 
that of a right circular flexible hinge in terms of the radius r. Both configura-
tions have rectangular cross-sections with an out-of-plane width w = 0.006 m 
and a minimum in-plane thickness t = 0.001 m. The hinges are designed from 
the same isotropic material. Consider that unit loads act on the hinge free end.

Solution:

The two hinge designs have the same length l; therefore, l = 2r. The deviation 
distance of Eq. (9.56) is utilized to evaluate the following percentage ratio:

 ∆ = − ⋅100[%]1 2

1

d
d d

d
r , (9.57)

where the subscript 1 denotes the constant cross-section hinge and 2 denotes 
the right circular configuration. The compliances of Eq. (9.56) are given in 
Eqs. (2.26) for hinge 1 and in Eqs. (A3.1) for hinge 2. The plot of Figure 9.13 
graphs the difference of Eq. (9.57), which indicates that the deviation of the 
right circular hinge is smaller than the similar deviation of the constant cross-
section hinge; as a result, the right circular design is more precise than its 
constant cross-section counterpart in terms of approximating the pure circular 
motion of a rotary joint. Figure 9.13 also shows that as the length l of the hinges 
increases (since l = 2r), the right circular design generates a better-quality rota-
tion than the constant cross-section hinge.

9.2.2  circular-axis flexible hinGes

Figure 9.14 shows the original positions of a rotary joint (its rotation cen-
ter is at Br and the radius of rotation is l) and a circular-axis flexible hinge – 
see Lobontiu  [26], Lobontiu and Cullin [27] – whose original length is also l. 
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FIGURE 9.13 Plot of percentage relative difference Δdr in terms of the radius r.
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The direction of the  tangent at the circular hinge free end A is identical to the 
direction of the rotary joint. It is again assumed that the rotation θz of the rotary 
joint is identical to the slope of the flexure’s tip in its deformed position.

While the final planar coordinates of the rotary joint tip remain those of 
Eqs. (9.53), the deformed hinge’s tip (Af) coordinates (together with the tip slope) 
are expressed in terms of in-plane compliances and loads as:

 

x C f C f C m

y C f C f C m

C f C f C m

A u f x u f y u m z

A u f x u f y u m z

z u m x u m y m z

f x x x y x z

f x y y y y z

x z y z z z
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






− − −

− − −

− − θ −

. (9.58)

Equations (9.58) were obtained based on the in-plane compliance matrix of 
Eq. (2.107) – that matrix is expressed in the reference frame Axyz of Figure 9.14; 
note that Figure 2.24b, which was used to define the compliance matrix of Eq. 
(2.107), has an axis denoted by y* instead of the y axis of Figure 9.14 here. The 
distance between the ends Ar and Af is calculated as:

l

x

Deformed 

flexible hinge

A

y

uy, fy

θz, mz 

Ground

ux, fx 

Br

Af 

Ar 

Rotated joint 

Mobile link Circular path

θz

Anchor

θz

R

C

Original 

flexible hinge

Rotation joint

Bf

FIGURE 9.14 Skeleton representation of generic circular-axis flexible hinge in 
 original and deformed conditions, as well as a rotation joint in original and displaced 
positions.
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(9.59)

For unit loads, Eq. (9.59) becomes:
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(9.60)

Example 9.5

Compare the rotation precision of a straight-axis flexible hinge with that of a 
circular-axis flexible hinge of radius R in terms of the opening angle α of the 
circular-axis hinge. The two configurations have identical constant  rectangular 
cross-sections of out-of-plane width w  =  0.006 m and in-plane thickness 
t = 0.001 m; they also have the same length l and are designed from the same 
isotropic material. Consider that unit loads act at the free ends of hinges.

Solution:

Because the two hinges have the same length l, the radius of the circular-axis 
design is calculated as R = l/α. The following percentage relative difference is 
used to compare the precision of rotation of the two hinge designs:

 
d d−∆ =d c s

r ⋅100[%], (9.61)
dc

where dc represents the deviation of the circular-axis hinge and is calculated 
with Eq. (9.60), and ds is the deviation of the straight-axis hinge and is given 
in Eq. (9.56). The compliances of the straight-axis hinge are determined with 
Eqs.  (2.26), whereas the compliances needed for the circular-axis hinge are 
calculated based on Eqs. (A2.22) through (A2.26).

Figure 9.15 is the plot of Δdr of Eq. (9.61) in terms of the angle α. For the 
angle range used here, the variation in Δdr is very small and around the approx-
imate value of 67%; this indicates that the straight-axis hinge is more precise in 
rotation than a circular-axis flexure hinge of identical length. Larger changes in 
the opening angle (curvature of the circular design) do not substantially affect 
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the rotation precision difference between the two configurations (for an open-
ing angle of 45°, for instance, the resulting Δdr was 66.59%).

9.3  FLEXIBLE-HINGE COMPLIANCE THERMAL SENSITIVITY

Flexible-hinge dimensions are affected by temperature variation, which, in turn, 
alters the elastic properties of these connectors and their mechanisms. This sec-
tion studies the thermal sensitivity of straight- and circular-axis flexible-hinge 
compliances. Thermal stresses and deformations of elastic line members can also 
be evaluated by the finite element method, as discussed in Nicholson [28] and 
Hetnarski and Eslami [29], for instance. Static and dynamic modeling of hinge-
based compliant mechanisms under combined mechanical and thermal load has 
been studied by Li and Zhou [30], Manoach and Ribeiro [31], Li and Xi [32], Hou 
and Zhang [33], Zhang and Hou [34] and Burgreen [35] by means of conventional 
finite element software or analytically.

9.3.1  straiGht-axis flexible hinGes

A linear dimension d of an isotropic-material mechanical member experiences 
an expansion Δd when exposed to a temperature increase ΔT and becomes dth:

 1d d d d d T T dth th th( )= + ∆ = + α ⋅ ⋅ ∆ = + α ⋅ ∆ ⋅ , (9.62)

where αth is the coefficient of linear thermal expansion. Equation (9.62) enables to 
study the variation of flexible-hinge compliances with temperature. The compli-
ance thermal sensitivity of straight-axis flexible hinges of rectangular and circu-
lar cross-section is expressed here.

9.3.1.1 Rectangular Cross-Section  
A prismatic flexible hinge of rectangular cross-section has an initial length l and 
its cross-section initial dimensions w(x) and t(x) are considered variable with 

4 6 8 10 12 14
66.910

66.915

66.920

66.925

Δdr [%] 
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FIGURE 9.15 Plot of percentage relative difference Δdr in terms of the center 
angle α.
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the abscissa x. The final values of the following relevant cross-sectional prop-
erties (that are needed for compliance calculations) are expressed by means of 
Eqs. (9.62) as:
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, (9.63)

where

 = ⋅ = ⋅ = ⋅ = ⋅
( ) ( ) ( ); ( )

( ) ( )
12

; ( )
( ) ( )

12
; ( )

( ) ( )
3

3 3 3

A x w x t x I x
w x t x

I x
t x w x

I x
w x t x

z y t  

(9.64)

are the initial-temperature cross-sectional properties. Note that while the torsional 
moment of area It(x) is formulated for the particular designs with t(x) ≪ w(x), the 
other two possibilities discussed in Chapter 2 result in the same expression of Eq. 
(9.63).

9.3.1.1.1 In-Plane Compliances   
The temperature-dependent axial compliance is calculated as:
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Equation (9.65) took into consideration that the temperature-dependent length 
is lth = (1 + αth·ΔT)·l as per Eq. (9.62). In a similar manner, the following tem-
perature-dependent, bending-related compliances result after the temperature 
increase:
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(9.66)

The compliance Cu fy y− ,th of Eq. (9.66) is based on the long-beam Euler–Bernoulli 
model. Equations (9.65) and (9.66) can be written in matrix form as:
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[Cip] is the original in-plane compliance matrix of the flexible hinge in Eq. (9.68).
For relatively short flexible hinges and according to the Timoshenko model, 

the direct-bending compliance is expressed as in Eq. (2.10), namely:

 2 1, , , ,C C Cu f s th u f th s u f thy y y y x x( )= + α ⋅ + µ ⋅− − − , (9.69)

where C Cu fy y− −, ,th and u fx x th are given in Eqs. (9.65) and (9.66).
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Equation (9.67) allows us to calculate the difference (error) between the tem-
perature-affected in-plane compliance matrix and the similar original compli-
ance matrix as:

	 ,C C A I C A Cip th ip ip ip( )[ ] [ ][ ]  −   = − ⋅   + ⋅ ∆ ,	 (9.70)

where [I] is the 3 × 3 identity matrix.

Example 9.6

A right circular micro flexible hinge of polysilicon is exposed to temperature 
increase. Graphically study the relative variation of the in-plane bending com-
pliance −Cu fy y in terms of the temperature variation ΔT. Known are the radius 
r = 5 µm, minimum thickness t = 0.6 µm, out-of-plane width w = 3 µm and 
Young’s modulus E = 1.5·1011 N/m2. Consider that ΔT varies in the [40°; 120°] 
interval.

Solution:

Based on Eq. (9.66), the following relative error function is formed:
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	 (9.71)

Figure 9.16, which plots this error function in terms of the temperature varia-
tion, indicates that the percentage changes due to temperature increase are 
very small for the selected temperature range.
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FIGURE 9.16  Plot of percentage relative error of the −Cu fy y compliance in terms 
of ΔT.
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9.3.1.1.2 Out-of-Plane Compliances   
After a temperature increase ΔT, the out-of-plane compliances of a straight-axis 
flexible hinge become:
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(9.72)

Equations (9.72) are written in matrix form as:

 ,C B C Cop th op op( )[ ]  = ⋅   + ∆  , (9.73)

with
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 (9.74)

[Cop] of Eq. (9.73) is the original out-of-plane compliance matrix of the flexible 
hinge. The error between the temperature-dependent out-of-plane compliance 
matrix and the similar original out-of-plane compliance matrix is evaluated by 
means of Eq. (9.73) as:

 ,C C B I C B Cop th op op op( )[ ] [ ] [ ]  −   = − ⋅   + ⋅ ∆ . (9.75)
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The direct-bending compliance of Eq. (9.72) is valid for long flexible hinges; for 
short hinges, this compliance is expressed similarly to Eq. (9.69), namely:

 2 1, , , ,C C Cu f s th u f th s u f thz z z z x x( )= + α ⋅ + µ ⋅− − − . (9.76)

9.3.1.2 Circular Cross-Section  
As per Eq. (9.62), the variable diameter d(x) becomes:

 ( ) 1 ( )d x T d xth th( )= + α ⋅ ∆ ⋅  (9.77)

after the member experiences a temperature increase ΔT. The corresponding final 
cross-sectional properties are:
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. (9.78)

The following are initial cross-sectional properties:
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All compliance equations developed for the rectangular cross-section hinges in 
the previous Section 9.3.1.1 are also valid for the circular cross-section hinge con-
figuration when used in conjunction with Eqs. (9.78) and (9.79).

9.3.2  circular-axis flexible hinGes

The temperature-generated cross-sectional dimension variation of circular-axis 
flexible hinges is identical to that of straight-axis hinges. Assuming there is no 
stress induced in the flexible hinge by a temperature increase ΔT, it follows that 
the radius R remains unchanged, while the center angle varies from its original 
value α to αh. Expressing the final arc length in two different ways results in the 
final center angle αh being:

 1 1R T R Th th h th( ) ( )⋅α = + α ⋅ ∆ ⋅ ⋅α → α = + α ⋅ ∆ ⋅α, (9.80)

where the subscript “h” denotes the final value of the hinge opening angle.
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The temperature-related in-plane and out-of-plane compliances of circular-
axis flexible hinges of rectangular and circular cross-section are derived in this 
section.

9.3.2.1 Rectangular Cross-Section  
9.3.2.1.1 In-Plane Compliances   
Following an approach similar to the one used for straight-axis flexible hinges, 
the in-plane compliances of a generic circular-axis flexible hinges after exposure 
to a temperature increase of ΔT can be expressed. Equations (2.121), for instance, 
yield:
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(9.81)

with C C( )b , a( )n nd C ( )s
u fx x− −u fx x u fx x−  being expressed in Eqs. (2.121). Based on 

Eqs. (2.122), the following altered compliances are obtained:
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where C C( )b and ( )n
u fx y− −u fx y

 are given in Eq. (2.122). Equation (2.123), which expresses 
C ( )b

u mx z− , results in:
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The original compliances C C( )b and ( )n
u fy y− −u fy y

, which are given in Eqs. (2.124), trans-
form into:

∫

∫

( )

( )

( )

( )

( )

( )

=
+ α ⋅ ∆

⋅ + ∆ ∆ = ⋅
β
β

⋅ β

=
+ α ⋅ ∆

⋅ + ∆ ∆ = ⋅
β
β

⋅ β















− − − −

α

α

− − − −

α

α

C
T

C C C
R

E I
d

C
T

C C C
R

E A
d

u f th
b

th
u f

b
u f

b
u f

b

z

u f th
n

th
u f

n
u f

n
u f

n

y y y y y y y y

h

y y y y y y y y

h

1

1
,

sin

( )

1

1
,

sin

( )

.

,
( )

4
( ) ( ) ( )

3 2

,
( )

2
( ) ( ) ( )

2

(9.84)

Eventually, the compliances C C( )b
u m and ( )b

y z− θ −z zm , which are defined in Eqs. (2.125), 
yield the following temperature-defined compliances:
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When shear effects are neglected, Eqs. (9.81) through (9.85) can be written in 
matrix form as:
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In Eq. (9.86) Cip  is the in-plane compliance matrix of the circular-axis flexible 

hinge, which combines bending and axial effects, C C =  ( )b ( )
ip  ip  + C n

ip . The 

difference between [Cip,th] and [Cip] (which is not explicitly given here) reflects the 
error generated by thermal effects.

9.3.2.1.2 Out-of-Plane Compliances   
Equations (2.126) provide the compliances C C( )b t

m and ( )
θ −x x θ −x xm  – after a temperature 

increase, they become:
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The compliances C C( )b and ( )t
θ −x ym θ −x ym  are expressed in Eqs. (2.127), which transform 

into:
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The following temperature-dependent compliances result from Eqs. (2.128), 
which define C C( )b and ( )t

θ −x zf θ −x zf :
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The compliances C C( )b and ( )t
θ −y ym θ −y ym , which are given in Eqs. (2.129), result in:
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Equations (2.130), which define C C( )b , ( )t
θ −y zf θ −y zf , yield:
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The z-axis deflection compliances C C( )b and ( )t
u fz z− −u fz z

 are expressed in Eqs. (2.131) – 
they change into:
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The cross-section parameters A(β), Iz(β), In(β) and It(β) of Eqs. (9.81) through 
(9.85) and (9.88) through (9.93) are the ones defined in Eqs. (9.64), where β should 
be used instead of x, and the subscript n replaces the subscript y of Eq. (9.64).

The out-of-plane, temperature-dependent compliances can be written in matrix 
form as in Eq. (9.73), where

 ;, ,
( )

,
( ) ( ) ( )C C C C C Cop th op th

b
op th
t

op op
b

op
t  =   +   ∆  = ∆  + ∆ , (9.94)

with
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The thermal-induced errors can be evaluated by analyzing the difference between 
[Cop,th] of Eq. (9.94) and the original [Cop].

Example 9.7

A circular-axis flexible hinge has a constant rectangular cross-section defined 
by the in-plane thickness t = 0.008 m, out-of-plane width w = 0.001 m, radius 
R = 0.04 m, center angle α = 60°, Young’s modulus E = 2·1011 N/m2 and Poisson’s 
ratio µ = 0.33. Graphically study the relative variation in the out-of-plane bend-
ing compliance Cu fz z−  in terms of the temperature variation ΔT. Consider that 
ΔT varies within the [50°; 150°] interval.

Solution:

The original compliance is expressed based on Eqs. (A2.32) as:
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where I  = w3·t/12 and I  = w3
n t ·t/3. Based on Eq. (9.93) and for G = E/[2·(1 + µ)], 

the following relative error function is formed:
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The plot of Figure 9.17 shows the variation in the relative compliance formu-
lated in Eq. (9.97) in terms of the temperature variation. As it can be seen, the 
relative error values are very small.

9.3.2.2 � Circular Cross-Section
The temperature-modified compliances of Eqs. (9.81) through (9.93) are also 
valid here with the geometric parameters of Eqs. (9.77)–(9.79), where β is used 
instead of x, and n instead of y.

9.4 � STRAIGHT-AXIS LAYERED FLEXIBLE HINGES

In order to achieve a wider range of stiffness, inertia and damping properties, 
flexible hinges can be built of several layers of different materials in a stacked/
sandwich manner. The micro-/nanosystems domain, in particular, offers numer-
ous examples of composite cantilevers/bridges that are used in radiofrequency, 
computers or extraneous particle detection – see Maluf and Williams [36] for a 
comprehensive description.

This section studies a few straight-axis layered flexible-hinge configurations by 
using the compliance approach, as well as the finite element method, to model the 
static, modal and dynamic behaviors of these elastic members. All designs have 
axial geometric and material symmetry, and are defined by (variable) rectangular 
cross-sections.

While Chapters 2 through 8 study single-material hinges, this section dis-
cusses two categories of multimaterial, layered flexible hinges. One category 

60 80 100 120 140
0.10

0.15

0.20

0.25

0.30

ΔT [oC] 

C
om

pl
ia

nc
e 

er
ro

r %
 

FIGURE 9.17  Plot of percentage relative error of the −Cu fz z  compliance in terms 
of ΔT.
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is formed of hinges with variable in-plane thickness and constant out-of-plane 
width. In addition to being axially (longitudinally) symmetric, these hinges are 
also transversely symmetric in terms of both geometry and materials. They are 
intended to operate through in-plane bending and are modeled by means of the 
compliance approach. The other category comprises relatively thin hinge config-
urations where the layers have a constant thickness and variable width generally. 
These hinges are designed to mainly function through out-of-plane bending and/
or torsion, and the finite element method is utilized to model them.

9.4.1  constant-width flexible hinGes with transverse 
Geometry and material symmetry

Consider the sandwich hinge of Figure 9.18a, which is formed of three different 
layers, of which the middle layer denoted by 1 in Figure 9.18b has a constant 
thickness and therefore, straight edges along the axial direction x. The two outer 
layers, denoted by 2 and 3 in Figure 9.18b, are made of the same material, have 
variable thickness and are geometrically identical being mirrored with respect to 
the axial plane xz. The entire hinge is also transversely symmetric (mirrored) with 
respect to the yhzh plane. The three layers have the same out-of-plane width w, the 
same length l and relatively small in-plane thicknesses. The resulting sandwich 
hinge has a relatively large width w and is intended for in-plane bending motion 
(in the Oxy plane).

The in-plane compliance and inertia matrices are derived here to enable quasi-
static, modal or dynamic analysis to be performed. While the study is limited to 
only three layers, it can easily extend to five, seven or more odd-number layers as 
long as longitudinal and transverse symmetry is preserved.

w

Rigid link 

Rigid link 

Layered flexible hinge

(a) (b)

yh

x, xh

y

1
2

3

O Oh

l/2l/2

FIGURE 9.18 Constant-width three-layer flexible hinge with transverse and longitudinal 
symmetries: (a) 3D view; (b) front view.
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Figure 9.19a is the front view of half a generic three-layer flexible hinge with 
transverse symmetry. The constant in-plane thickness of the middle segment is 
t1, while the minimum in-plane thickness of the identical and mirrored outer 
layers is t2/2. The variable in-plane thicknesses of these layers are defined by the 
symmetric curves y(x) and −y(x) as t2(x)/2. Assuming the right end of this flex-
ible hinge is fixed and the left end is free, the three layers of Figure 9.19a act as 
three springs in parallel; moreover, it is possible to consider that there are only 
two structural layers coupled in parallel: the constant-thickness central layer 1 
and a second layer that combines the mirrored outer layers into a single hollow 
member denoted by 2 – this is illustrated in the cross-section of Figure 9.19b.

The in-plane compliance matrix of the flexible-hinge segment of Figure 9.19 is 
calculated based on the rule of parallel spring connection as:

 ( ) 1 (1 ) 1 (2 ) 1
C C CO

h
O

h
O

h
h h h

  =   +  
− − −

, (9.98)

where the superscript “h” denotes the half-hinge. The in-plane compliance 
matrix of the segments 1 and 2 is arranged as in Eq. (2.13) with the individual 
 compliances being calculated as:
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Section A-A

FIGURE 9.19 (a) Side view of three-layer, large-width, small-thickness hinge segment 
with identical and mirrored external layers; (b) cross-section A-A.
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where t2(x) = 2y(x) − t1. The compliances of Eqs. (9.99) are calculated with respect 
to the Ohxhyhzh reference frame. With the individual compliances of Eq. (9.99), 
the in-plane compliance matrix of the half-hinge portion is determined as per Eq. 
(9.98), which is of the form:
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As demonstrated in Section 3.2.2 (which studies single-material, transversely sym-
metric hinges), the in-plane compliance matrix of the generic full hinge of Figure 9.18 
is calculated with respect to the Oxyz reference frame as in Eq. (3.53), namely:
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(9.101)

The in-plane inertia matrix of the full symmetric flexible hinge shown in 
Figure 9.18b whose half is represented in Figure 9.19 is calculated with respect to 
the Oxyz reference frame directly by adding the corresponding inertia matrices of 
the two segments 1 and 2, namely:
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as per Eq. (7.53). The inertia fractions of the core segment 1 are calculated with 
the aid of Eqs. (7.30) and (7.53):
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The axial and bending inertia components of the variable-thickness segment 2 are 
determined based on Eqs. (7.29) and (7.49):
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Equations (9.104) assume a single profile (curve) of the outer layers; in case there 
are several profiles along the longitudinal axis, the integrals of Eqs. (9.104) need 
to be expressed as a sum of integrals, each integral being defined for the indepen-
dent subinterval corresponding to a different curve profile over the x-axis limits 
defining that subinterval.

Example 9.8

The outer curve of layer 2 in Figures 9.18 and 9.19 is an inverse parabola of the 
(0, αe) type.

 i. Compare the compliance CO m,θ −z z  of this sandwich configuration to 
the same compliance of a similar hinge having the same outer profile 
(geometry) and which is built homogeneously of the material of seg-
ment 2 when t1 varies as a fraction of the total minimum thickness 
t = t1 + t2. The two materials’ Young’s moduli are E1 = 2.2·1011 N/m2 
and E2 = 0.052·1011 N/m2. Known are the minimum total thicknesses 
t = 0.004 m, the out-of-plane width w = 0.006 m, the length l = 0.03 m 
and the inverse parabolic constant c = 0.004 m;

 ii. Make a similar comparison between the smallest natural frequen-
cies of the layered flexure hinge and of the homogeneous hinge 
described in part (i) when the mass densities are ρ1 = 7,800 kg/m3 and 
ρ2 = 3,000 kg/m3. All other geometric and material properties are the 
ones used at (i).

Solution:

 i. Equations (9.98) through (9.101) are used to evaluate the compliances 
CO m,θ −z z  of the two similar configurations. The variable thickness of 
layer 2 is calculated in the reference frame Ohxhyhzh as in Eq. (2.70):
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The following compliance ratio is formed to compare the perfor-
mance of the two geometrically similar flexible hinges:
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, (9.106)

where C ( )c
O m,θ −z z

 represents the compliance of the homogeneous hinge 
made up of material 2, whereas CO m,θ −z z  is the similar compliance of 
the bi-material hinge. As seen in Figure 9.20, the ratio increases from 
a value slightly larger than 1 for t1 = 0.3·t to a value of approximately 
17 when t1 = 0.9·t, which is an expected outcome as the two-material 
hinge becomes stiffer relative to the similar homogenous-material 
hinge when its higher-stiffness core thickness increases.

 ii. Equations (9.102)–(9.104) are utilized to obtain the inertia matrix of 
the three-layer flexure hinge. The inertia matrix of the flexure hinge 
built of material 2 and having the same geometrical outline with the 
sandwich beam is:
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The inertia components of Eq. (9.107) are calculated by means of 
Eqs. (9.104) and (9.105) with:
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FIGURE 9.20 Plot of compliance ratio rCθ −z zm  in terms of the thickness t1.
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The natural frequencies of the following two dynamic matrices can 
now be evaluated:

 [ ] [ ][ ] =   =    
− − − −

;
1 1 ( ) ( ) 1 ( ) 1

D M C D M CO O
c

O
c

O
c . (9.109)

The following ratio is formed to compare the first natural frequency of 
the homogeneous hinge to that of its layered counterpart:

 ω =
ω

ω
θ −

1
1,

( )

1

r n
n m
c

n

z z . (9.110)

This ratio is graphed in Figure 9.21 in terms of the core layer thick-
ness. The ratio increases mildly nonlinearly from a value of 1.146 
for t1  =  0.3·t to a value of 2.882 when t1  =  0.9·t, which indicates 
that although the sandwich configuration becomes heavier with 
increasing t1, it also becomes stiffer (as demonstrated at (i)) in a more 
substantive manner, such that, overall, the first natural frequency of 
the layered beam increases relative to the similar frequency of the 
homogenous-material hinge.

9.4.2  constant-thickness flexible hinGes

The flexible hinge of Figure 9.22 does not have transverse symmetry and is 
formed of several layers of constant thickness. A core layer 2 of thickness t2 
extends over the entire length of the hinge, as illustrated in Figure 9.23. Two 
identical layers 1 of thickness t1 are placed on the two faces of layer 2 starting at 
one end (point O) of the composite hinge and extend over a length l1; at the other 
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FIGURE 9.21 Plot of the first natural frequency ratio rωn1 in terms of the thick-
ness t1.



513Miscellaneous Topics

end of the hinge are two identical layers 3 of thickness t3 and extending over a 
length l3. The layers 1 and 3 have a variable width, while the central layer has the 
same variable width as layers 1 over the length l1 and the same variable width as 
layers 3 over the length l3. While layer 2 is shown with a constant width w (see 
Figure 9.23a) in the middle section of the hinge, it can generally have a variable 
width. This design reinforces the end portions of the composite hinge while pre-
serving more flexibility in the central part. The composite hinge can mainly be 
utilized in out-of-plane bending around the z axis. 

The finite element model of Figure 9.23c is formed, which consists of three 
collinear line elements and four nodes, of which node 4 is fixed. When only 
the bending effects are considered, the out-of-plane reduced, assembled stiff-
ness and inertia matrix can be formed corresponding to the following overall 
nodal vector:

 1 1 2 2 3 3u u u uy z y z y z

T

[ ] = θ θ θ



 , (9.111)

which includes only the nonzero displacements. The resulting system stiffness 
and inertia matrix with respect to the origin reference frame are:

z
Free link

Layered flexible hinge

y

O
Fixed link

x

FIGURE 9.22 3D view of multiple-layer flexible hinge without transverse symmetry and 
layers of constant thickness.
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FIGURE 9.23 Flexible hinge with layers of constant thickness: (a) top view; (b) side 
view; (c) finite element model.
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Because elements 1 and 3 are formed each of three different layers, which 
behave as three elements in parallel, the following components of the matrices in 
Eqs. (9.112) are calculated as:

 

= +

= + =

= +

= + =

( , ) 2 ( , ) ( , );

( , ) 2 ( , ) ( , ), , 1,2,3,4

( , ) ( , ) 2 ( , );

( , ) ( , ) 2 ( , ), , 1,2.

(1) (1,1) (1,2)

(1) (1,1) (1,2)

(3) (3,2) (3,3)

(3) (3,2) (3,3)

K i j K i j K i j

M i j M i j M i j i j

K m n K m n K m n

M m n M m n M m n m n

 (9.113)

The second number in the superscripts of Eqs. (9.113) indicates the layer/material. 
Overall, the following independent 4 × 4 elemental matrices are needed: two for 
the interval/element 1 pertaining to layers 1 and 2 and spanning the length l1, one 
for element 2 over the length l2 and defined by the properties of layer 2, and two 
for the element 3 defined by layers 2 and 3 over the length l3. These elementary 
stiffness matrices are determined based on the definition of Eq. (8.35) with the 
shape functions of Eqs. (8.26); similarly, an equal number of elementary inertia 
matrices are calculated based on Eq. (7.88) with the same shape functions.

Example 9.9

The generic composite flexible hinge of Figure 9.23 has its element (1) geo-
metrically defined by a quarter circle of radius r1, such that l1 =  r1; similarly, 
element (3) is defined by a quarter circle of radius r3 resulting in l3  =  r3  – 
see Figure 9.24. Known are the following material and geometric param-
eters: E1  =  2·1011 N/m2, E2  =  1·1011 N/m2, E3  =  6·1010 N/m2, ρ1  =  7,500 kg/m3, 
ρ2 = 3,200 kg/m3, ρ3 = 2,800 kg/m3, t = 0.01 m, w = 0.001 m, r1 = 0.01 m and 
l  =  0.04 m. Study graphically the variation of the first (smallest) natural fre-
quency of this flexible hinge when the length l2 of the constant cross-section 
portion varies from 0.1 to 0.9 of the length l − r1. 

(a) (b)

O’

r3

w3(x)/2

x'

z'

w/2

x'

l3 = r3

x

z

w/2

l1 = r1 

w1(x)/2

r1

O

x

FIGURE 9.24 Geometry of half the end segments: (a) element 1; (b) element 3.
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Solution:

The variable widths of the two segments 1 and 3 of Figure 9.24 are expressed 
as:

 
( )
( )

= + − ⋅ −

′ = + − − ′










( ) 2 2

( ) 2

1 1 1
2

3 3 3
2 2

w x w r r x x

w x w r r x

. (9.114)

For w1(x), x is measured from point O and varies from 0 to r1, while for w3(x′), 
x′ varies from 0 to r3, as illustrated in Figure 9.24. The variable widths of 
Eq. (9.114) are used to calculate the cross-section moments of area and areas 
for the various segments of the composite hinge. The bending shape functions 
of Eq. (9.104) are used to obtain element stiffness and inertia matrices with a 
total length l1 for the first interval of the serial hinge and a length l3 for the third 
interval.

The reduced assembled stiffness and inertia matrices are formed as 
per Eqs.  (9.112) and (9.113), which enable formulating the dynamic matrix 
[D] = [M]−1[K] whose eigenvalues provide the natural frequencies of the com-
posite flexible hinge. The following notations are used:

 ( )( ) ( )= ⋅ − = − − = − ⋅ − ω = ω
ω

; 1 ;2 1 3 1 2 1 1
1

1,min

l f l r r l r l f l r r n
n

n

, (9.115)

where f is the fraction that varies from 0.1 to 0.9. It should be noted that as f 
increases, the length l2 of the middle segment 2 increases as well, which results 
in a reduced radius (and length) r3 of the third portion. It is therefore expected 
that the first natural frequency will also decrease since the middle thinner seg-
ment increases its length. This trend is, indeed, illustrated in Figure 9.25, which 
plots the frequency ratio of Eq. (9.115) in terms of f. The minimum natural fre-
quency is ωn1,min = 1,514 rad/s and corresponds to f = 0.9, while the maximum 
natural frequency is 3,073 rad/s for f = 0.1. 
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FIGURE 9.25 Plot of the first natural frequency ratio rωn1 in terms of the length 
fraction f.
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9.5  PIEZOELECTRIC ACTUATION AND SENSING 
IN FLEXIBLE-HINGE MECHANISMS

This section uses a simplified mathematical model of piezoelectric materials to 
illustrate transduction (actuation and sensing) by means of layered flexible hinges 
that incorporate piezoelectric strips and with piezoelectric blocks. Piezoelectric 
materials display a direct effect whereby external mechanical deformations 
applied to them generate an output voltage; this principle is applied in sensing. 
The piezoelectric materials are also capable of actuation through a converse effect 
manifested by mechanical deformation (motion) of a member connected to an 
external voltage source – see Reece [37] and Rupitsch [38], for instance. Natural 
piezoelectric materials include quartz crystals, tourmaline and the Rochelle salt, 
whereas a familiar manufactured piezoelectric material is the PZT (an alloy based 
on lead, zirconium and titanium).

The following equation models three-dimensional actuation produced by a 
piezoelectric member:

 
0

C d E

d E

E T

T

[ ]

[ ] [ ]

[ ] [ ] [ ]

[ ] [ ] [ ]

ε =   σ +

ε = σ =for
, (9.116)

where [ε] and [σ] are the mechanical strain and stress vectors, [E] is the electric 
field vector, [CE] is the compliance matrix evaluated at a constant electric field, 
and [d] is a matrix comprising piezoelectric coefficients. The first Eq. (9.116) 
reflects the fully coupled electrical–mechanical interaction between external 
mechanical factors (represented by the stress vector) and electrical input (illus-
trated by the electric field) resulting in mechanical deformation (the strain). In 
the absence of the external mechanical stress, the second (simplified) Eq. (9.116) 
results, which directly connects the electric field input to the mechanical strain 
output. The second Eq. (9.116) simplifies further to the following equation when 
the problem is unidimensional, i.e., when a single electric field E is applied to a 
piezoelectric line member to produce mechanical strain aligned with the electric 
field direction:

 d E d
v
l

l l d vε = ⋅ → ε = ⋅ → ∆ = ε ⋅ = ⋅ , (9.117)

where v is the voltage applied across a line member of initial length l and l is the 
member axial elongation aligned with the direction of E.

Δ

In sensing, the governing three-dimensional equation is:

 
0

d E

d E

e

e

m[ ]

[ ]

[ ]

[ ] [ ]

[ ] [ ]

[ ] [ ]

σ = σ + ε 

σ = σ =

σ

for
, (9.118)
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where [ ]σ  is the electric charge density vector and εσm
e  is the electric permit-

tivity vector determined for constant mechanical stress. The second Eq. (9.118) 
connects directly the electric charge density output to the mechanical stress 
input for zero electric field. While not demonstrated here (details can be found 
in Lobontiu [39], for instance), the one-direction counterpart of the second Eq. 
(9.118) is:

 
1

v
d

l= ⋅ ∆ , (9.119)

which also results from Eq. (9.117). Equation (9.119) shows that the output voltage 
is proportional to the input mechanical deformation of a piezoelectric sensing 
member.

9.5.1  active layered (piezoelectric) flexible hinGes

Flexible hinges can also be active when provided with means of either actua-
tion resulting in deflection or sensing when external mechanical deformation is 
converted into (electrical) voltage. Shape memory alloys (SMA), as presented in 
Bellouard and Clavel [40] and Du et al. [41], for instance, can be used as active 
connectors of passive hinge segments when a state phase change is initiated in 
the SMA portion. This section includes a brief study of active multilayer flex-
ible hinges to be used for actuation or sensing purposes and whose active strip is 
piezoelectric.

9.5.1.1 Actuation  
Multiple-layer flexible hinges can be (self-)actuated through mechanical strain 
that is induced at the interface(s) between active-material layers and passive lay-
ers. Impeded expansion/compression of the active layers by the passive layer(s) 
results in bending of the flexible hinge. The active, strain-induced composite 
portion can extend over the entire length of the hinge. Alternatively, the active 
segment can be coupled in series with other passive portions resulting in a 
composite hinge configuration with longitudinal and (possibly) transverse sym-
metries. The strain-induced actuation can be realized thermally, such as in bi-
metallic strips – see Rees [42] and Gere and Goodno [43], for instance – where 
two layers of distinct metallic materials expand differently and the impeded 
thermal expansion results in bending of the strip. Strain induction can also be 
realized by means of piezoelectric, magnetostrictive or shape memory materials – 
see Maluf and Williams [36], Lobontiu et al. [44] or Garcia and Lobontiu [45]. 
Analyzed here is an active hinge segment formed of two identical piezoelectric 
layers that act antisymmetrically (one in extension, while the other in compres-
sion), and a passive (base) layer in between. Such an actuation unit with piezo-
electrically induced strain is further incorporated into a flexible hinge by serially 
connecting it to two end passive segments.
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9.5.1.1.1  Three-Layer Antisymmetric Strain-Induced Actuation Segment
The composite flexible-hinge segment, which is sketched in Figure 9.26a, is 
formed of three layers that have the same length and the same out-of-plane width 
w (it is assumed constant here, but it can also be variable).

The top and bottom layers are active and made of piezoelectric material; they 
are identical in terms of both geometry (same in-plane thickness ta) and mate-
rial properties. Enclosed between these layers is a passive layer of thickness tp. 
Assume that, if free and unattached to the middle layer, one of the external lay-
ers, like the bottom one in Figure 9.26a, extends axially, while the other layer 
compresses axially, both by the same amount. Because the free extension/com-
pression of the two active layers is impeded by the connecting middle layer, the 
composite beam will bend as illustrated in Figure 9.26b, which is the deformed 
and magnified view of the segment comprised between the arbitrary sections AB 
and CD in Figure 9.26a. This type of actuation is known as antisymmetric – see 
Rees [42] and Gere and Goodno [43] – because of the opposite deformations of 
the two external layers, which actually concur to enhance the bending effect. The 
aim is to evaluate the two statically equivalent moments m (see Figure 9.26c, 
which shows an arbitrary free-free actuation segment of length l) that produce the 
bending of the composite-beam segment.

The tentative compression of the top layer results in the forces fat applied to it 
by the middle layer opposing that deformation; similarly, the free expansion of 
the bottom layer is opposed by the two forces fab produced by the same middle 
layer – see Figure 9.26b. Force equilibrium shows that fat = fab = fa. The follow-
ing strain continuity equations – see Rees [42], Lobontiu et al. [44] or Garcia 
and Lobontiu [45] for a similar approach – can be formulated for the two layer 
interfaces:
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FIGURE 9.26 Layered, strain-induced flexible segment producing antisymmetric bend-
ing: (a) side view; (b) enlarged deformed portion; (c) actuation unit of length l with equiva-
lent end bending moments m.
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The total moment m has been split into three moments: mat, mab and mp acting on 
the three layers. The first terms in the left-hand side of Eqs. (9.120) are the con-
stant axial strains produced by the force fa applied perpendicularly to the cross-
section of area Aa. The second terms in the left-hand side of the same equations 
and on the right-hand sides represent the axial strains produced through bending, 
whereas ε0 is the strain induced externally through actuation of the top and bot-
tom active layers. Ia and Ip are the cross-sectional area moments of the active and 
passive layers with respect to their own centroidal axes z. Comparing the two Eqs. 
(9.120) shows that mat = mab = ma. The following equations can also be written:

 

( )

= ⋅ = ⋅

+ = ⋅ +










R
E I

m

E I

m

m m f t t

a a

a

p p

p

a p a a p2

. (9.121)

The first Eq. (9.121) expresses the curvature radius R at the interface between the 
top and middle layers – see Figure 9.26b – while the second Eq. (9.121) results 
from the moment equilibrium on one of the element faces AB or CD. Either of the 
two Eqs. (9.120) is solved together with the two Eqs. (9.121) for fa, ma and mp. The 
moments can now be used to find the total moment m on the faces AB and CD as:

 
( )

( )
( )

= + =
⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅

⋅ + ⋅ + ⋅ + ⋅
⋅ εm m m

t w t t t E t E E

t t t t t E t E
a p

a a p a a p p a

a a a p p a p p

2
2

2 4 6 3

3 3

2 2 3 0. (9.122)

Equation (9.122) also used the following cross-sectional areas and area moments: 
Aa  =  ta·w, I t w3 3

a a= ⋅ /12, I tp p= ⋅ w/12. Because the expression of the bending 
moment m does not depend on the distance between the planes AB and CD, 
a length l can be selected conveniently for an actuation segment, like the one 
sketched in Figure 9.26c where the total actuator thickness is t = 2ta + tp. Equation 
(9.122) is valid for any type of induced strain ε0, including the piezoelectric sort, 
which is utilized here. The strain ε0 is generated by applying a voltage v to the 
active layer between its ends and along the length l in Figure 9.26c.

9.5.1.1.2  Active Flexible Hinges with Three-Layer Antisymmetric 
Strain-Induced Actuation Segment

Figure 9.27 shows the 3D view of a flexible hinge for out-of-plane bending that 
incorporates a strain-induced actuation unit in its middle section. The two actu-
ation patches are attached to a passive elastic substrate that runs continuously 
between two rigid links. While the center passive-layer portion is of a constant 
rectangular cross-section, the two end portions are (or can be) of variable width.

The side (front) view of this hinge is pictured in Figure 9.23a. The top view of 
this hinge configuration is sketched in Figure 9.28a, which identifies the lengths l1 
and l3 of the passive sections, the length l2 of the middle actuation s ection, as well 
as the thicknesses ta and tp of the active and passive layers.
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As in Section 9.4.2, the flexible hinge is modeled using the finite element 
method, based on the line-element sketch shown in Figure 9.28b. When only the 
bending-related out-of-plane deformations are of interest, the nonzero nodal dis-
placement vector is the one of Eq. (9.111), which is rewritten again:

 1 1 2 2 3 3u u u uy z y z y z

T

[ ] = θ θ θ



 . (9.123)

(a)

(b)
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Free link Fixed link
l1 l3l2
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1 2 3 4

x(1) (2) (3)

m m

y

FIGURE 9.28 Layered flexible hinge with active segment used as an actuator: (a) side 
view; (b) finite element model.

w

z

Actuation segment

y

Rigid link

Layered flexible hinge

O
Rigid link

x

FIGURE 9.27 3D view of multiple-layer flexible hinge without transverse symmetry, 
layers of constant thickness and middle actuation unit.



523Miscellaneous Topics

In a manner similar to the one used in Section 9.4.2, the reduced and assembled 
stiffness and inertia matrices of the finite element model of Figure 9.28b are for-
mally given in Eqs. (9.112). While the matrices of elements (1) and (3) are calculated 
based on a single material (of the passive layer), the matrices of element (2) combine 
in parallel components from the two active layers and the passive layer, namely:

 
= +

= + =

( , ) 2 ( , ) ( , );

( , ) 2 ( , ) ( , ), , 1,2,3,4.

(2) (2, ) (2, )

(2) (2, ) (2, )

K i j K i j K i j

M i j M i j M i j i j

a p

a p
 (9.124)

In the absence of other external loads, the forcing vector corresponding to the six 
degrees of freedom (DOF) defined in Eq. (9.123) is:

   = − f m mop

T
0 0 0 0 . (9.125)

The bending moment m is defined in Eq. (9.122) and depends on the active  segment 
geometry and material properties, as well as on the value of the mechanical 
strain induced on the two interfaces through the converse piezoelectric effect.

Example 9.10

A flexible hinge of the type depicted in Figures 9.27 and 9.28 has its end 
segments formed of quarter circles, as illustrated in top view in Figure 9.24. 
Known are the geometric and material parameters of the hinge: w = 0.008 m, 
r1  =  0.014 m, l2  =  0.025 m, r3  =  0.01 m, tp  =  0.001 m, ta  =  0.0008 m, 
Ep = 2·1010 N/m2, Ea = 5·1010 N/m2, ρp = 4,000 kg/m3 and ρa = 5,300 kg/m3. The 
two actuation patches are piezoelectric with a constant d = 4·10−10 m/V; the 
voltage v = 150 + 120·e−0.5t·sin(12t) V is applied to one actuation patch, while a 
voltage −v is applied to the opposite patch. It is also known that there is overall 
structural damping defined by the coefficients α = 0.25 and β = 0.35. Plot the 
time response of the flexible-hinge free-end deflection u1y.

Solution:

In piezoelectric actuation of a straight-line member, such as the two patches 
are, a voltage difference v applied at their ends along the length results in an 
axial deformation proportional to the voltage; for the patch of length l2 of this 
example and based on Eq. (9.117), the corresponding induced strain is:

 ε = ∆ = ⋅
0

2

2 2

l
l

d v
l

, (9.126)

where d is the piezoelectric constant. Combining Eqs. (9.122) and (9.126) shows 
that the actuation moment m is proportional to the applied voltage, namely:

 
( )

( )
( )

= ⋅ =
⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅
⋅ + ⋅ + ⋅ + ⋅

⋅





withm c v c
t w t t t E t E E

t t t t t E t E

d

l

a a p a a p p a

a a a p p a p p

2

2 4 6 3 2

3 3

2 2 3
2

. (9.127)
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The numerical value of the voltage multiplier in Eq. (9.127) is c  = 
7.489·10−7 N·m/V.

To plot the required time response, the transfer function approach is utilized 
and the following transfer function matrix is formed, as per Eq. (8.215), which 
accounts for proportional damping:

 ( )( ) ( )[ ] [ ] [ ]= + α ⋅ + β ⋅ +
−

( ) 12
1

G s s s M s K , (9.128)

where [M] and [K] are determined as discussed in the previous theoretical por-
tion of this section. The Laplace transform of the required output is calculated 
based on the following transfer function components of [G(s)] in conjunction 
with M(s) – the Laplace transform of the actuation moment m of this example:

 ( )= − ⋅ + ⋅ = − ⋅( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1,4 1,6 1,6 1,4U s G s M s G s M s G s G s M sy . (9.129)

The corresponding time-dependent plot of u1y is graphed in Figure 9.29.

9.5.1.2 Sensing  
Flexible hinges that include active-material layers can also be utilized as sen-
sors since externally generated deformation of these members is converted into 
electric voltage by means of the active portions. Piezoelectric, piezomagnetic or 
magnetostrictive materials, to cite just a few sensing options, can be incorpo-
rated as active segments into multiple-layer flexible-hinge sensors. The following 
Example studies a flexible hinge with active piezoelectric layers by means of the 
finite element method.

Time [s]

u 1
y

[m
] 

FIGURE 9.29 Time plot of the hinge out-of-plane deflection at its free end.
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Example 9.11

A flexible micro hinge of the generic structure depicted in Figures 9.27 and 9.28 
has circular-shaped end segments, as in the front view of Figure 9.24. The two 
identical active layers are relatively thick and made of piezoelectric material, 
whereas the thinner passive layer is polysilicon. The hinge is used as a sensor to 
evaluate the external input displacement ui of its two ends, which are guided – 
see Figure 9.30a; the input displacement varies as ui  =  Ui·sin(323,900·t) m. 
Use finite element modeling to calculate the amplitude Ui, knowing that the 
steady-state amplitude of the voltage induced through piezoelectric effect 
is V  =  50 V. The hinge is defined by r1  =  r3  =  3 μm, l2  =  10 μm, w  =  5 μm, 
tp = 50 nm, ta = 100 nm, Ep = 2.9·1011 N/m2, Ea = 5.8·1010 N/m2, ρp = 3,000 kg/m3, 
ρ  = 5,600 kg/m3 −1

a  and d = 5.6·10 0 m/V. Consider there is no damping.

Solution:

Figure 9.30b is the finite element model of the hinge illustrated in Figure 9.30a. 
Like the generic model of Figure 9.28b, the current model is formed of three ele-
ments accounting for the three different hinge segments. The external translation 
displacement ui of the end points/nodes 1 and 4 results in bending deformation 
of the hinge; the related strain of the active element 2 produces a voltage v 
through piezoelectric effect – as a consequence, two equivalent moments m 
can be applied at nodes 2 and 3 that are calculated as in Eqs. (9.126) and (9.127).

The nonzero nodal displacement vector and its corresponding external load 
vector are:

[ ]

[ ] = θ θ





= θ θ





= 



 = −





;

0 0 0 0 .

1 2 2 3 3 4

2 2 3 3

1 2 2 3 3 4

u u u u u

u u u u

f f f m f m f m m

y y z y z y

T

i y z y z i

T

y y z y z y

T T

(9.130)

(b)

(a)

1 2 3 4

x(1) (2) (3)

m m

y

ta

tp ta

xO

Guided end Guided end
r1 r3 = r1l2

y

Active segmentui ui

FIGURE 9.30 Layered flexible hinge with active segment used as a sensor: (a) side view 
with guided end boundary conditions; (b) finite element model.
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As discussed in Section 9.5.1, the element stiffness and inertia matrices of 
 element (2) are calculated by combining the three layers as in Eqs. (9.124). For 
elements (1) and (2), the element matrices are calculated using a single layer. 
With the matrices of Eqs. (9.131), the following transfer function matrix [G(s)] is 
calculated, which connects the Laplace-transformed nodal displacement and 
load vectors:

 

( )

[ ] [ ][ ]

[ ]

[ ]

[ ] [ ] [ ]

=

= Θ Θ





= −





= +















−

with

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ;

( ) 0 0 ( ) 0 ( ) 0

( )

2 2 3 3

2 1

U s G s F s

U s U s U s s U s s U s

F s M s M s

G s s M K

i y z y z i

T

T .

(9.132)

Taking into account that M(s) = c·V(s), where V(s) is the Laplace transform of 
the voltage v (see Eq. (9.127)), Eqs. (9.132) enable forming the following scalar 
transfer function:

 ( )= =
−

( )
( )
( )

1
( ) ( )15 13

G s
V s
U s c G s G si

, (9.133)

where G13(s) and G15(s) are the elements in the first row and the third and fifth 
columns, respectively, in the [G(s)] matrix. The steady-state amplitudes of the 
input and output signals defining the transfer function of Eq. (9.133) are related 
as:

 = ω ⋅ ⋅ → =
ω ⋅

( )
( )

V G j U U
V

G j
i i . (9.134)

For the provided numerical values, the following value is obtained for the 
input-displacement amplitude: Ui = 0.285 µm.

9.5.2  block (piezoelectric) actuation and sensinG

This section succinctly analyzes actuation and sensing produced by means of 
block (prismatic) piezoelectric members.

9.5.2.1 Actuation  
In the fabrication stage, a block piezoelectric actuator, like the one shown in 
Figure 9.31a, is subjected to an electro-thermal process named poling, which 
aligns the piezoelectric material electric dipoles along the block longitudinal 
direction. When an external voltage va is applied to the piezoelectric block, which 
has the same direction as the original poling direction, a mechanical elongation 
of the block occurs along the axial direction based on Eq. (9.117).



528 Compliant Mechanisms

The lumped-parameter quasi-static model of the fixed-free block actuator con-
sists of a spring (which captures the axial elasticity of the block) of stiffness ka and 
a force fa (also known as block force) applied at the free end – see Figure 9.31b. 
The maximum, block force is calculated from Eq. (9.117) as:

 f k l
E l

A
d va a a

a a

a

= ⋅ ∆ = ⋅





⋅ ⋅ , (9.135)

where Ea is the piezoelectric material Young’s modulus along the axial direction, 
la is the length, and Aa is the cross-sectional area – see Figure 9.31a. A similar 
lumped-parameter dynamic model of the piezoelectric block is represented in 
Figure 9.31c, which adds a point mass ma,eq at the free end of the block and a 
viscous damper of coefficient ca. The point mass can be calculated by one of 
the methods described in Chapters 7 and 8 when using a consistent or a lumped-
parameter approach.

Displacement-amplification mechanism with two symmetry axes and block 
piezoelectric actuators:

Of the many flexible-hinge mechanisms that utilize piezoelectric actua-
tion, this section analyzes the double-symmetric displacement-amplification 

(a)

(b)

fa

ka x

ka x

a

fa
ma,eq

–+

Poling direction

va

la

Piezoelectric actuator 

Fixed end 
Aa

Ea, ρa
x

c
(c)

FIGURE 9.31 (a) Fixed-free piezoelectric block actuator with free-end expansion; 
(b) equivalent lumped-parameter quasi-static model; (c) equivalent lumped-parameter 
dynamic model.
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device of Figure 5.23, which is also studied in Section 5.1.3.1 and is illustrated 
in Figure 9.32a – it adds the block piezoelectric actuator, which is aligned with 
the horizontal symmetry axis. Due to structure and load symmetry, the quarter 
mechanism of Figure 9.32b can be analyzed instead of the full device. Note that 
due to two-axis symmetry, the actuator preserves its original horizontal position 
during deformation; as a consequence, the actuator left end in the quarter mecha-
nism model is fixed; also, note that la and ta are the actuator half-length and half-
thickness, respectively. The quasi-static response of the mechanism under the 
actuation force fa and external (load) force fl involves evaluating the performance 
criteria defined in Section 5.1.3.1, namely, displacement amplification, input stiff-
ness, output stiffness, cross-stiffness, block load, as well as the actual input dis-
placement uCx or output displacement uOy.

The reactions fOx, mOz, at O and fCy, mCz at C need to be determined first. The 
four unknown reactions are found using the following compatibility (zero bound-
ary conditions) equations:

 0; 0; 0; 0u uC C O Oy z x z= θ = = θ = . (9.136)

The following in-plane displacement and load vectors correspond to points C and 
O of Figure 9.32b:
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

 (9.137)

The displacements and loads of Eqs. (9.137) are expressed in terms of the in-plane 
compliance matrices related to the flexible-hinge chain and actuator as:

Fixed end

O

ta

yO

A

B
C

xO, xA

xC

yC

la

mOz

fl

fOx

mCz

fCy

fa

D yA

(a) (b)

Actuator
2l2

Load

Load

Symmetry axis

Symmetry axis

Flexible chain

Rigid link 2l1 

2ta

FIGURE 9.32 Double-symmetry displacement-amplification device with four identical 
flexible chains and piezoelectric block actuator: (a) skeleton representation; (b) quarter 
mechanism.
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. (9.138)

The compliance matrices of Eqs. (9.138) are:

 ; ; ;( ) ( ) ( ) ( )C C C C C C C C CO O
h

O
a

OC OC
a

CO OC
T

C C
a[ ] [ ] [ ] [ ] [ ]=   +   =   = =  .

(9.139)

In Eqs. (9.139), the superscript “h” refers to the flexible-hinge chain AB in Figure 
9.32b, while the superscript “a” denotes the actuator. The compliance matrices in 
the right-hand sides of Eqs. (9.139) are calculated as:
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. (9.140)

C ( )h
 A  is the compliance matrix of the hinge chain in its local frame AxAyAzA, 

while C ( )a
 C  is the compliance matrix of the actuator in its local frame CxCyCzC. 

The global frame is OxOyOzO, which is identified in Figure 9.32b. The in-plane 
translation matrices of Eqs. (9.140) are evaluated based on the necessary x and y 
offsets between points O, A and C, which are defined by a specific application, 
while the rotation matrix of the same equation is evaluated for an angle δ = π – 
this is due to the angular offset between the axes OxO and CxC.

The zero boundary conditions of Eqs. (9.136) are used in conjunction with 
Eqs. (9.137) and (9.138) to solve for the four unknown reaction components as:
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where
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The [A] and [B] matrices of Eq. (9.142) are formed with components of the matri-
ces introduced in Eqs. (9.138). The pair (i, j) indicates the element located on the 
row i and column j of a related matrix.

The two load vectors defined in Eqs. (9.137) can now be expressed as:
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 (9.143)
with :

where the elements of the [E1], [E2] matrices are components of the matrix [E] of 
Eqs. (9.141) and (9.142). The following displacement vectors are found on substi-
tuting the force vectors of Eqs. (9.143) into Eqs. (9.138):
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(9.144)

The input and output displacements are expressed from Eqs. (9.144) as:
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The performance qualifiers, which are introduced in Section 5.1.3.1, can now be 
formulated from Eqs. (9.145). For no external load, fl = 0, the displacement ampli-
fication d.a., input stiffness kin and cross-stiffness kc are:

	 . ;
1
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d a
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a
a
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f

u a
k
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C

a

C
c

a

O

y

x x y

= = = = = = .	 (9.146)

When there is no actuation, which is fa = 0, Eqs. (9.145) enable to evaluate the 
output stiffness kout and the cross-stiffness kc as:

	
1
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1

out
22 12

k
f

u a
k

f

u a
l

O
c

l

Cy x

= = = = .	 (9.147)

Since the cross-stiffness kc is unique, Eqs. (9.146) and (9.147) show that a21 = a12. 
The block load fl,max is found by setting the output displacement to 0, i.e., 0uOy =  
in the second Eq. (9.145), namely:

	 ,max
21

22

f
a
a

fl a= − ⋅ .	 (9.148)

Example 9.12

Consider the mechanism of Example 5.10 whose quarter is depicted in 
Figure 5.25a, which is also shown in Figure 9.33 with the actuator block. The 
piezoelectric block is defined by a constant d = 4·10−10 m/V, Young’s modulus 
Ea  =  2.9·1011 N/m2, semi-length la  =  0.02 m and side length of square cross-
section 2ta = 0.005 m. Known are also l1 = 0.0063 m and l2 = 0.005 m. Use all 
the numerical values of the hinge geometry and material parameters provided 
in Example 5.10 to:

	 i.	Calculate the displacement amplification, relevant stiffnesses, and the 
block load;

	 ii.	Calculate the output displacement uOy  for an input voltage to the 
piezoelectric actuator v = 500 V and no external load;

	 iii.	Determine the piezoelectric voltage that will produce an output 
displacement 2.5 muOy = − µ  when the load force is fl = −5 N.
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Solution:

 i. The in-plane compliance matrix  ( )
C h

A  of the circular-axis flexible 
hinge is evaluated in Example 5.10 by means of Eq. (5.172), while 
the straight-axis, in-plane compliance matrix of the actuator  ( )

C a
C  is 

calculated as:
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(9.149)

The cross-section of the actuator shown in Figure 9.33 is rectangular 
with an out-of-plane width 2ta. The translation matrices and the rota-
tion matrix of Eqs. (9.140) are:

l2

taxC

yC

la

fl

fa

D

O
A

B

xO, xA

yO

yA R

l1

C

FIGURE 9.33 Quarter model of double-symmetry displacement-amplification 
device with one curvilinear-axis flexible hinge and block actuator.
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Equations (9.141) through (9.148) are combined and result in the 
 following performance qualifiers: d.a. = 5.312, kin = 186,082,010 N/m, 
kc = 35,029,407 N/m, kout = 1,787,134 N/m, fl,max = 0.051·fa. Note that, 
as expected, the displacement-amplification value is identical to that 
obtained in Example 5.10. The inclusion of the (stiff) actuator block 
results in considerably larger stiffnesses than those of Example 5.10, 
which is, again, a realistic evaluation.

 ii. Combining the second Eq. (9.145) for fl  =  0 with the piezoelectric 
force of Eq. (9.135) results in:

 = ⋅ = ⋅ ⋅ ⋅ ⋅21 21u a f a
E A

l
d vO a

a a

a
y , (9.151)

which is uOy = µ1.03 m . The output displacement can also be cal-
culated from Eq. (9.146) as u fO ay = / kc, which produces the same 
numerical value.

 iii. The second Eq. (9.145) is written as:

 ( )= ⋅ − ⋅1

21
22f

a
u a fa O ly . (9.152)

The actuation force of Eq. (9.151) is substituted into Eq. (9.152), which 
yields:

 ( )=
⋅ ⋅ ⋅

⋅ − ⋅
21

22v
l

E A d a
u a fa

a a
O ly , (9.153)

and the numerical value is v = 143.874 V.

9.5.2.2 Sensing  
A block piezoelectric member can also be used to sense external mechanical 
input, which it converts into electrical voltage by means of the direct effect and 
based on Eq. (9.119). The following example illustrates a piezoelectric sensing 
application.
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Example 9.13

A block piezoelectric sensor is attached to the rigid link of the mechanism 
shown in Figure 9.34a, which also consists of two identical right elliptically 
corner-filleted flexible hinges. The mechanism uses all geometric and material 
features provided in Example 5.1, which studies the same mechanism. Known 
are also the constant rectangular cross-section dimensions of the rigid link: 
tr = 0.025 m and wr = 0.024 m, the mass density of the rigid link and hinges 
ρ = 7,800 kg/m3, and the properties of the sensor: ls = 0.03 m, square cross-
section side length ts = 0.005 m, Young’s modulus Es = 2.9·1011 N/m2 and mass 
density ρs = 7,200 kg/m3. A small initial displacement y0 is applied to the mech-
anism-sensor system, which results in a sensor voltage whose time variation 
is qualitatively plotted in Figure 9.34b and indicates that the free response 
is underdamped. Propose a single-DOF, lumped-parameter system to model 
the system’s free vibrations along the y-direction at the center point C and 
evaluate the equivalent viscous damping coefficient of the full system knowing 
that the ratio of any two consecutive voltage amplitudes, such as V1 and V2 in 
Figure 9.34b, is V1/V2 = 60.

Solution:

The single-DOF, lumped-parameter mechanical system modeling the y-axis 
vibrations of the actual mechanism-sensor system is depicted in Figure 9.34c. 
It consists of a body of equivalent mass meq, a viscous damper of unknown 
damping coefficient ceq and a spring of stiffness keq.

The mass meq is calculated as:

 = + +2 , ,m m m meq r h eq s eq, (9.154)

where mr = ρ·wr·tr·l1 is the mass of the rigid prismatic link, mh,eq is the equivalent 
mass of a flexible hinge, and ms,eq is the equivalent mass of the block sensor, all 

l

Flexible hinge
Sensor

Rigid link 

y 

l1/2 l1/2 l

ls

ts

tr

C 

(a) (b) (c)

Time (s) 

Sensor voltage (V) 

V1

V2
0 

keq

ceq

y
meq

FIGURE 9.34 (a) Symmetric mechanism with two identical straight-axis, right 
elliptically corner-filleted flexible hinges, one rigid link and block piezoelectric 
actuator; (b) sensed output voltage time variation; (c) equivalent, lumped-parameter 
model of mechanism-sensor system.
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expressed with respect to the center point C in Figure 9.34a. The latter masses 
are calculated as in Eqs. (7.55) and (7.56) by the lumped-parameter approach as:

	
∫= ⋅ = ⋅ρ⋅ ⋅
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.	 (9.155)

In Eqs. (9.155), mh and ms are the actual masses of the hinge and the sensor, 
while the integral in the same Eq. (9.155) is calculated based on the thickness 
of the right elliptically filleted flexible hinge; the integral is expressed with the 
aid of Eq. (2.50) as:
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Combining Eqs. (9.154)–(9.156) and using the given numerical values yields 
meq = 0.0507 kg.

The equivalent stiffness results from the two parallel-connection hinges of 
stiffness kh and the sensor stiffness ks as:

	 = + = ⋅ = ⋅
;

2

k k k k
E A

l
E t

l
eq h s s

s s

s

s s

s

.	 (9.157)

The stiffness of the parallel-connection flexible hinges is calculated in Example 
5.1 as ky = kh = 10.268,549 N/m and ks is the sensor stiffness, which is related 
to the moving point C. The numerical value of the equivalent stiffness is 
keq = 251,935,216 N/m.

The free damped mathematical model of the lumped-parameter mechani-
cal system of Figure 9.34c can be written in terms of the variable y or in terms 
of the sensed voltage v – see Rao [46], for instance – as follows:
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	 (9.158)
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where d is the piezoelectric constant, ξeq is the equivalent damping ratio 
and ωn is the natural frequency. The free underdamped response plotted in 
Figure 9.34b allows expressing ξeq as:

 ξ = δ
π + δ

δ = 



4

; ln
2 2

1

2

V
V

eq , (9.159)

with δ being the logarithmic decrement – see Rao [46]. Combining Eqs. (9.158) 
and (9.159) determines the damping coefficient:

 = ξ ⋅ ⋅2c m keq eq eq eq , (9.160)

and its numerical value is ceq = 3,933.09 Ns/m.
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